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PREFACE TO THE SECOND EDITION 

Ten years have passed since the first edition of "Radiative Heat Transfer" was published. Because 
of continued interest in the field of radiation and due to the emergence of new research topics, 
the field has seen many significant advances during these ten years. Thus, the contents of the 
second edition of this book has changed significantly to reflect this additional knowledge and also 
to improve its general readabihty and usefulness. 

The objectives of this book remain the same, and are more extensive than to provide a standard 
textbook for a one-semester core course on thermal radiation, since it does not appear possible 
to cover all important topics in the field of radiative heat transfer in a single graduate course. A 
number of important areas that would not be part of a "standard" one-semester course have been 
treated in some detail. It is anticipated that the engineer who may have used this book as his or her 
graduate textbook will be able to master these advanced topics through self-study. By including 
all important advanced topics, as well as a large number of references for further reading, the 
book may also be used as a reference book by the practicing engineer. 

Major changes in the second edition include breaking the chapter on radiative interaction with 
conduction and convection into two. The first deals with surface radiation and is now placed much 
earlier in the book, giving instructors the opportunity to include it as part of a surface radiation 
module. The second, dealing with participating media, has been greatly augmented, incorporating 
the many new developments in the fields of combustion and turbulent flow in the presence of 
radiation. The chapters on gas properties and on nongray modeling have essentially been rewritten 
because of the great advances made in these fields, and the chapter on particle properties has 
been augmented to include fiber properties and the latest knowledge on soot properties. The last 
ten years have also seen the discrete ordinates method become the solution method of choice, 
and significant new space has been devoted to it and its new cousin, the finite volume method. 
Other new developments included are the treatment of transient laser radiation (a new section in 
the chapter on collimated radiation), reverse Monte Carlo simulations (also resulting in a new 
section), and a short new chapter has been devoted to the emerging field of inverse radiation. 
A new appendix describes a number of computer programs, which may be downloaded from a 
dedicated web site located at www. academicpressbooks. com. Some of the codes are very basic 
and are entirely intended to aid the reader with the solution to the problems given at the end of 
the more basic chapters. Others were bom out of research, some basic enough to aid a graduate 
student with more complicated assignments or a semester project, and a few so sophisticated in 
nature that they will be useful only to the practicing engineer conducting his or her own research. 

XIV 
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Many smaller changes have also been made, among them the inclusion of many additional 
problems as well as a comprehensive literature update. Finally, the names of most surface prop-
erties have been changed as recommended by the National Institute of Standards and Technology 
(NIST), While this will cause some grumbling by a few (after all, none of us likes to change old 
habits!), the NIST standard has gained substantial ground over the past few years, and this book 
wants to make its contribution toward achieving this uniform standard. 

As in the first edition, each chapter shows the development of all analytical methods in sub-
stantial detail, and contains a number of examples to show how the developed relations may be 
applied to practical problems. At the end of each chapter a number of exercises are included 
to give the student additional opportunity to famiUarize him- or herself with the application of 
analytical methods developed in the preceding sections. The breadth of the description of an-
alytical developments is such that any scientist with a satisfactory background in calculus and 
differential equations will be able to grasp the subject through self-study—^for example, the heat 
transfer engineer involved in furnace calculations, the architectural engineer interested in lighting 
calculations, the oceanographer concerned with solar penetration into the ocean, or the meteorol-
ogist who studies atmospheric radiation problems. An expanded Instructor's Solutions Manual is 
available for adopting instructors who register at www. academicpressbooks. com. 

The book is now divided into 22 chapters, covering the four major areas in the field of radiative 
heat transfer. After the Introduction, there are two chapters dealing with theoretical and practical 
aspects of radiative properties of opaque surfaces, including a brief discussion of experimental 
methods. These are followed by four chapters dealing with purely radiative exchange between 
surfaces in an enclosure without a "radiatively participating" medium, and one more chapter ex-
amining the interaction of conduction and convection with surface radiation. The rest of the book 
deals with radiative transfer through absorbing, emitting, and scattering media (or "participating 
media"). Aft;er a detailed development of the equation of radiative transfer, radiative properties of 
gases, particulates, and semitransparent media are discussed, again including brief descriptions of 
experimental methods. The next nine chapters cover the theory of radiative heat transfer through 
participating media, separated into a number of basic problem areas and solution methods. And, 
finally, the book ends with two chapters on combined-modes heat transfer and the emerging field 
of inverse radiation. 

I have attempted to write the book in a modular fashion as much as possible. Chapter 2 is 
a fairly detailed (albeit concise) treatment of electromagnetic wave theory, which can (and will) 
be skipped by most instructors for a first course in radiative heat transfer. The chapter on opaque 
surface properties is self-contained and is not required reading for the rest of the book. The four 
chapters on surface transport (Chapters 4 through 8) are also self-contained and not required for 
the study of radiation in participating media. Similarly, the treatment of participating medixmi 
properties is not a prerequisite to studying the solution methods. Along the same line, any of the 
different solution aspects and methods discussed in Chapters 13 through 20 may be studied in any 
sequence. Whether either of the last two chapters are covered or skipped will depend entirely on 
the instructor's preferences or those of his or her students. 

I have not tried to mark those parts of the book that should be included in a one-semester 
course on thennal radiation, since I feel that different instructors will, and should, have different 
opinions on that matter. Indeed, the relative importance of different subjects may not only vary 
with different instructors, but also depend on student background, location, or the year of instruc-
tion. My personal opinion is that a one-semester course should touch on all four major areas 
(surface properties, surface transport, properties of participating media, and transfer through par-
ticipating media) in a balanced way. For the average U.S. student who has had very little exposure 
to thermal radiation during his or her undergraduate heat transfer experience, I suggest that about 
half the course be devoted to Chapters 1, 3, 4, 5, plus parts of Chapters 6, 7 and/or 8 (leaving 
out the more advanced features). The second half should be devoted to Chapters 9, 10 and 11 
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(again omitting less important featxires); some coverage of Chapter 13; and a thorough discus-
sion of Chapter 14. If time permits (primarily, if surface and/or participating media properties 
are treated in less detail than suggested above), I suggest to cover the Pj-approximation (which 
may be studied by itself, as outlined in the beginning of Chapter 15), the basic ideas behind the 
discrete ordinates method, and/or a portion of Chapter 19 (solution methods for nongray media). 
A second, special-topics course could include detailed discussions of radiative properties (Chap-
ters 2, 3, 10, 11, and 12) and/or in-depth coverage of certain solution methods (such as /^ and 
5,v/FVM approximations, nongray media, or zonal and Monte Carlo methods). 

Michael E Modest 



LIST OF SYMBOLS 

The following is a list of symbols used frequently in this book. A number of symbols have been 
used for several different purposes. Alas, the Roman alphabet has only 26 lowercase and another 
26 uppercase letters, and the Greek alphabet provides 34 more different ones, for a total of 86, 
which is, unfortunately, not nearly enough. Hopefully, the context will always make it clear which 
meaning of the symbols is to be used. I have used what I hope is a simple and uncluttered set 
of variable names. This usage, of course, comes at a price. For example, the subscript " i " is 
often dropped (meaning "at a given wavelength," or "per unit wavelength"), assuming that the 
reader recognizes the variable as a spectral quantity from the context. Whenever appUcable, units 
have been attached to the variables in the following table. Variables without indicated units have 
multiple sets of units. For example, the units for total band absorptance depend on the spectral 
variable used {A, rj or v), and on the absorption coefficient (linear, density- or pressure-based), for 
a total of nine different possibilities. 
a semimajor axis of polarization ellipse, [N/C] 
a plane-polarized component of electric field, [N/C] 
a particle radius, [cm] 
a weight fimction for full-spectrum ^-distribution methods, [-] 
Uk weight factors for sum-of-gray-gases, [-] 
Un, bn Mie scattering coefficients, [-] 
A total band absorptance (or effective band width) 
A* nondimensional band absorptance = Ala), [-] 
A, An slab absorptivity (of « parallel sheets), [-] 
A, Ap area, projected area, [cm^] 
Am scattering phase function coefficients, [~] 
Aij, Bij Einstein coefficients 
b line half-width 
b self-broadening coefficient, [-] 
b semiminor axis of polarization ellipse, [N/C] 
B rotational constant 
Bo convection-to-radiation parameter (Boltzmann number), [-] 
c, q, speed of light, (in vacuum), [cm/s] 
c specific heat, [kJ/kg K] 
C\,Ci. C3 constants for Planck function and Wien's displacement law 
Ci, C2, C3 wide band parameters for outdated model 
d line spacing 

xvn 



XVUl LIST OF SYMBOLS 

D diameter, [cm] 
A D* detectivity (normalized), [1/W] ([cm Hz^/^W]) 
Df mass fractal dimension, [-] 
e unit vector into local coordinate direction, [-] 
E, Eh emissive power, blackbody emissive power 
E electric field vector, [N/C] 
Efi exponential integral of order n, [-] 
/ ^-distribution, [cm] 
/il, fsi fi volume, solid, liquid fractions, [ - ] 
f(nAT) fractional blackbody emissive power, [-•] 
F wide band ^-distribution, [cm] 
Fi-j (diffuse) view factor, [ -] 
F^. specular view factor, [~] 
^^j radiation exchange factor, [-] 
cjk degeneracy, [-] 
g nondimensional incident radiation, [-] 
g cumulative distribution, [-] 
^ » 9i9k direct exchange areas in zonal method, [cm^] 
p , gg direct exchange area matrix, [cm^] 
G incident radiation = direction-integrated intensity 
G/5;, G,Gk total exchange areas in zonal method, [cm^] 
GS, GG total exchange area matrix, [cm^] 
h Planck's constant = 6.6261 x 10"̂ "̂  J s 
h convective heat transfer coefficient, [W/cm^ K] 
H irradiation onto a surface 
H Heaviside's unit step function, [-] 
H nondimensional heat transfer coefficient, [-] 
^ nondimensional irradiation onto a surface, [-] 
H magnetic field vector, [C/cm s] 
/ nondimensional polarized intensity, [-] 
i unit vector into the jc-direction, [-] 
/ intensity of radiation 
/ first Stokes' parameter for polarization, [N^/C^] 
/ moment of inertia, [kg cm^] 
lb blackbody intensity (Planck function) 
//, IJ^' position-dependent intensity functions 
/(), /i modified Bessel functions, [-] 
3 imaginary part of complex number 
j rotational quantum number, [ - ] 
j unit vector into the ^/-direction, [-] 
J radiosity, [W/cm^] 
^ nondimensional radiosity, [ - ] 
k thermal conductivity, [W/m K] 
k Boltzmann's constant = 1.3807 x 10"^^ J/K 
k absorptive index in complex index of refraction, [-] 
k absorption coefficient variable, [cm~^] 
kf fractal prefactor, [ -] 
k unit vector into the z-direction, [~] 
K kernel function 
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K luminous efficacy, [Im/W] 
/, m, n direction cosines with x-, y-, z-axis, [-] 
L length, [cm] 
L latent heat of fusion, [J/kg] 
L luminance 
Le mean beam length, [cm] 
Lo, L,n geometric, or average mean beam length, [cm] 
m mass, [kg] 
m complex index of refraction, [~] 
m mass flow rate, [kg/s] 
Jf molecular weight, [g/mol] 
n self-broadening exponent, [~] 
n refractive index, [-] 
n number distribution function for particles, [cm""*] 
n unit surface normal (pointing away from surface into the medium), [-] 
A'' conduction-to-radiation parameter (Stark number), [-] 
Nc conduction-to-radiation parameter, [~] 
Nf nimiber of particles per imit volume, [cm"^] 
Nu Nusselt number, [~] 
(f {} order of magnitude, [-] 
p pressure, [bar]; radiation pressure, [N/m^] 
P probability function, [-] 
/ } , Pl^ (associated) Legendre polynomials, [-] 
Pr Prandtl number, [~] 
q, q heat flux, heat flux vector, [W/cm^] 
qji radiative flux, [W/cm^] 
l̂um luminous flux, [Im/m^ = Ix] 

Q heat rate, [W] 
Q second Stokes' parameter for polarization, [N^/C^] 
g'^' heat production per unit volume, [W/cm^] 
r radial coordinate, [cm] 
r reflection coefiicient, [-] 
r position vector, [cm] 
R radius, [cm] 
Ri, universal gas constant = 8.3145 J/mol K 
R random number, [-] 
R radiative resistance, [cm~^] 
R, Rr, slab reflectivity (of « parallel sheets), [-] 
% real part of complex number 
Re Reynolds number, [~] 
s geometric path length, [cm] 
§ unit vector into a given direction, [-] 
J[Sj, ligk direct exchange areas in zonal method, [cm^] 
ss, sg direct exchange area matrix, [cm^] 

S distance between two zones, or between points on enclosure surface, [cm] 
S line-integrated absorption coefiicient = line strength 
S radiative source fimction 
S Poynting vector, [W/cm^] 
St Stanton number, [-] 
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Ste Stefan niimber, [~] 
5/5;, SiGk total exchange areas in zonal method, [cm^] 
SS, SG total exchange area matrix, [cm^] 
/ time, [s] 
t transmission coefficient, [-] 
t fin thickness, [cm] 
t unit vector in tangential direction, [-] 
T temperature, [K] 
r, Tn slab transmissivity (of « parallel sheets), [~] 
u internal energy, [kJ/kg] 
u radiation energy density 
u velocity, [cm/s] 
u scaling function for absorption coefficient, [-] 
Uk nondimensional transition vt^avenumber, [ - ] 
U third Stokes ' parameter for polarization, [N^/C^] 
V vibrational quantum number, [-] 
V velocity, [cm/s] 
V velocity vector, [cm/s] 
V volume, [cm^] 
V fourth Stokes ' parameter for polarization, [ N ^ C ^ ] 
w wave vector, [cm**" ̂  ] 
Wi quadrature weights, [-] 
W equivalent line width 
X, y , z Cartesian coordinates, [cm] 
X particle size parameter, [-] 
X line strength parameter, [-] 
X mole fraction, [-] 
X optical path length 
X interface location, [cm] 
yj" spherical harmonics, [--] 
z nondimensional spectral variable, [-] 
a absorptance or absorptivity, [-] 
a band-integrated absorption coefficient = band strength parameter 
a opening angle, [rad] 
a thermal diffusivity, [m^/s] 
p extinction coefficient 
P line overlap parameter, [~] 
y line overlap parameter for dilute gas, [-] 
y complex permittivity, [C^/N m^] 
y azimuthal rotation angle for polarization ellipse, [rad] 
y oscillation damping factor, [Hz] 
yp Euler's constant = 0.57221... 
d Dirac-delta function, [~] 
6 polarization phase angle, [rad] 
dij Kronecker's delta, [-] 
dk vibrational transition quantum step = Ay, [--] 
6 emittance or emissivity, [-] 
e energy level, [J] 
6 electrical permittivity, [C^/N m^] 
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e complex dielectric function, or relative permittivity, = 6:' - ie'\ [-] 
Tf wavenumber, [cm~^] 
77 direction cosine, [~] 
77 nondimensional (similarity) coordinate, [-] 
/Tiun^ luminous efficiency, [-] 
0 polar angle, [rad] 
9 nondimensional temperature, [~] 
0 scattering angle, [rad] 
K absorption coefficient 
A wavelength, [//m] 
// dynamic viscosity, [kg/m s] 
fi magnetic permeability, [N s /̂C^] 
/i direction cosine (of polar angle), cos 6, [-] 
V frequency, [Hz] 
V kinematic viscosity, [m^/s] 
^ direction cosine, [-] 
^ nondimensional coordinate, [-] 
p reflectance or reflectivity, [-] 
p density, [g/cm^] 
Pŷ  charge density, [C/m^] 
(T Stefan-Boltzmann constant = 5.670 x 10"^ W/m^ K^ 
(Ts scattering coefficient 
0^, cTdc electrical conductivity, dc-value, [C^/Nm^ s = 1/Qm] 
07, root-mean-square roughness, [cm] 
a? correlation length, [cm] 
T transmittance or transmissivity, [~] 
T optical coordinate, optical thickness, {-] 
(f> phase angle, [rad] 
0 composition variable vector ( 7 , p , x) 
O scattering phase function, [sr~^ ] 
O nondimensional medium emissive power function 
<D temperature function for line overlap jS, [ - ] 
<I) dissipation function, [J/kgm^] 
i// azimuthal angle, [rad] 
i// stream function, [m^/s] 
^ temperature function for band strength a, [-] 
^ nondimensional heat flux 
a> single scattering albedo, [-] 
oj angular frequency, [rad/s] 
oj relaxation parameter, [-] 
CI solid angle, [sr] 

Subscripts 
0 reference value, or in vacuum, or at length = 0 
1,2 in medium, or at location, " 1 " or " 2 " 
a absorbing, or apparent 
av average 
b blackbody value 
B band integrated value 
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c at band center, or at cylinder, or critical value, 
or denoting a complex quantity, or cold 

C collision 
D Doppler, or based on diameter 
e effective value, or at equilibrium 
g gas, or at a given cumulative ^-distribution value 
h hot 
/ incoming, or dummy counter 
j at a rotational state, or dummy counter 
k at a given value of the absorption coefficient variable 
L at length = L 
m modified Planck value, or medium value, or mean (bulk) value 
n in normal direction 
o outgoing, or fi-om outside 
p related to pressure, or polarizing value 
p plasma 
P Planck-mean 
r reflected component 
ref reference value 
R Rosseland-mean, or at r = i? 
s along path 5, or at surface, or at sphere, or at source 
sol solar 
/ transmitted component 
u upper limit 
V at a vibrational state, or at constant volume 
w wall value 
W value integrated over spectral windows 
jc, ij, z,r in a given direction 
9,\IJ in a given direction 
T] at a given wavenumber, or per unit wavenumber 
A at a given wavelength, or per unit wavelength 
V at a given frequency, or per unit frequency 
II polarization component, or situated in plane of incidence 
± polarization component, or situated in plane perpendicular 

to plane of incidence 

Superscripts 
' " real and imaginary parts of complex number, or directional values, 

or dummy variables 
o hemispherical value 
* complex conjugate, or obtained by P{ -approximation 
+, - into "positive" and "negative" directions 
d diffuse 
s specular 

average value 
complex number, or scaled value (for nonisothermal path), 

or Favre average 
unit vector 



CHAPTER 

1 
FUNDAMENTALS OF 
THERMAL 
RADIATION 

IJ INTRODUCTION 

The terms radiative heat transfer and thermal radiation are commonly used to describe the sci-
ence of the heat transfer caused by electromagnetic waves. Obvious everyday examples of thermal 
radiation include the heating effect of sunshine on a clear day, the fact that—^when one is standing 
in front of a fire—^the body's side facing the fire feels much hotter than the back, and so on. More 
subtle examples of thermal radiation are that the clear sky is blue, that sunsets are red, and that, 
during a clear winter night, we feel more comfortable in a room whose curtains are drawn than in 
a room (heated to the same temperature) with open curtains. 

All materials continuously emit and absorb electromagnetic waves, or photons, by lowering 
or raising their molecular energy levels. The strength and wavelengths of emission depend on the 
temperature of the emitting material. As we shall see, for heat transfer appHcations wavelengths 
between lO"'̂  m and 10"^ m (ultraviolet, visible and infrared) are of greatest importance and are, 
therefore, the only ones considered here. 

Before embarking on the analysis of thermal radiation we want briefly to compare the na-
ture of this mode of heat transfer with the other two possible mechanisms of transferring energy, 
conduction and convection. In the case of conduction in a solid, energy is carried through the 
atomic lattice by free electrons or by phonon-phonon interactions (i.e., excitation of vibrational 
energy levels for interatomic bonds). In gases and Uquids, energy is transferred fi*om molecule 
to molecule through collisions (i.e., the faster molecule loses some of its kinetic energy to the 
slower one). Heat transfer by convection is similar, but many of the molecules with raised ki-
netic energy are carried away by the flow and are replaced by colder fluid (low-kinetic-energy 
molecules), resulting in increased energy transfer rates. Thus, both conduction and convection 
require the presence of a medium for the transfer of energy. Thermal radiation, on the other hand. 
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is transferred by electromagnetic waves, or photons, which may travel over a long distance with-
out interacting with a medium. The fact that thermal radiation does not require a medium for its 
transfer makes it of great importance in vacuum and space applications. 

Another distinguishing feature between conduction and convection on the one hand and ther-
mal radiation on the other is the difference in their temperature dependencies. For the vast major-
ity of conduction applications heat transfer rates are well described by Fourier's law as 

, . = -lc-^, (1.1) 

where qx is conducted heat flux^ in the jc-direction, T is temperature and k is the thermal conduc-
tivity of the medium. Similarly, convective heat flux may usually be calculated from a correlation 
such as 

q = h(T-Tool (1.2) 

where h is known as the convective heat transfer coefficient, and Ti, is a reference temperature. 
While k and h may depend on temperature, this dependence is usually not very strong. Thus, 
for most applications, conductive and convective heat transfer rates are linearly proportional to 
temperature differences. As we shall see, radiative heat transfer rates are generally proportional 
to differences in temperature to the fourth (or higher) power, i.e., 

q^T'-C (1.3) 

Therefore, radiative heat transfer becomes more important with rising temperature levels and may 
be totally dominant over conduction and convection at very high temperatures. Thus, thermal ra-
diation is important in combustion applications (fires, furnaces, rocket nozzles, engines, etc.), 
in nuclear reactions (such as in the sun, in a fusion reactor, or in nuclear bombs), during atmo-
spheric reentry of space vehicles, etc. Other applications include solar energy collection and the 
greenhouse effect (both due to emission fi"om our high-temperature sun). 

The same reasons that make thermal radiation important in vacuum and high-temperature ap-
plications also make its analysis more difficult, or at least quite different from "conventional" 
analyses. Under normal conditions, conduction and convection are short-range phenomena: The 
average distance between molecular collisions (mean free path for collision) is generally very 
small, maybe around 10"̂ ^̂  m. If it takes, say, 10 collisions until a high-kinetic-energy molecule 
has a kinetic energy similar to that of the surrounding molecules, then any external influence 
is not directly feh over a distance larger than 10~^ m. Thus we are able to perform an energy 
balance on an "infinitesimal volume," i.e., a volume negligibly small in comparison with overall 
dimensions, but very large in comparison with the mean free path for collision. The principle of 
conservation of energy then leads to a, partial differential equation to describe the temperature 
field and heat fluxes for both conduction and convection. This equation may have up to four inde-
pendent variables (three space coordinates and time) and is linear in temperature for the case of 
constant properties. Thermal radiation, on the other hand, is generally a long-range phenomenon. 
The mean free path for a photon (i.e., the average distance a photon travels before interacting 
with a molecule) may be as short as lO"*̂ ^ m (e.g., absorption in a metal), but can also be as long 
as 10"̂ ^̂  m or larger (e.g., the sun's rays hitting Earth). Thus, conservation of energy cannot be 
applied over an infinitesimal volume, but must be applied over the entire volume under consider-
ation. This leads to an integral equation in up to seven independent variables (the frequency of 
radiation, three space coordinates, two coordinates describing the direction of travel of photons, 
and time). 

Un this book we shall use the term heat flux to denote the flow of energy per unit time and per unit area and the term 
heat rate for the flow of energy per unit time (i.e., not per unit area). 
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The analysis of thermal radiation is further complicated by the behavior of the radiative prop-
erties of materials. Properties relevant to conduction and convection (thermal conductivity, kine-
matic viscosity, density, etc.) are fairly easily measured and are generally well behaved (isotropic 
throughout the medium, perhaps with weak temperature dependence). Radiative properties are 
usually difficult to measure and often display erratic behavior. For liquids and solids the prop-
erties normally depend only on a very thin surface layer, which may vary strongly with surface 
preparation and often even fi-om day to day. All radiative properties (in particular for gases) may 
vary strongly with wavelength, adding another dimension to the governing equation. Rarely, if 
ever, may this equation be assumed to be linear. 

Because of these difficulties inherent in the analysis of thermal radiation, a good portion of 
this book has been set aside to discuss radiative properties and different approximate methods to 
solve the governing energy equation for radiative transport. 

1.2 THE NATURE OF THERMAL 
RADIATION 

Thermal radiative energy may be viewed as consisting of electromagnetic waves (as predicted 
by electromagnetic wave theory) or as consisting of massless energy parcels, callQd photons (as 
predicted by quantum mechanics). Neither point of view is able to describe completely all ra-
diative phenomena that have been observed. It is, therefore, customary to use both concepts 
interchangeably. In general, radiative properties of liquids and solids (including tiny particles), 
and of interfaces (surfaces) are more easily predicted using electromagnetic wave theory, while 
radiative properties of gases are more conveniently obtained from quantum mechanics. 

All electromagnetic waves, or photons, are known to propagate through any medium at a high 
velocity. Since light is a part of the electromagnetic wave spectrum, this velocity is known as the 
speed of light, c. The speed of Ught depends on the medium through which it travels, and may be 
related to the speed of light in vacuum, CQ, by the formula 

c = ^ , Co = 2.998 X 10^ m/s, (1.4) 

where n is known as the refractive index of the medium. By definition, the refractive index of 
vacuum is n = 1. For most gases the refractive index is very close to unity, for example, air at room 
temperature has n = 1.00029 over the visible spectrum. Therefore, Hght propagates through gases 
nearly as fast as through vacuum. Electromagnetic waves travel considerably slower through 
dielectrics (electric nonconductors), which have refractive indices between approximately 1.4 
and 4, and they hardly penetrate at all into electrical conductors (metals). Each wave may be 
identified either by its 

frequency, v (measured in cycles/s = s"̂  = Hz); 
wavelength, X (measured in pm = 10"^ m or nm = 10"^ m); 
wavenumber, rj (measured in cm" ̂ ); or 
angular frequency, cj (measured in radians/s = s~ ̂ ). 

All four quantities are related to one another through the formulae 

(O C 

v = - = - = c,. (1.5) 

Each wave or photon carries with it an amount of energy, 6, determined from quantum mechanics 
as 

e = hy, /i = 6.626xlO-^^Js, (1.6) 
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FIGURE 1-1 
Electromagnetic wave spectrum (for radiation traveling through vacuum, « = 1). 

where h is known as Planck's constant. The frequency of light does not change when light 
penetrates from one medium to another since the energy of the photon must be conserved. On the 
other hand, wavelength and wavenumber do, depending on the values of the refractive index for 
the two media. Sometimes electromagnetic waves are characterized in terms of the energy that a 
photon carries, hv, using the energy unit electron volt (1 eV = 1.6022 x 10"^^ J). Thus, light with 
a photon energy (or "frequency") of a eV has a wavelength (in vacuum) of 

Ac _̂  6.626 X IQ-^^ J s X 2.998 x 10^ m/s _ 1.240 
hv" a 1.6022 x lO-^n -/im. (1.7) 

Since electromagnetic waves of vastly different wavelengths carry vastly different amounts 
of energy, their behavior is often quite different. Depending on their behavior or occurrence, 
electromagnetic waves have been grouped into a number of different categories, as shown in 
Fig. 1-1. Thermal radiation may be defined to be those electromagnetic waves which are emitted 
by a medium due solely to its temperature [1]. As indicated earher, this definition limits the range 
of wavelengths of importance for heat transfer considerations to between 0.1 //m (ultraviolet) and 
100/im (midinfrared). 

1.3 BASIC LAWS OF THERMAL 
RADIATION 
When an electromagnetic wave traveling through a medium (or vacuum) strikes the surface of 
another medium (solid or liquid surface, particle or bubble), the wave may be reflected (either 
partially or totally), and any nonreflected part will penetrate into the medium. While passing 
through the medium the wave may become continuously attenuated. If attenuation is complete 
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r = const 

FIGURE 1-2 
Kirchhoff's law. 

SO that no penetrating radiation reemerges, it is known as opaque. If a wave passes through a 
medium without any attenuation, it is termed transparent, while a body with partial attenuation 
is called semitransparent? Whether a medium is transparent, semitransparent or opaque depends 
on the material as well as on its thickness (i.e., the distance the electromagnetic wave must travel 
through the medium). Metals are nearly always opaque, although it is a common high school 
physics experiment to show that light can penetrate through extremely thin layers of gold. Non-
metals generally require much larger thicknesses before they become opaque, and some are quite 
transparent over part of the spectrum (for example, window glass in the visible part of the spec-
trum). 

An opaque surface that does not reflect any radiation is called a perfect absorber or a black 
surface: When we "see" an object, our eyes absorb electromagnetic waves from the visible part 
of the spectrum, which have been emitted by the sun (or artificial light) and have been reflected 
by the object toward our eyes. Thus, a surface that does not reflect radiation we cannot see, and 
it appears "black" to our eyes.^ Since black surfaces absorb the maximum possible amount of 
radiative energy, they serve as a standard for the classification of all other surfaces. 

It is easy to show that a black surface also emits a maximum amount of radiative energy, i.e., 
more than any other body at the same temperature. To show this, we use one of the many varia-
tions of Kirchhoff's law^ Consider two identical black-walled enclosures, thermally insulated on 
the outside, with each containing a small object—one black and the other one not—as shown in 
Fig. 1-2. After a long time, in accordance with the Second Law of Thermodynamics, both entire 
enclosures and the objects within them will be at a single uniform temperature. This characteristic 
implies that every part of the surface (of enclosure as well as objects) emits precisely as much 
energy as it absorbs. Both objects in the different enclosures receive exactly the same amount of 
radiative energy. But since the black object absorbs more energy (i.e., the maximum possible), it 
must also emit more energy than the nonblack object (i.e., also the maximum possible). 

By the same reasoning it is easy to show that a black surface is a perfect absorber and emitter 
at every wavelength and for any direction (of incoming or outgoing electromagnetic waves), and 
that the radiation field within an isothermal black enclosure is isotropic (i.e., the radiative energy 
density is the same at any point and in any direction within the enclosure). 

^ A medium that allows a fraction of light to pass through, while scattering the transmitted light into many different 
directions, for example, milky glass, is called translucent. 
^Note that a surface appearing black to our eyes is by no means a perfect absorber at nonvisible wavelengths and vice 

versa; indeed, many white paints are actually quite "black" at longer wavelengths. 

*Gustav Robert Klrchhoff (1824-1887) 
German physicist. After studying in Berlin, Klrchhoff served as professor of physics at the 
University of Heidelberg for 21 years before returning to Berlin as professor of mathematical 
physics. Together with the chemist Robert Bunsen, he was the first to establish the theory of 
spectrum analysis. 
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FIGURE 1-3 
Solar irradiation onto Earth. 

L4 EMISSIVE POWER 

Every medium continuously emits electromagnetic radiation randomly into all directions at a rate 
depending on the local temperature and on the properties of the material. The radiative heat flux 
emitted from a surface is called the emissive power, E. We distinguish between /o/a/ and spectral 
emissive power (i.e., heat flux emitted over the entire spectrum, or at a given frequency per unit 
frequency interval), so that 

spectral emissive power, Ey s emitted energy/time/surface area/frequency, 
total emissive power, E = emitted energy/time/surface area. 

Here and elsewhere we use the subscripts v, A or r/ (depending on the choice of spectral vari-
able) to express a spectral quantity whenever necessary for clarification. Thermal radiation of a 
single frequency or wavelength is sometimes also called monochromatic radiation (since, over the 
visible range, the human eye perceives electromagnetic waves to have the colors of the rainbow). 
It is clear from their definitions that the total and spectral emissive powers are related by 

E(T) -f 
Jo 

Ey(T,v)dy. (1.8) 

Blackbody Emissive Power Spectrum 
Scientists had tried for many years to theoretically predict the sun's emission spectrum, which we 
know today to behave very nearly like a blackbody at approximately 5777 K [2]. The spectral so-
lar flux falling onto Earth, or solar irradiation, is shown in Fig. 1-3 for extraterrestrial conditions 
(as measured by high-flying balloons and satellites) and for unity air mass (air mass is defined 
as the value of 1/ cos ̂ 5, where the zenith angle Os is the angle between the local vertical and a 
vector pointing toward the sun) [3,4]. Solar radiation is attenuated significantly as it penetrates 
through the atmosphere by phenomena that will be discussed in Sections 1.11 and 1.13. Lord 
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Rayleigh (1900) [5]* and Sir James Jeans (1905) [6]^ independently applied the principles of 
classical statistics with its equipartition of energy to predict the spectrum of the sun, with dismal 
results. Wilhelm Wien (1896) [7]* used some thermodynamic arguments together with experi-
mental data to propose a spectral distribution of blackbody emissive power that was very accurate 
over large parts of the spectrum. Finally, in 1901 Max Planck [8]^ published his work on quan-
tum statistics: Assuming that a molecule can emit photons only at distinct energy levels, he found 
the spectral blackbody emissive power distribution, now commonly knovm as Planck's law, for a 
black surface bounded by a transparent medium with refractive index n, as 

where k = 1.3807 x lO"-̂ ^ J/K is known as Boltzmann 's constant,^ While frequency v appears to 
be the most logical spectral variable (since it does not change when light travels from one medium 
into another), the spectral variables wavelength A (primarily for surface emission and absorption) 
and wavenumber 77 (primarily for radiation in gases) are also frequently (if not more often) em-
ployed. Equation (1.9) may be readily expressed in terms of wavelength and wavenumber through 
the relationships 

Co Co , <̂o f, . ^dn] Co \. rjdn 
y = —- = —77, dv= z- 1 H- --rz\dA= — 1 — 

nA n nA^ Y naA\ « [ nar} 
and 

dri. (1.10) 

poo poo r»oo 

Eh{T)= Ek,dv= Ek,dA= EhridT], ( l . l l ) 
Jo Jo Jo 

'̂  Equation (1.9) is valid for emission into a medium whose absorptive index (to be introduced in Chapter 2) is much 
less than the refractive index. This includes semitransparent media such as water, glass, quartz, etc., but not opaque 
materials. Emission into such bodies is immediately absorbed and is of no interest. 

'John William Strutt, Lord Rayleigh (1842-1919) 
English physical scientist. Rayleigh obtained a mathematics degree from Cambridge, where 
he later served as professor of experimental physics for five years. He then became secretary, 
and later president, of the Royal Society. His work resulted in a number of discoveries in 
the fields of acoustics and optics, and he was the first to explain the blue color of the sky 
(cf. the Rayleigh scattering laws in Chapter 11). Rayleigh received the 1904 Nobel Prize in 
Physics for the isolation of argon. 

^Sir James Hopwood Jeans (1877-1946) 
English physicist and mathematician, whose work was primarily in the area of astro-
physics. He applied mathematics to several problems in thermodynamics and electromag-
netic radiation. 

^Wilhelm WIen (1864-1928) 
German physicist, who served as professor of physics at the University of Giessen and later 
at the University of Munich. Besides his research in the area of electromagnetic waves, 
his interests included other rays, such as electron beams, X-rays and a-particles. For the 
discovery of his displacement law he was awarded the Nobel Prize in Physics in 1911. 

§Max Planck (1858-1947) 
German physicist. Planck studied in Berlin with H. L. F. von Helmholtz and G. R. Kirchhoff, 
but obtained his doctorate at the University of Munich before returning to Berlin as professor 
in theoretical physics. He later became head of the Kaiser Wilhelm Society (today the Max 
Planck Institute). For his development of the quantum theory he was awarded the Nobel 
Prize in Physics in 1918. 
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FIGURE 1-4 
Blackbody emissive power spectrum. 

or 
Ebv dv = -Eh,i dX = Eb,^ drj. (1.12) 

Here A and 77 are wavelength and wavenumber for the electromagnetic waves within the medium 
of refractive index n (while AQ = nA and TJQ = T]/n would be wavelength and wavenumber of the 
same wave traveling through vacuum). Equation (1.10) shows that equation (1.9) gives convenient 
relations for Ei,,\ and Ehr^ only if the refractive index is independent of frequency (or wavelength, 
or wavenumber). This is certainly the case for vacuum (n = I) and ordinary gases (n ^ I), and 
may be of acceptable accuracy for some semitransparent media over large parts of the spectrum 
(for example, for quartz 1.52 < « < 1.68 between the wavelengths of 0.2 and 2Ajum). Thus, with 
the assumption of constant refractive index, 

EtA(T.A) = 
2nhc^ 

n'^X^[ehcidnAkT ^l^' 

Ebri(T,T]) = 
Inhc^T^ 

(n = const), 

(n = const). 

(1.13) 

(1.14) 

Figure 1-4 is a graphical representation of equation (1.13) for a number of blackbody tempera-
tures. As one can see, the overall level of emission rises with rising temperature (as dictated by 
the Second Law of Thermodynamics), while the wavelength of maximum emission shifts toward 
shorter wavelengths. The blackbody emissive power is also plotted in Fig. 1-3 for an effective 
solar temperature of 5777 K. This plot is in good agreement with extraterrestrial solar irradiation 
data. 

It is customary to introduce the abbreviations 

C, = 2nhcl = 3.7418 x 10"^^ Wm^, 

C2 =hco/k= 14,388//mK= 1.4388 cm K, 

so that equation (1.13) may be recast as 

n^P (nATyie^^KnAT) _ ly (n = const), (1.15) 
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FIGURE 1-5 
Normalized blackbody emissive power spectrum. 

which is seen to be a function of (nAT) only. Thus, it is possible to plot this normalized emissive 
power as a single line V5:. the product of wavelength in vacuum (nA) and temperature (T), as shown 
in Fig. 1-5, and a detailed tabulation is given in Appendix C. The maximum of this curve may be 
determined by differentiating equation (1.15), 

dinAT) 

leading to a transcendental equation that may be solved numerically as 

(«'t7')max = Ci = 2898 ^ m K . (1.16) 

Equation (1.16) is known as Wien's displacement law since it was developed independently by 
Wilhelm Wien [9] in 1891 (i.e., well before the publication of Planck's emissive power law). 

Example 1.1. At what wavelength has the sun its maximum emissive power? At what wavelength 
Earth? 

Solution 
From equation (1.16), with the sun's surface at ^^n ~ 5777 K and bounded by vacuum (n = 1), it follows 
that 

''ima) 
Q 2898 ^mK 

•• 0.50//m, 
ûn 5777 K 

which is near the center of the visible region. Apparently, evolution has caused our eyes to be most 
sensitive in that section of the electromagnetic spectrum where the maximum daylight is available. In 
contrast, Earth's average surface temperature may be in the vicinity of rEanh = 290 K, or 

2898 yum K ^^ 
/tniax.Eartli - y^fVlF ~ 10/Lfm, 

that is, Earth's maximum emission occurs in the intermediate infrared, leading to infrared cameras and 
detectors for night "vision." 
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It is of interest to look at the asymptotic behavior of Planck's law for small and large wave-
lengths. For very small values of hco/nAkT (large wavelength, or small frequency), the exponent 
in equation (1.13) may be approximated by a two-term Taylor series, leading to 

IncQkT hco 

The same result is obtained if one lets A -» 0, i.e., if one allows photons of arbitrarily small energy 
content to be emitted, as postulated by classical statistics. Thus, equation (1.17) is identical to 
the one derived by Rayleigh and Jeans and bears their names. The Rayleigh-Jeans distribution is 
also included in Fig. 1-5. Obviously, this formula is accurate only for very large values of («/ir), 
where the energy of the emissive power spectrum is negligible. Thus, this formula is of little 
significance for engineering purposes. 

For large values of (hco/nAkT) the -1 in the denominator of equation (1.13) may be neglected, 
leading to Wien 's distribution (or Wien 's law), 

^''^ n^A' ~n^A'' ' nAkT^'^^' ^^'^^^ 

since it is identical to the formula first proposed by Wien, before the advent of quantum mechan-
ics. Examination of Wien's distribution in Fig. 1-5 shows that it is very accurate over most of 
the spectrum, with a total energy content of the entire spectrum approximately 8% lower than for 
Planck's law. Thus, Wien's distribution is frequently utilized in theoretical analyses in order to 
facilitate integration. 

Total Blackbody Emissive Power 

The total emissive power of a blackbody may be determined from equations (1.11) and (1.13) as 

^ [c\ Jo 

1] 

e f - 1 
n^r*, (« = const). (1.19) 

The integral in this expression may be evaluated by complex integration, and is tabulated in many 
good integral tables: 

Et(T) = n'cTT', o-= j ^ = 5.670 X 10-'-J^^, (1.20) 

where cr is known as the Stefan-Boltzmann constant.* If Wien's distribution is to be used then the 
- 1 is absent from the denominator of equation (1.19), and a corrected Stefan-Boltzmann constant 

* Josef Stefan (1835-1893) 
Austrian physicist. Serving as professor at the University of Vienna, Stefan determined in 
1879 that, based on his experiments, blackbody emission was proportional to temperature 
to the fourth power. 

Ludwig Erhard Boltzmann (1844-1906) 
Austrian physicist. After receiving his doctorate from the University of Vienna he held 
professorships in Vienna, Graz (both in Austria), Munich and Leipzig (in Germany). His 
greatest contributions were in the field of statistical mechanics (Boltzmann statistics). He 
derived the fourth-power law from thermodynamic consideratioas in 1889. 
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should be employed, evaluated as 

ov = ^ = 5 . 2 3 9 x 1 0 - ^ ^ , (1.21) 

indicating that Wien's distribution underpredicts total emissive power by about 7.5%. 
It is often necessary to calculate the emissive power contained within a finite wavelength band, 

say between A\ and /I2. Then 

EudX=—T\ -—-rr. (1.22) 

It is not possible to evaluate the integral in equation (1.22) analytically. Therefore, it is customary 
to express equation (1.22) in terms of the ffaction ofblackbody emissive power contained between 
0 and nXT, 

^,„,,D=i^=r(^)*.n=i^r 1^. (..23) 
r EhxdA Jo ytro-T^I ^ JC2/nAT e^ - ^ 

so that 

f^EudA Jo \n^crP/ yrJcdnAT^ 

I E,,dA = [f(nA2T)-f(nAJ)WcrT\ (1.24) 

Equation (1.23) is a function in a single variable, nAT, and is therefore easily tabulated, as has 
been done in Appendix C. For computer calculations a little Fortran routine bbfn is given in 
Appendix F, as well as a stand-alone program planck, which, after inputting wavelength (or 
wavenumber) and temperature, retums EhA^ Ehr^ and / . 

Example 1.2. What fraction of total solar emission falls into the visible spectrum (0.4 to 0,7/i/m)? 

SoluUon 
With « = 1 and a solar temperature of 5777 K it follows that for Ai = 0.4 ̂ m, nXx Tgun = 1 x 0.4 x 5777 = 
2310.8/imK; and for A2 = 0.7^m, nA2%Mn - 4043.9)umK. From Appendix C we find /(nAiTsm) -
0.12220 and /{nAiT^^rx) = 0.48869. Thus, from equations (1.20) and (1.24) the visible fraction of sun-
light is 

AnA2Tsan) - f{nAx T,^rd = 0.48869 - 0.12220 = 0.36649. 

(Writing a one-line programbbfn(4043.9)-bbfn(2310.8) retums the slightly more accurate value 
of 0.36661.) Therefore, with a bandwidth of only 0.3//m the human eye responds to approximately 37% 
of all emitted sunlight! 

1,5 SOLID ANGLES 

When radiative energy leaves one medium and enters another (i.e., emission from a surface into 
another medium), this energy flux usually has different strengths in different directions. Similarly, 
the electromagnetic wave, or photon, flux passing through any point inside any medium may 
vary with direction. It is customary to describe the direction vector in terms of a spherical or 
polar coordinate system. Consider a point P on an opaque surface dA radiating into another 
medium, say air, as shown in Fig. 1-6. It is apparent that the surface can radiate into infinitely 
many directions, with every ray penetrating through a hemisphere of unit radius as indicated in 
the figure. The total surface area of this hemisphere, 2;r 1̂  = In, is known as the total solid 
angle above the surface. An arbitrary emission direction from the surface is specified by the unit 
direction vector s, which may be expressed in terms of the polar angle 6 (measured from the 
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FIGURE 1-6 
Emission direction and solid angles 
as related to a unit hemisphere. 

surface normal n) and the azimuthal angle i// (measured between an arbitrary axis on the surface 
and the projection of s onto the surface). It is seen that, for a hemisphere, 0 < ^ < n/2 and 
0 < ^ < 2n, 

The solid angle with which an infinitesimal surface dAj is seen from a point P is defined as 
the projection of the surface onto a plane normal to the direction vector, divided by the square of 
the distance S between dAj and P, as also shown in Fig. 1-6. If the surface is projected onto the 
unit hemisphere above the point, the solid angle is equal to the projected area itself, or 

dQ 
dAjp cos 9j dAj 

= dAj\ 52 52 

Thus, an infinitesimal solid angle is simply an infinitesimal area on a unit sphere, or 

dn = dAj' = (1 X sinGdi/r)(\ x dS) = sinOdOdif/. 

Integrating over all possible directions we obtain 

p2n nn/2 
sin 6 do dif/ = In, 

(1.25) 

(1.26) 

(1.27) 

for the total solid angle above the surface, as already seen earUer. The solid angle, with which a 
finite surface Aj is seen from point P, follows immediately from equation (1.25) as 

-X,.1^=X^=X-"-"' (1.28) 

i.e., the projection ofAj onto the hemisphere above P. 
While a little unfamiliar at first, soUd angles are simply two-dimensional angular space: Sim-

ilar to the way a one-dimensional angle can vary between 0 and n (measured in dimensionless 
radians, equivalent to length along a semicircular line), the solid angle may vary between 0 and 
In (measured in dimensionless steradians, sr, equivalent to surface area on a hemisphere). 

Example 1.3. Determine the solid angle with which the sun is seen from Earth. 

Solution 
The area of the sun projected onto a plane normal to the vector pointing from Earth to the sun (or, simply, 
the image of the sun that we see from Earth) is a disk of radius Rs ^ 6.96 x 10̂  m (i.e., the radius of the 
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FIGURE 1-7 
Solid angle subtended by a narrow strip. 

sun), at a distance of approximately SES ~ 1-496 x 10̂ ^ m (averaged over Earth's yearly orbit). Thus the 
solid angle of the sun is 

(;ri?2) ;rx (6.96x10^)2 ^ ̂ ^ _ , 
^ - = ^ = (1.496xlOn)^ ^6.80xl0--sr. 

This solid angle is so small that we may generally assume that solar radiation comes from a single 
direction, i.e., that all the light beams are parallel. 

Example 1.4. What is the solid angle with which the narrow strip shown in Fig. 1-7 is seen from point 
"0"? 

Solution 
Since the strip is narrow we may assume that the projection angle for equation (1.28) varies only in the 
x-direction as indicated in Fig. 1 -7, leading to 

^ r^cosOodx ^ h r ii 2 
Q. = w \ ;—, cosft = - , r-hf-'^'X-, 

Jo r^ r 

r^hdx , r^ dx w X f wL 
and 

1.6 RADIATIVE INTENSITY 

While emissive power appears to be the natural choice to describe radiative heat flux leaving a 
surface, it is inadequate to describe the directional dependence of the radiation field, in particular 
inside an absorbin^emitting medium, where photons may not have originated from a surface. 
Therefore, very similar to the emissive power, we define the radiative intensity I, as radiative 
energy flow per unit solid angle and unit area normal to the rays (as opposed to surface area). 
Again, we distinguish between spectral and total intensity. Thus, 

spectral intensity, h = radiative energy flow/time/area 

normal to rays/solid angle/wavelength, 

total intensity, / = radiative energy flow/time/area 

normal to rays/solid angle. 

Again, spectral and total intensity are related by 

J-»oo 

h{rXX)dA, (1.29) 
0 

Here, r is di position vector fixing the location of a point in space, and s is a unit direction vector 
as defined in the previous section. While emissive power depends only on position and wave-
length, the radiative intensity depends, in addition, on the direction vector s. The emissive power 
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^ 
FIGURE 1-8 
Relationship between blackbody emissive power and inten-
sity. 

can be related to intensity by integrating over all the directions pointing away from the surface. 
Considering Fig. 1-8, we find that the emitted energy from dA into the direction s, and contained 
within an infinitesimal solid angle dQ. = sinOdOdif/ is, from the definition of intensity, 

/(r, s) dAp dQ. = /(r, s) dA cos 6 sin 6 dO dif/, 

where dAp is the projected area of dA normal to the rays (i.e., the way dA is seen when viewed 
from the - s direction). Thus, integrating this expression over all possible directions gives the total 
energy emitted from dA, or, after dividing by dA 

In pnll 
E(r) 

Jo Jo 
I(r, 0, iff) cose sine do dilf= I /(r,s)ii-sc/Q. (1.30) 

Jin 

This expression is, of course, also vahd on a spectral basis. 
The directional behavior of the radiative intensity leaving a blackbody is easily obtained from 

a variation of Kirchhoff's law: Consider a small, black surface suspended at the center of an 
isothermal spherical enclosure, as depicted in Fig. 1-9. Let us assume that the enclosure has a 
(hypothetical) surface coating that reflects all incoming radiation totally and like a mirror every-
where except over a small area dAs, which also reflects all incoming radiation except for a small 
wavelength interval between A and A + dA. Over this small range of wavelengths dAs behaves like 
a blackbody. Now, all radiation leaving dA, traveling to the sphere (with the exception of light of 
wavelength A traveling toward dAs), will be reflected back toward dA where it will be absorbed 
(since dA is black). Thus, the net energy flow from dA to the sphere is, recalling the definitions 

FIGURE 1-9 
Kirchhoff's law for the directional behavior of blackbody inten-
sity. 
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for intensity and solid angle 

hxiT, e, Iff, A){dA cos 0) dQs dA = lUT. e, i/r, A){dA cos 0) l^jd^^^ 

where dCls is the solid angle with which dAs is seen from dA, On the other hand, also by Kirch-
hoff's law, the sphere does not emit any radiation (since it does not absorb anything), except over 
dAs at wavelength i . All energy emitted from dAg will eventually come back to itself except for 
the fraction intercepted by dA, Thus, the net energy flow from the sphere to dA is 

knA(Ta)dAsdadA = hnA{T,A)dA, 
I dA cose\ ^^ 

where the subscript n denotes emission into the normal direction (6s = 0, ^^ arbitrary), and dQ. is 
the solid angle with which dA is seen from dAs, Now, from the Second Law of Thermodynamics, 
these two fluxes must be equal for an isothermal enclosure. Therefore, 

MT.e,^,A) = lM{T,A). 

Since the direction (6, i//), with which dAs is oriented, is quite arbitrary we conclude that 4^ is 
independent oj direction, or 

h.^IUT. A) only. (1.31) 

Substituting this expression into equation (1.30) we obtain the following relationship between 
blackbody intensity and emissive power: 

Eu(t.A) = nIu{rA), (1.32) 

This equation impUes that the intensity leaving a blackbody (or any surface whose outgoing inten-
sity is independent of direction, or diffuse) may be evaluated from the blackbody emissive power 
(or outgoing heat flux) as 

IUr.A)^Eu{r.A)ln, (1.33) 

In the literature the spectral blackbody intensity is sometimes referred to as the Planck function. 
The directional behavior of the emission from a blackbody is found by comparing the intensity 
(energy flow per solid angle and area normal to the rays) and directional emitted flux (energy 
flow per solid angle and per unit surface area). The directional heat flux is sometimes called 
directional emissive power, and 

El^SX. A, 6, ̂ ) dA = 4Kr, A) dAp, 

or 

El,{r,A.e.ilf) = IUr,A)oos0. (1.34) 

that is, the directional emitted flux of a blackbody varies with the cosine of the polar angle. This 
is sometimes referred to as Lambert's law* or the cosine law. 

*Johann Helnrlch Lambert (1728-1777) 
Gemian mathematician, astronomer, and physicist. Largely self-educated, Lambert did his 
work under the patronage of Frederick the Great. He made many discoveries in the areas 
of mathematics, heat, and Ught. The lambert, a measurement of diffusely reflected light 
intensity, is named in his honor (see Section 1.9). 
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FIGURE 1-10 
Radiative heat flux on an arbitrary surface. 

1.7 RADIATIVE HEAT FLUX 

Consider the surface shown in Fig. 1-10. Let thermal radiation from an infinitesimal solid angle 
around the direction ŝ  impinge onto the surface with an intensity of/,i(s^). Such radiation is often 
called a "pencil of rays" since the infinitesimal solid angle is usually drawn looking like the tip 
of a sharpened pencil. RecaUing the definition for intensity we see that it imparts an infinitesimal 
heat flow rate per wavelength on the surface in the amount of 

dQA = IMd^idAp = li{$i)dQi(dA cos Oi), 

where heat rate is taken as positive in the direction of the outward surface normal (going into the 
medium), so that the incoming flux going into the surface is negative since cos Oj < 0. Integrating 
over all 2n incoming directions and dividing by the surface area gives the total incoming heat flux 
per unit wavelength, i.e., 

fe>m= r imcoseidQi, (1.35) 
Jcos0i<O 

Heat loss from the surface, along a pencil of rays into the direction %, and integrated over all 
outgoing directions, follows as 

JcosO„>0 
(1.36) 

If the surface is black ( Q = 1), there is no energy reflected from the surface and li = IbA, leading 
to (̂ ,i)out = EfjA' If the surface is not black, the outgoing intensity consists of contributions firom 
emission as well as reflections. The outgoing heat flux is positive since it is going into the medium. 
The net heat flux from the surface may be calculated by adding both contributions, or 

(^^)net = fe)in + ^ ̂Oout= I 
J An 

l\(§,) COS 9 dQ., (1.37) 

where a single direction vector s was used to describe the total range of solid angles, 4n. It is 
readily seen from Fig. 1-10 that cos6> = n • s and, since the net heat flux is evaluated as the flux 
into the positive n-direction, one gets 

J An 
(1.38) 
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In order to obtain the total radiative heat flux at the surface, equation (1.38) needs to be integrated 
over the spectrum, and 

q . n = f q,ihdA=\ \ /.](s)ii-s^QJi. (1.39) 
Jo Jo JAn 

Example 1.5. A solar collector mounted on a satellite orbiting Earth is directed at the sun (i.e., normal 
to the sun's rays). Determine the total solar heat flux incident on the collector per unit area. 

Solution 
The total heat rate leaving the sun is Qs = AnRlEh{Ts\ where Rs ^ 6.96 x 10̂  m is the radius of the 
sun. Placing an imaginary spherical shell around the sun of radius SES - 1.496 x 10̂  ̂  m, where SES is the 
distance between the sun and Earth, we find the heat flux going through that imaginary sphere (which 
includes the solar collector) as 

?soi = ; ;, = hiTs)-f = h{Ts)a,, 
'^ES 

where we have replaced the sun's emissive power by intensity, Eh = TT//,, and ^s = 6.80 x 10 ^ sr is 
the solid angle with which the sun is seen from Earth, as determined in Example 1.3. Therefore, with 
UTs) = o-r/M and Ts = 5777K, 

q.^ = -{(TTsVnX^s) = --5.670 x 10"̂  x 5777̂  x 6.80 x 10"' W/m' 
n 

= -1367W/m% 

where we have added a minus sign to emphasize that the heat flux is going into the collector. The total 
incoming heat flux may, of course, also be determined from equation (1.35) as 

Jcc 
!(%) COS OidClj. 

cos6i<0 

Since light from the sun arrives only from the extremely small solid angle ofQs (over which cos^, ==^ 
-1), the integral may be written as 

Comparing this with the previous expression we see that the incoming solar intensity at the collector, 7;, 
is identical to the intensity leaving from the sun's surface, 4(7J). This invariability property of radiative 
intensity as it travels through vacuum will be discussed in more detail in Chapter 9. 

The absolute value of the heat flux determined in the previous example is known as the solar 
constant. The most accurate measurements and spectral integration of extraterrestrial solar irra-
diation data have been made during the past twenty years by Earth-orbiting satellites [2,10,11], 
and are qualitatively indicated in Fig. 1-3, resulting in 

,̂o] = (1367±2)W/m^ (1.40) 

The efi'ective solar temperature of T = 5777 K has been determined by working Example 1.5 in 
reverse. 

1.8 RADIATION PRESSURE 

If we think of radiative energy as photons or (massless) particles carrying an energy of hv and 
traveling at the speed of light c into a certain direction, then these particles should carry mo-
mentum in the amount of energy/speed = hv/c = hrj (even though they do not possess mass). 
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Therefore, if photons hit a material surface a momentum transfer takes place, which implies that 
a stream of photons exerts pressure on the walls of a container, known as radiation pressure or 
photon pressure. 

Consider a monochromatic beam of intensity I^(Si) incident on a surface element dA from 
a direction S/ and over a solid angle rfQ/. The energy flow incident on dA due to this beam is 
li(Si) cos 6i dA dQi. Therefore, the beam carries with it momentum at a rate of 

-li(Si) I cos Oil dA dOi S/, 
c 

where the unit vector s, has been added to emphasize that the momentum flow is a vector pointing 
into the direction of S/. The fraction of momentum falling onto dA in the normal direction is 
\ cos Oi\ = \n • S/|. Therefore, the flow of momentum onto dA in the normal direction is, per unit 
area, 

1 . 0 

-h(Si)cos^eidQi, 
c 

According to Newton's Second Law the total momentum flux normal to the surface, due to irra-
diation from all possible directions, must be counteracted by a pressure force p^ dA leading to a 
spectral radiation pressure 

1 p2n r*n 

Px^-\ his) cos^esinO do di//, (1.41) 
cJo Jo 

As for other spectral properties, a total radiation pressure is defined as 
) 
p,dA, (1.42) 

0 

£xample 1.6. A very light spacecraft had been entered in the Columbus Competition (which was 
originally scheduled for 1992, the 500th anniversary of Columbus' discovery of the New World, but 
which was eventually cancelled for lack of funds), whose goal was to sail the craft to Mars, using solar 
radiation pressure as the only propellant. Assuming a black sail and a necessary pushing force of 100 N, 
determine the necessary surface area for the solar sail. 

Solution 
The solar pressure exerted on the sail may be calculated from equation (1.41). As in the previous 
example solar radiation is incident over an extremely small solid angle, ̂ s = 6.8 x 10"̂  sr. Thus, the 
solar pressure may be evaluated as 

, = i ^ . - . ) ' " . - ? = j i l ^ =4.5 X ,0 - .W, ,„ . = « . 10-NM. 

The total force on the sail is F = p^, so that a force of 100 N would require a sail area of ̂  = 100/4.5 x 
10-̂  = 22xl0^m2=:22km^! 

Note that, for a perfectly reflecting sail, the reflected intensity would be equal to the incoming 
intensity, but in the opposite direction with cos ̂  = +1. The contribution to the radiation pressure would 
be positive again, doubling the pressure to 9 x 10"̂  N and halving the necessary sail area to 11 km .̂ 

This example demonstrates that radiation pressure, while measurable and nonnegUgible for 
some applications, can certainly not compete with the pressure exerted by a molecular gas. 

1.9 VISIBLE RADIATION (LUMINANCE) 

Because of the great importance of visible radiation, and since much of the theory developed in 
this book is directly applicable to Ughting design calculations, we shall very briefly discuss the 

=x 
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0.50 0.55 0.60 

Wavelength A, jum 

FIGURE 1-11 
CIE standards for luminous effi-
ciency and luminous efficacy. 

nature of electromagnetic waves as perceived by the human eye. For a more detailed treatment of 
lighting, the reader should refer to books on the subject, such as the ones by Moon [12] and by 
Hopkinson and coworkers [13], or the lES (Illuminating Engineering Society) Handbook [14]. 

When electromagnetic waves of spectral intensity I^ fall onto the human eye, a certain fraction 
of the intensity is observed as "hght," known as spectral luminance. 

L,\ = Kxli, (1.43) 

where the proportionality factor Kx is called the luminous efficacy. Spectral luminance is mea-
sured in lumen per unit wavelength, per xmit solid angle, and per unit area normal to the rays 
(Im/m^/imsr). Therefore, the units of the luminous efficacy are Im/W. Luminance may also be 
measured using candelas (cd), lux (Ix) or lamberts (L), where the different units are related by 

1 ^ 
1 L = - cd/cm^ 

n 
l c d = llm/sr, l l x = l lm/ml 

The average human eye responds to radiation in the wavelength interval between ~ 0.4/im and 
0.7//m, and Kx thus vanishes outside this range. A standard luminous efficacy to approximate the 
average human eye was set by the CIE {Commission Internationale de I 'Eclairage or International 
Commission on Illumination) in 1924 and is shown in Fig. 1-11. Also shown is the standard 
luminous efficiency, defined as 

l̂um,̂  = K\IKr^^\ ^a.x = Kx{X = 0.555/im) = 683 Im/W, (1.44) 

where i^ax is the spectral maximum of AT̂ , which occurs (for the standard) at /I = 0.555//m. The 
total luminance is calculated from 

Jo 
hdA, (1.45) 

which—if/,) does not vary too much over the interval 0.4/zm < X < 0.7 fim—^may be approxi-
mated as 

L =̂  UA = 0.555ijm)K„, 
Jo 

dA 

^ 8 6 l M x / , ( ^ = 0 . 5 5 5 , . m ) . 2 8 6 ^ j ^ 
0.7//m 

hdA, 
Aftm 

(1.46) 

where 86 Im/im/W is the area underneath the luminous efficiency in Fig. 1-11, and 286 Im/W is 
an appropriate average value for Kx. 
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Example 1.7. On a clear day the strength of solar radiation has been measured as ŝun = 800 W/m^ 
(normal to the sun's rays), while total sky radiation (from all directions), faUing onto a horizontal sur-
face, has been determined as ŝky = 200 W/m .̂ Determine the luminous flux, or illumination, onto a 
horizontal surface if the sun is at a zenith angle of 60°. 

Solution 
Similar to the radiative heat flux, the luminous flux onto a surface is defined as 

Jin 
L{s) COS OdQ.. 

îum= 286— /,^^cos6/c/fii = 286— /.tCos6>Ja = 286 — q^^dA, 
JlTT W JoAum W JoAum Jin W Jo.4um 

where qx is the total spectral irradiation from the sun and the sky. Since both contributions are due to 
solar emission (either by direct travel or after atmospheric scattering), we may write qx = (̂ sun cos O^wx + 
^sky)^w(^un)/^/)(^im)> O^ 

Im 
^lum = 2 8 6 —(^sun COS <9sun + ^sky) [ / ( 0 . 7 / / m T,^) - / ( 0 . 4 / / m r^un)] , 

or, with Tsun = 5777 K, 

1 / 1 \ \X/ 
<?ium = 286 — 800 X - + 200 —[0.48869 - 0.12220] = 62,890 Im/m^ = 62,890 Ix. 

W \ 2 / m* 

Actually, for the visible wavelengths a solar temperature of ĵ un = 5777 K is not very accurate (cf. 
Fig. 1-3) so usually a solar temperature of 6500 K is employed for luminance calculations. With such a 
temperature /(0.7 x 6500//mK) - /(0.4 x 6500/imK) = 0.57177 - 0.18311 and 

l̂um ^ 66,694 Ix. 

All relationships for radiative intensity and radiative heat flux that will be developed in this 
book may also be used to determine luminance and luminous flux simply by using units oilumens 
instead of waf̂ 5. 

1.10 INTRODUCTION TO RADIATION 
CHARACTERISTICS OF OPAQUE SURFACES 

We have already noted that thermal radiation, unlike conduction and convection, is a long-range 
phenomenon. When making an energy balance for a point in space we must account for all 
photons that may arrive at this point, no matter from how far away. Thus, a conservation of 
energy balance must be performed on an enclosure bounded by opaque walls (i.e., a medium 
thick enough that no electromagnetic waves can penetrate through it). Strictly speaking, the 
surface of an enclosure wall can only reflect radiative energy or allow a part of it to penetrate 
into the substrate. A surface cannot absorb or emit photons: Attenuation takes place inside the 
solid, as does emission of radiative energy (and some of the emitted energy escapes through the 
surface into the enclosure). In practical systems the thickness of the surface layer over which 
absorption of irradiation from inside the enclosure occurs is very small compared with the overall 
dimensions of an enclosure—^usually a few A for metals and a few //m for most nonmetals. The 
same may be said about emission from within the walls that escapes into the enclosure. Thus, in 
the case of opaque walls it is customary to speak of absorption by and emission from a "surface," 
although a thin surface layer is implied. 

Consider thermal radiation impinging on a medium of finite thickness, as shown in Fig. 1-
12. In general, some of the irradiation will be reflected away from the medium, a fraction will 
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Irradiation 

Reflected radiation 

. ^ ^. . FIGURE 1-12 
Transmitted radiation Absorption, reflection and transmission by a slab. 

be absorbed inside the layer, and the rest will be transmitted through the slab. Based on this 
observation we define three fundamental radiative properties:^ 

„ ^ reflected part of incoming radiation .. .„ . 
Reflectance, p = f̂  : re-: , (1 Ala) 

total mcommg radiation 
absorbed part of incoming radiation ^̂  ^^,^ 

Absorptance, a = — : 7^^ , (1.47^) 
total mcommg radiation 

^ transmitted part of incoming radiation ,, ,^ ^ 
Transmittance, r = -V : 77-̂  . (1.47c) 

total incoming radiation 

Since all radiation must be either reflected, absorbed or transmitted, we conclude 

p + Qr + r = l . (1.48) 

If the medium is sufiiciently thick to be opaque, then r = 0 and 

p + ar= 1. (1.49) 

We note that all three of these properties are nondimensional and may vary in magnitude between 
the values 0 and 1. Since a black surface absorbs all incoming radiation it follows for such a 
surface that a = 1 andp = r = 0. 

All surfaces also emit thermal radiation (or, rather, radiative energy is emitted within the 
medium, some of which escapes from the surface). Since we know that, at a given temperature, 
the maximum possible is emitted by a black surface, we define a fourth nondimensional property: 

^ . energy emitted from a surface 
Emittance, e = :—,, ,, , . (1.50) 

energy emitted by a black surface at same temperature 

The emittance can, therefore, also vary between the values of 0 and 1, and for a black surface we 
have 6 = 1. 

All four properties may be functions of temperature as well as of wavelength (or frequency). 
The absorptance may be different for difi'erent directions of irradiation, while emittance may vary 
with outgoing directions. Finally, the magnitude of reflectance and transmittance may depend on 

-''The National Institute of Standards and Technology (NIST, formerly NBS) has recommended to reserve the ending 
"-ivity" for radiative properties of pure, perfectly smooth materials (i.e., reflectivity, absorptivity, transmissivity and, for 
emission, emissivity), and "-ance" for rough and contaminated surfaces. Most real surfaces fall into the latter category, 
discussed in Chapter 3. While we will follow this convention throughout this book, the reader should be aware that 
many researchers in the field employ endings according to their own personal preference. 
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FIGURE 1-13 
Normal, spectral emittances for selected materials, from [15]. 

both incoming and outgoing directions. Thus, we distinguish between spectral and total properties 
(i.e., an average value over the spectrum), and between directional and hemispherical properties 
(i.e., an average value over all directions). 

Typical spectral behavior of surface emittances is shown in Fig. 1-13 for a few materials, as 
collected by White [15]. Shown are values for directional emittances in the direction normal to the 
surface. However, the spectral behavior is similar to hemispherical emittances (i.e., emittances 
averaged over all directions). In general, nonmetals have relatively high emittances, which may 
vary erratically across the spectrum, and metals behave similarly for short wavelengths but tend 
to have lower emittances with more regular spectral dependence in the infrared. A more detailed 
description of the definitions, evaluation and measurement of radiative surface properties is given 
in Chapter 3. 

1.11 INTRODUCTION TO RADIATION 
CHARACTERISTICS OF GASES 
Like a solid medium (or the thin layer next to its surface), gases can absorb and emit radiative 
energy. All gas atoms or molecules carry a certain amount of energy, consisting of kinetic energy 
(translational energy of a molecule) and energy intemal to each molecule. The internal molecular 
energy, in turn, consists of a number of contributions, primarily of the levels of electronic, vibra-
tional and rotational energy states. Thus, a passing photon may be absorbed by a molecule raising 
the level of one of the intemal energy states. On the other hand, a molecule may spontaneously 
release (emit) a photon in order to lower one of its intemal energy states. 

Quantum mechanics postulates that only a finite number of discrete energy levels are possible, 
i.e., that electrons can circle around the nucleus only on a number of allowed orbits, vibration 
between nuclei can only occur with a number of distinct amplitudes, and the nuclei can rotate 
around one another only with a number of allowed rotational velocities. Therefore, changing the 
intemal energy of a molecular gas can only destroy or generate photons with very distinct energy 
levels hv and, consequently, only at distinct frequencies or wavelengths. It takes a relatively 
large amount of energy to change the orbit of an electron, giving rise to absorption-emission 
lines in the ultraviolet and visible parts of the spectmm. In the case of a monatomic gas only 
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FIGURE 1-14 
Spectral lines due to electronic, vibrational and rotational energy changes in a gas molecule. 

the electronic energy level can be altered by a photon. Changing the vibrational energy level of 
a molecule requires an intermediate amount of energy, resulting in spectral lines in the near to 
intermediate infrared (1 \im <,X< 15/im). Finally, rotational energy changes take place with an 
even smaller amount of energy, so that rotational Unes are found in the intermediate to far infrared 
(X Z 10/im). Usually, vibrational energy changes are accompanied by simultaneous changes in 
rotational energy levels, so that the vibrational lines are surrounded by many rotational Hnes, as 
illustrated in Fig. 1-14. 

Unless the temperature of a gas is extremely high, the gas will essentially be free of ions and 
free electrons. In this case, absorption or emission of photons results in bound-bound transitions 
(i.e., there is no ionization before and after the transition), and discrete spectral lines, as shown in 
Fig. 1-14. If absorption of a photon results in ionization and the release of an electron, the transi-
tion is termed bound-free. Conversely, a free electron may combine with an ion in ei free-bound 
transition, producing a photon. Finally, a free electron can absorb or emit photons, resulting in 
free-free transitions. Since an electron can have arbitrary kinetic energy, all transitions involving 
free electrons are not limited to discrete wavelengths and produce continuous spectra. 

In reality, not even the lines from bound-bound transitions are truly discrete, but are broad-
ened slightly. The rotational lines accompanying a vibrational transition usually overlap, forming 
what is termed vibration-rotation bands, as also indicated in Fig. 1-14. 

As radiative energy penetrates through a gas layer it gradually becomes attenuated by absorp-
tion. Experience (and theoretical development) shows that this absorption leads to an exponential 
decay of incident radiation, so that the transmissivity of a homogeneous isothermal gas layer may 
be written as 

rr, = e-'^\ (1.51) 

where s is the thickness of the gas layer and the proportionaUty constant KJJ is known as the ab-
sorption coefficient. The exponential decay of incident radiation is also commonly called Beer's 
law. In the expression for transmissivity we have used the wavenumber 77 as spectral variable, 
since the wavenumber is commonly chosen by researchers working in the field of gas radiation. 
Since, in the case of a gas layer, incident radiation is either transmitted or absorbed, we define the 
spectral absorptivity of a gas layer as 

QTn 1-%^= X-e"''^'. (1.52) 

Figure 1-15 shows a typical absorption spectrum for a nitrogen-carbon dioxide mixture, taken 
from the early work of Edwards [16]. The formation of vibration-rotation bands in the infrared 
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FIGURE 1-15 
Spectral absorptivity of an isothermal mixture of nitrogen and carbon dioxide, from Edwards [16]. 

due to bound-bound transitions, separated by spectral windows, is clearly visible in this figure. 
Not all gases have vibration-rotation bands. In particular, dry air (i.e., nitrogen and oxygen) at 
moderate temperature does not absorb or emit radiation in the infrared. This observation is in 
direct contrast to the high-temperature data for air, obtained by Meyerott and coworkers [17] and 
shown in Fig. 1-16. In this figure, the absorption coefficient varies gradually across the spectrum, 
indicating the nature of bound-free and free-free transitions in the partially ionized gas. Radiative 
properties of gases are described in much more detail in Chapter 10. 

1,12 INTRODUCTION TO RADIATION 
CHARACTERISTICS OF SOLIDS AND 
LIQUIDS 

There are a number of liquid and solid substances that absorb radiative energy only gradually, 
such that these materials cannot be approximated as "opaque surfaces." They are known as semi-
transparent. Typical examples for the visible part of the spectrum are water, glass, quartz, etc. 
Absorption and emission of photons in liquids are due to interactions with free electrons, and 
within solids due to interactions with free electrons as well as due to excitation of lattice vibra-
tions (phonons). Consequently, semitransparent materials are always poor electric conductors 
(few free electrons). The absorption behavior of these materials is qualitatively similar to that of 
dissociated gases (free-free transitions for the electrons), with the possibility of strong absorption 
bands due to photon-phonon interactions. As an example the absorption coefficient for window 
glass is shown in Fig. 1-17, taken from measurements by Neuroth [18]. A slightly more detailed 
discussion of the radiative properties of semitransparent media is given in Chapter 12. 

1.13 INTRODUCTION TO RADIATION 
CHARACTERISTICS OF PARTICLES 

The interaction between photons, or electromagnetic waves, and small particles is somewhat dif-
ferent from that with a homogeneous gas, liquid, or solid. As for a homogeneous medium, ra-
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Interaction of electromagnetic waves with small par-
ticles. 

diation traveling through a particle cloud may be transmitted, reflected or absorbed. In addition, 
interaction with a particle may change the direction in which a photon travels, as schematically 
shown in Fig. 1-18. This can occur by one of three different mechanisms: (i) The path of a 
photon may be altered, without ever colliding with the particle, by diffraction, (ii) a photon may 
change its direction by reflection from the particle, and (Hi) the photon may penetrate into the 
particle, changing its direction because of refraction. All three phenomena together are known 
as the scattering of radiation. Absorption takes place as the electromagnetic wave penetrates into 
the particle. Therefore, in the presence of scattering, the equation for transmissivity of a material 
layer, equation (1.51), must be augmented to 

T̂  = e-̂ '̂ '/+̂ "̂>̂  = e-"^, (1.53) 

where osr] is known as the scattering coefficient andyS^ = K^ + as^ as the extinction coefficient. 
The nature of the interaction between electromagnetic waves and particles is determined by 

the relative size of the particles compared with the wavelength of the radiation. Defining a size 
parameter 

x = — , (1.54) 

where a is the effective radius of the particle, we distinguish among three different regimes: 

1. X «; 1, or Rayleigh scattering, named after Lord Rayleigh, who studied the interaction of 
atmospheric air (whose molecules are, in fact, very small particles) with sunlight [19]. He 
observed that, for very small particles, scattering is proportional to v^ or 1 /A^. Thus, within 
the visible part of the spectrum, blue light is scattered the most (accounting for blue skies) 
and red the least (resulting in red sunsets). 

2. X = ^(1), or Mie scattering, named after Gustav Mie, who developed a comprehensive 
(and difficult) theory for the interaction between electromagnetic waves and particles [20]. 

3. jc » 1. In this case the surface of the particle may be treated as a normal surface, and 
properties may be found through geometric optics, 

A more detailed discussion of the radiative properties of particles is given in Chapter 11. 

1.14 OUTLINE OF RADIATIVE 
TRANSPORT THEORY 

When considering heat transfer by conduction and/or convection within a medium, we require 
knowledge of a number of material properties, such as thermal conductivity k, thermal difliisivity 
a, kinematic viscosity v, and so on. This knowledge, together with the law of conservation of en-
ergy, allows us to calculate the energy field within the medium in the form of the basic variable. 
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temperature T. Once the temperature field is determined, the local heat flux vector may be found 
from Fourier's law. The evaluation of radiative energy transport follows a similar pattern: Knowl-
edge of radiative properties is required (emittance e, absorptance a, and reflectance p, in the case 
of surfaces, as well as absorption coefficient K and scattering coefficient as for semitransparent 
media), and the law of conservation of energy is applied to determine the energy field. Two major 
difi'erences exist between conduction/convection and thermal radiation that make the analysis of 
radiative transport somewhat more complex: (i) Unlike their thermophysical counterparts, radia-
tive properties may be functions of direction as well as of wavelength, and (ii) the basic variable 
appearing in the law of conservation of radiative energy, commonly referred to as the equation 
of radiative transport, is not temperature but radiative intensity, which is a function not only of 
location in space (as is temperature), but also of direction. Only after the intensity field has been 
determined can the local temperatures (as well as the radiative heat flux vector) be calculated. 

Thermal radiation calculations are always performed by making an energy balance for an 
enclosure bounded by opaque walls (some of which may be artificial to account for radiation 
penetrating through openings in the enclosure). If the enclosure is evacuated or filled with a 
nonabsorbing, nonscattering medium (such as air at low to moderate temperatures), we speak of 
surface radiation transport. If the enclosure is filled with an absorbing gas or a semitransparent 
solid or liquid, or with absorbing and scattering particles (or bubbles), we refer to it as radiative 
transport in a participating medium. Of course, radiation in a participating medium is always 
accompanied by surface radiation transport. 
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Problems 

1.1 Solar energy impinging on the outer layer of Earth's atmosphere (usually called "solar constant") 
has been measured as 1367 W/m^. What is the solar constant on Mars? (Distance Earth to sun = 
1.496 X 10'̂  m. Mars to sun = 2.28 x 10" m). 

1.2 Assuming Earth to be a blackbody, what would be its average temperature if there was no internal 
heating from the core of Earth? 

1.3 Assuming Earth to be a black sphere with a surface temperature of 300 K, what must Earth's internal 
heat generation be in order to maintain that temperature (neglect radiation from the stars, but not the 
sun) (radius of the Earth RE - 6.37 x 10^ m). 

1.4 To estimate the diameter of the sun, one may use solar radiation data. The solar energy impinging 
onto the Earth's atmosphere (called the "solar constant") has been measured as 1367 W/m^. Assuming 
that the sun may be approximated to have a black surface with an eflfective temperature of 5777 K, 
estimate the diameter of the sun (distance sun to Earth S^s ~ 1.496 x 10" m). 

1.5 Solar energy impinging on the outer layer of Earth's atmosphere (usually called "solar constant") 
has been measured as 1367W/m^. Assuming the sun may be approximated as having a surface 
that behaves like a blackbody, estimate its effective surface temperature. (Distance sun to Earth 
SES - 1.496 X 10" m, radius of sun Rs =̂  6.96 x 10̂  m). 

1.6 A rocket in space may be approximated as a black cylinder of length I = 20 m and diameter D = 2 m. 
It flies past the sun at a distance of 140 million km such that the cylinder axis is perpendicular to 
the sun's rays. Assuming that (i) the sun is a blackbody at 5777 K and (ii) the cylinder has a high 
conductivity (i.e., is essentially isothermal), what is the temperature of the rocket? (Radius of sun 
Rs = 696,000 km; neglect radiation from Earth and the stars). 

1.7 A black sphere of very high conductivity (i.e., isothermal) is orbiting Earth. What is its temperature? 
(Consider the sun but neglect radiation from the Earth and the stars.) What would be the temperature 
of the sphere if it were coated with a material that behaves like a blackbody for wavelengths between 
OA/im and 3 //m, but does not absorb and emit at other wavelengths? 

1.8 A 100 W light bulb may be considered to be an isothermal black sphere at a certain temperatiire. If 
the light flux (i.e., visible Ught, QA/dm < A < 0.1 fim) impinging on the floor directly (2.5 m) below 
the bulb is 42.6 mW/m^, what is the light bulb's efl*ective temperature? What is its efficiency? 

1.9 When a metallic surface is irradiated with a highly concentrated laser beam, a plume of plasma 
(i.e., a gas coasisting of ions and free electrons) is formed above the surface that absorbs the laser's 
energy, often blocking it from reaching the surface. Assume that a plasma of 1 cm diameter is located 
1 cm above the surface, and that the plasma behaves like a blackbody at 20,000 K. Based on these 
assumptions calculate the radiative heat flux and the total radiation pressure on the metal directly 
under the center of the plasma. 

1.10 Solar energy incident on the surface of the Earth may be broken into two parts: A direct component 
(traveling unimpeded through the atmosphere) and a sky component (reaching the surface after being 
scattered by the atmosphere). On a clear day the direct solar heat flux has been determined as ŝun = 
1000 W/m^ (per unit area normal to the rays), while the intensity of the sky component has been found 
to be difliise (i.e., the intensity of the sky radiation hitting the surface is the same for all directions) 
and /sky = lOW/rrr sr. Determine the total solar irradiation onto Earth's surface if the sun is located 
60° above the horizon (i.e., 30° fi-om the normal). 

1.11 A window (consisting of a vertical sheet of glass) is exposed to direct sunshine at a strength of 
lOOOW/m .̂ The window is pointing due south, while the sun is in the southwest, 30° above the 
horizon. Estimate the amount of solar energy that (i) penetrates into the building, (ii) is absorbed by 
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the window, and (Hi) is reflected by the window. The window is made of (a) plain glass, (b) tinted 
glass, whose radiative properties may be approximated by 

p^ = 0.08 for all wavelengths (both glasses), 

(0.90 for035urn <A<2Jum , , , , , 
^̂  = { 0 for all other wavelengths ^̂ ^̂ "̂  ^̂ "̂ ^̂ ^ 

f0.90 for0.5jum</l< 1.4//m , , . , . , , 
'̂̂  = i 0 for all other wavelengths ^''""'^^ ^^^''^' 

(c) By what fraction is the amount of visible light (0.4/zm < X < 0.7 ̂ m) reduced, if tinted rather 
than plain glass is used? How would you modify this statement in the light of Fig. 1-11? 

1.12 On an overcast day the directional behavior of the intensity of solar radiation reaching the surface of 
the Earth after being scattered by the atmosphere may be approximated as hvyiO) = /sky(̂  = 0) cos 6/, 
where Q is measured from the surface normal. For a day with /sky(0) = 100 W/m^ sr determine the 
solar irradiation hitting a solar collector, if the collector is (a) horizontal, (b) tilted from the horizontal 
by 30°. Neglect radiation from the Earth's surface hitting the collector (by emission or reflection). 

1.13 A lOOW light bulb is rated to have a total light output of 17501m. Assuming the light bulb to 
consist of a small, black, radiating body (the light filament) enclosed in a glass envelope (with a 
transmittance Tg = 0.9 throughout the visible wavelengths), estimate the filament's temperature. If 
the filament has an emittance of ej - 0.7 (constant for all wavelengths and directions), how does it 
aflfect its temperature? 

1.14 A pyrometer is a device with which the temperature of a surface may be determined remotely by 
measuring the radiative energy falling onto a detector. Consider a black detector of 1 mm x 1 mm 
area that is exposed to a 1 cm^ hole in a furnace located a distance of 1 m away. The inside of the 
furnace is at 1500 K and the intensity escaping from the hole is essentially blackbody intensity at that 
temperature, (a) What is the radiative heat rate hitting the detector? (b) Assuming that the pyrometer 
has been calibrated for the situation in (a), what temperature would the pyrometer indicate if the 
nonabsorbing gas between furnace and detector were replaced by one with an (average) absorption 
coefficient of î  = 0.1 m~'? 

1.15 Consider a pyrometer, which also has a detector area of 1 mm x 1 mm, which is black in the wave-
length range 1.0/im < X < 1.2^m, and perfectly reflecting elsewhere. In front of the detector is a 
focusing lens (/' = 10 cm) of diameter D = 2 cm, and transmissivity of T/ = 0.9 (around l//m). In 
order to measure the temperature inside a furnace, the pyrometer is focused onto a hot black surface 
inside the furnace, a distance of 1 m away from the lens. 

(a) How large a spot on the furnace wall does the detector see? (Remember that geometric optics 
dictates 

1 1 1 , , /z (detector size) v 
7 == - + - ; Af = - — — — — — = - , 
J u V i/(spot size) u 

where M = 1 m is the distance from lens to furnace wall, and v is the distance from lens to 
detector.) 

(b) If the temperature of the furnace wall is 1200 K, how much energy is absorbed by the detector 
per unit time? 

(c) It turns out the furnace wall is not really black, but has an emittance of e = 0.7 (around 1 //m). 
Assuming there is no radiation reflected from the fiirnace surface reaching the detector, what is 
the true surface temperature for the pyrometer reading of case (b)l 

(d) To measure higher temperatures pyrometers are outfitted with filters. If a r̂  = 0.7 filter is placed 
in front of the lens, what furnace temperature would provide the same pyrometer reading as case 
(b)l 



CHAPTER 

2 
RADIATIVE PROPERTY 

PREDICTIONS FROM 
ELECTROMAGNETIC 

WAVE THEORY 

2.1 INTRODUCTION 

The basic radiative properties of surfaces forming an enclosure, i.e., emissivity, absorptivity, re-
flectivity and transmissivity, must be known before any radiative heat transfer calculations can 
be carried out. Many of these properties vary with incoming direction, outgoing direction and 
wavelength, and must usually be found through experiment. However, for pure, perfectly smooth 
surfaces these properties may be calculated from classical electromagnetic wave theory.^ These 
predictions make experimental measurements unnecessary for some cases, and help interpolating 
as well as extrapolating experimental data in many other situations. 

The first important discoveries with respect to light were made during the seventeenth century, 
such as the law of refraction (by Snell in 1621), the decomposition of white light into monochro-
matic components (by Newton in 1666), and the first determination of the speed of light (by 
Romer in 1675). However, the true nature of light was still unknown: The corpuscular theory 
(suggested by Newton) competed with a rudimentary wave theory. Not until the early nineteenth 
century was the wave theory finally accepted as the correct model for the description of light. 
Young proposed a model of purely transverse waves in 1817 (as opposed to the model preva-
lent until then of purely longitudinal waves), followed by Fresnel's comprehensive treatment of 

^The National Institute of Standards and Technology (NIST, formerly NBS) has recommended to reserve the ending 
"-ivity" for radiative properties of pure, perfectly smooth materials (the ones discussed in this chapter), and "-ance" for 
rough and contaminated surfaces. Most real surfaces fall into the latter category, discussed in Chapter 3. While we will 
follow this convention throughout this book, the reader should be aware that many researchers in the field employ endings 
according to their own personal preference. 

30 
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diffraction and other optical phenomena. In 1845 Faraday proved experimentally that there was 
a connection between magnetism and light. Based on these experiments, Maxwell presented in 
1861 his famous set of equations for the complete description of electromagnetic waves, i.e., the 
interaction between electric and magnetic fields. Their success was truly remarkable, in particu-
lar because the theories of quantum mechanics and special relativity, with which electromagnetic 
waves are so strongly related, were not discovered until half a century later. To this day Maxwell's 
equations remain the basis for the study of light.* 

2.2 THE MACROSCOPIC MAXWELL 
EQUATIONS 

The original form of Maxwell's equations is based on electrical experiments available at the time, 
with their very coarse temporal and spatial resolution. Thus any of these measurements were 
spatial averages taken over many layers of atoms and temporal averages over many oscillations of 
an electromagnetic wave. For this reason the original set of equations is termed macroscopic. To-
day we know that electromagnetic waves interact with matter at the molecular level, with strong 
field fluctuations over each wave period. Therefore, more detailed treatises on optics and elec-
tromagnetic waves now generally start with a microscopic description of the wave equations, for 
example, the book by Stone [1]. While there is little disagreement in the literature on the micro-
scopic equations, the macroscopic equations often differ somewhat from book to book, depending 
on assumptions made and constitutive relations used. Following the development of Stone [1], 
we may state the macroscopic Maxwell equations as 

V-(6E) = p^, (2.1) 

V.(/iH) = 0, (2.2) 

V x E = - > / / ^ , (2.3) 

V x H = 6 ^ + c r , E , (2.4) 
(jt 

where E and H are the electric field and magnetic field vectors, respectively, e is the electrical 
permittivity, // the magnetic permeability, ô  the electrical conductivity, and py is the charge 
density due to free electrons, which is generally assumed to be related to the electric field by the 
equation 

dpf 
- ^ = ^V.(cr,E). (2.5) 

The phenomenological coefficients CTQ, p and e depend on the medium under consideration, but 
may be assumed independent of the fields (for a linear medium) and independent of position 
and direction (for a homogeneous and isotropic medium); they may, however, depend on the 
wavelength of the electromagnetic waves [2]. 

* James Clerk Maxwell (1831-1879) 
Scottish physicist. After attending the University of Edinburgh he obtained a mathematics 
degree from Trinity College in Cambridge. Following an appointment at Kings College 
in London he became the first Cavendish Professor of Physics at Cambridge. While best 
known for his electromagnetic theory, he made important contributions in many fields, such 
as thermodynamics, mechanics, and astronomy. 
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2.3 ELECTROMAGNETIC WAVE 
PROPAGATION IN UNBOUNDED MEDIA 

We seek a solution to the above set of equations in the form of a wave. The most general form of 
a time-harmonic field (i.e., a wave of constant frequency or wavelength) is 

F = A cos 6t;r + B sin a;r = A cos Invt + B sin Invt, (2.6) 

where cj is the angular fi-equency (in radians/s), and v = ojlln is the frequency in cycles per 
second. While a little less convenient, we will use the cyclical frequency v in the following 
development in order to limit the number of different spectral variables employed in this book. 
When it comes to the time-harmonic solution of linear partial differential equations, it is usually 
advantageous to introduce a complex representation of the real field. Thus, setting 

Fe = F,e2'^^^ F, = A ~ / B , (2.7) 

where F̂ . is the time-average of the complex field, results in 

F = 51{F,}, (2.8) 

where the symbol % denotes that the real part of the complex vector F^ is to be taken. Since the 
Maxwell equations are linear in the fields E and H, one may solve them for their complex fields, 
and then extract their real parts after a solution has been found. Therefore, setting 

E = %[Ec]^Wce^''''% (2.9) 

H=5l{H, l = 5l{ii.e^^'^^}, (2.10) 

results in 

V-(rEe) = 0, (2.11) 

V-He = 0, (2.12) 

V X E^ = -IrnvfiHc, (2.13) 

VxH, . = 2;r/yyE,., (2.14) 

where 

r = . - , • ! ; ; (2.15) 

is the complex permittivity. If y ^ 0, then it can be shown that the solution to the above set 
of equations must be plane waves, i.e., the electric and magnetic fields are transverse to the 
direction of propagation (have no component in the direction of propagation). Thus, the solution 
of equations (2.1) through (2.14) will be of the form 

E = %{E, e^""'''} = 5l{Eo e^^'''^'''-''\ (2.16) 

H = 51{H,. ê '̂""') = 5l{Ho e-^'''^'"'-'\ (2.17) 

where r is a vector pointing to an arbitrary point in space, w is known as the wave vector^ and EQ 
and Ho are constant vectors. In general w is a complex vector, 

w = w ' - / w , (2.18) 

^The present definition of the wave vector differs by a factor of 27r and in name from the definition k = lim in most 
optics texts in order to conform with our definition of wavenumber. 
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FIGURE 2-1 
Phase propagation of an electromagnetic wave. 

where w' turns out to be a vector whose magnitude is the wavenumber, and w" is known as the 
attenuation vector. Employing equation (2.18), equations (2.16) and (2.17) may be rewritten as 

E , = Eoe-2^'^'-'*e-^''^'^^'-'-^'\ 

H^ = Hoe -2;rw"'r -2;n"(w'-r--vr) 

(2.19) 

(2.20) 

Thus, the complex electric and magnetic fields have a local amplitude vector Eoe"" '̂̂ '̂"'" and 
Ho e""^^"'*' and an oscillatory part -̂2^ (̂w'r-vo ^^i^ phase angle cp = 2;r(w' • r - vt). The position 
vector r may be considered to have two components: One parallel to w', and the other perpen-
dicular to it. The vector product w' • r is constant for all vectors r that have the same component 
parallel to w', i.e., on planes nomial to the vector w'; these planes are known as planes of equal 
phase. To see how the wave travels let us look at the phase angle at two different times and lo-
cations (Fig. 2-1). First, consider the point r = 0 at time t = 0 with a zero phase angle. Second, 
consider another point a distance z away into the direction of w'; we see that the phase angle is 
zero at that point when t = \W\z/v. Thus, the phase velocity with which the wave travels from one 
point to the other is c = z/t = y/w\ We conclude that the wave propagates into the direction of 
w', and that the vector's magnitude, w\ is equal to the wavenumber;;. Examining the amplitude 
vectors we see that w" • r = const are planes of equal amplitude, and that the amplitude of the 
fields diminishes into the direction of w". If planes of equal phase and equal amplitude coincide 
(i.e., if V and w" are parallel) we say the wave is homogeneous, otherwise the wave is said to be 
inhomogeneous. Since EQ and w are independent of position, we can substitute equation (2.19) 
into equation (2.1) and, assuming y to be also invariant with space, find that 

V • (rE,) = rV • (EO e-2 '̂< '̂̂ -̂ '>) = yEo • V ^e-^^i(^"-'''^) 

= yEoe-2^'(^''-^0 . V(-2;r/w • r) = -Iniyv/ • Eoe-^ '̂< '̂"-^^) = 0. (2.21) 

Similarly, substituting equation (2.19) into equation (2.13) results in 

V X E , = V X (EOe-^^^'^^--^^^) = V(e-̂ ^Ky '̂-'"')) x Eo 

= -Iniyve-^''^'"'-''^ x Eo = -2;r/v/zHo e-̂ ^^^^*-̂ '). (2.22) 

Thus, the partial difi'erential equations (2.1) through (2.14) may be replaced by a set of algebraic 
equations, 

w-Eo = 0, (2.23) 
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FIGURE 2-2 
Electric and magnetic fields of a homogeneous wave. 

w.Ho = 0, 

w x E o = v//Ho, 

w x H o = -vyEo. 

(2.24) 

(2.25) 

(2.26) 

It is clear from equations (2.23) and (2.24) that both EQ and Ho are perpendicular to w, and it 
follows then from equations (2.25) and (2.26) that they are also perpendicular to each other.^ If 
the wave is homogeneous, then w points into the direction of wave propagation, and the electric 
and magnetic fields lie in planes perpendicular to this direction, as indicated in Fig. 2-2. 

It remains to relate the complex wave vector w to the properties of the medium. Taking the 
vector product of equation (2.25) with w and recalling the vector identity derived, for example, in 
Wylie [3], 

A X (B X C) = B(A • C) - C(A • B), (2.27) 

leads to 

or 

w X (w X Eo) = w(w • Eo) - EQW • w = v^yf x HQ = -v^//yEo, 

w- w = v2//r. (2.28) 

If the wave travels through vacuum there can be no attenuation (w" = 0) and /i = //Q, y = 60. We 
thus obtain the speed of light in vacuum as 

1 
Co vjw' = v/ yJw'Y/ = 

/̂ o/̂ ) 

It is customary to introduce the complex index of refraction 

m = n- ik 

(2.29) 

(2.30) 

•̂  Remember that all three vectors are complex and, therefore, the interpretation of "perpendicular" is not straightfor-
ward. 
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into equation (2.28) such that 

w • w = v^fiy = v̂ eoM) - ^ ~ K ^ ^ = ^o^^ 
\6o/io 2;rv6o/io/ 

(2.31) 

where TJ) = V/CQ is the wavenumber of a wave with frequency v and phase velocity co, i.e., of a 
wave traveling through vacuum. This definition of m demands that 

rp- ^]^ = -J— = efiCQ, 

nk = 
(TellAiyCo 

4ny€oiUQ An 

(2.32) 

(2.33) 

where /^ = 1/% = CQ/V is the wavelength for the wave in vacuum. Equations (2.32) and (2.33) 
may be solved for the refractive index n and the absorptive index^ k as 

2 ^ 

' = 2 

^ 2 

€0 l\€oj \2^^0^/ 

60 \ U o / l2;rco6o/ 

(2.34) 

(2.35) 

where we have assumed the material to be nonmagnetic, or // = /iQ. These relations do not 
reveal the frequency (wavelength) dependence of the complex index of refraction, since the phe-
nomenological coefficientss e and ĉ  may depend on frequency. If the wave is homogeneous the 
wave vector may be written as w = (u;' - /u;")s, where s is a unit vector in the direction of wave 
propagation, and it follows from equation (2.31) that a;' - /w;" = rj^in ~ ik), so that the electric and 
magnetic fields reduce to 

E . = Eoe~'^^^^^ ^-IniriQniz-CQtln)^ 

H , = Hoe -lnr]Qkz -2jTiriQn(z-cot/n) 

(2.36) 

(2.37) 

where z = s • r is distance along the direction of propagation. For a nonvacuum, the phase velocity 
c of an electromagnetic wave is^ 

(2.38) c = 
£0 
n ' 

Further, the field strengths decay exponentially for nonzero values of A:; thus, the absorptive index 
gives an indication of how quickly a wave is absorbed within the medium. Inspection of equa-
tion (2.35) shows that a large absorptive index k corresponds to a large electrical conductivity cr^: 
Electromagnetic waves tend to be attenuated rapidly in good electrical conductors, such as met-
als, but are often transmitted with weak attenuation in media with poor electrical conductivity, or 
dielectrics, such as glass. 

"̂ The absorptive index is often referred to as extinction coefficient in the literature. Since the term extinction coefficient 
is also employed for another, related property we will always use the term absorptive index in this book to describe the 
imaginary part of the index of refraction. 

^Since there are materials that have n < 1 it is possible to have phase velocities (i.e., the velocity with which the 
amplitude of continuous waves penetrates through a medium) larger than CQ; these should be distinguished from the 
signal velocities (i.e., the velocity with which the energy contained in the waves travels), which can never exceed the 
speed of light in vacuum. The difference between the two may be grasped more easily by visualizing the movement of 
ocean waves: The wave crests move at a certain speed across the ocean surface (phase velocity), while the actual velocity 
of the water (signal velocity) is relatively slow. 



36 2 RADIATIVE PROPERTY PREDICTIONS FROM ELECTROMAGNETIC WAVE THEORY 

The magnitude and direction of the transfer of electromagnetic energy is given by the Poynting 
vector, i.e., a vector of magnitude £ / / pointing into the direction of propagation (cf. Fig. 2-2),^ 

S = E X H = %{Ec} X 21{H,}. (2.39) 

The instantaneous value for the Poynting* vector is a rapidly varying function of time. Of greater 
value to the engineer is a time-averaged value of the Poynting vector, say 

S = - I S(0^/, (2.40) 

where St is a very small amount of time, but significantly larger than the duration of a period, 1/v; 
since S repeats itself after each period (if no attenuation occurs) a 6t equal to any multiple of 1/v 
will give the same result for S, namely 

S = i 5 l { E , x H ; } , (2.41) 

where H* denotes the complex conjugate of H, and the factor of V2 results from integrating over 
coŝ (2;r77QC()/) and sin̂ (2;r77QCoO terms. Thus using equation (2.25) and the vector identity (2.27), 
the Poynting vector may be expressed as 

S = ^ 5 1 { E , X (w* X E ; ) ) = ^ 5 l { w * ( E , . E ; ) } 

|2 -4;r/ft,^r-= -—lEor^-^^^^'^s. (2.42) 
2c()/i 

The vector S points into the direction of propagation, and—as the wave traverses the medium—its 
energy content is attenuated exponentially, where the attenuation factor 4nT]Qk = K is known as 
the absorption coefficient of the medium. 

Example 2.1. A plane homogeneous wave propagates through a perfect dielectric medium (n = 2) in 
the direction of s = 0.8! + 0.6k with a wavenumber of//Q = 2500cm"' and an electric field amplitude 
vector of Eo = £'o[(6 + 3/)i + (2 - 50j ~ (8 + 4/)k]/ Vl54, where EQ = 600N/C, and the i, j and k are 
unit vectors in the x-, y- and z-directions. Determine the magnetic field amplitude vector and the energy 
contained in the wave, assuming that the medium is nonmagnetic. 

Solution 
Since w = w' is colinear with s, we find from equation (2.31) that w = u;s = rj^ns and, from equa-
tion (2.25), 

Ho = —wxEo = —wxEo = sxEo • 

nEo 

Co/̂ VT54 

nEp 
CoM)5Vl54 

Ho 

I 

0.8 
6 + 3/ 

J 
0.0 

2 - 5 / 

k 
0.6 

-8 - 4/ 

[(-6 + 15/)i + (50 + 25/)j + (8 - 20/)k] 

\3850 
[(-6+ 15/)i + (50+25/)j + (8-20/)k], 

where 

^Note that, since the vector cross-product is a nonlinear operation, the Poynting vector may not be calculated from 

*John Henry Poynting (1852-1914) 
British physicist. He served as professor of physics at the University of Birmingham from 
1880 until his death. His discovery that electromagnetic energy is proportional to the product 
of electric and magnetic field strength is known as Poynting's theorem. 
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nE^^ 2X600N/C ,,,,c/n.s, 
COM) 2.998xl0«m/sx47rxl0-7NsVC2 

and it is assumed that, for a nonmagnetic medium, the magnetic permeability is equal to the one in 
vacuum, // = M) (from Table A. 1). The energy content of the wave is given by the Poynting vector, either 
equation (2.41) or equation (2.42). Choosing the latter, we get 

S = -^Eis = Sl S = 2X600^NVC^ . 9 5 5 . 6 W M ^ 
2coM) 2x2.2998xl0-«m/sx4;rxl0-^NsVC2 

2,4 POLARIZATION 

Knov^ledge of the frequency, direction of propagation, and the energy content [i.e., the magnitude 
of the Poynting vector, equation (2.42)] does not completely describe a monochromatic (or time-
harmonic) electromagnetic v^ave. Every train of electromagnetic waves has a property known as 
the state of polarization. Polarization effects are generally not very important to the heat transfer 
engineer since emitted light generally is randomly polarized. In some applications partially or 
fully polarized light is employed, for example, from laser sources; and the engineer needs to 
know (i) how the reflective behavior of a surface depends on the polarization of incoming light, 
and (ii) how reflection from a surface tends to alter the state of polarization. We shall give here 
only a very brief introduction to polarization, based heavily on the excellent short description in 
Bohren and Hufl'man [2]. More detailed accounts on the subject may be found in the books by 
van de Hulst [4], Chandrasekhar [5], and others. 

Consider a plane monochromatic wave with wavenumber 77 propagating through a nonab-
sorbing medium (k = 0) in the z-direction. When describing polarization, it is customary to relate 
parameters to the electric field (keeping in mind that the magnetic field is simply perpendicular to 
it), which follows from equation (2.36) as 

E = %{Ec] = 51{(A - /B)e-^'^"'"^^-^'^>) = Acos2;r77«(z - c/) - Bsm2nT]n(z - ct), (2.43) 

where the vector E Q and its real components A and B are independent of position and lie, at any 
position z, in the plane normal to the direction of propagation. At any given location, say z = 0, 
the tip of the electric field vector traces out the curve 

E(z = 0, /) = A cos 2;rv/ + B sin 2nvt. (2.44) 

This curve, shown in Fig. 2-3, describes an ellipse that is known as the vibration ellipse. The 
ellipse collapses into a straight line if either A or B vanishes, in which case the wave is said to be 

FIGURE 2-3 
Vibration ellipse for a monochromatic wave. 
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FIGURE 2-4 
Space variation of electric field at fixed times. 
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linearly polarized (sometimes also callQd plane polarized). If A and B are perpendicular to one 
another and are of equal magnitude, the vibration ellipse becomes a circle and the wave is known 
as circularly polarized. In general, the wave in equation (2.43) is elliptically polarized. 

At any given time, say / = 0, the curve described by the tip of the electric field vector is a 
helix (Fig. 2-4), or 

E(z, / = 0) = A cos Innriz ~ B sin Innrjz. (2.45) 

Equation (2.45) describes the electric field at any one particular time. As time increases the helix 
moves into the direction of propagation, and its intersection with any plane z = const describes 
the local vibration ellipse. 

The state of polarization, which is characterized by its vibration eUipse, is defined by its 
ellipticity, b/a (the ratio of the length of its semiminor axis to that of its semimajor axis, as shown 
in Fig. 2-3), its azimuth y (the angle between an arbitrary reference direction and its semimajor 
axis), and its handedness (i.e., the direction with which the tip of the electric field vector traverses 
through the vibration ellipse, clockwise or counterclockwise). These three parameters together 
with the magnitude of the Poynting vector are the ellipsometric parameters of a plane wave. 

Example 2,2. Calculate the ellipsometric parameters a, b and y for the wave considered in Example 
2.1. 

Solution 

From equation (2.43) we find 

A = £0(61 + 2j - 8k)/ V154, B = -£^o(3i - 5j - 4k)/ VlM, 

and at any given location, say z = 0, the electric field vector may be written as 

E ~ £0 [(6 cos 2nvt - 3 sin 2;ry0i + (2 cos Invt + 5 sin 2;rvr)j ~ (8 cos liivt - 4 sin 2;ryr)k] / VTsi. 
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The time-varying magnitude |E| at this location then is 

|Ep = E • E = —^(36 coŝ  IjTvt - 36 cos Invt sin2jTvr + 9 sin̂  Invt 

+ 4 cos Invt -f 20 coŝ  Invt sin Irtvt + 25 sin̂  liivt 

+ 64 cos Ijtvt - 64 coŝ  Invt sin iTtvt + 16 sin̂  Invt) 

= fo (50 - 80 cos 2nvt sin 2;rvr + 54 coŝ  2nvt)/154. 

The maximum (a) and minimum (b) of |E| may be found by differentiating the last expression with 
respect to t and setting the resuh equal to zero. This operation leads to 

-80(cos^ 27rvf - sin̂  2;rv0 = 108 sin 2;rv^cos 2;rv/ 

-80cos4;ry^ = 54sin4;rvr 

2nvt = 0.5 tan m 
This function is double-valued, leading to (2;rv0i = -27.99° and (2;rv02 = 62.01°. Substituting these 
values into the expression for E gives 

EI = £o(0.5404i - 0.0468J - 0.7205k), |E| = a = 0.9009£o 

and 

E2 = £o(0.0134i + 0.4314j - 0.0179k), |E| = /? = 0.4339£o. 

The evaluation of the azimuth depends on the choice of a reference axis in the plane of the vibration 
ellipse. In the present problem the jz-axis lies in this plane and is, therefore, the natural choice. Thus, 

c o s r = i : i = ^ ^ : ^ = -0 0519 r = 9297° 
""̂ ^̂  |E| 0.9009 "-"^ ^' ^ ^ -̂  • 

While the ellipsometric parameters completely describe any monochromatic wave, they are 
difficult to measure directly (with the exception of the Poynting vector). In addition, when two or 
more waves of the same frequency but different polarization are superposed, only their strengths 
are additive: The other three ellipsometric parameters must be calculated anew. For these reasons 
a different but equivalent description of polarized light, knovm as Stokes * parameters, is usually 
preferred. The Stokes' parameters are defined by separating the wave train into two perpendicular 
components: 

E , = Eo e-2 "̂'«(̂ -̂ )̂; Eo = ^ii^i + ^i.e^, (2.46) 

where e|| and e^ are real orthogonal unit vectors in the plane normal to wave propagation, such 
that e|| lies in an arbitrary reference plane that includes the wave propagation vector, and Cx is per-
pendicular to it. ThQ parallel (E\\) Sindperpendicular (E±) polarization components are generally 
complex and may be written as 

£|, = ^,e-^", E^=a^e-''\ (2.47) 

where a is the magnitude of the electric field and 6 is tho phase angle of polarization. Substitution 
into equation (2.43) leads to 

= aw cos[S\\ + 2m]n{z ~ ct)\i\\ + a^ cos[^j. + 2nrjn{z - ct)]e_i. (2.48) 
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Thus, the arbitrary wave given by equation (2.43) has been decomposed into two Hnearly polar-
ized waves that are perpendicular to one another. The four Stokes 'parameters /, Q, U, and V are 
defined by 

/ = £i|£* + £ x £ : = t^f+ai, (2.49) 

e = £ | |^ , [ -^x^I = a,f~ai, (2.50) 

U = £,|^: + E^E; = 2^1^^ cos((J|| - 6J, (2.51) 

V = /(£„£: ^ E^E;) = 2a|,a^ sin((5|, - (JJ, (2.52) 

where the asterisks again denote complex conjugates. It can be shown that these four parame-
ters may be determined through power measurements either directly (/), using a linear polarizer 
(arranged in the parallel and perpendicular directions for Q, rotated 45° for (7), or a circular po-
larizer (V) (see, for example, Bohren and Huffman [2]). It is clear that only three of the Stokes' 
parameters are independent, since 

/2 = g2 ^ jy2 ^ y2^ ^2.53) 

Since the Stokes' parameters of a wave train are expressed in terms of the energy contents of its 
component waves [which can be seen by comparison with equation (2.42)], it follows that the 
Stokes' parameters for a collection of waves are additive. 

The Stokes' parameters may also be related to the ellipsometric parameters by 

/ = â  + fc^ (2.54) 

Q = (a^'-b^)cos2y, (2.55) 

U = (a^-b^) sm2% (2.56) 

V^±2ab, (2.57) 

where the azimuth y is measured from Cji, and the sign of V specifies the handedness of the vibra-
tion ellipse. The sets of Stokes' parameters for a few special cases of polarization are shown— 
normalized, and written as column vectors—in Table 2.1 (from [2]). It is seen that the parameters 
Q and U show the degree of linear polarization (plus its orientation), while V is related to the 
degree of circular polarization. 

The above definition of the Stokes' parameters is correct for strictly monochromatic waves as 
given by equation (2.46). Most natural light sources, such as the sun, light bulbs, fires, and so on, 
produce light whose amplitude, Eo, is a slowly varying function of time (i.e., in comparison with 
a full wave period, I /v), or 

Eo(0 = l̂l(Oqi + ^i.(Oex. (2.58) 

Such waves are called quasi-monochromatic. If, through their slow respective variations with 
time, E\\ and E_i are uncorrelated, then the wave is said to be unpolarized. In such a case the vi-
bration ellipse changes slowly with time, eventually tracing out ellipses of all shapes, orientations, 
and handedness. All waves discussed so far had a fixed relationship between E\\ and E^^, and are 
known as (completely) polarized. If some correlation between E^ and E^, exists (for example, a 
wave of constant handedness, ellipticity, or azimuth), then the wave is caWcd partially polarized. 
For quasi-monochromatic waves the Stokes' parameters are defined in terms of time-averaged 
values, and equation (2.53) must be replaced by 

f>Q^'hU^ + F^ (2.59) 

where the equality sign holds only for polarized light. For unpolarized light one gets Q = U = 
F = 0, while for partially polarized light the magnitudes of g, C/, and Fgive the following: 
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TABLE 2.1 

Stokes* parameters for several cases of polarized light. 
Linearly Polarized 

0° 90° 
: 

f 1 ^ 
-1 
0 

\0) 

+45 
\ 

0 
1 

lo; 

-45° 
/ 

(n 
0 
-1 

1 0 ; 

r 
1 

cos2y 
sin2y 

0 ; 

Circularly Polarized 
Right 

O 

0 
0 

Left 
O 

( 1 
0 
0 

{-1} 

degree of polarization 
degree of linear polarization 
degree of circular polarization = v/i. 

Example 2.3. Reconsider the plane wave of the last two examples. Decompose the wave into two 
linearly polarized waves, one in the jc-z-plane, and the other perpendicular to it. What are the Stokes' 
coefficients, the phase differences between the two polarizations, and the different degrees of polariza-
tion? 

Solution 
With s = 0.8i + 0.6k and the knowledge that en must lie in the x-z-plane, i.e., eji • j = 0, and that en must 
be normal to s, or en • s = 0, and finally that ej_ must be perpendicular to both of them, we get 

ei, = 0.6i - 0.8k, ê  = J, 

where the choice of sign for both vectors is arbitrary (and we have chosen to let en, Cj. and s form a 
right-handed coordinate system). Thus, from equation (2.46) and 

Eo = £{)[(6 + 3/)! + (2 - 5/)j - (8 + 4/)k]/ Vi54 

it follows immediately that 

E n = Eo(2 + /)(3i - 4k)/ Vl54 = (s/ VT54) (2 + O^o î, 

E^ = £o(2 - 50J7 Vi54 = [(2 - 5/)/ VTM]^oe^, 

or 

125, n̂ = (5/ Vl54)(2 + 0^0 = ^JT^Eo e'"'̂ ', 
154 
29" E^ = [(2 - 5/)/ VT54] Eo = Jj^Eo e-^S 
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with 

(5̂1, = -taii-^j:^| =-26.565°, 

(5x=-tan-M-^ I = 68.199° 

and a phase difference between the two polarizations of 

^^ - S^^-94 J6° 

(since tan~̂  is a double-valued function, the correct value is determined by checking the signs of the 
real and imaginary parts of E). The Stokes' parameters can be calculated either directly from equa-
tions (2.49) through (2.52), or from equations (2.54) through (2.57) (using the eUipsometric parameters 
calculated in the last example). We use here the first approach so that we get 

/ = (125 + 29)£•oVl54 = £ô  
Q = (125 - 29)£oVl54 = 48£'j/77, 

i7 = 5(4 + 2/ + 10/ - 5 + 4 - 2/ - 10/ - 5)£5/154 = -SEllll, 

V = 5/(4 + li + 10/ - 5 - 4 4- 2/ + 10/ + 5)£'oVl54 = -eOE^ni, 

Finally, the degrees of polarization follow as yf^^TlPTv^lI = 100% total polarization, ^jQ^+ IP-11 = 
62.7% linear polarization, and \V\II - 77.9% circular polarization. 

2.5 REFLECTION AND TRANSMISSION 

When an electromagnetic wave is incident on the interface betv^een two homogeneous media, the 
wave will be partially reflected and partially transmitted into the second medium. We v îll limit 
our discussion here to plane interfaces, i.e., to cases where the local radius of curvature is much 
greater than the wavelength of the incoming light, /I, for which the problem may be reduced to 
algebraic equations. Some discussion on strongly curved surfaces in the form of small particles 
will be given in Chapter 11, which deals with radiative properties of particulate clouds. 

In the following, after first establishing the general conditions for Maxwell's equations at 
the interface, we shall consider a wave traveling from one nonabsorbing medium into another 
nonabsorbing medium, followed by a short discussion of a wave incident from a nonabsorbing 
onto an absorbing medium. 

Interface Conditions for Maxwell's Equations 

To establish boundary conditions for E and H at an interface between two media, we shall ap-
ply the theorems of Gauss and Stokes to Maxwell's equations. Both theorems convert volume 
integrals to surface integrals and are discussed in detail in standard mathematical texts such as 
Wylie [3]. Given a vector function F, defined within a volume V and on its boundary F, the 
theorems may be stated as 
Gauss' theorem: 

{V'¥dV= T F - ^ , (2.60) 

Stokes' theorem: 

fvx¥dV=-' T F X ^ , (2.61) 

where dT = ndr and ii is a unit surface normal pointing out of the volume. 
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FIGURE 2-5 
Geometry for derivation of interface condi-
tions. 

Now consider a thin volume element 6V = ASs containing part of the interface as shown in 
Fig. 2-5. Applying Gauss' theorem to the first of Maxwell's equations, equation (2.1) yields 

f V- (yE,)rfF ={yEcdr^ { [(yE,), • (-n) + {yE.c)r^-\dA = 0, 
Jsv Jr JA 

(2.62) 

where T is the total surface area oi6V, and contributions to the surface integral come mainly from 
the two sides parallel to the interface since 6s is small. Also, shrinking A to an arbitrarily small 
area, we conclude that, everywhere along the interface, 

m\¥^c\ -A = J^^ci' A» (2.63) 

where equation (2.28) has been used to eliminate the complex permittivity y. Similarly, from 
equation (2.12) 

H , i - n = H,2-n. (2.64) 

Thus, the normal components of m^Ee and He are conserved across a plane boundary. Stokes' 
theorem may be applied to equations (2.13) and (2.14), again for the volume element shown in 
Fig. 2-5. For example, 

I VxncdV=- f UcXdr^ I (Hc[-fic2)xndA= f InivyEcdV, (2.65) 
Jdv J r J A Jv 

or, after shrinking 6s • 

and 

0 and ̂  to a small value, 

E^i x n = Ec.2 xii 

Hc\ X n = Hc2 X n. 

(2.66) 

(2.67) 

Therefore, the tangential components of both E^ and H^ are conserved across a plane boundary. 
Given the incident wave, it is possible to find the complete fields from Maxwell's equations 

and the above interface conditions. However, it is obvious that there will be a reflected wave in 
the medium of incidence, and a transmitted wave in the other medium. We may also assume that 
all waves remain plane waves. A consequence of having guessed the solution to this point is that 
conditions (2.66) and (2.67) are sufficient to specify the reflected and transmitted waves, and it 
turns out that conditions (2.63) and (2.64) are automatically satisfied (Stone [1]). 

The Interface between Two Nonabsorbing Media 

The reflection and transmission relationships become particularly simple if homogeneous plane 
waves reach the plane interface between two nonabsorbing media. For such a wave train the 
planes of equal phase and equal amplitude coincide and are normal to the direction of propagation, 
as shown in Fig. 2-6. This plane, also called the wavefront, moves at constant speed c\ = co/m 
through Medium 1, and at a constant but speed C2 = co/«2 through Medium 2. If W2 > m then, as 
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FIGURE 2-6 
Transmission and reflection of a plane wave at the interface between two nonabsorbing media. 

shown in Fig. 2-6, the wavefront will move more slowly through Medium 2, lagging behind the 
wavefront traveling through Medium 1. This is readily put in mathematical terms by looking at 
points A and B on the wavefront at a wavefront at a certain time t. At time / + At the part of the 
wavefront initially at A will have reached point A^ on the interface while the wavefront at point 
B, traveUng a shorter distance through Medium 2, will have reached point B\ where 

A/ = 
AA' BB' 

(2.68) 

Using geometric relations for AA' and BB' and substituting for the phase velocities, we obtain 

'BA'smOi 'BA^sm&i 'BA'smOr 
Ar = 

co/«i C()ln2 Ci)/m 
(2.69) 

where the last term pertains to reflection, for which a similar relationship must exist (but which is 
not shown to avoid overcrowding of the figure). Thus we conclude that 

er = ei = Ou (2.70) 

that is, according to electromagnetic wave theory, reflection of light is always purely specular. 
This is a direct consequence of a "plane" interface, i.e., a surface that is not only flat (with infinite 
radius of curvature) but also perfectly smooth. Equation (2.69) also gives a relationship between 
the directions of the incoming and transmitted waves as 

s in^ 
sin^i 

(2.71) 

which is known as Snell's law.* The angles 0\ = Ot and ^ = ft. are called the angles of incidence 
and refraction. The present derivation of Snell's law was based on geometric principles and is 

* Wiilebord van Snel van Royen (1580-1626) 
Dutch astronomer and mathematician, who discovered Snell's law in 1621. 
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valid only for plane homogeneous waves, which limits its appHcability to the interface between 
two nonabsorbing media, i.e., two perfect dielectrics. A more rigorous derivation of a generaUzed 
version of Snell's law is given when incidence on an absorbing medium is considered. 

Besides the directions of reflection and transmission we should like to be able to determine 
the amounts of reflected and transmitted light. From equations (2.19) and (2.20) we can write 
expressions for the electric and magnetic fields in Medium 1 (consisting of incident and reflected 
waves) by setting w" = 0 for a nonabsorbing medium as 

E,i = Eo/ ̂ -^ '̂K-r-vO + E^^ -̂2;r/(w;.r-v0̂  (2.72) 

H , l = Ho,: e-^^'K-r-vO ^ ji^^ ^~2;r/K.r-w), (2.73) 

Similarly for Medium 2, 

E,2 = Eo,e-''^^'^<*'-^^ (2.74) 

H,2 = Ho,^~^^'^^''""'^ (2.75) 

For convenience we place the coordinate origin at that point of the boundary where reflection and 
transmission are to be considered. Thus, at that point of the interface, with r = 0, using boundary 
conditions (2.66) and (2.67), 

(Eo/ + Eo . )xn = EorXn, (2.76) 

(Ho/ + Ho. )xn = Ho,xn. (2.77) 

To evaluate the tangential components of the electric and magnetic fields at the interface, it is ad-
vantageous to break up the fields (which, in general, may be unpolarized or elliptically polarized) 
into two linearly polarized waves, one parallel to the plane of incidence (formed by the incident 
wave vector w/ and the surface normal n), and the other perpendicular to it, or 

Eo = Ĵ iî i + ^xCx, Ho = 7:̂ 1̂ 1 + i/^ex. (2.78) 

This is shown schematically in Fig. 2-7. It is readily apparent from the figure that, in the plane 
of incidence, the unit vectors normal to the interface (n) and tangential to the interface (t) may be 
expressed as 

n = S/ cos 0] - e/|| sin î = -%. cos Q\ + ir\\ sin Q\-% cos Q^ - ên sin ̂ , (2.79a) 

t = s/ sin ̂ 1 + e/|| cos Q\ = s,. sin 9\ + Cru cos î = S/ sin Gz + ^\ cos ft. (2.19b) 

As defined in Fig. 2-7 the unit vectors e||, e± and s form right-handed coordinate systems for the 
incident and transmitted waves, i.e., 

e|| = Cj. X s, Cj. = s X e||, s = e|| x Cj., (2.80) 

and a left-handed coordinate system for the reflected wave (leading to opposite signs for the above 
cross-products of unit vectors).^ 

Therefore, from equation (2.79) 

eii X n = ±e|| X s cos ^ = -Cj. cos 6, 

Cj. xi i = ±ej. xscos^TCj. xe||sin^ = e||Cos^ +ssin^ = t, 

where the top sign applies to the incident and transmitted waves, while the lower sign applies 

''This is necessary for consistency, i.e., for normal incidence there should not be any difference between parallel and 
perpendicular polarized waves. 
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FIGURE 2-7 
Orientation of wave vectors at an interface. 

to the reflected component. The second of these relations can also be obtained directly from 
Fig. 2-7. Using these relations, equations (2.76) and (2.77) may be rewritten in terms of polarized 
components as 

(Eiii + Er\\) COS î = Et\\ COS(h, 

Ei± +Er± - Et±y 

{Hiii-^Hrii) COS^i = ///|| COS6>2, 

(2.81) 

(2.82) 

(2.83) 

(2.84) 

The magnetic field may be eliminated through the use of equation (2.25): With w = T/QAWS 

(V/CO)AWS from equation (2,31) we have 

j(n ± eii sin 0) x (Efy + E_^e^) 
w . _ m 

Ho= — s x E ( ) = ± 
CQ/I Cofl COS 6 

= ± \E\\ COS 6e± - Ej_(i - s sin ̂ )1 

(2.85) 

" Co// cos 6 

= ±—(Eyex - £'x^|). 

Again, the upper sign applies to incident and transmitted waves, and the lower sign to reflected 
waves. The last two conditions may now be rewritten in terms of the electric field. Assuming the 
magnetic permeability to be the same in both media, and setting m = n (nonabsorbing media), 
this leads to 

(2.86) 

(2.87) 

(Eiji - Er±)n] cosO\ = Et±n2COs62, 

{Eii\ •-'Er\\) ni =Et\\n2. 

From this one may calculate the reflection coefficient r and the transmission coefficient t as 

^ Er\\ __ n\ cos Oi- ni cos ̂ i 
Ei\\ n\ cos Bi-\- ni cos ^ i ' 

(2.88) 
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r, = 
__ WiCOS l̂ ~«2C0Sf t 

Ei± n\ cos 9] + «2 cos 62' 
_ 5/II _ 2«i cos^i 

Eiw n\cosO2 + n2Cos0\' 

t± = 
2n\ cos 6{ 

n\ cos(?i +«2Cosft 

(2.89) 

(2.90) 

(2.91) 

For an interface between two nonabsorbing media these coefficients txrni out to be real, even 
though the electric field amplitudes are complex. The reflectivity p is defined as the fraction of 
energy in a wave that is reflected and must, therefore, be calculated from the Poynting vector, 
equation (2.42), so that 

P\\ 5/,| U/ii/ 'f (2.92) 

gives the reflectivity of that part of the wave whose electric field vector lies in the plane of inci-
dence (with its magnetic field normal to it), and 

Px = ^ (2.93) 

is the reflectivity for the part whose electric field vector is normal to the plane of incidence. In 
terms of these polarized components the overall reflectivity may be stated as "reflected energy for 
both polarizations, divided by the total incoming energy," or 

P = 
^i\\^\P\\ "̂  EuE*^p^ 

En\El + Ei^E* 
(2.94) 

For unpolarized and circularly polarized light f/n = JÊ /X, and the reflectivity for the entire wave 
train is 

__ 1 / \ 1 f//ii cos^-«2Cos^^i\ ln\C0^6\-n2COsGi\ 
P - 2 V̂ l J-/ 2 ]^ n^ cosft + ni cos^i / \ n\ cosi +/12 cos^ / 

From this relationship the refi-aciive indices may be eliminated through Snell's law, giving 

(2.95) 

1 
^ = 2 

tan2(6/i • (%) sin^(6>i &i) 

tan2(6>i + Gi) sin^(6/| + ft) 
(2.96) 

which is known as FresneVs relation.* Subroutine f resnel in Appendix F is a generaUzed ver-
sion of Fresnel's relation for an interface between a perfect dielectric and an absorbing medium 
(see following section), where n = «2/A2I, k = A:2, and t h = ^i. 

The overall transmissivity r may similarly be evaluated from the Poynting vector, equa-
tion (2.42), but the diff'erent refractive indices and wave propagation directions in the transmitting 
and incident media must be considered, so that 

W2 cos ft 
/2 = 1 ^ , (2.97) 

n\ cos ft 

An example for the angular reflectivity at the interface between two dielectrics (with n^Jn^ = 1.5) 

*Augustin-Jean Fresnel (1788-1827) 
French physicist, and one of the early pioneers for the wave theory of light. Serving as 
an engineer for the French government he studied aberration of Ught and interference in 
polarized light. His optical theories earned him very little recognition during his lifetime. 
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FIGURE 2-8 
Reflection coefficients and reflectivities for the interface between two dielectrics (ni/ni = 1.5). 
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FIGURE 2-9 
Reflection coefficients and reflectivities for the interface between two dielectrics {n\ Jni = 1.5). 

is given in Fig. 2-8. It is seen that, at an angle of incidence of ^j = Op, r\\ passes through zero 
resulting in a zero reflectivity for the parallel component of the wave. This angle is knov^n as 
the polarizing angle or Brewster's angle,^ since light reflected from the surface—^regardless of 
the incident polarization—^will be completely polarized. Brev^ster's angle follows from equa-
tions (2.71) and (2.88) as 

(2.98) 
^2 

tana, = —. 

Diff^erent behavior is observed if Hght travels from one dielectric into another, optically less dense 
medium («, > 122),̂  shown in Fig. 2-9. Examination of equation (2.71) shows that ^ reaches the 

*̂ The optical density of a medium is related to the number of atoms contained over a distance equal to the wavelength 
of the light and is proportional to the refractive index. 

^Sir David Brewster (1781-1868) 
Scottish scientist, entered Edinburgh University at age 12 to study for the ministry. After 
completing his studies he tumed his attention to science, particularly optics. In 1815, the 
year he discovered the law named after him, he was elected Fellow of the Royal Society. 
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value of 90° for an angle of incidence 6c, called the critical angle, 

smec = - . (2.99) 

It is left as an exercise for the reader to show that, for 6\ > 6c, light of any polarization is reflected, 
and nothing is transmitted into the second medium. 

It is important to realize that upon reflection a wave changes its state of polarization, since E\\ 
and E_i are attenuated by difi'erent amounts. If the incident wave is unpolarized (e.g., emission 
from a hot surface), E\\ and E± are unrelated and will remain so afl:er reflection. If the incident 
wave is polarized (e.g., laser radiation), the relationship between E\\ and Ej_ will change, causing 
a change in polarization. 

Example 2.4. The plane homogeneous wave of the previous examples encounters the flat interface 
with another dielectric (fh = 8/3) that is described by the equation z = 0 (i.e., the x-y-phnc at z = 0). 
Calculate the angles of incidence, reflection and refraction. What fraction of energy of the wave is 
reflected, and how much is transmitted? In addition, determine the state of polarization of the reflected 
wave. 

Solution 
Since the interface is described by z = 0, the surface normal (pointing into Medium 2) is simply n = k. 
From s = 0.8i + 0.6k and n • s = cos6>j = 0.6, it follows that the angle of incidence is Oi = 53.13° off 
nonnal, which is equal to the angle of reflection, while the angle of refraction follows from Snell's law, 
equation (2.71), as 

sinft = - sin^i = - ^ X 0.8 = 0.6, ft = 36.87°. 
«2 8/3 

It follows that cos ft = 0.8 and the reflection coefficients are calculated from equations (2.88) and (2.89) 
as 

_ 2 X 0.8 - (8/3) X 0.6 _ 1.6 - 1-6 
^^^ 2 X 0.8 +(8/3) X 0.6 " 3.2 " ^ 

-0.28, 
_ 2 X 0.6 - (8/3) X 0.8 _ 3.6 - 6.4 

'*•' "̂  2 X 0.6 -f (8/3) X 0.8 " 10.0 

and the respective reflectivities follow as 

/̂ , = 0 and p^ = (-0.28)2 = 0.0784. 

For the present wave and interface, the wave impinges on the surface at Brewster's angle, i.e., the 
component of the wave that is linearly polarized in the plane of incidence is totally transmitted. 

In general, to calculate the overall reflectivity, the wave must be decomposed into two linear polar-
ized components, vibrating within the plane of incidence and perpendicular to it. Fortunately, this was 
already done in Example 2.3. From equation (2.94), together with the values of £'/|| = [5(2 + /)/ ^/T54]Eo 
and £/x = [(2 - 5/)/ Vl 54]Eo from the previous example, we obtain 

'̂ll̂ fllfll + ^a^aPx 125 X 0 + 29 X 0.0784 ^ ^, ,„ 

and the overall transmissivity r follows as 

r = l - p = 0.9852. 

To determine the polarization of the reflected beam, we first need to determine the reflected electric field 
amplitude vector. From the definition of the reflection coefficient we have 

£.11 = Ai|£,i, = 0, Er^ = r^Ea = -0.28 x ^^Eo 
V154 
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FIGURE 2-10 
Transmission and reflection at the 
interface between a dielectric and 
an absorbing medium. 

and, from equations (2.49) through (2.52), 

L̂  = F = 0. 

0.28-. 
154 ^^E". =0.01476 £̂ 0, 

Therefore, the wave remains 100% polarized, but the polarization is not completely linear. Indeed, any 
polarized radiation reflecting off a surface at Brewster's angle will become linearly polarized with only 
a perpendicular component. 

The Interface between a Perfect Dielectric and an 
Absorbing Medium 
The analysis of reflection and transmission at the interface between two perfect dielectrics is 
relatively straightforward, since an incident plane homogeneous wave remains plane and homo-
geneous after reflection and transmission. However, if a plane homogeneous wave is incident 
upon an absorbing medium, then the transmitted wave is, in general, inhomogeneous. If a beam 
travels from one absorbing medium into another absorbing medium, then the wave is usually 
inhomogeneous in both, making the analysis somewhat cumbersome. Fortunately, the interface 
between two absorbers is rarely important: A wave traveling through an absorbing medium is 
usually strongly attenuated, if not totally absorbed, before hitting a second absorber. In this sec-
tion we shall consider a plane homogeneous light wave incident from a perfect dielectric on an 
absorbing medium. 

The incident, reflected and transmitted waves are again described by equations (2.72) through 
(2.75), except that the wave vector for transmission, w ,̂ may be complex. Thus using equa-
tions (2.66) and (2.67), the interface condition may be written as 

Ho/ X ne-̂ ^̂ '̂ *̂* + Ho. XTie-^'''<" = Ho, x fie-^^'K-r-mrr)^ 

(2.100) 

(2.101) 

where r was left arbitrary here in order to derive formally the generahzed form of Snell's law 
although, for convenience, we still assume that the coordinate origin lies on the interface. We 
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note that none of the amplitude vectors, EQ/, HQ/, etc., depends on location, and that r is a vector 
to an arbitrary point on the interface, which may be varied independently. Thus, in order for 
equations (2.100) and (2.101) to hold at any point on the interface, we must have 

w/ • r = w^ • r = ŵ ' • r, 

0 = w;' • r, 

(2.102) 

(2.103) 

that is, since r is tangential to the interface, the tangential components of the wave vector w' must 
be continuous across the interface, while the tangential component of the attenuation vector w'/ 
must be zero, or w/' = w'/A, Thus, within the absorbing medium, planes of equal amplitude are 
parallel to the interface, as indicated in Fig. 2-10. Since W^ has the same tangential component 
as w- as well as the same magnitude [cf equation (2.31)], it follows again that reflection must be 

specular, or r̂ = ^/. 
The continuity of the tangential component for the transmitted wave vector indicates that 

wl sin 6] = 77o«i smO\ = w^ s in^. (2.104) 

The wave vector for transmission, a;/, may be eliminated from equation (2.104) by using equa-
tion (2.31): 

w, • ŵ  = wl^ - w/^ - 2/w; • w;' = r]lm^ = Tjl(r^ - ^ - 2^2^), (2.105a) 

^ ; ' ~ < ' = 7o(«2-^X (2.105*) 
w;. w;' = wy/ cos ̂  = rjiln2k2. (2.105c) 

or 

Thus, equations (2.104) and (2.105) constitute three equations in the three unknowns 62, w[ and 
w'/. This system of equations may be solved to yield 

^ 2 ^ / < c o s ^ \ = 1 [ J(«2 -l^^n] sm\f + Anl% + («| -1^-n\ sm\) 

and the refraction angle ft may be calculated from equation (2.104) as 

/7 tan ft = n\ sin ft. 

(2.106a) 

(2.106^)) 

(2.107) 

Equation (2.107) together with equations (2.106) is known as the generalized Snell *s law. 
The reflection coefficients are calculated in the same fashion as was done for two dielectrics 

(left as an exercise). This leads to 

Er\\ n^iiVf cos ft - iw'/) - nqw'. cos ft 
ni = T^ = 

r± = 

Bill f^'ii^t ^^sft "" "̂̂ D + ^^^i ^^s^i' 
w'. cos ft - (Wf COS ft ~ iw'/) 

Eij_ w\ cos ft + {w[ cos ft - iw'/)' 

(2.108a) 

(2.108Z>) 

where the tilde has been added to indicate that the reflection coefficients are now complex. From 
equations (2.105) through (2.106) we find 

m^ = 2 -q^- 2ipq = p\l + tan^ ft) - ^^ - 2ipq = p^ - q^-^^ n\ sin^ ft - lipq. (2.109) 
COS" ft 
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FIGURE 2-11 
Directional reflectivity for a metal (aluminum at 
3.1 fim with /?2 = 4.46, 2̂ = 31.5) in contact with 
air(wi = 1). 

Eliminating the wave vectors, the reflection coefficients may be written as 

_ n\(p- iq) -ijp- -q^ -^nl sin^ î - lipq)cos^i 

n\{p- iq) + (p^ -q^ + ri\ sin^ 9\ - lipq)cos6\' 
_ _ n\ cos 6\ - p-^ iq 
f'j_ — . 

Hi COS 6\ -^ p- iq 

(2.ll0a) 

(2.1106) 

The expression for q may be simplified by dividing the numerator (and denominator) of f]\ by 
cos ̂ 1 times the numerator (or denominator) of 7i. This operation leads to 

_ _ /? - «i sin^i tan^i - iq^ 
/? + wi sin^i tan 6] -iq '^' 

Finally, the reflectivities are again calculated as 

^ ^ip-^i sin^i tan^i)^ •¥q^ 
^' "" '̂ ''" "'(p + «isin6^itan6>i)2+^2 

_'^^ _(«] cos^i -p)^ + q^ 
P± - f'±f± -^(nicosex+pf + q^' 

P±^ 

(2.111) 

(2.112a) 

(2.1126) 

Subroutine f resnel in Appendix F calculates p||, pĵ  and p = (p|| + pj^)/2 from this general-
ized version of Fresnel's relation for an interface between a perfect dielectric and an absorbing 
medium, where n = niJnxX = ki, and th = ^ j . 

We note that for normal incidence î = ^ = 0, resulting in p = «2j ̂  = fe and 

(2.113) 

The directional behavior of the reflectivity for a typical metal with ni = 4.46 and ̂ 2 = 31.5 
(corresponding to the experimental values for aluminum at 3.1 pm [6]) exposed to air («i = 1) is 
shown in Fig. 2-11. 

Example 2.5. Redo Example 2.4 for a metallic interface, i.e., the plane homogeneous wave of the 
previous examples encounters the flat interface with a metal (AZJ = fe = 90), which again is described by 
the equation z = 0. Calculate the incidence, reflection and refraction angles. What fraction of energy of 
the wave is reflected, how much is transmitted? 
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FIGURE 2-12 
Reflection and transmission by a slab. 

Solution 
If «2 and A2 are much larger than «i it follows If «2 and k2 are much larger than n\ it follows from 
equations (2.106) that/? » /J2 and q ^ k2 and, from equation (2.104), 

«i sin^i » «2 tan6^ » «2 s i n ^ 

(i.e., as long as «2 » «j» SnelPs law between dielectrics holds) and it follows that ft = 1.02°. With 

«2 = fe equations (2.112) reduce to 

P± 
(mcosOi -112?-^nl _ ( 1 . 2 - 9 0 ) ' + 9 0 ^ 

(«, cos 01 + n2y + /|2 "" (1.2 + 90)2 ^ 992 
: 0.9737, 

(;.2-/^isin^,tan^,)2^^2 (90 ^2x0 .8V0 .6 )2 f 90^ 

^^ '" («2+« . s in^ i t an^0^+ ' ' | (90+2x0.8V0.6)2+902 ^^-^^^^ ~ ^-^^^^^ 

and the total reflectivity is again evaluated from equation (2.94) as 

^/ll^,Ii/^l + ^/x^aPx 125 X 0.9286 + 29 x 0.9737 

£"/l|£ ,̂ +EaE*^ 154 
= 0.9371. 

Thus, nearly 94% of the radiation is being reflected (and even more would have been reflected if the 
metal was surrounded by air with « » 1), and only 6% is transmitted into the metal, where it undergoes 
total attenuation after a very short distance because of the large value of ^2^ Equation (2.42) shows that 
the transmission reaches its \/e value at 

47r;;ofez = 1 , or z = l/(4;r x 2500 x 90) = 3.5 x 10"^cm = 0.0035//m. 

Reflection and Transmission by a Slab 

A s a final topic w e shall briefly consider the reflection and t ransmission by a slab of thickness 

d and complex index of refraction mi = m- iki, embedded be tween two media with indices of 
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refraction m\ and W3, as illustrated in Fig. 2-12. While the theory presented in this section is vahd 
for slabs of arbitrary thickness, it is most appropriate for the study of interference wave effects 
in thin films or coatings. When an electromagnetic wave is reflected by a thin film, the waves 
reflected from both interfaces have difi'erent phases and interfere with one another (i.e., they may 
augment each other for small phase difl'erences, or cancel each other for phase diiferences of 
180°). For thick slabs, such as window panes, geometric optics provides a much simpler vehicle 
to determine overall reflectivity and transmissivity. However, for an antireflective coating on a 
window, thin film optics should be considered. Since the computations become rather cumber-
some, we shall limit ourselves to the simpler case of normal incidence {0 = 0). For more detailed 
discussions, including obUque incidence angles, the reader is referred to books on the subject 
such as the one by Knittl [7] or to the very readable monograph by Anders [8]. 

Consider the slab shown in Fig. 2-12: The wave incident at the left interface is partially re-
flected, and partially transmitted toward the second interface. At the second interface, again, the 
wave is partially reflected and partially transmitted into Medium 3. The reflected part travels back 
to the first interface where a part is reflected back toward the second interface, and a part is trans-
mitted into Medium 1, i.e., it is added to the reflected wave, etc. Therefore, the reflected wave E,. 
and the transmitted wave E/ consist of many contributions, and inside Medium 2 there are two 
waves Ej and E~ traveling into the directions n and -ii , respectively. Thus, the boundary condi-
tions, equations (2.66) and (2.67), may be written for the first interface, similar to equations (2.81) 
through (2.84), as 

z = r - n = 0 : Ei-^Er = E^ + E2, (2.114) 

Hi + Hr = H^'^H2, (2.115) 

where polarization of the beam does not appear since at normal incidence E^ = E^. The magnetic 
field may again be ehminated using equation (2.25), as well as W/ = -w^ = T/Q/WI n and w"*" = 
-w~ = 770W2n [from equation (2.31)], or 

(Ei -Er)mi = (E^ - E2)m2. (2.116) 

The boundary condition at the second interface follows [similar to equations (2.100) and (2.101)] 
as 

z = r h = d: E^ e"^''"^^'"''^ + E2 e''^''''^^"'''^ = Et e-̂ '̂'̂ '"^^ (2.117) 

(E^ e-2̂ "*)'"2̂  - E~ e''̂ '̂̂ '"2 )̂m2 = Et e-2 '̂'̂ '"̂ /̂M3. (2.118) 

Equations (2.114), (2.116), (2.117) and (2.118) are four equations in the unknowns Er, E^, E^ 
and £•/, which may be solved for the reflection and transmission coefficients of a slab. After some 
algebra one obtains 

/-slab = TT = , . -.Arrir^dm. ^ (2.119) 
Ei 1 + rnri^ e "^^^^^mi 

^E^^-lnir^dm, ^ ^2^3^"^"^^^'^ .^ 120) 

where Tvy and^y are the complex reflection and transmission coefiicients of the two interfaces, 

mx-mi ^ m2-mi n \n\^\ 
ri2 = ; , 2̂3 = ; ; (2.121a) 

m\ + mi mi + m^ 
^ 2mi ~ Imi n^o^h\ 
txi = ; , 2̂3 = . (2.121^) 

m\ -^ mi mi-^- m^ 
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To evaluate the slab reflectivity and transmissivity from the complex coefficients, it is advanta-
geous to write the coefficients in polar notation (cf., for example, Wylie [3]), 

^ij = nj ^'^\ nj = \Fijl tzndij = 1 ^ , (2.122a) 

3(7) 
Tij = r// ̂ '^ tij = \tiji tan 6,-; = - ) ^ , (2.1226) 

where ^y and tij are the absolute values, and djj and e^ the phase angles of the coefficients. Care 
must be taken in the evaluation of phase angles, since the tangent has a period of ;r, rather than 
2n: The correct quadrant for Sij and 6,7 is found by inspecting the signs of the real and imaginary 
parts of77y and^y, respectively. This calculation leads, after more algebra, to the reflectivity, i?siabj 
and transmissivity of the slab, 2̂ ]ab, as 

_ _ , _ >f, + 2rnr2, e'--' cos(<5i2 - .523 + Q + ^ e'"'^'' 

^ ' * '"'' 1 + 2r,2/-23 e-"^-" COS(<5,2 + <523 - Q + '^2'i3 ^'^''"'' 

«i 1 + Irurzi e-"^'' cos(<5i2 + .^3 - Q + rii^^ e'^"^'' 

where 

rf. = pu = ) '' , ; , , (2.125a) 

rij , m 4(nf + B) 
-tu = rij = ^- ' ' // ,^, (2.1256) 

Ki-Artri^ki, ^i=. Anrj^riid, (2.125rf) 

The correct quadrant for <5/; is found by checking the sign of both numerator and denominator 
in equation (2.125c) (which, while difl'erent from the real and imaginary parts of T̂ y, carry their 
signs). If both adjacent media, / and y, are dielectrics thenTvy = r/y is real, hi that case we set 
6ij = 0 and let r/y carry a sign. The definition of the slab transmissivity includes the factor («3/«i), 
since it is the magnitude of the transmitted and incoming Poynting vector, equation (2.42), that 
must be compared. Knittl [7] has shown that equations (2.123) and (2.124) remain valid for each 
polarization for oblique incidence if the interface reflectivities, p̂ y, and transmissivities, T/y, are 
replaced by their directional values; for example, equations (2.112). 

Example 2.6. Determine the reflectivity and transmissivity of a S/zm thick manganese sulfide (MnS) 
crystal {n = 2.68, k<^\\ suspended in air, for the wavelength range between 1 jxm and 1.25//m. 

Solution 
Assuming w, = 773 = 1, ̂ j = 2̂ = fe = 0 and «2 = 2.68 and substituting these into equations (2.125) 
leads to 

«2 - 1 2 2«2 
rn = 2̂3 = — — ; tn = — — , 2̂3 = «2 + r '' m + v '' w2 + r 

tan(5i2 = T = 0; tan(^3 = — = 0. 
l - « 2 „ 2 _ i 
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FIGURE 2-13 
Normal reflectivity of a thin film with interference effects. 

^ = 0.01 

1.20 1.25 

Since the real part of n2 is negative, i.e., 1 - w| < 0, it follows that Sn = n. By similar reasoning fe = 0. 
Alternatively, since ail media are dielectrics, we could have set Sn = fe 
K2 = 0, the reflectivity and transmissivity of a dielectric slab follow as 

2p,2(l~COS^2) 
-^lab -

^ lab = 

1 •~2p,2COSf2 +P?2 
^2 

0 and ri2 = ~r23. Thus, with 

(2.126) 

(2.127) 
l-2p,2COSf2+P?2 

It is a simple matter to show that r^ = r23 = 1 - p ^ and, therefore, i?siab + l̂ab = 1 for a dielectric 
medium. Substituting numbers for MnS gives p ^ = 0.2084 and 

0.3995(1-cos ^2) r - 0.6005 
^slab = 

1 - 0.3995 cos ̂ 2 ' 1 - 0,3995 cos (2' 

with (2 - ^^nzdjjQ = \6SAfimijQ = 16S A/dm/AQ. R^\ah and T^\ah are periodic with a period of AT/Q = 
In/ieSAfim = 0.0373//m"'. At Ao = l//m this fact implies AAQ = A^A^ = 0.0373^um. The slab 
reflectivity of the dielectric film in Fig. 2-13 shows a periodic reflectivity with maxima of 0.5709 (at 
(2 = ^, 37r, . . . ) . For values of fj = ^/r, 4;r, . . . , the reflectivity of the layer vanishes altogether. Also 
shown is the case of a slightly absorbing fihn, with fe = 0.01. Maximum and minimum reflectivity (as 
well as transmissivity) decrease and increase somewhat, respectively. This effect is less pronounced at 
larger wavelengths, i.e., wherever the absorption coefficient A2 is smaller [cf. equation (2A25d)]. 

While equations (2.123) through (2.125) are valid for arbitrary slab thicknesses, their appli-
cation to thick slabs becomes problematic as well as unnecessary. Problematic because (i) for 
J » /fe the period of reflectivity oscillations corresponds to smaller values of AAQ between ex-
trema than can be measured, and (ii) for d » /fe it becomes rather unlikely that the distance d 
remains constant within a fraction ofAo over an extended area. Thick slab reflectivities and trans-
missivities may be obtained by averaging equations (2.123) and (2.124) over a period through 
integration, which results in 

^lab = P12 + • 
^-pl2P23e-^''' 

^lab = 
l-Pl2P23^~'^^^ 

•K2d 

(2.128) 

(2.129) 
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FIGURE 2-14 
Electron energy bands and band gaps in a solid (shading indicates amount of electrons filling the bands) [2]. 

where for TJiab use has been made of the fact that k\ and ki must be very small, if an apprecia-
ble amount of energy is to reach Medium 3. The same relations for thick sheets without wave 
interference will be developed in the following chapter through geometric optics. 

2.6 THEORIES FOR OPTICAL CONSTANTS 

If the radiative properties of a surface—^absorptivity, emissivity, and reflectivity—are to be theo-
retically evaluated from electromagnetic wave theory, the complex index of refraction, w, must 
be known over the spectral range of interest. A number of classical and quantum mechanical 
dispersion theories have been developed to predict the phenomenological coefficients e (electri-
cal permittivity) and o[, (electrical conductivity) as functions of the frequency (or wavelength) of 
incident electromagnetic waves for a number of different interaction phenomena and types of sur-
faces. While the complex index of refraction, m = n- ik, is most convenient for the treatment of 
wave propagation, the complex dielectric function (or relative permittivity), e = s' - /£:", is more 
appropriate when the microscopic mechanisms are considered that determine the magnitude of 
the phenomenological coefficients. The two sets of parameters are related by the expression 

s^ s -IS = i-
60 2ny€o 

[compare equations (2.31) through (2.35)] and, therefore, 

= m 

e" = , ^ = 2nk, 
Inveo 

(2.130) 

(2.131a) 

(2.131ft) 

(2.132a) 

(2.1326) 

where we have again assumed the medium to be nonmagnetic (ji = ^ ) . 
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Any material may absorb or emit radiative energy at many different wavelengths as a result 
of impurities (presence of foreign atoms) and imperfections in the ionic crystal lattice. However, 
a number of phenomena tend to dominate the optical behavior of a substance. In the frequency 
range of interest to the heat transfer engineer (ultraviolet to midinfrared), electromagnetic waves 
are primarily absorbed \s)j free and bound electrons or by change in the energy level of lattice 
vibration (converting di photon into diphonon, i.e., a quantum of lattice vibration). Since elec-
tricity is conducted by free electrons, and since free electrons are a major contributor to a solid's 
abihty to absorb radiative energy, there are distinct optical differences between conductors and 
nonconductors of electricity. Every solid has a large number of electrons, resulting in a near-
continuum of possible energy states (and, therefore, a near-continuum of photon frequencies that 
can be absorbed). However, these allowed energy states occur in bands. Between the bands of 
allowed energy states may be band gaps, i.e., energy states that the solid cannot attain. This is 
schematically shown in Fig. 2-14. If a material has a band gap between completely filled and com-
pletely empty energy bands, the material is a nonconductor, i.e., an insulator (wide band gap), or 
a semiconductor (narrow band gap). If a band of electron energy states is incompletely filled or 
overlaps another, empty band, electrons can be excited into adjacent energy states resulting in an 
electric current, and the material is called a conductor. Electronic absorption by nonconductors is 
likely only for photons with energies greater than the band gap, although sometimes two or more 
photons may combine to bridge the band gap. An intraband transition occurs when an electron 
changes its energy level, but stays within the same band (which can only occur in a conductor); 
if an electron moves into a different band (i.e., overcomes the band gap) the movement is termed 
an interband transition (and can occur in both conductors and nonconductors). This difference 
between conductors and nonconductors causes substantially different optical behavior: Insulators 
tend to be transparent and weakly reflecting for photons with energies less than the band gap, 
while metals tend to be highly absorbing and reflecting between the visible and infrared wave-
lengths [2]. 

During the beginning of the century Lorentz [9]* developed a classical theory for the eval-
uation of the dielectric function by assuming electrons and ions are harmonic oscillators (i.e., 
springs) subjected to forces from interacting electromagnetic waves. His result was equivalent to 
the subsequent quantum mechanical development, and may be stated, as described by Bohren and 
Huffman [2], as 

(̂v) = i + y - ^ — r — ' (^•^^^) 

where the summation is over different types of oscillators, Vpj is known as thQ plasma frequency 
(and v^j is proportional to the number of oscillators of type jr), Vj is the resonance frequency, and 
jj is tne damping factor of the oscillators. Thus, the dielectric function may have a number of 
bands centered at Vj, which may or may not overlap one another. Inspecting equation (2.133), we 
see that for v » î - the contribution of bandy to e vanishes, while for v «c v/ it goes to the constant 

*Hendrlk Anton Lorentz (1853-1928) 
Dutch physicist. Lorentz studied at Leiden University, where he subsequently served as 
professor of mathematical physics for the rest of his life. His major work lay in refining 
the electromagnetic theory of Maxwell. For his theory that the oscillations of charged par-
ticles inside atoms were the source of light, he and his student Pieter Zeeman received the 
1902 Nobel Prize in Physics. Lorentz is also famous for his Lorentz transformations, which 
describe the increase of mass of a moving body. These laid the foundation for Einstein's 
special theory of relativity. 
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FIGURE 2-15 
Lorentz model for (a) the dielectric function, (h) the index of refraction and normal, spectral reflectivity. 

value of {Vpjivjf. Therefore, for any nonoverlapping band /, we may rewrite equation (2.133) as 

e{v) = £̂  + i> 
V?- • v^ + iy{v 

where SQ incorporates the contributions from all bands with Vj 
separated into its real and imaginary components, or 

(2.134) 

v/. Equation (2.134) may be 

£ : = £ ( ) + 

e = 

(vf-v2)2+7fv2' 

(vf ~v2)2 + 7fv2* 

(2.135a) 

(2.1356) 

The frequency dependence of the real and imaginary parts of the dielectric function for a single os-
cillating band is shown qualitatively in Fig. 2-15; also shown are the corresponding curves for the 
real and imaginary parts of the complex index of refraction as evaluated from equation (2.132), 
along with the quahtative behavior of the normal, spectral reflectivity of a surface from equa-
tion (2.113). A strong band with A: » 0 results in a region with strong absorption around the 
resonance frequency and an associated region of high reflection: Incoming photons are mostly 
reflected, and those few that penetrate into the medium are rapidly attenuated. On either side 
outside the band the refractive index n increases with increasing frequency (or decreasing wave-
length); this is called normal dispersion. However, close to the resonance frequency, n decreases 
with increasing frequency; this decrease is known as anomalous dispersion. Note that e' may 
become negative, resulting in spectral regions with n <\, 

All solids and liquids may absorb photons whose energy content matches the energy difference 
between filled and empty electron energy levels on separate bands. Since such transitions require 
a substantial amount of energy, they generally occur in the ultraviolet (i.e., at high frequency). 
A near-continuum of electron energy levels results in an extensive region of strong absorption 
(and often many overlapping bands). It takes considerably less energy to excite the vibrational 
modes of a crystal lattice, resulting in absorption bands in the midinfrared (around 10//m). Since 
generally few different vibrational modes exist in an isotropic lattice, such transitions can often 
be modeled by equation (2.133) with a single band. In the case of electrical conductors photons 
may also be absorbed to raise the energy levels of free electrons and of bound electrons within 
partially filled or partially overlapping electron bands. The former, because of the nearly arbitrary 
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energy levels that a free electron may assume, results in a single large band in the far infrared; the 
latter causes narrower bands in the ultraviolet to infrared. 
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Problems 

2.1 Show that for an electromagnetic wave traveling through a dielectric (mi - n\), impinging on the 
interface with another, optically less dense dense dielectric («2 < «i), light of any polarization is 
totally reflected for incidence angles larger than Use equations (2.104) and (2.105) with ki = 0. 

2.2 Derive equations (2.108) using the same approach as in the development of equations (2.88) through 
(2.91). 
Hint: Remember that within the absorbing medium, w = w' - iW = M/S - iw"h\ this implies that Eo 
is not a vector normal to s. It is best to assume Eo = ĤCJI + E^^k^ + EyS. 

2.3 Find the normal spectral reflectivity at the interface between two absorbing media. 
Hint: Use an approach similar to the one that led to equations (2.88) and (2.89), keeping in mind 
that all wave vectors will be complex, but that the wave will be homogeneous in both media, i.e., all 
components of the wave vectors are colinear with the surface normal. 

2.4 A circularly polarized wave in air is incident upon a smooth dielectric surface (« = 1.5) with a direc-
tion of 45° oft' normal. What are the normalized Stokes' parameters before and after the reflection, 
and what are the degrees of polarization? 

2.5 A circularly polarized wave in air traveling along the z-axis is incident upon a dielectric surface 
(« = 1.5). How must the dielectric-air interface be oriented so that the reflected wave is a linearly 
polarized wave in the (/-z-plane? 

2.6 A polished platinum surface is coated with a 1 //m thick layer of MgO. 

(a) Determine the material's reflectivity in the vicinity of A - 2//m (for platinum at 2//m /wpt = 
5.29 - 6.71 /, for MgO /WN̂go = 1.65 - 0.0001 /). 

(b) Estimate the thickness of MgO required to reduce the average reflectivity in the vicinity of 2/im 
to 0.4. What happens to the interference eft'ects for this case? 



CHAPTER 

3 
RADIATIVE 
PROPERTIES OF REAL 
SURFACES 

3,1 INTRODUCTION 

Ideally, electromagnetic wave theory may be used to predict all radiative properties of any material 
(reflectivity and transmissivity at an interface, absorption and emission within a medium). For 
a variety of reasons, however, the usefulness of the electromagnetic wave theory is extremely 
limited in practice. For one, the theory incorporates a large number of assumptions that are 
not necessarily good for all materials. Most importantly, electromagnetic wave theory neglects 
the effects of surface conditions on the radiative properties of these surfaces, instead assuming 
optically smooth interfaces of precisely the same (homogeneous) material as the bulk material— 
conditions that are very rarely met in practice. In the real world surfaces of materials are generally 
coated to varying degree with contaminants, oxide layers, and the like, and they usually have a 
certain degree of roughness (which is rarely even known on a quantitative basis). Thus, the 
greatest usefulness of the electromagnetic wave theory is that it provides the engineer with a tool 
to augment sparse experimental data through inteUigent interpolation and extrapolation. Still, it 
is important to realize that radiative properties of opaque materials depend exclusively on the 
makeup of a very thin surface layer and, thus, may, for the same material, change from batch to 
batch and, indeed, overnight. This behavior is in contrast to most other thermophysical properties, 
such as thermal conductivity, which are bxilk properties and as such are insensitive to surface 
contamination, roughness, and so on. The National Institute of Standards and Technology (NIST, 
formerly NBS) has recommended to reserve the ending "-ivity" for radiative properties of pure, 
perfectly smooth materials (the ones discussed in the previous chapter), and "-ance" for rough 
and contaminated surfaces. Most real surfaces fall into the latter category, discussed in the present 
chapter. Consequently, we will use the ending "-ance" for the definitions in the following section, 
and for most surface properties throughout this chapter (and the remainder of this book), unless 

61 
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the surface in question is optically smooth and the property is obtained from electromagnetic 
wave theory. Note that there will be occasions when either term could be used ("almost smooth" 
surfaces, comparing experimental data with electromagnetic wave theory, etc.). 

In the present chapter we shall first develop definitions of all radiative properties that are 
relevant for real opaque surfaces. We then apply electromagnetic wave theory to predict trends 
of radiative properties for metals and for dielectrics (electrical nonconductors). These theoretical 
results are compared with a limited number of experimental data. This is followed by a brief 
discussion of phenomena that cannot be predicted by electromagnetic wave theory, such as the 
effects of surface roughness, of surface oxidation and contamination, and of the preparation of 
"special surfaces" (i.e., surfaces whose properties are customized through surface coatings and/or 
controlled roughness). 

Most experimental data available today were taken in the 1950s and 1960s during NASA's 
"Golden Age," when considerable resources were directed toward sending a man to the moon. 
Interest waned, together with NASA's fianding, during the 1970s and early 1980s. More re-
cently, because of the development of high-temperature ceramics and high-temperature apphca-
tions, there has been renewed interest in the measurement of radiative surface properties. 

No attempt is made here to present a complete set of experimental data for radiative surface 
properties. Extensive data sets of such properties have been collected in a number of references, 
such as [1-8], although all of these surveys are somewhat outdated. 

3-2 DEFINITIONS 

Emittance 
The most basic radiative property for emission from an opaque surface is its spectral, directional 
emittance, defined as 

, , ^ , . . h{T,AX)oo^eodao _ h{T,AX) ,^ ,. 
Iu{T, A) cos Oo dQ.0 Ib.i(T, A) 

which compares the actual spectral, directional emissive power with that of a black surface at the 
same conditions. We have added a prime to the letter e to distinguish the directional emittance 
from the hemispherical (i.e., directionally averaged) value, and the subscript A to distinguish the 
spectral emittance from the total (i.e., spectrally averaged) value. The direction vector is denoted 
by So to emphasize that, for emission, we are considering directions away fi-om a surface (out-
going). Finally, we have chosen wavelength A as the spectral variable, since this is the preferred 
variable by most authors in the field of surface radiation phenomena. Expressions identical to 
equation (3.1) hold if frequency v or wavenumber T] are employed. 

Some typical trends for experimentally determined directional emittances for actual materials 
are shown in Fig. 3Aa,b, as given by Schmidt and Eckert [9] (all emittances in these figures 
have been averaged over the entire spectrum; see the definition of the total, directional emittance 
below). For nonmetals the directional emittance varies little over a large range of polar angles but 
decreases rapidly at grazing angles until a value of zero is reached at ^ = 7t/2. Similar trends hold 
for metals, except that, at grazing angles, the emittance first increases sharply before dropping 
back to zero (not shown). Note that emittance levels are considerably higher for nonmetals. 

A spectral surface whose emittance is the same for all directions is called a diffuse emitter, 
or a Lambert surface [since it obeys Lambert's law, equation (1.34)]. No real surface can be a 
diffuse emitter since electromagnetic wave theory predicts a zero emittance at 6> = njl for all 
materials. However, little energy is emitted into grazing directions, as seen from equation (1.30), 
so that the assumption of diffuse emission is often a good one. 



3.2 DEFINITIONS 6 3 

^ , degrees 

40 

(a) 

0, degrees 

40 

ft degrees 6, degrees 

50 40 20 0 20 40 50 60 

ib) 

0.14 0.12 0.10 0.08 0.06 0.04 0.02 0 0.02 0.04 0.06 0.08 0.10 0.12 0.14 

FIGURE 3-1 
Directional variation of surface emittances {a) for several nonmetals and {b) for several metals [9]. 

The spectral, hemispherical emittance, defined as 

eA{T,^) = 
EUT,Ay 

(3.2) 

compares the actual spectral emissive power (i.e., emission into all directions above the surface) 
with that of a black surface. The spectral, hemispherical emittance may be related to the direc-
tional one through equations (1.30) and (1.32), 

€A(T,A) 
/o " /o J^A(T, A,e,I//)cose sinedOdi/f 

nMT,A) 
-IK rnll , 

_ f^f^"^€',(T,A,0,ilf)IUT,A)cosesm0dediff 

"~ nlUT^A) ' 

which may be simplified to 

€A(T,A)=- I I €\(T,A,<9,ifr)cos6 sin6dOdtfr, 
^ J{) J o 

(3.3) 

(3.4) 

since I^x does not depend on direction. For an isotropic surface, i.e., a surface that has no differ-
ent structure, composition or behavior for difl'erent directions on the surface (azimuthal angle), 
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equation (3.4) reduces to 

€A{T,X) = 2 €^(T,A,e)cosOsmede. (3.5) 

Jo 
We note that the hemispherical emittance is an average over all solid angles subject to the weight 
factor cos^ (arising from the directional variation of emissive power). For a diffuse surface, 6̂  
does not depend on direction and we find 

€,(T,A) = e',(Ta). (3.6) 

The total, directional emittance is a spectral average of 6 ,̂ defined by 

_ I{T,S)cosed^ _ 1(7,%) , , „ 
^ ' ^ UT, s) cose da ~ UT, s)' ^ ^ 

or, from equations (1.29) and (1.33), 

€\T, §) = 7 hdA=^j I e\Itx dA = -j—^ e\{T, A, s)%i(r , A)dA, (3.8) 
4 Jo 4 Jo Aî o-r̂  Jo 

Finally, the total, hemispherical emittance is defined as 

^ ^ ^ > = ^ ' ^^•^> 

and may be related to the spectral, hemispherical emittance through 

CEA{T,X)dX 1 f-

It is apparent that the total emittance is a spectral average with the spectral emissive power as 
weight factor. If the spectral emittance is the same for all wavelengths then equation (3.10) 
reduces to 

e{T) = e^{T), (3.11) 

Such surfaces are termed gray. If we have the very special case of a gray, diffuse surface, this 
implies 

6(r) = 6, = 6' = 6:;. (3.12) 

While no real surface is truly gray, it often happens that e,\ is relatively constant over that part 
of the spectrum where Ehx is substantial, making the simplifying assumption of a gray surface 
warranted. 

Example 3.1. A certain surface material has the following spectral, directional emittance when exposed 
to air: 

, _ /O.9cos(9, Q<A< 2fdm, 
^ .M^)- |0 .3 , 2fim<A<oo. 

Determine the total hemispherical emittance for a surface temperature of T = 500 K. 
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FIGURE 3-2 
Directional irradiation onto a surface. 

Solution 
We first determine the hemispherical, spectral emittance from equation (3.5) as 

f 2 X 0.9 f,f^ cos^ 0 sin ede = 0.6, 0<A<2fim, 

[2x03 J^^^os 0 sine do =^03, 2fim<A<oo. 

The total, hemispherical emittance follows from equation (3.10) as 

0.3 + 
0.6 - 0.3 r^"' 

Jo 
Eh A dA 

= 0.3 [1 +/( lx2/imx500K)] = 0.3 x (1 + 0.00032) ^ 0.3, 

where the fractional blackbody emissive power f(nXT) is as defined in equation (1.23). For a tempera-
ture of 500 K the spectrum below 2 pm is unimportant, and the surface is essentially gray and diifuse. 

Absorptance 
Unlike emittance, absorptance (as well as reflectance and transmittance) is not truly a surface 
property, since it depends on the external radiation field, as seen from its definition, equation (1.47). 
As for emittance we distinguish between directional and hemispherical, as well as spectral and 
total absorptances. 

The radiative heat transfer rate per unit wavelength impinging onto an infinitesimal area dA, 
from the direction of §/ over a solid angle of JQ/ is, as depicted in Fig. 3-2, 

/i(r, A, sO(cos Oi dA) dQi, 

where we have used the definition of intensity as radiative heat transfer rate per unit area normal 
to the rays, and per unit solid angle. I^ is the local radiative intensity at location r (just above the 
surface). This incoming heat transfer rate, when evaluated per unit surface area dA and per unit 
incoming solid angle rfQ,, is known as spectral, directional irradiation, 

7/;(r,/l,sO = /Kr,/i,§Ocos6//. (3.13) 

Irradiation is a heat flux always pointing into the surface. Thus, there is no need to attach a sign 
to its value, and it is evaluated as an absolute value (in contrast to the definition of net heat flux in 
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const. FIGURE 3-3 

FCirchhoff's law for the spectral, directional absorptance. 

Chapter I). The spectral, directional absorptance at surface location r is then defined as 

a'.ir^AA)^-^. (3.14) 

where i/^ ^^^ is that part of//^ that is absorbed by dA. If local thermodynamic equilibrium prevails, 
the fraction or̂  will not change if//^ increases or decreases. Under this condition we find that the 
spectral, directional absorptance does not depend on the external radiation field and is a surface 
property that depends on local temperature, wavelength and incoming direction. To determine its 
magnitude, we consider an isothermal spherical enclosure shown in Fig. 3-3, similar to the one 
used in Section 1.6 to establish the directional isotropy of blackbody intensity. The enclosure 
coating is again perfectly reflecting except for a small area dAs, which is also perfectly reflecting 
except over the wavelength interval between A and A + dA, over which it is black. However, the 
small surface dA suspended at the center is now nonblack. Following the same arguments as for 
the development of equation (1.31), augmenting the emitted flux by ê  and the absorbed flux by 
a^, we find immediately 

a\{T.A.e.il,) = e\{T,A,e,ilf). (3.15) 

Therefore, if local thermodynamic equilibrium prevails, the spectral, directional absorptance is a 
true surface property and is equal to the spectral, directional emittance. 

The spectral radiative heat flux incident on a surface per unit wavelength from all directions, 
i.e., fi*om the hemisphere above dA, is 

//^(r,A)= f / / ;(r , / t ,S/)ja/= r Xi(r,/t,§/)cos6>,c/a/. (3.16) 
Jin Jin 

Of this the amount absorbed is, firom equation (3.14), 

a'^(T, A, h)hir. A, §/) cos ft dQ.,. 
Jin fin 

Thus, we define a spectral hemispherical absorptance 

a^(r,/l) = = ;̂ . (3.17) 
m j ^ ^ lx{r, /t, §/) cos 9i dQ., 
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Since the incoming radiation, lu depends on the radiation field of the surrounding enclosure, 
the spectral, hemispherical absorptance normally depends on the entire temperature field and is 
not a surface property. However, if the incoming radiation is approximately difi'use (i.e., if Xi is 
independent of §,), then the l\ may be moved outside the integrals in equation (3.17) and cancelled. 
Then 

ax{T,X)= - \ a\{T,i,Ou^,)cosOisin6>/dOidi/fi, (3.18) 
TT Jo Jo 

or, using equations (3.4) and (3.15), 

a^iT, A) = ex{T, A) (difî use irradiation). (3.19) 

This equality also holds if a'̂  = ê  are independent of direction, in which case a^ can be removed 
from the integral. Therefore, spectral hemispherical absorptances and emittances are equal if (and 
only if) either the irradiation and/or the spectral, directional absorptance are diffuse (i.e., do not 
depend on incoming direction). 

On the other hand, energy incident fi*om a single distant source results in (near-) parallel rays 
from a unique direction S/, such as irradiation fi*om the sun or fi-om a laser. This is known as 
collimated irradiation, and leads to 

/it(r, .1) = ^^(r, A, §/) SQi = /^(r, i , §/) cos Oi SQi (3.20) 

and 

a,](r, A) = a'^iT, A, S/) = 6^(7, A, S/) (collimated irradiation). (3.21) 

Thus, for collimated irradiation there is no difference between directional and hemispherical ab-
sorptances. 

The total irradiation per unit area and per unit solid angle, but over all wavelengths, is 

H'{r)= r 
Jo 

Ur,A,ii)cos9idA. (3.22) 

Thus, we may define a total, directional absorptance as 

a (r, Si) = , (3.23) 
J^ h(r,Si)dA 

where the factor cos 0/ has cancelled out since it does not depend on wavelength. Again, (/ is not 
normally a surface property but depends on the entire radiation field. However, if the irradiation 
may be written as 

h(r,ArSi) = C(Si)MT,A), (3.24) 

where C(§) is an otherwise arbitrary function that does not depend on wavelength, i.e., if the 
incoming radiation is gray (based on the local surface temperature T), then, from equations (3.8) 
and (3.15), 

aXT,e,i/r) = €\T,e,ifr), (3.25) 

Of course, this relation also holds if the surface is gray (i.e., a^ = 6̂  do not depend on wavelength). 
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Finally, the total irradiation per unit area from all directions and over the entire spectrum is 

H(r) = f f Xi(r, A, §/) cos (9, dQi dA. (3.26) 
J o JljT 

Therefore, the total, hemispherical ahsorptance is defined as 

^^ /4bs S^ax{r^A)HAr,X)dX /f/,^a;;(r,A,s,)/.(r,^,S;)cos^,^Q, J i 
a{Y) = —— = —3 = —— . (3.27) 

H J^ H^iir,A)dA f^ J^jAir,ArsdcosOidQ,dA 

This ahsorptance is related to the total hemispherical emittance only for the very special cases of 
a gray, diffuse surface, equation (3.12), and/or diffuse and gray irradiation, i.e., if 

h(r,AJi) = CMT,A\ (3.28) 

where T is the temperature of the surface and C is a constant. Under those conditions we find, 
again using equation (3.15), 

aiT) = €(T). (3.29) 

Example 3.2. Let the surface considered in the previous example be irradiated by the sun from a 
30° off-normal direction (i.e., a vector pointing to the sun from the surface forms a 30° angle with the 
outward surface normal). Determine the relevant surface ahsorptance. 

Solution 
Since the sun irradiates the surface from only one direction, but over the entire spectrum, we need to 
find the total, directional ahsorptance. From the last example, with Bi = 30°, we have 

. ; f . U , 4 ) = / 0 . 4 5 V 3 , 0<^<2; .m, 
^\ 6/ \0 .3 , 2jum<.i<oo. 

Since we know that the sun behaves like a blackbody at a temperature of Tsm = 5777 K, we also know 
the spectral behavior of the sunshine falHng onto our surface, or 

I,(A^Od = CIUTs.n.AX (3.30) 

where C is a proportionality constant independent of wavelength.' Substituting this into equation (3.23) 
leads to 

-'H)- J^ hAiTsm,X)dA 

'0.45V3 EkM.n,'l)dA + 0.3 I EUT..n,A.)dA 
Jo Jlum n^o-Ti 

= 0.3 + (0.45 V3 - 0.3)/(lx2x5777) = 0.3 + (0.779 - 0.3) x 0.93962 = 0.750. 

In contrast to the previous example we find that at a temperature of 5777 K the spectrum above 2 yum is 
of very little importance, and the surface is again essentially gray. 

We realize from this example that (i) if a surface is irradiated from a gray source at temperature 
Source? and (ii) if the spectral, directional emittance of the surface is independent of temperature 
(as it is for most surfaces with good degree of accuracy), then the total ahsorptance is equal to its 
total emittance evaluated at the source temperature, or 

Q'= e(^ource)- (3 .31) 

This relation holds on a directional basis, and also for hemispherical values if the irradiation is 
diffuse. 

'As we have seen in Section 1.7, this constant is equal to unity. 
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FIGURE 3-4 
The bidirectional reflection ftinction. 

Reflectance 

The reflectance of a surface depends on tv^o directions: The direction of the incoming radiation, 
%i, and the direction into which the reflected energy travels, ŝ . Therefore, we distinguish between 
total and spectral values, and between a number of directional reflectances. The heat flux per unit 
wavelength impinging on an area dA from a direction of s, over a sohd angle of <iQ/ was given by 
equation (3.13) as 

H\ dQi = li(r, A, %) cos Oi dQ.i. (3.32) 

Of this, the finite fraction a'̂  will be absorbed by the surface (assuming it to be opaque), and the 
rest will be reflected into all possible directions (total solid angle In). Therefore, in general, only 
an infinitesimal fraction will be reflected into an infinitesimal cone of solid angle dQ.r around 
direction ŝ , as shown in Fig. 3-4. Denoting this fraction by p^{{r,A,Si,Sr)dQ.r we obtain the 
reflected energy within the cone dClr as 

dIAr, /I, §/, §,) dQr = (HA dQdPxi^^ ^. §/, §,) JQ,. (3.33) 

The spectral, bidirectional reflection function^ P̂ '(**> ^^ §/, Sr) is directly proportional to the mag-
nitude of reflected light that travels into the direction of s .̂ 

(3.34) 

Equation (3.34) is the most basic of all radiation properties: All other radiation properties of an 
opaque surface can be related to it. However, experimental determination of this Sanction for all 
materials, temperatures, wavelengths, incoming directions and outgoing directions would be a 
truly Herculean task, limiting its practicality. 

One may readily show that the law of reciprocity holds for the spectral, bidirectional reflection 
fimction (cf. McNicholas [10] or Siegel and Howell [11]), 

p ; ( r , i , §,,§,) = ^ ' ( r , i , ~ s „ - s O , (3.35a) 

or 
^py is sometimes referred to as a bidirectional reflectance; we avoid this nomenclature since the bidirectional re-

flectance function is not a fraction (i.e., constrained to values between 0 and 1), but may be larger than unity. 
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FIGURE 3-5 
Normalized bidirectional reflection function formagnesium oxide [12]. 

p[{{r,XA.^iA.^,) = p'l{Y,A,er.ilfrA.^i\ 035b) 

This is done with another variation ofKirchhoff's law by placing a surface element into an isother-
mal black enclosure and evaluating the net heat transfer rate—^which must be zero—^between two 
arbitrary, infinitesimal surface elements on the enclosure v^all. The sign change on the right-hand 
side of equation (3.35) emphasizes that §/ points into the surface, while % points away from it. 
Examination of equation (3.34) shows that 0 < p^' < cx>. Reaching the limit of p^ -^ oo implies 
that difinite fi-action of//;J is reflected into an infinitesimal cone of solid angle dO^r- Such ideal be-
havior is achieved by an optically smooth surface, resulting in specular reflection (perfect mirror). 
For a specular reflector we have p'^ = 0 for all Sr except the specular direction Or = 9i, i//^ = i/z^ + n, 
for which p^' --> cx) (see Fig. 3-4). 

Some measurements by Torrance and Sparrow [12] for the bidirectional reflection function are 
shown in Fig. 3-5 for magnesium oxide, a material widely used in radiation experiments because 
of its difflise reflectance, as defined in equation (3.38) below, in the near infrared (discussed in the 
last part of this chapter). The data in Fig. 3-5 are for an average surface roughness of 1 pm and 
are normalized with respect to the value in the specular direction. It is apparent that the material 
reflects rather diff'usely at shorter wavelengths, but displays strong specular peaks for A > 2 pm. 

A property of greater practical importance is the spectral, directional-hemispherical reflect-
ance, which is defined as the total reflected heat flux leaving dA into all directions due to the 
spectral, directional irradiation /fj. With the reflected intensity (i.e., reflected energy per unit area 
nomial to §,.) given by equation (3.33), we have, after multiplying with cos Or, 

pTir^^rSi)^ 
f^^ dl^(r. A, ii, Sr) cos Or dD,r 

H;^(r,A,Si)dni ' 
(3.36) 

or 
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p f (r, A, Si) = f p;(r, ^, §/, §,) COS 9^ dQr, (337) 

where the (/fj dQi) cancels out since it does not depend on outgoing direction ŝ . Here we have 
temporarily added the superscript "^" to distinguish the directional-hemispherical reflectance 
(p'^) from the hemispherical-directional reflectance (p" '̂, defined below). If the reflection func-
tion is independent of both §,• and §;-, then the surface reflects equal amounts into all directions, 
regardless of incoming direction, and 

pT(r,A) = np';(r,A). (3.38) 

Such a surface is called a diffuse reflector. 
Comparing the definition of the spectral, directional-hemispherical reflectance with that of 

the spectral, directional absorptance, equation (3.14), we also find, for an opaque surface, 

p r ( r , ^ , s O = l - a > , ^ , s O . (3.39) 

Sometimes it is of interest to determine the amount of energy reflected into a certain direction, 
coming from all possible incoming directions. Equation (3.33) gives the reflected intensity due to 
a single incoming direction. Integrating this expression over the entire hemisphere of incoming 
directions leads to 

hir.AA) = r p:;'(r,A,S/,s,)//;(r,^,s,)^Q, 
Jin 

= f py(r,A,S/,§,)/^(r,^,s,)cos^/dQ,:. (3.40) 
Jin 

On the other hand, the spectral, hemispherical irradiation is 

/^(r,/!,§,•) cos 6>/da,. (3.41) 
Jin 

If the surface were a perfect reflector, it would reflect all of Hx, and it would reflect it equally 
into all outgoing directions. Thus, for the ideal case, the outgoing intensity would be, fi-om equa-
tion (1.33), H^ln. Consequently, the spectral, hemispherical-directional reflectance is defined 
as 

p. (r,/i,Sr) = 77——7-7- = r-7 . (3.42) 
//,(r. A)In i /^^ /,(r, A, §0 cos 6^ dQ^ 

For the special case of diffuse irradiation (i.e., the incoming intensity does not depend on §,) 
equation (3.42) reduces to 

p f (r, i , s,) = r p';(r, i , §/, §,) cos 6^ dQi, (3.43) 
Jin 

which is identical to equation (3.37) if the reciprocity of the bidirectional reflection function, 
equation (3.35), is invoked. Thus, for diffiise irradiation, 

p f (r. A, §,) = p f (r, A, §,), §,• = - s „ (3.44a) 

or 
p f (r, A, Or. Iff,) = p f (r, A, 6; = 9,, ^, = ^,) , {3A4b) 
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that is, reciprocity exists between the spectral directional-hemispherical and hemispherical-direc-
tional reflectances for any given irradiation/reflection direction. Use of this fact is often made in 
experimental measurements: While the directional-hemispherical reflectance is of great practical 
importance, it is very difficult to measure; the hemispherical-directional reflectance, on the other 
hand, is not very important but readily measured (see Section 3.10). 

Finally, we define a spectral, hemispherical reflectance as the fraction of the total irradia-
tion from all directions reflected into all directions. From equation (3.36) we have the heat flux 
reflected into all directions for a single direction of incidence, §/, as 

pf(r,i,s,)//;(r,^,sOrf^/. 

Integrating this expression as well as i/j itself over all incidence angles gives 

J^^pf (r, A, %) H'^{Y, A, §,) d^i f^^pTir, ^. §/) h(r, i , §/) cos 0^ da, 
Piir, A) = ^^^^^ = ^^^^^ . (3.45) 

/2^7/;(r,.l,s,)rfa- J^jA{r,A,Si)coseidni 

If the incident intensity is independent of direction (diffuse irradiation), then equation (3.45) may 
be simplified again, and 

p^( r ,A)=- f pf(r,A,§/)cosOtdQi. (3.46) 
^ Jin 

Also, comparing the definitions of spectral, hemispherical absorptance and reflectance, we obtain, 
for an opaque surface, 

p , ( r , i ) = l - a ^ ( r , i ) . (3.47) 

Finally, as for emittance and absorptance we need to introduce spectrally-integrated or "total" 
reflectances. This is done by integrating numerator and denominator independently over the full 
spectrum for each of the spectral reflectances, leading to the following relations: 
Total, bidirectional reflection function 

. . , _ CPA(^^^>s/,Sr)hir,A,s/)dA 
(r,s/,Sr) - r°° 7 / 1 - ^^ l ' 

JQ li(r,A,Si)dA 
(3.48) 

Total, directional-hemispherical reflectance 

i pf ( r ,^ ,s0«r , . l , s / ) t /^ 
P ^ r , §/) = ^^ ' c o , , , . , , , ; (3.49) 

/ hit. A, Si) dA 

Total, hemispherical-directional reflectance 

Jo J2„h(r,AJdcose,d£lidA 

Total hemispherical reflectance 

Jo°°P,(r,^)/,^/,(r,A.§,)cosg,:^a-^.l 
p(r,Sr) = -r^^-i . (3.51) 

/o /2,/Kr,^,§0cos^/Jarf^ 
Reciprocity relations equations (3.35) and (3.44) hold also for total reflectances (subject to the 
same restrictions), as do the relations between reflectance and absorptance, equations (3.39) and 
(3.47). 

The rather confusing array of radiative property definitions and their interrelationships have 
been summarized in Table 3.1 (property definitions) and Table 3.2 (property interrelations). 
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TABLE 3.1 
Summary of definitions for radiative properties of surfaces. 

Property 

Emittance 
Spectral, directional 

hemispherical 

Total, directional 

hemispherical 

Absorptance 
Spectral, directional 

Total, directional 

hemispherical 

Reflectance 
Spectral, bidirectional 

directional-hemispherical 

hemispherical-directional 

hemispherical 

Total, bidirectional 

directional-hemispherical 

hemispherical-directional 

hemispherical 

Symbol 

6;(r,i,6^,^) 

6.(r , i) 

e'er, ft ̂ ) 

e(T) 

a:,(TaAifr) 

a,i(I^M*T,A) 

a'(/i„,r,6>,^) 

aJlin.T) 

p'^iT.AA.ilfi.Or.ilJr) 
p-(y,,in,r,^,ft,^,) 

f^(h,in.T,A,er.ilr,) 

P^lihm^T.A) 

p'\h,,,TA.^iA,^r) 

p'^(I,,.TA.^,) 

ff'il^JA.ilf,) 

piL.T) 

Equation 

(3.1) 

(3.4) 

(3.8) 

(3.10) 

(3.14) 

(3.17) 

(3.23) 

(3.27) 

(3.34) 

(3.37) 

(3.42) 

(3.45) 

(3.48) 

(3.49) 

(3.50) 

(3.51) 

Comments 

directional average oie\ 
(over outgoing directions) 
spectral average of ê^ 
(with IhA as weight factor) 
directional and spectral average of e'j 

depends on incoming intensity Tin 

directional average of a^ 
(over incoming directions) 
spectral average of or̂  
(with Ix^in as weight factor) 
directional and spectral average of o'', 

depends on incoming intensity 4, 
reflection function, 0 < p j < oo 

integral of p^' over outgoing 
directions 
directional average of p^' 
over incoming directions 
directional average of p^ 
(incoming and outgoing directions) 
spectral average of p^' 
(with lA,{n as weight factor) 
integral of p' ' over outgoing 
directions 
directional average of p " 
over incoming directions 
directional and spectral 
average of p'J^ 

3,3 PREDICTIONS FROM 
ELECTROMAGNETIC WAVE THEORY 

In Chapter 2 we developed in some detail how the spectral, directional-hemispherical reflectivity 
of an optically smooth interface (specular reflector) can be predicted by the electromagnetic wave 
and dispersion theories. Before comparing such predictions with experimental data, we shall 
briefly summarize the resuhs of Chapter 2. 

Consider an electromagnetic wave traveling through air (refractive index = 1), hitting the 
surface of di conducting medium (complex index of refraction m = n- ik) at an angle of î with 
the surface normal (cf. Fig. 3-6). FresneVs relations predict the reflectivities for parallel- and 
perpendicular-polarized light from equations (2.106) through (2.112),^ as 

^1 = 
(/7-sin^i tan^i)^ + ̂ ^ 

(/? + sin^i XanOxY •¥ q-:P±^ (3.52) 

^For simplicity of notation we shall drop the superscripts ' 
there is no possibility of confusion. 

' for the directional-hemispherical reflectivity whenever 
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TABLE 3.2 
Summary of relations between radiative properties of surfaces* 

Property Relation Restrictions 

Spectral, a\{T, A, 6>, ^) = 1 - p[^{T, A, 0, if/) 
directional 

opaque surfaces {0, ij/ - incoming directions) 

none {6, tfr = outgoing directions) 

Spectral, aAT. A) = 1 - p^^(T, A) 
hemispherical 

= e,(T.A) 

opaque surfaces (values depend on directional 
distribution of source) 
irradiation and/or e'^ independent of direction 
(diffuse) 

Total, 
directional 

= 6'(r,6/,^) 

opaque surfaces (values depend on spectral dis-
tribution of source) 
6j independent of wavelength (gray) 

source is gray with source temperature T,., and 
e'j is independent of T, or Ts - T 

Total, a ( r ) = l - - p ( r ) 
hemispherical 

= €{T) 

opaque surfaces (values depend on spectral and 
directional distribution of source) 
6̂  independent of wavelength and direction 
(gray and diffuse) 
source is gray and diffuse with source tempera-
ture Tg, and €'^ is independent of T, oxTs-T 

Plane of equal phase and amplitude 

Pl^e of 
equal amplitude 

Plane of equal 
FIGURE 3-6 
Transmission and reflection at an in-
terface between air and an absorb-
ing medium. 
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Px = 
(cos^i -pf -^(f-

(cos^i +/?)^ + ^^' 

where 

P =2 

(3.53) 

(3.54) 

(3.55) 

Nonreflected light is refracted into the medium, traveling on at an angle of 62 with the surface 
normal, as predicted by the generalized Snell's law, from equation (2.107), 

ptan62 = sin 01. (3.56) 

For normal incidence î = 6̂2 = 0, and equations (3.52) through (3.55) simplify to p = n, q = k, 
and 

PrtA =P\\=P± = 
(n-lf+k^ 
(«+l)2+)fc2-

If the incident radiation is unpolarized, the reflectivity may be calculated as an average, i.e., 

(3.57) 

p = 2 0^1+PJ-

For a dielectric medium (k = 0), p^ = rp- - sin^ 6\, and Snell's law becomes 

nsinOz = sin^i. 

Therefore, p = ncos62 and, with ^ = 0, Fresnel's relations reduce to 

_ /cosft - « c o s f t \ 
"' \cosft •¥ncos9i) 

IcOSOi -A2C0Sft\^ 
"̂  \ COS 6\ -\- n cos $2 ) 

(3.58) 

(3.59) 

(3.60a) 

(3.60fe) 

Except for the section on semitransparent sheets, in this chapter we shall be deahng with 
opaque media. For such media p + or = 1 and, from Kirchhoff's law, 

<I = ^ = I~P:;- (3.61) 

To predict radiative properties from electromagnetic wave theory, the complex index of refrac-
tion, m, must be known, either from direct measurements or from dispersion theory predictions. 
In the dispersion theory the complex dielectric function, s = s" - ie'\ is predicted by assuming 
that the surface material consists of harmonic oscillators interacting with electromagnetic waves. 
The complex dielectric function is related to the complex index of refraction by e = w^, or 

where 

e =—, € = ; 

(3.62a) 

(3.626) 
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e is the electrical permittivity, eo its value in vacuum, and c^ is the mediian's electrical conductiv-
ity. Both e and <̂  are functions of the frequency of the electromagnetic wave v. For an isolated 
oscillator (nonoverlapping band) e is predicted by the Lorentz model, equation (2.135), as 

where eo is the contribution to s^ from bands at shorter wavelengths, v/ is the resonance frequency, 
Vpi is called the plasma frequency and %• is an oscillation damping factor. If these three constants 
can be determined or measured, then n and k can be predicted for all frequencies (or wavelengths) 
from equation (3.62), and the radiative properties can be calculated for all frequencies (or wave-
lengths) and all directions from equations (3.52) through (3.55). 

3,4 RADIATIVE PROPERTIES OF METALS 

In this section we shall briefly discuss how the radiative properties of clean and smooth metallic 
surfaces (i.e., electrical conductors) can be predicted from electromagnetic wave theory and dis-
persion theory, and how these predictions compare with experimental data. The variation of the 
spectral, normal reflectance with wavelength and total, normal properties will be examined, fol-
lowed by a discussion of the directional dependence of radiative properties and the evaluation of 
hemispherical reflectances (and emittances). Finally, we will look at the temperature dependence 
of spectral as well as total properties. 

Wavelength Dependence of Spectral, Normal 
Properties 
Metals are in general excellent electrical conductors because of an abundance of free electrons. 
Drude [13] developed an early theory to predict the dielectric function for free electrons that is 
essentially a special case of the Lorentz model: Since free electrons do not oscillate but propagate 
freely, they may be modeled as a "spring" with a vanishing spring constant leading to a resonance 
frequency of v/ = 0. Thus the Drude theory for the dielectric fxmction for free electrons follows 
from equation (3.63) as 

^'(v) = 80- ^ - ^ , (3.64a) 

y(y2 ^ y2) • ^"(^) - -^:rZZ2-v (3.64Z,) 

Figure 3-7 shows the spectral, normal reflectivity of three metals—aluminum, copper, and 
silver. The theoretical lines are from Ehrenreich and coworkers [14] (aluminum) and Ehrenreich 
and Phillip [15] (copper and silver), who semiempirically determined the values of the unknowns 
eo, Vp and y in equation (3.64). The experimental reflectance data are taken from Shiles and 
coworkers [16] (aluminum) and Hagemann and coworkers [17] (copper and silver). The agree-
ment between experiment and theory in the infrared is very good. For wavelengths A > 1 //m the 
Drude theory has been shown to represent the reflectivity of many metals accurately, if samples 
are prepared with great care. Discrepancies are due to surface preparation methods and the limits 
of experimental accuracy. Aluminum has a dip in reflectivity centered at ~ 0.8//m; this is due 
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FIGURE 3-7 
Spectral, normal reflectivity at room temperature for aluminum, copper, and silver. 

to bound electron transitions that are not considered by the Drude model. Since y <^ Vp always, 
there exists for each metal a frequency in the vicinity of the plasma frequency, v =^ Vp, where 
e' = 1 and e" «: 1 or « ^ 1, A: «: 1: This fact implies that many metals neither reflect nor absorb 
radiation in the ultraviolet near v ,̂ but are highly transparent! 

For extremely long wavelengths (very small frequency y), we find from equations (3.64) and 
(2.130) that 

s = 
v^ 
"> ĉ  

V <$: 7 , 
vy Inveo' 

where (̂  is the (in general, frequency-dependent) electrical conductivity, and 

(Te = 2n€Q\P:ly - const = Odc. 

(3.65) 

(3.66) 

Note that at the long-wavelength limit the electrical conductivity becomes independent of wave-
length and is known as the dc-conductivity. Since the dc-conductivity is easily measured it is 
advantageous to recast equation (3.64) as 

e(v) = £0 

£ =^ So 

€ = 

Odcy/2;r6o 

v(v + iy) ' 
cr^cy/2n€o 

y(y2 4. y2) • 

(3.67a) 

(3.67Z>) 

(3.67c) 

Room temperature values for electrical resistivity, l/cr^c, and for electron relaxation time, l/2;r7, 
have been given by Parker and Abbott [18] for a number of metals. They have been converted 
and are reproduced in Table 3.3. Note that these values differ appreciably from those given in 
Fig. 3-7. No values for €0 are given; however, the influence of SQ is generally negligible in the 
infrared. Extensive sets of spectral data for a large number of metals have been collected by Ordal 
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TABLE 3.3 

Inverse relaxation times 
temperature [18]. 

and dc electrical conductivities for various metals at room 

Metal 

Lithium 
Sodium 
Potassium 
Cesium 
Copper 
Silver 
Gold 
Nickel 
Cobalt 
Iron 
Palladium 

1 Platinum 

y,Hz 

1.85x10'^ 
5.13xl0'2 
3.62 X 10>2 
7.56xl0'2 
5.89xl0'2 
3.88 X 10'2 
5.49 X 10'2 
1.62x10'^ 
1.73xl0'3 
6.63 X 10'2 
1.73 xlO>^ 
1.77x10'^ 

cTdcQ 'cm ' 

1.09 xlO-"' 
2.13 xlO^ 
1.52x10^ 
0.50 X 10' 
5.81 xlO^ 
6.29 X 10^ 
4.10 xlO^ 
1.28 xlO^ 
1.02x10-'' 
1.00 xlO^ 
0.91 X 10' 
1.00x10^ 

Vp = a-dcj/2Keo,H.z^ 

3.62 X 10^" 
1.96x10^0 
9.88 X lO^' 
6.78 X 10^' 
6.14 xlO^" 
4.38 X 10 °̂ 
4.04x10^" 
3.72 X 10 °̂ 
3.17 xlO^" 
1.19x10^" 
2.83 X lO^" 
3.18x10^0 

and coworkers [19] (for a smaller number of metals they also give the Drude parameters, which 
are also conflicting somewhat with the data of Table 3.3), while a hsting of spectral values of the 
complex index of refraction for a large numbers of metals and semiconductors has been given in 
a number of handbooks [20-23]. 

For long wavelengths equation (3.62) may be simplified considerably, since for such case, 
6:" » |e'|, and it follows that 

! ^ « e'72 = CTdc 
» 1 , (3.68) 

4;rv6o 4;rc()6() 

where AQ is the wavelength in vacuum. Substituting values for the universal constants co and 6o, 
equation (3.68) becomes 

n^k^ A/30/̂ )cr(ic, AQ in cm, OHC in Q"^cm~\ (3.69) 

which is known as the Hagen-Ruhens relation [24]. For comparison, results from equation (3.69) 
are also included in Fig. 3-7. It is commonly assumed that the Hagen-Rubens relation may be 
used for AQ > 6//m, although this assumption can lead to serious errors, in particular as far as 
evaluation of the index of refraction is concemed. While equation (3.69) is valid for the metal 
being adjacent to an arbitrary material, we will—for notational simplicity—assume for the rest of 
this discussion that the adjacent material has a refractive index of unity (vacuum or gas), that is, 
Ao = A, 

Substituting equation (3.69) into equation (3.57) leads to 

2rp- - 2« + 1 
"̂̂ ^ 2 « 2 + 2 « + r 

€„A = I- A 
4« 

'nA 2«2 + 2w + 1 

Since n » 1 equation (3.71) may be further simplified to 

2 2 
^nA 

(3.70) 

(3.71) 

(3.72a) 

and, with equation (3.69), to 
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enx ^ , - 771—» ^ in cm, Odc in Q ^ cm~^ (3.726) 
V30/I(7dc 15/1 Ode 

This 1/Vi dependence is not predicted by the Drude theory (except for the far infrared), nor is it 
observed with optically smooth surfaces. However, it often approximates the behavior of polished 
(i.e., not entirely smooth) surfaces. 

Example 3.3. Using the constants given in Fig. 3-7 calculate the complex index of refraction and the 
normal, spectral reflectivity of silver at A = 6.2/xm, using (a) the Drude theory, and (b) the Hagen-
Rubens relation. 

Solution 
(a) From Fig. 3-7 we have for silver e^ = 3.4, v^ = 111 x 10̂ *' Hz and y = 4.30 x 10̂ ^ Hz. Substituting 
these into equation (3.64) with v = co//l = 2.998 x 10* m/s x (10Vm/m)/6.2yLim = 4.84 x 10̂ ^ Hz, we 
obtain 

(2.22x10^5)2 

e" = 2087x4.30x10^74.84x10^^ = 185.1. 

The complex index of refraction follows from equation (3.62) as 

«2 = i (^2084 + V20842 +185.12) = 4.102, 

2̂ = i (2084 + V20842 + 185.12) = 2088, 

or /t = 2.03 and k = 45J. Finally, the normal reflectivity follows from equation (3.57) as 

_ (1-2.03)^+45.7^ _pg 

(b) Using the Hagen-Rubens relation we find, from equation (3.66), that 

(Tde = 2;rx 8.8542 xl0-^2^_^^></2.22x 10̂ ^ Hz) 74.30x10^2^^2 
Nm^ \ / 

C2 
= 6.376x10^-—5- =6.376xl0^a-^m-^ = 6.376x10^ Q-^cm'^ 

Nm^s 

Substituting this value into equation (3.69) yields 

Ai = A: = V30x 6.2x10-4x6.376x105 = 108.9, 

and 

The two sets of results may be compared with experimental results of« = 2.84, k = 45.7 andp„ j = 0.995 
[17]. At first glance the Hagen-Rubens prediction for p„̂  appears very good because, for any A: » 1, 
p„^ V 1. The values for n and k show that the Hagen-Rubens relation is in serious error even at a 
relatively long wavelength of/I = 6.2//m. 

Total Properties for Normal Incidence 
The total, normal reflectance and emittance may be evaluated from equation (3.8), with spectral, 
normal properties evaluated from the Drude theory or from the simple Hagen-Rubens relation. 
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FIGURE 3-8 
Total, normal emittance of various polished metals as function of temperature [18]. 

While the Hagen-Rubens relation is not very accurate, it does predict the emittance trends cor-
rectly in the infrared, and it does allow an explicit evaluation of total, normal emittance. Substi-
tuting equation (3.72) into equation (3.8) leads to an integral that may be evaluated in a similar 
fashion as for the total emissive pov^er, equation (1.19), and, retaining the first three terms of the 
series expansion 

€„ = 0.578(r/odc)^/^ -0.178(r/0dc) +0.0584(r/(7dc)^/2^ T inK, cr^, in Q'^cm'^ (3.73) 

Of course, equation (3.73) is only valid for small values of (r/crdc)i i-c, the temperature of the 
surface must be such that only a small fraction of the blackbody emissive pov^er comes from 
short w^avelengths (where the Hagen-Rubens relation is not applicable). For pure metals, to a 
good approximation, the dc-conductivity is inversely proportional to absolute temperature, or 

OlUc = ^ref-
^ef (3.74) 

Therefore, for low enough temperatures, the total, normal emittance of a pure metal should be ap-
proximately linearly proportional to temperature. Comparison with experiment (Fig. 3-8) shows 
that this nearly linear relationship holds for many metals up to surprisingly high temperatures; for 
example, for platinum (r/crdc) '̂'̂  = 0.5 corresponds to a temperature of 2700 K. It is interesting 
to note that spectral integration of the Drude model results in 30% to 70% lower total emissivities 
for all metals and, thus, fails to follow experimental trends. Such integration was carried out by 
Parker and Abbott [18] in an approximate fashion. They attributed the discrepancy to imperfec-
tions in the molecular lattice induced by surface preparation and to the anomalous skin effect [25], 
both of which lower the electrical conductivity in the surface layer. 

Directional Dependence of Radiative Properties 
The spectral, directional reflectivity at the interface between an absorber and a nonabsorber is 
given by Fresnel's relations, (3.52) through (3.55). Since, in the infrared, n and k are generally 
fairly large for metals one may with little error neglect the sin^ 9\ in equations (3.54) and (3.55), 
leading to p ^ n and q =^ k. Then, from equations (3.52) and (3.53) the reflectivities for parallel-
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FIGURE 3-9 
Spectral, directional reflectance of platinum 
aXA = 2fim. 

and perpendicular-polarized light are evaluated from"̂  

(n c o s ^ - If +(kcosef 
^' "" (/2Cos(9+l)2+(^cos6>)2' 

(n-cosef-\-lc^ 
^^ ~ (n + cosey + B' 

The directional, spectral emissivity (unpolarized) follows as 

(3.75a) 

(3.75ft) 

(3.76) 

and is shown (as reflectance) in Fig. 3-9 for platinum at A = 2/im. The theoretical line for 
room temperature has been calculated with n = 5.29, k = 6.71 from [23]. Comparison with 
experimental emittances of Brandenberg [26], Brandenberg and Clausen [27], and Price [28] 
demonstrates the vahdity of Fresnel's relations.^ 

Equation (3.75) may be integrated analytically over all directions to obtain the spectral, hemi-
spherical emissivity from equation (3.5). This was done by Dunkle [29] for the two different 
polarizations, resulting in 

1̂1 = 
Sn 

«2+F 

8« 1 - rt In 
(AZ+1)^+)^ (n^-^) 

w2+F "̂  k tan 
w(«+l)+F 

Q = ^(^ll + ^i-)-

(3.77a) 

(3.776) 

(3.77c) 

Figure 3-10, from Dunkle [30], is a plot of the ratio of the hemispherical and normal emissivities, 
^A/^HA' For the case of k/n = 1 the dashed line represents results from equation (3.77), while the 
solid Hnes were obtained by numerically integrating equations (3.52) through (3.55). For k/n > 1 

"̂ The simple form forp|j used here is best obtained from the reflection coefficient given by equation (2.110) by neglect-
ing sin'̂  Oi and canceling m = n~ ik from both numerator and denominator. 
^In the original figure of Brandenberg and Clausen [27] older values for n and k were used that gave considerably 

worse agreement with experiment. 
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FIGURE 3-10 
Ratio of hemispherical and normal spectral emissivity for electrical conductors as a function of« and k [30]. 

the two lines become indistinguishable. Hering and Smith [31] reported that equation (3.77) is 
accurate to within 1-2% for values oirp- -^J^ larger than 40 and 3.25, respectively. In view of 
the large values that n and, in particular, k assume for metals, equation (3.77) is virtually always 
accurate to better than 2% for metals in the visible and infrared wavelengths. For the reader's 
convenience the function emmet is included in Appendix F for the evaluation of equation (3.77). 

Example 3.4. Determine the spectral, hemispherical emissivity for room-temperature nickel at a wave-
length of A = lO/im, using (a) the Drude theory, (b) the Hagen-Rubens relation. 

Soiu^on 
We first need to determine the optical constants n and k from either theory, then calculate the hemispher-
ical emissivity from equation (3.77) or read it from Fig. 3-10. 

(a) Using values for nickel from Table 3.3 in equation (3.64), we find with v = co/A = 2.998 x 
10«m/s/10--' m = 2.998 x 10̂ ^ Hz, 

e' = 1.0 - 3.72 X 10-'7[(2.998 x 10'^)^ + (1.62 x 10'')^] = 1 - 3204 = -3203, 

d' = 3204 X 1.62 X 10^72.998 x 10̂ ^ = 1731, 

rf- = 0.5 X (-3208+ V32082 + 17312) = 219, 

and 

]^ = 0.5 X (3208 + V32082 + 17312) = 3422, 

n = 14.8, k = 58.5, kin = 58.5/14.8 = 3.95. 

To use Fig. 3-10 we first determine p„| as 

PnX 
13.82 + 58.52 
15.82 + 58.52 

= 0.984, 

and 

enx = l - p „ , =0.016. 

From Fig. 3-10 exh^x - 1.29 and, therefore, ex ̂  0.021. 
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Total, hemispherical emittance of various polished metals as function of temperature [18]. 

0.6 

(b) Using the Hagen-Rubens relation we find, from equation (3.72), 

2 1 
^nX • 

V30x 10-^x1.28x10-^ 15 x 10-̂  x 1.28 x 10-̂  
= 0.032. 

Further, with n ^ k ^ V30x 10"-̂  x 1.28 x 10̂  = 62.0, we obtain from Fig. 3-10 exienx ^ 1.275 and 
6^=^0.041. 

The answers from both models differ by a factor of ~2. This agrees with the trends shovm in Fig. 3-7. 

Theoretical values for total, directional emissivities are obtained by (numerical) integration of 
equations (3.75) and (3.76) over the entire spectrum. The directional behavior of total emissivities 
is similar to that of spectral emissivities, as shown by the early measurements of Schmidt and 
Eckert [9], as depicted in Fig. 3-lfe in a polar diagram (as opposed to the Cartesian representation 
of Fig. 3-9). The emittances were determined from total radiation measurements from samples 
heated to a few hundred degrees Celsius. 

Total, Hemispherical Emittance 

Equation (3.77) may be integrated over the spectrum using equation (3.10), to obtain the total, 
hemispherical emittance of a metal. Several approximate relations, using the Hagen-Rubens 
limit, have been proposed, notably the ones by Davisson and Weeks [32] and by Schmidt and 
Eckert [9]. Expanding equation (3.77) into a series of powers of Xjn (with n = k :^ 1), Parker 
and Abbott [18] were able to integrate equation (3.77) analytically, leading to 

e{T) = 0.766(r/o"dc)^/^~ [0.309 ~ 0.0889 ln(T/(rdc)](T/a"dc) 
-0.0175(^/(7dc)^/^ r in K, Ode in Qr^cm-\ (3.78) 

As for the total, normal emittance the total, hemispherical emittance is seen to be approximately 
linearly proportional to temperature (since a"dc oc 1/r) as long as the surface temperature is rela-
tively low (so that only long wavelengths are of importance, for which the Hagen-Rubens relation 
gives reasonable results). Emittances calculated from equation (3.78) are compared with experi-
mental data in Fig. 3-11. Parker and Abbott also integrated the series expansion of equation (3.77) 
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with n and k evaluated from the Drude theory. As for normal emissivities, the Drude model pre-
dicts values 30-70% lower than the Hagen-Rubens relations, contrary to experimental evidence 
shown in Fig. 3-11. Again, the discrepancy was attributed to lattice imperfections and to the 
anomalous skin effect. 

Effects of Surface Temperature 

The Hagen-Rubens relation, equation (3.72), predicts that the spectral, normal emittance of a 
metal should be proportional to 1/ sfa^. Since the electrical conductivity is approximately in-
versely proportional to temperature, the spectral emittance should, therefore, be proportional to 
the square root of absolute temperature for long enough wavelengths. This trend should also hold 
for the spectral, hemispherical emittance. Experiments have shown that this is indeed true for 
many metals. A typical example is given in Fig. 3-12, showing the spectral dependence of the 
hemispherical emittance for tungsten for a number of temperatures [33]. Note that the emittance 
for tungsten tends to increase with temperature beyond a crossover wavelength of approximately 
1.3 /im, while the temperature dependence is reversed for shorter wavelengths. Similar trends of 
a single crossover wavelength have been observed for many metals. 

The total, normal or hemispherical emittances are calculated by integrating spectral values 
over all wavelengths, with the blackbody emissive power as weight function. Since the peak 
of the blackbody emissive power shifts toward shorter wavelengths with increasing temperature, 
we infer that hotter surfaces emit a higher fraction of energy at shorter wavelengths, where the 
spectral emittance is higher, resulting in an increase in total emittance as demonstrated in Figs. 3-8 
and 3-11. Since the crossover wavelength is fairly short for many metals, the Hagen-Rubens 
temperature relation often holds for surprisingly high temperatures. 

3.5 RADIATIVE PROPERTIES OF 
NONCONDUCTORS 
Electrical nonconductors have few free electrons and, thus, do not display the high reflectance and 
opaqueness behavior across the infrared as do metals. The radiative properties of pure noncon-
ductors are dominated in the infrared by photon-phonon interaction, i.e., by the photon excitation 
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Spectral, normal reflectivity of a-SiC at room temperature [34]. 

22 

of the vibrational energy levels of the solid's crystal lattice. Outside the spectral region of strong 
absorption by vibrational transitions there is generally a region of fairly high transparency (and 
lov^ reflectance), where absorption is dominated by impurities and imperfections in the crystal 
lattice. As such, these spectral regions often show irregular and erratic behavior. 

Wavelength Dependence of Spectral, Normal 
Properties 
The spectral behavior of pure, crystalline nonconductors is often well described by the single 
oscillator Lorentz model of equation (3.63). One such material is a-SiC (sihcon carbide), a high-
temperature ceramic of ever increasing importance. The spectral, normal reflectivity of pure, 
smooth a~SiC at room temperature is shown in Fig. 3-13, as given by Spitzer and coworkers [34]. 
The theoretical reflectivity in Fig. 3-13 is evaluated from equations (3.63), (3.62) and (3.57) with 
£() = 6.7, Vpi = 4.327 X 10̂ ^ Hz, v, = 2.380 x 10̂ ^ Hz, y,- = 1.428 x 10̂ * Hz. Agreement between 
theory and experiment is superb for the entire range between 2/im and 22 fjm. Inspection of 
equations (3.63) and (3.62) shows that outside the spectral range 10/im < A< 13//m (or 2.5x10^-^ 
Hz > V > 1.9 x 10̂ ^ Hz), a-SiC is essentially transparent (absorptive index k ^ I) and weakly 
reflecting. Within the range of 10/im < A < 13fim or-SiC is not only highly reflecting but 
also opaque (i.e., any radiation not reflected is absorbed within a very thin surface layer, since 
k > I). The reflectivity drops ofi" sharply on both sides of the absorption band. For this reason 
materials such as a-SiC are sometimes used as bandpass filters: If electromagnetic radiation is 
reflected several times by an a-SiC mirror, the emerging light will nearly exclusively lie in the 
spectral band \0/um< A < 13/im. This effect has led to the term Reststrahlen band (German for 
"remaining rays") for absorption bands due to crystal vibrational transitions. 

Not all crystals are well described by the single oscillator model since two or more diff'erent 
vibrational transitions may be possible and can result in overlapping bands. Magnesium oxide 
(MgO) is an example of material that can be described by a two-oscillator model (two overlapping 
bands), as Jasperse and coworkers [35] have shown (Fig. 3-14). The theoretical reflectivities are 
obtained with the parameters for the evaluation of equation (3.63) given in the figure. Note that 
for the calculation of £r' and £", equation (3.63) needs to be summed over both bands, / = 1 and 
2. From a quantum viewpoint, the second, weaker oscillator is interpreted as the excitation of two 
phonons by a single photon [36]. 
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Spectral, normal reflectivity of MgO at room temperature [35]. 
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Since the radiative properties outside a Reststrahlen band depend strongly on defects and 
impurities they may vary appreciably from specimen to specimen and even between different 
points on the same sample. For example, the spectral, normal reflectance of silicon at room 
temperature is show n̂ in Fig. 3-15 (redrawn from data collected by Touloukian and DeWitt [7]). 
Strong influence of different types and levels of impurities is clearly evident. Therefore, looking 
up properties for a given material in published tables is problematical unless a detailed description 
of surface and material preparation is given. 

Equation (3.63) demonstrates that—outside a Reststrahlen band—e" and, therefore, the ab-
sorptive index ^ of a nonconductor are very small; typically k < 10"^ for a pure substance. While 
impurities and lattice defects can increase the value of ^, it is very unlikely to find values of 
k > 10"^ for a nonconductor outside Reststrahlen bands. At first glance it might appear, there-
fore, that all nonconductors must be highly transparent in the near infrared (and the visible). That 
this is not the case is readily seen from equation (1.51), which relates transmissivity to absorption 
coefficient. This, in turn, is related to the absorptive index through equation (2.42): 

r = e'"^^ = e~^"^^^'^ (3.79) 

For a 1 mm thick layer of a material with k = 10"^ at a wavelength (in vacuum) of/lo = 2//m, 
equation (3.79) translates into a transmissivity of r = exp(-4;r x 10"-̂  x 1/2 x lO""̂ ) = 0.002, i.e., 
the layer is essentially opaque. Still, the low values of ^ allow us to simplify Fresnel's relations 
considerably for the reflectivity of an interface. With ^ «: (« - 1)̂  the nonconductor essentially 
behaves like a perfect dielectric and, from equation (3.57), the spectral, normal reflectivity may 
be evaluated as 

PnA 
( ^ ) -

e «: n (3.80) 

Therefore, for optically smooth nonconductors the radiative properties may be calculated from 
refractive index data. Refractive indices for a number of semitransparent materials at room tem-
perature are displayed in Fig. 3-16 as a function of wavelength [20]. All these crystalline materials 
show similar spectral behavior: The refractive index drops rapidly in the visible region, then is 
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nearly constant (declining very gradually) until the midinfrared, where n again starts to drop 
rapidly. This behavior is explained by the fact that crystalline solids tend to have an absorption 
band, due to electronic transitions, near the visible, and a Reststrahlen band in the infrared: The 
first drop in n is due to the tail end of the electronic band, as illustrated in Fig. 2-76;^ the sec-
ond drop in the midinfrared is due to the beginning of a Reststrahlen band. Listings of refractive 
indices for various glasses, water, inorganic liquids and air are also available [23]. 

Directional Dependence of Radiative Properties 
For optically smooth nonconductors experiment has been found to follow Fresnel's relations of 
electromagnetic wave theory closely. Figure 3-17 shows a comparison between theory and exper-
iment for the directional reflectivity of glass (blackened on one side to avoid multiple reflections) 
for polarized, monochromatic irradiation [26]. Because ki^ «: «^, the absorptive index may be 
eliminated from equations (3.52) and (3.53), and the relations for a perfect dielectric become 
valid. Thus, for unpolarized light incident from vacuum (or a gas), from equations (3.59) and 
(3.60) 

l - ^ ( a + P x ) = l - ^ 
n^ cos6 ~ yrfi - sin^ o) 

^n^cos6'\- V«^ -sin^^J 

I cos 6 - yrfi - sin^ 0 \ 

Vcos^H- V«^ ~ sin^6^j 
. (3.81) 

Of course, the spectral, directional reflectivity for a dielectric can also be calculated from subrou-
tine f resnel in Appendix F by setting k equal to zero. The directional variation of the spectral 
emissivity of dielectrics is shown in Fig. 3-18. Comparison with Fig. 3-1 demonstrates that exper-
iment agrees well with electromagnetic wave theory for a large number of nonconductors, even 
for total (rather than spectral) directional emittances. 

The spectral, hemispherical emissivity of a nonconductor may be obtained by integrating 
equation (3.81) with equation (3.5). While tedious, such an integration is possible, as shown by 
Dunkle [30]: 

_ A{2n -f 1) 

^" ~ 3 (AI+1)2 ' 
(3.82a) 

^Note that the abscissa in Fig. 1-lh is frequency v, i.e., wavelength increases to the left. 
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(3.82c) 

The variation of normal and hemispherical emissivities with refractive index may be calculated 
with functions emdiel (e,]) and emdielr (6^/6,^) from Appendix F and is shown in Fig. 3-19. 
While for metals the hemispherical emittance is generally larger than the normal emittance (cf. 
Fig. 3-10), the opposite is true for nonconductors. The reason for this behavior is obvious from 
Fig. 3-1: Metals have a relatively low emittance over most directions, but display a sharp in-
crease for grazing angles before dropping back to zero. Nonconductors, on the other hand, have 
a (relatively high) emittance for most directions, which gradually drops to zero at grazing angles 
(without a peak). 

Example 3.5. The directional reflectance of silicon carbide dX A - 2^m and an incidence angle of 
^ = 10° has been measured asp^ = 0.20 (cf Fig. 3-13). What is the hemispherical emittance of SiC at 

Solution 
Since at ^ = 10° the directional reflectance does not deviate substantially from the normal reflectance 
(cf Fig. 3-18), we have e,,,̂  = 1 - A,< ^ 1 - 0.20 = 0.80. Then, from Fig. 3-19, n ^ 2.6 and €x ^ 0.76. 

Effects of Surface Temperature 
The temperature dependence of the radiative properties of nonconductors is considerably more 
diflUcult to quantify than for metals. Infrared absorption bands in ionic solids due to excitation 
of lattice vibrations {Reststrahlen bands) generally increase in width and decrease in strength 
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Normal and hemispherical emissivities for nonconductors as function of refractive index. 

with temperature, and the wavelength of peak reflection/absorption shifts toward higher values. 
Figure 3-20 shows the behavior of the MgO Reststrahlen band [35]; similar results have been 
obtained for SiC [37]. The reflectance for shorter wavelengths largely depends on the material's 
impurities. Often the behavior is similar to that of metals, i.e., the emittance increases with 
temperature for the near infrared, while it decreases with shorter wavelengths. As an example. 
Fig. 3-21 shows the normal emittance for zirconium carbide [38]. On the other hand, the emittance 
of amorphous solids (i.e., solids without a crystal lattice) tends to be independent of temperature 
[39]. 

3-6 EFFECTS OF SURFACE ROUGHNESS 

Up to this point, our discussion of radiative properties has assumed that the material surfaces 
are optically smooth, i.e., that the average length scale of surface roughness is much less than 
the wavelength of the electromagnetic wave. Therefore, a surface that appears rough in visible 
light {A ̂  0.5//m) may well be optically smooth in the intermediate infrared {A ^ 50/j,m). This 
difference is the primary reason why the electromagnetic wave theory ceases to be valid for very 
short wavelengths. 

In this section we shall very briefly discuss some fundamental aspects of how surface rough-
ness aff'ects the radiative properties of opaque surfaces. Detailed discussions have been given in 
the books by Beckmann and Spizzichino [40] and Bass and Fuks [41], and in a review article by 
Ogilvy [42] 

The character of roughness may be very diff'erent from surface to surface, depending on the 
material, method of manufacture, surface preparation, and so on, and classification of this char-
acter is difficult. A common measure of surface roughness is given by the root-meansquare 
roughness Ch, defined as (cf. Fig. 3-22) 

a, = [{(z ̂  zj)]'^' = \j jjiz ~ zj dA 
1/2 

(3.83) 

where A is the surface to be examined, and k - Z;̂ ,| is the local height deviation from the mean. 
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FIGURE 3-22 
Topography of a rough surface: (a) Roughness with gradual slopes, (b) roughness with steep slopes. Both surfaces have 
similar root-mean-square roughness. 

The root-mean-square roughness can be readily measured with a profilometer (a sharp stylus 
that traverses the surface, recording the height fluctuations). Unfortunately, CT/, alone is woefully 
inadequate to describe the roughness of a surface as seen by comparing Fig. 3-22a and h. Surfaces 
of identical (X/, may have vastly different frequencies of roughness peaks, resulting in different 
average slopes along the rough surface; in addition, cr/, gives no information on second order (or 
higher) roughness superimposed onto the fundamental roughness. 

A first pubUshed attempt at modeling was made by Davies [43], who applied diffraction theory 
to a perfectly reflecting surface with roughness distributed according to a Gaussian probability 
distribution. The method neglects shading from adjacent peaks and, therefore, does poorly for 
grazing angles and for roughness with steep slopes (Fig. 3-22&). Comparison with experiments of 
Bennett [44] shows that, for small incidence angles, Davies' model predicts the decay of specular 
peaks rather well (e.g.. Fig. 3-14 for MgO). 

Davies' model predicts a sharp peak in the bidirectional reflection function, p^', for the spec-
ular reflection direction, as has been found to be true experimentally for most cases as long as the 
incidence angle was not too large (e.g.. Fig. 3-5). For large off-normal angles of incidence, ex-
periment has shown that the bidirectional reflectance function has its peak at polar angles greater 
than the specular direction. An example is given in Fig. 3-23 for magnesium oxide with a rough-
ness of CT/i = 1.9//m, illuminated by radiation with a wavelength of/I = 0.5/zm. Shown is the 
bidirectional reflection function (normalized with its value in the specular direction) for the plane 
of incidence (the plane formed by the surface normal and the direction of the incoming radia-
tion). We see that for small incidence angles {Oi =10°) the reflection function is relatively diffuse, 
with a small peak in the specular direction. For comparison, diffuse reflection with a direction-
independent reflection function is indicated by the dashed line. For larger incidence angles the 
reflection function displays stronger and stronger off-specular peaks. For exarnple, for an inci-
dence angle of 6>/ = 45°, the off-specular peak lies in the region of ^ = 80° to 85°. Apparently, 
these off-specular peaks are due to shadowing of parts of the surface by adjacent peaks. The 
effects of shadowing have been incorporated into the model by Beckmann [45] and Torrance and 
Sparrow [46]. With the appropriate choice for two unknown constants, Torrance and Sparrow 
found their model agreed very well with their experimental data (Fig. 3-23). 

The above models assumed that the surfaces have a certain root-mean-square roughness, but 
that they were otherwise random—no attempt was made to classify roughness slopes, secondary 
roughness, etc. Berry and coworkers [47,48] considered diffraction of radiation from fractal 
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surfaces. The behavior of fractal surfaces is such that the enlarged images appear very similar to 
the original surface when the surface roughness is repeatedly magnilSed (Fig. 3-22/?). Majumdar 
and colleagues [49,50] carried out roughness measurements on a variety of surfaces and found 
that both processed and unprocessed surfaces are generally fractal. Majumdar and Tien [51] 
extended Davies' theory to include fractal surfaces, resulting in good agreement for experiments 
with different types of metallic surfaces [52,53]. However, since shadowing effects have not been 
considered, the model is again limited to near-normal incidence. 

Buckius and coworkers [54-57] have investigated various one-dimensionally rough surfaces 
(i.e., where surface height is a function of one coordinate only, z = z(x) in Fig. 3-23), including 
the effects of roughness peak frequency (or slopes). For a randomly rough surface peak-to-peak 
spacing is usually characterized by a correlation length cri in a Gaussian correlation function C(L), 
where L is the length over which the correlation diminishes by a factor of e, or 

C(L) = j^{{z(x) :){z{x^L)-Zr,))^e<''^^^. (3.84) 

They first considered triangular grooves with roughnesses (Th^cri and wavelength A all of the 
same order, finding the bidirectional reflectance by solving an integral form of Maxwell's equa-
tions. They found that these exact solutions predict the same scattering peaks as found from 
optical grating theory. They then applied their model to randomly rough surfaces described by 
equations (3.83) and (3.84), and compared their electromagnetic wave theory results with those 
from the simple Kirchhoff approximation [40]. In the Kirchhoff approximation a simplified set 
of electromagnetic wave equations is considered, assuming that at every point on the surface the 
electromagnetic field is equal to the field that would exist on a local tangent plane, and multiple 
reflections between local peaks are neglected. This approximation has been appHed by a num-
ber of researchers to one- and two-dimensionally rough surfaces, and domains of validity have 
been constructed [55,58-60]. It is generally understood that the Kirchhoff approximation gives 
satisfactory results when surface geometric parameters {Ch, cri) are less than or comparable to the 
wavelength and the slope of the roughness is small (cr/,/cr/ <, 0.3). In more recent work Buckius 
and coworkers have concentrated on geometric optics (i.e., assuming Fresnel's relations to hold at 
every point on the surface), noting that Kirchhoff's approximation results in considerably larger 
numerical effort without significant improvement over the specular approximation. They consid-
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ered one- and two-dimensionally uncoated rough surfaces [57,61,62], and surfaces coated with 
a thin film [63] (together with thin film theory). A map was constructed, shown in Fig. 3-24, 
depicting under what conditions geometric optics gives satisfactory results as compared to exact 
electromagnetic wave theory calculations, using the criterion 

Ed = 
\j-7r/2 

(le-la) COS e del 

r, 
J-nil 

<0.2, (3.85) 

L cos G do 

where 4 and la are exact and approximate reflected intensities, respectively. In general, geomet-
ric optics requires generation of statistical surfaces together with ray tracing, a relatively time-
consuming task. In a very recent paper Tang and Buckius [64] introduced a statistical geometric 
optics model, which does not require ray tracing. The resulting closed-form expressions were 
found to be satisfactory for 07,/cr/ < 1, as also indicated in Fig. 3-24. Comparison of geometric 
optics calculations with experiment (AI2O3 film on aluminum) showed good agreement, corrobo-
rating the applicability of their model [63]. 

Carminati and colleagues [65] used Kirchhoff's approximation to provide an expression for 
the spectral, directional emittance (polarized or unpolarized) of a one-dimensionally randomly 
rough surface as 

r%CX> 

e > ) = [ l -P#- tan-V)] | l - / ' t ane |P(p)c^ , (3.86) 
%J —CO 

where P|(^) is the reflectivity as given by Fresnel's relations, equations (3.52) through (3.55), and 
P(p) is a slope probability derived from the correlation function as 

P(P)^ 
^l ^-{pO-lllCTHf 

CTh ̂lAn 
(3.87) 

Calling this a "small slope emission model" (since, similar to the conclusions of Fig. 3-24, its 
validity— în particular for parallel polarization—is limited to criJA <> 0.3), they extended this 
formula to a "large slope emission model," using Ishimaru and Chen's [66] shadowing function 
and assuming secondary reflection fields to be isotropic. 
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3.7 EFFECTS OF SURFACE DAMAGE AND 
OXIDE FILMS 
Even optically smooth surfaces have a surface structure that is different from the bulk material, 
due to either surface damage or the presence of thin layers of foreign materials. Surface damage 
is usually caused by the machining process, particularly for metals and semiconductors, which 
distorts or damages the crystal lattice near the surface. Thin foreign coats may be formed by 
chemical reaction (mostly oxidation), adsorption (e.g., coats of grease or water), or electrostatics 
(e.g., dust particles). All of these effects may have a severe impact on the radiation properties 
of metals, and may cause considerable changes in the properties of semiconductors. Other ma-
terials are usually less affected, because metals have large absorptive indices, k, and thus high 
reflectances. A thin, nonmetallic layer with small k can significantly decrease the composite's 
reflectance (and raise its emittance). Dielectric materials, on the other hand, have small k's and 
their relatively strong emission and absorption take place over a very thick surface layer. The 
addition of a thin, different dielectric layer cannot significantly alter their radiative properties. 

A minimum amount of surface damage is introduced during sample preparation if (i) the 
technique of electropoUshing is used [44], (ii) the surface is evaporated onto a substrate within 
an ultra-high vacuum environment [67], or (iii) the metal is evaporated onto a smooth sheet of 
transparent material and the reflectance is measured at the transparent medium-metal interface 
[68]. Figure 3-25 shows the spectral, normal emittance of aluminum for a surface prepared by the 
ultra-high vacuum method [67], and for several other aluminum surface finishes [69]. While ultra-
high vacuum aluminum follows the Drude theory forA> 1 jim (cf. Fig. 3-7), poUshed aluminum 
(clean and optically smooth for large wavelengths) has a much higher emittance over the entire 
spectrum. Still, the overall level of emittance remains very low, and the reflectance remains rather 
specular. Similar results have been obtained by Bennett [44], who compared electropolished and 
mechanically polished copper samples. As Fig. 3-25 shows, the emittance is much larger still 
when ofl'-the-shelf commercial aluminum is tested, probably due to a combination of roughness, 
contamination, and slight atmospheric oxidation. Bennett and colleagues [70] have shown that 
deposition of a thin oxide layer on aluminum (up to 100 A) appreciably increases the emittance 
only for wavelengths less than 1.5//m. This statement clearly is not true for thick oxide layers, as 
evidenced by Fig. 3-25: Anodized aluminum (i.e., electrolytically oxidized material with a thick 



96 3 RADIATIVE PROPERTIES OF REAL SURFACES 

1.0 

3 0.S 

a- 0.6 
o 
V5 

1 
I 0.4 
o 

0.2 

\ \ r 
.,--» Ultraviolet 
/ ) l irradiated 

" (300 ESH) 

~1 \ 1 1 \ 
Titanium dioxide/epoxy (Skyspar) 

Ultraviolet intensity = 3 x solar 

Pressure = 1 x 10"'' torr 

0 
0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 

Wavelength A, jUm 

FIGURE 3-26 
Effects of ultraviolet and gamma ray 
irradiation on a titanium dioxide/epoxy 
coating [73]. 

layer of alumina, AI2O3) no longer displays the typical trends of a metal, but rather shows the 
behavior of the dielectric alumina. The effects of thin and thick oxide layers have been measured 
for many metals, with similar results. A good collection of such measurements has been given 
by Wood and coworkers [3]. As a rule of thumb, clean metal exposed to air at room temperature 
grows oxide films so thin that infrared emittances are not affected appreciably. On the other hand, 
metal surfaces exposed to high-temperature oxidizing environments (furnaces, etc.) generally 
have radiative properties similar to those of their oxide layer. 

While most severe for metallic surfaces the problem of surface modification is not unknown 
for nonmetals. For example, it is well known that silicon carbide (SiC), when exposed to air at 
high temperature, forms a silica (SiC^) layer on its surface, resulting in a reflection band around 
9fjm [71]. Nonoxidizing chemical reactions can also significantly change the radiative properties 
of dielectrics. For example, the strong ultraviolet radiation in outer space (from the sun) as well 
as gamma rays (from inside the Earth's van Allen belt) can damage the surface of spacecraft 
protective coatings like white acrylic paint [72] or titanium dioxide/epoxy coating [73], as shown 
in Fig. 3-26. 

In summary, radiative properties for opaque surfaces, when obtained from figures in this chap-
ter, from the tables given in Appendix B, or from other tabulations and figures of [1-8,74,75], 
should be taken with a grain of salt. Unless detailed descriptions of surface purity, preparation, 
treatment, etc., are available, the data may not give any more than an order-of-magnitude esti-
mate. One should also keep in mind that the properties of a surface may change during a process 
or overnight (by oxidation and/or contamination). 

3.8 RADIATIVE PROPERTIES OF 
SEIMITRANSPARENT SHEETS 

The properties of radiatively participating media will be discussed in Chapters 10 through 12; 
i.e., semitransparent media that absorb and emit in depth and whose temperature distribution is, 
thus, strongly affected by thermal radiation. There are, however, important applications where 
thermal radiation enters an enclosure through semitransparent sheets, and where the temperature 
distribution within the sheet is unimportant or not significantly affected by thermal radiation. Ap-
phcations include solar collector cover plates, windows in connection with light level calculations 
within interior spaces, and so forth. We shall, therefore, briefly present here the radiative prop-
erties of window glass, for single and multiple pane windows with and without surface coatings. 
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Reflectivity and transmissivity of a thick semitransparent sheet. 
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Glass and other amorphous soUds tend to have extremely smooth surfaces, allowing for accurate 
predictions of interface reflectivities from electromagnetic wave theory. 

Properties of Single Pane Glasses 

For an optically smooth window pane of a thickness d substantially larger than the wavelength 
of incident light, d:$> A, the radiative properties are readily determined through geometric optics 
and ray tracing. Consider the sheet of semitransparent material depicted in Fig. 3-27. The sheet 
has a complex index of refraction m2 = n2- iki with 2̂ ^ 1, so that the transmission through the 
sheet (not counting surface reflections), 

-Kidlcos&i >> ^-AnkidIAoCOSih (3.88) 

is appreciable [cf equation (2.42)]. Here K2 = ^nkil^o is the absorption coefficient, AQ is the 
wavelength of the incident light in vacuum, and J/cos Bi is the distance a light beam of obhque 
incidence travels through Medium 2 in a single pass. The semitransparent sheet is surrounded 
by two dielectric materials with refractive indices n\ and n^. To calculate the reflectivity at the 
interfaces 1-2 and 2-3 it is sufficient to use Fresnel's relations for dielectric media, since ki^l. 
Interchanging n\ and «2, as well as 9i and O2, in equation (2.95) shows that the reflectivity at the 
1-2 interface is the same, regardless of whether radiation is incident from Medium 1 or Medixmi 
2, i.e., P12 = P21 ^^^Pi^ = P2,2' Now consider radiation of unit strength to be incident upon the 
sheet from Medium 1 in the direction of ^1. As indicated in Fig. 3-27 the fractionp|2 is reflected at 
the first interface, while the fraction (1-P12) is refracted into Medium 2, according to Snell's law. 
After traveling a distance ^/cos &2 through Medium 2 the attenuated fraction (1 - pi2)T arrives at 
the 2-3 interface. Here the amount (1 - Pi2)Tp23 is reflected back to the 1-2 interface, while the 
fraction (1 ~PI2)T(1 -P23) leaves the sheet and penetrates into Medium 3 in a direction of 6̂13. The 
internally reflected fraction keeps bouncing back and forth between the interfaces, as indicated 
in the figure, until all energy is depleted by reflection back into Medium 1, by absorption within 
Medium 2, and by transmission into Medium 3. Therefore, the slab reflectivity, /̂ siab, may be 
calculated by summing over all contributions, or 

^lab = Pl2 + P23(l - Pxif"^ [1 + P12P23̂ ^ + iP\2P2^'^^f + • • • ] • 
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Since Pi2p23'̂ ^ < ^ ^^^ series is readily evaluated [76], and 

p ^ . Pi^i^-Pnf-^ Pn + (1 •- ^Pn)P23^ 
ŝlab = Pl2 + "l T~ "^ i 2 • 

Similarly, the slab transmissivity, 3̂ iab, follows as 

^ (1-Pl2)(l-P23)^ 
^'^PuPlT^'^^ 

(3.89) 

(3.90) 

These relations are the same as the ones evaluated for thick sheets by the electromagnetic wave 
theory, equations (2.128) and (2.129). From conservation of energy A^\^\y + î îab + l̂ab = U and 
the slab absorptivity follows as 

. ( 1 - P J 2 ) ( 1 + P 2 3 ^ ) ( 1 " " ^ ) , ^ o n 
ŝlab = :; 5 • (3.91) 

l~Pi2p23'r2 

If Media 1 and 3 are identical (say, air), thenpi2 = P23 = p and equations (3.89) through (3.91) 
reduce to 

^ l a b = P 
j ^ ( l - p ) V 

l ~ p 2 r ,2-r2 
(3.92) 

(1 -pfr 
ŝiab = \zjr^. (3.93) 

l - p r 

Figure 3-28 shows typical slab transmissivities and reflectivities of several difl'erent types of 
glasses for normal incidence and for a pane thickness of 12.7 mm. Most glasses have fairly con-
stant and low slab reflectivity in the spectral range from 0.1 yiim up to about 9/im (relatively con-
stant refractive index «, small absorptive index k). Beyond 9//m the reflectivity increases because 
of two Reststrahlen bands [77] (not shown). Glass transmissivity tends to be very high between 
0,4/im and 2.5/xm. Beyond 2.5/im the transmissivity of window glass diminishes rapidly, mak-
ing windows opaque to infrared radiation. This gives rise to the so-called "greenhouse" effect: 
Since the sun behaves much like a blackbody at 5777 K, most of its energy (« 95%) falling onto 
Earth lies in the spectral range of high glass transmissivities. Therefore, solar energy falling onto 
a window passes readily into the space behind it. The spectral variation of solar irradiation, for 
extraterrestrial and unity air mass conditions, was given in Fig. 1-3. On the other hand, if the 
space behind the window is at low to moderate temperatures (300 to 400 K), emission from such 
surfaces is at fairly long wavelengths, which is absorbed by the glass and, thus, cannot escape. 

The influence of pane thickness on reflectivity and transmissivity is shown in Fig. 3-29 for 
the case of soda-lime glass (i.e., ordinary window glass). As the pane thickness increases, trans-
missivity decreases due to the increasing absorption. Since the absorption coefficient is small for 
X < 1,1 ̂ m (see Fig. 1-17), the efl'ect is rather minor (and even less so for the other glasses shown 
in Fig. 3-28). 

In some high-temperature applications the emission from hot glass surfaces becomes impor-
tant (e.g., in the manufacture of glass). Gardon [78] has calculated the spectral, hemispherical 
and total, hemispherical emissivity of soda-lime glass sheets at 1000°C based on the data of 
Neuroth [79]. Spectral emissivities beyond 2.7//m do not depend strongly on temperature since 
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FIGURE 3-28 
Spectral, normal slab transmissivity and reflectivity for panes of five different types of glasses at room temperature; data 
from [7]. 
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FIGURE 3-29 
Spectral, normal slab transmissivity and reflectivity of soda-lime glass at room temperature, for a number of pane thick-
nesses; data from [7]. 
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the absorption coefficient is relatively temperature-independent (see Fig. 1-17). For all but the 
thinnest glass sheets the material becomes totally opaque, and the hemispherical emissivity is 
evaluated as e^ = 1 -p,i ~ 0.91.'' 

Coatings 

Glass sheets and other transparent solids often have coatings on them for a variety of reasons: To 
eliminate transmission of ultraviolet radiation, to decrease or increase transmission over certain 
spectral regions, and the like. We distinguish between thick coatings {d » A, no interference 
effects) and thin film coatings (d = ^(A), with wave interference, as discussed in Chapter 2). The 
effects of a thick dielectric layer (with refi*active index «2» and absorptive index 2̂ ~ 0) on the 
reflectivity of a thick sheet of glass (̂ 3 and k} ^ 0) is readily analyzed with the two-interface 
formula given by equation (3.89). With r ^ 1 and, for normal incidence, 

\2 
h]-n2\ . n2-m\ 

Pn = -—— and P23 = _, . 

the coating reflectivity becomes 

r, _ Pi2+P23'^2pi2P23 _ , (1 -Pn)i\ -Piz) 
/<coai — \ — 1 — 

1 

I-P12P23 1~P12P23 

(4«i«2)(4«2«3) 

(«i + «2)̂ («2 + n^Y - («i - nifini - n^f ' 

which is readily simplified to 

(«|+«i«3)(«i +«3) 

If the aim is to minimize the overall reflectivity of the semitransparent sheet, then a value for 
the refractive index of the coating must be chosen to make i?coat a minimum. Thus, setting 
dRcoat/dn2 = 0 leads to 

«2,min = V«i^. (3.96) 

Substituting equation (3.96) into (3.95) results in a minimum coated-surface reflectivity of 

2 y«i7Z3 
^oat,min = 1 ; • (3.97) 

m +/Z3 
The slab reflectivity for a thin dielectric coating on a dielectric substrate, d = &{A), is subject to 
wave interference effects and has been evaluated in Chapter 2, firom equation (2.123), with <5i 2 = TT 
and S23 = 0 (cf Example 2.6), as 

rh +2ri2r23COs4' + ^̂ a 
•̂oat = ' \ ' 'U (3.98a) 

1+2^12^23 cos ^ + Af2^3 

«3 

n\ + «2 " Â2 + ^3' 

wi-«2 n2-n3 4nn2d /i ooJ,̂  
r\2 = — • — , 2̂3 = — • — , (= —;;—• (3.986) 

''The hemispherical emissivity is evaluated by first evaluating p„̂ :̂ With n ^ 1.5 (for .i > IJfim), from Fig. 3-16 
p„^i = 0.04 and e„A = 0.96; finally, from Fig. 3-19 €A =̂  0.91. 
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FIGURE 3-30 
Spectral, normal reflectivity and transmissivity of 
a 0.35 )um thick Sn-doped In203 film deposited on 
Coming 7059 glass [81]. 

Equation (3.98) has an interference minimum when ( = n (i.e., if the fihn thickness is a quarter 
of the wavelength inside the film, d = 0.25A/nz). For this interference minimum the reflectivity 
of the coated surface becomes 

\ 1 - n2^23 / 
(3.99) 

Clearly, this equation results in a minimum (or zero) reflectivity if ri2 = m, or «2,niin = V^^* 
which is the same as for thick films, equation (3.96). To obtain minimum reflectivities for glass 
(«3 ^ 1.5) facing air (n\ ^ 1) would require a dielectric film with «2 ~ 1.22. Dielectric films of 
such low refractive index do not appear possible. However, Yoldas and Partlow [80] showed that 
a porous film (pore size «: A) can effectively lower the refractive index, and they obtained glass 
transmissivities greater than 99% throughout the visible. 

In other applications a strong reflectivity is desired. An example of experimentally determined 
reflectivity and transmissivity of a coated dielectric is given in Fig. 3-30 for a 035 jum thick layer 
of Sn-doped InaOs film on glass [81]. The oscillating properties clearly demonstrate the eff'ects 
of wave interference at shorter wavelengths. At v^avelengths A > 1.5 jum the material has a 
strong absorption band, making it highly reflective and opaque. Thus, this coated glass makes a 
better solar collector cover plate than ordinary glass, since internally emitted infi-ared radiation 
is reflected back into the collector (rather than being absorbed), keeping the cover glass cool and 
reducing losses. Similar behavior was obtained by Yoldas and O'Keefe [82], who deposited thin 
(20 to 50 nm) triple-layer films (titanium dioxide-silver-titanium dioxide) on soda-Hme glass. 
It is also possible to tailor the directional reflection behavior using special, obliquely deposited 
films [83]. 

IMuItiple Parallel Sheets 

To minimize convection losses, two or more parallel sheets of windows are often employed, as 
illustrated in Fig. 3-3 \a. To find the total reflectivity and transmissivity of w layers, we break the 
system up into a single layer and the remaining {n-\) layers. Then ray tracing (see Fig. 3-3 Ifc) 
results in 

Rn = Rx^ T^R„-i [l + RxRn-i + (RxRn-if + 1=*, 1 + 
7J ^-\ 

1 - RiR„-i 
(3.100) 
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FIGURE 3-31 
Reflectivity and transmissivity of multiple sheets: (a) Geometric arrangement, (b) ray tracing for interaction between a 
single layer and the remainder of the sheets. 

and, similarly, 

^«=1 '̂J";' ' (3.101) 

where R„-i and T„^i are the net reflectivity and transmissivity of (w~ 1) layers. The net absorptivity 
of the n layers can be calculated directly either from 

An = Ai+AyTiRn.l(l'^RlRn-l'^'") + A„,iTi{\+RlRn.l'\"-) 

= ^ i ^ ^ ^ t ^ - " ; ^ - " \ (3.102) 

or from conservation of energy, i.e., ^^ + /?„ + 7̂  = 1. In the development of equation (3.100) 
we have assumed that Ri is the same for light shining onto the top or the bottom of the sheet 
(P\2 = P23)» i^ other words, that equation (3.92) is valid. The above recursion formulae were 
first derived by Edwards [84] without the restriction of Pi2 = p23- I^ ^ ^̂ êr paper Edwards [85] 
expanded the method to include wave interference effects for stacked thin films. Multiple sheets 
subject to mixed difliise and collimated irradiation, but without interference efi'ects, were analyzed 
by Mitts and Smith [86]. 

Example 3.6. Determine the normal transmissivity of a triple-glazed window for visible wavelengths. 
The window panes are thin sheets of soda-lime glass, separated by layers of air. 

Solution 
The reflectivity Ri and transmissivity 7] of a single sheet are readily calculated from equations (3.92) 
and (3.93). For thin sheets (e.g., curve 1 in Fig. 3-29) we have r ^ 1, and with n =^ \.5 (cf Fig. 3-16), 
p = [(1.5 - 1)/(1.5 + l)f = 0.04. Therefore, 

Ri = P ,^(i-pf 2p 2 X 0.04 _ _ 
^ ~ =0.0769, 

l - p 2 J \+p 1+0 .04 

71 = iL:£f = i l P = i ^ ; , . = 0.9231 
1 - p 2 1 + p 

(and Ai = 0, since we assumed r =^ \ ) . For two panes, from equations (3.100) and (3.101) with « = 2, 

l-R^^ \ 1-0.0769V 

l - / ? f = 0.8571 
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0 FIGURE 3-32 
Transmissivities of 1, 2, 3 and 4 sheets of glass (w = 
1.526) for different optical thicknesses per sheet, Kd [88]. 

(and, again A2 = 0). Finally, for three panes 

/?3 = i?i + 

T3 = 

T^Ri 
= 0.0769 + 

0.92312x0.1429 
\-RyR2 1-0.0769x0.1429 

T1T2 0.9231x0.8571 

: 0.2000, 

\-RiR2 1-0.0769x0.1429 
= 0.8000. 

Assuming negligible absorption within the glass, 80% of visible radiation is transmitted through the 
triple-pane window (at normal incidence), while 20% is reflected back. 

Although they are valid, equations (3.89) and (3.90) are quite cumbersome for oblique inci-
dence, in particular, if absorption cannot be neglected. Some calculations for nonabsorbing (for 
w = 1.5 [87] and for n = 1.526 [88]) and absorbing [88] (n = 1.526) multiple sheets of window 
glass have been carried out. Note that, for oblique incidence, the overall reflectivity and transmis-
sivity are difi'erent for parallel- and perpendicular-polarized light. Even for unpolarized light the 
polarized components must be determined before averaging, as 

^ = 2 ^^-^ "̂  '̂̂ 11̂ ' ^ ~ 9 ^ -̂̂  "*" '̂ "'̂ ' (3.103) 

The results of the calculations by Duflfie and Beckman [88] are given in graphical form in Fig. 3-
32. 

3,9 SPECIAL SURFACES 

For many engineering applications it would be desirable to have a surface material available 
with very specific radiative property characteristics. For example, the net radiative heat gain 
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FIGURE 3-33 
Spectral, hemispherical reflectances of several spectrally selective surfaces [94]. 

23 

of a solar collector is the difference between absorbed solar energy and radiation losses due to 
emission by the collector surface. While a black absorber plate would absorb all solar irradiation, 
it unfortunately would also lose a maximum amoxmt of energy due to surface emission. An 
ideal solar collector surface has a maximum emittance for those wavelengths and directions over 
which solar energy falls onto the surface, and a minimum emittance for all other wavelengths and 
directions. On the other hand, a radiative heat rejector, such as the ones used by the U.S. Space 
Shuttle to reject excess heat into outer space, should have a high emittance at longer wavelengths, 
and a high reflectance for those wavelengths and directions with which sunshine falls onto the 
heat rejector. 

To a certain degree the radiative properties of a surface can be tailored toward desired charac-
teristics. Surfaces that absorb and emit strongly over one wavelength range, and reflect strongly 
over the rest of the spectrum are called spectrally selective, while surfaces with tailored directional 
properties are known as directionally selective. 

An ideal, spectrally selective surface would be black (pcx = e^ = 1) over the wavelength 
range over which maximum absorption (or emission) is desired^ and would be totally reflective 
(ax = ex = 0) beyond a certain cutoff wavelength /^, where undesirable emission (or absorption) 
would occur. Of course, in practice such behavior can only be approximated. Such an ideal 
surface is indicated by the long-dash line in Fig. 3-33. 

The performance of a selective surface is usually measured by the "a/6-ratio," where a is the 
total, directional absorptance of the material for solar irradiation, while e is the total, hemispheri-
cal emittance for infrared surface emission. Consider a solar collector plate (Fig. 3-34), irradiated 
by the sun at an off-normal angle oiOs. Making an energy balance (per unit area of the collector), 
we find 

^net = ^O-T^oW "" ^^sun C0S6/.„ (3.104) 

where the factor cos 6^ appears since ŝun is solar heat flux per unit area normal to the sun's 
rays. The total, hemispherical emittance may be related to spectral, hemispherical values through 
equation (3.10), while the total, directional absorptance is found from equation (3.23). Thus 
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FIGURE 3-34 
Solar irradiation on and emission from a solar collector plate. 

Q(^O1I. -i) Eb^iTcoH, 'O dA, (3.105a) 

^sun 
I aA{T,o\uA,es)q,nuAdX^ —:r- I a^{T^xu^.Os)Eu{T,un.X)dX. (3.105fc) 

J o ^-'sun J o 

where we have made use of the fact that the spectral distribution of ŝun is the same as the black-
body emission from the sun's surface. Clearly, for optimum performance of a collector the solar 
absorptance should be maximum, while the infrared emittance should be minimum. Therefore, a 
large a/e-ratio indicates a better performance for a solar collector. On the other hand, for radiative 
heat rejectors a minimum value for aje is desirable. 

Most selective absorbers are manufactured by coating a thin nonmetallic film onto a metal. 
Over most wavelengths the nonmetallic film is very transmissive and incoming radiation passes 
straight through to the metal interface with its very high reflectance. However, many nonconduc-
tors have spectral regions over which they do absorb appreciably without being strongly reflective 
(usually due to lattice defects or contaminants). The result is a material that acts like a strongly 
reflecting metal over most of the spectrum, but like a strongly absorbing nonconductor for se-
lected wavelength ranges. A few examples of such selective surfaces are also given in Fig. 3-33. 
Black chrome (chrome-oxide coating) and black nickel (nickel-oxide coating) are popular solar 
collector materials, while epoxy paint may be used as an efficient solar energy rejector. If the 
coatings are extremely thin, interference eff'ects can also be exploited to improve selectivity. For 
example, Martin and Bell [89] showed that a three-layer coating of SiQi-Al-SiCh on metallic 
substrates has a solar absorptance greater than 90%, but an infrared emittance of < 10%. Fan 
and Bachner [81] produced a coating for glass that raised its reflectance to > 80% for infrared 
wavelengths, without appreciably aff*ecting solar transmittance. Fig. 3-30. 

The advantages of spectrally selective surface properties were first recognized by Hottel and 
Woertz [90]. With the growing interest in solar energy collection during the 1950s and 1960s, a 
number of selective coatings were developed, and the subject was discussed by Gier and Dunkle 
[91], and Tabor and coworkers [92,93]. There are several compilations for radiative properties 
of selective absorbers [3,8,94], A somewhat more detailed discussion about spectrally selective 
surface properties has been given by Duffie and Beckman [88]. 

Example 3.7. Let us assume that it is possible to manufacture a diffusely absorbing/emitting selective 
absorber with a spectral emittance Q = 6, = 0.05 ior^ < A< A^ and 6̂  = 6,. = 0.95 for A > Ac, where 
the cutoff wavelength can be varied through manufacturing methods. Determine the optimum cutoff 
wavelength for a solar collector with an absorber plate at 350 K that is exposed to solar irradiation of 
ŝun = 1000 W/m'̂  at an angle of 6̂v = 30° off-normal. What is the net radiative energy gain for such a 

collector? 

Solution 
A simple energy balance on the surface, using equations (3.9) and (3.41) leads to 



106 3 RADIATIVE PROPERTIES OF REAL SURFACES 

where „̂et > 0 if a net amount of energy leaves the surface, n̂et < 0 if energy is collected. Total, 
hemispherical emittance follows from equation (3.10) while total, directional absorptance is determined 
from equation (3.23). For our diffuse absorber we have a'^{A, 6) = e^iA) and 

<^^sun J o 
EhAiTsan.^l)dA+€c Eh^{T^^,^, A) dA = .̂v + 

(fc - €s) 

crTL J,k f EkAn,^,A)dA. 

Substituting these expressions into our energy balance leads to 

<7net = ^s{0-T^xx - ^sun COS 6/,) + (£,. 

A»O0 

J Ac 
EhA{%ii\uA) -^—-Eh^{%^^^yX) dA. 

Optimizing the value of A^ implies finding a maximum for n̂et- Therefore, from Leibnitz' rule (see, 
e.g., [76]), which states that 

r^''^ db da r^ df 
J^^ Jlx.y)dy^-f{x.b)--nx.a)-^j -£(x.y)dy, (3.106) dx 

we find 

or 

dA,: 
= - (6c - €,) ^bA(TcolU ^V) ^—^;T—-EhA(Tsm* 'V) 0, 

/.,l V -'coll» ^ ' ) = ;;;7 ^W\isun > ^- )• 

Note that the cutoff wavelength does not depend on the values for ê  and e^. Using Planck's law, equa-
tion (1.13), with n = 1 (surroundings are air), the last expression reduces to 

exp(C2Rrcoii)~l "̂" •[exp(C2AT,u„)-l] . 
qsm cos Os 

This transcendental equation needs to be solved by iteration. As a first guess one may employ Wien*s 
distribution, equation (1.18) (dropping two '-V terms). 

exp(C2/4rcoi,) - - ^ ^ GXp(C2/AcTsun) 

or 

Ac \icoll TsunI qsunCOSOs' 

^.C,|-i---i-]/ ln^% 
i . a o o / 1 M /, 5.670 x l O - « x 5777^ . . . 

= 14,388 -—--—— /zm/In——— =3.45//m. 
\350 5 7 7 7 / ^ ' 1000xcos30° ^ 

Iterating the full Planck's law leads to a cutoff wavelength of A- = 3.69/lim. Substituting these values 
into the expressions for emittance and absorptance, 

6 = 6 , + (6, - 6,) [1 - f(Ac Tcoii)] = 0.95 - 0.90 + 0.90/(3.69 x 350) 
= 0.05 + 0.90 X 0.00413 = 0.054, 

a ^ €s-^ (€c - 6,) [1 - f(A, Tsun)] = 0.05 + 0.90 X /(3.69 x 5777) 

= 0.05 + 0.90 X 0.98785 = 0.939. 
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The net heat flux follows then as 

<7„et = 0.054x5.760x10-^x350^ - 0.939xl000xcos30° = -lei'^lm-. 

Actually, neither/(/Ic T̂ oii) ~ 0 noTJXAc î un) ~ 1 is particularly sensitive to the exact value of/l̂ ., because 
there is very little spectral overlap between solar radiation (95% of which is in the wavelength rangê  of 
X < l.lyxvi) and blackbody emission at 350 K (95% of which is at /t > 5.4//m). 

Siirfaces can be made directionally selective by mechanically altering the surface finish on a 
microscale (microgrooves) or macroscale. For example, large V-grooves (large compared with 
the wavelengths of radiation) tend to reflect incoming radiation several times for near-normal 
incidence, as indicated in Fig. 3-35 (from Trombe and coworkers [96]) for an opening angle 
of y = 30°, each time absorbing a fraction of the beam. The number of reflections decreases 
with increasing incidence angle, down to a single reflection for incidence angles 9 > 90° - y 
(or 60° in the case of Fig. 3-35). Hollands [97] has shown that this type of surface has a sig-
nificantly higher normal emittance, which is important for collection of solar irradiation, than 
hemispherical emittance, which governs emission losses. A similarly shaped material, with flat 
black bottoms, was theoretically analyzed by Perlmutter and Howell [98]. Their analytical values 
for directional emittance were experimentally confirmed by Brandenberg and Clausen [27], as 
illustrated in Fig. 3-36. 

3,10 EXPERIMENTAL IMETHODS 

It is quite apparent from the discussion in the preceding sections that, although electromagnetic 
wave theory can be used to augment experimental data, it cannot replace them. While the spec-
tral, bidirectional reflection function, equation (3.34), is the most basic radiation property of an 
opaque surface, to which all other properties can be related, it is rarely measured. Obtaining the 
bidirectional reflection function is diflScult because of the low achievable signal strength, it is 
also impractical since it is a fimction of both incoming and outgoing directions and of wavelength 
and temperature. A complete description of the surface requires enormous amounts of data. In 
addition, the use of the bidirectional reflection function complicates the analysis to such a point 
that it is rarely attempted. 

^Based on a blackbody at 5777 K. This number remains essentially unchanged for true, extraterrestrial solar irradiation 
[95], while the 95% fraction moves to even shorter wavelengths if atmospheric absorption is taken into account (cf. 
Fig, 1-3). 
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FIGURE 3-36 
Directional emittance of a grooved surface with highly 
reflective, specular sidewalls and near-black base. Re-
suits are for plane perpendicular to groove length. The-
^^ feides = ^ase = 1) from [98], experiment [taken 
at /I = 8/im with aluminum sidewalls and black paint 
base with e,i(Sfim) = 0.95] from [27]. 

If bidirectional data are not required it is sufficient, for an opaque material, to measure one of 
the following, from which all other ones may be inferred: Absorptance, emittance, directional-
hemispherical reflectance and hemispherical-directional reflectance. Various different measure-
ment techniques have been developed, which may be separated into three loosely-defined groups: 
Calorimetric emission measurements, radiometric emission measurements, and reflection mea-
surements. The interest in experimental methods was at its peak during the 1960s as a result of 
the advent of the space age. Compilations covering the Hterature of that period have been given 
in two NASA publications [99,100]. Interest waned during the 1970s and 1980s but has recently 
picked up again because of the development of better and newer materials operating at higher 
temperatures. Sacadura [101] has given an updated review of experimental methods. 

While measurement techniques vary widely from method to method, most of them employ 
similar optical components, such as light sources, monochromators, and detectors. Therefore, we 
shall begin our discussion of experimental methods with a short description of important optical 
components. 

Instrumentation 
Radiative property measurements generally require a light source, a monochromator, a detector, 
and the components of the optical path, such as mirrors, lenses, beam splitters, optical windows, 
and so on. Depending on the nature of the experiment and/or detector, other accessories, such as 
optical choppers, may also be necessary. 

LIGHT SOURCES. Light sources are required for the measurement of absorption by, or 
reflection fi-om, an opaque surface, as well as for the alignment of optical components in any 
spectroscopic system. In addition, light sources are needed for transmission and scattering mea-
surements of absorbing/scattering media, such as gases, particles and semitransparent solids, and 
liquids (to be discussed in later chapters). We distinguish between monochromatic and polychro-
matic light sources. 

Monochromatic sources. These types of sources operate through stimulated emission, pro-
ducing light over an extremely narrow wavelength range. Their monochromaticity, low beam 
divergence, coherence, and high power concentration make lasers particularly attractive as light 
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FIGURE 3-37 
Spectral irradiation on a distant surface from various incandescent light sources. 

sources. While only invented some 30 years ago, there are today literally dozens of solid-state 
and gas lasers covering the spectrum between the ultraviolet and the far infrared. Although lasers 
are generally monochromatic, there are a number of gas lasers that can be tuned over a part of 
the spectrum by stimulating different transitions. For example, dye lasers (using large organic 
dye molecules as the lasing medium) may be operated at a large number of wavelengths in the 
range 0.2/im < A < \ /im, while the common CO2 laser (usually operating at 10.6//m) may be 
equipped with a movable grating, allowing it to lase at a large number of wavelengths in the 
range 9fim < A < 11 //m. Even solid-state lasers can be operated at several wavelengths through 
frequency-doubling. For example, the Nd-YAG laser, the most common solid-state laser, can be 
used at 1.064/im, 0.532/im, 0.355//m, and 0.266//m. Of particular importance for radiative prop-
erty measurements is the helium-neon laser because of its low price and small size and because 
it operates in the visible at 0.633/im (making it useful for optical alignment). 

A different kind of monochromatic source is the low-pressure gas discharge lamp, in which a 
low-density electric current passes through a low-pressure gas. Gas atoms and molecules become 
ionized and conduct the current. Electrons bound to the gas atoms become excited to higher 
energy levels, from which they fall again, emitting radiation over a number of narrow spectral 
lines whose wavelengths are characteristic of the gas used, such as zinc, mercury, and so on. 

Polychromatic sources. These usually incandescent light sources emit radiation by sponta-
neous emission due to the thermal excitation of source atoms and molecules, resulting in a con-
tinuous spectrum. The spectral distribution and total radiated power depend on the temperature, 
area, and emittance of the surface. Incandescent sources may be of the filament type (similar to an 
ordinary light bulb) or of the bare-element type. The quartz-tungsten-halogen lamp has a doped 
tungsten filament inside a quartz envelope, which is filled with a rare gas and a small amount of 
a halogen. Operating at a filament temperature greater than 3000 K, this lamp produces a near-
blackbody spectrum with maximum emission below 1 /im. However, because of the transmission 
characteristics of quartz (which is the same as fused silica. Fig. 3-28), there is no appreciable 
emission beyond 3//m. Bare-element sources are either rods of silicon carbide, cdW^&globars, or 
heating wires embedded in refractory oxides, called Nernst glowers. Globars operate at a temper-
ature of lOOOK and produce an almost-gray spectrum with a maximum around 2.9/zm. Nernst 
glowers operate at temperatures up to 1500 K, with a somewhat less ideal spectral distribution. 
The irradiation onto a distant surface from different incandescent sources is shown in Fig. 3-37. 
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FIGURE 3-38 
Schematic of spectral separation with (a) a 

(^) transparent prism, (b) a ditfraction grating. 

None of the light sources shown in Fig. 3-37 has a truly "black" spectral distribution, since their 
output is influenced by their spectral emittance. In most experiments this is of little importance 
since, in general, sample and reference signals (coming from the same spectral source) are com-
pared. If a true blackbody source is required (primarily for calibration of instruments) blackbody 
cavity sources are available from a number of manufacturers. In these sources a cylindrical and/or 
conical cavity, made of a high-temperature, high-emittance material (such as silicon carbide) is 
heated to a desired temperature. Radiation leaving the cavity, also commonly called Hohlmum 
(German for "hollow space"), is essentially black (cf. Table 5.1). 

The brightest conventional source of optical radiation is the high-pressure gas discharge lamp, 
which combines the characteristics of spontaneous and stimulated emission. The lamp is similar 
to a low-pressure gas discharge source, but with high current density and gas pressure. This 
configuration results in an arc with highly excited atoms and molecules forming a plasma. While 
the hot plasma emits as an incandescent source, ionized atoms emit over substantially broadened 
spectral Unes, resulting in a mixed spectrum (Fig. 3-37). Commonly used gases for such arc 
sources are xenon, mercury, and deuterium. 

SPECTRAL SEPARATORS. Spectral radiative properties can be measured over part of the 
spectrum in one of two ways: (i) Measurements are made using a variety of monochromatic 
light sources, which adequately represent the desired part of the spectrum, or (ii) a polychromatic 
source is used together with a device that allows light of only a few select wavelengths to reach 
the detector. Such devices may consist of simple optical filters, manually driven or motorized 
monochromators, or highly sophisticated FTIR (Fourier Transform InfraRed) spectrometers. 

Optical filters. These are multilayer thin-film devices that selectively transmit radiation only 
over desired ranges of wavelengths. Bandpass filters transmit light only over a finite, usually 
narrow, wavelength region, while edge filters transmit only above or below certain cutoff or edge 
wavelengths. Bandpass filters consist of a series of thin dielectric films that, at each interface, 
partially reflect and partially transmit radiation (cf. Fig. 2-13). The spacing between layers is such 
that beams of the desired wavelength are, after multiple reflections within the layers, in phase 
with the transmitted beam (constructive interference). Other wavelengths are rejected because 
they destructively interfere with one another. Bandpass filters for any conceivable wavelength 
between the ultraviolet and the midinfrared are routinely manufactured. Edge filters operate on 
the same principle, but are more complex in design. 

Monochromators. These devices separate an incoming polychromatic beam into its spectral 
components. They generally consist of an entrance slit, a prism or grating that spreads the in-
coming light according to its wavelengths, and an exit slit, which allows only light of desired 
wavelengths to escape. If a prism is used, it is made of a highly-transparent material with a 
refractive index that varies slightly across the spectrum (cf. Fig. 3-16). As shown in Fig. 3-38<2, 
the incoming radiant energy is separated into its constituent wavelengths since, by Snell's law, the 
prism bends difl'erent wavelengths (with diff'erent refi*active index) by difi'erent amounts. Rotating 
the prism around an axis allows different wavelengths to escape through the exit slit. Instead of 
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a prism one can use a diffraction grating to separate the wavelengths of incoming light, employ-
ing the principle of constructive and destructive interference [102], as schematically indicated in 
Fig. 3-386. Until a few years ago all monochromators employed salt prisms, while today almost 
all systems employ diffraction gratings, since they are considerably cheaper and simpler to handle 
(salt prisms tend to be hygroscopic, i.e., they are attacked by the water vapor in the surrounding 
air). However, diffraction gratings have the disadvantages that their spectral range is more lim-
ited (necessitating devices with multiple gratings), and they may give erroneous readings due to 
higher-order signals (frequency-doubUng). 

FTIR spectrometers. These instruments collect the entire radiant energy (i.e., comprising all 
FTIR spectrometer wavelengths) after reflection from a moving mirror. The measured intensity 
depends on the position of the moving mirror owing to constructive and destructive interference. 
This signal is converted by a computer through an inverse Fast Fourier Transform into a power v .̂ 
wavelength plot. The spectral range of FTIRs is Hmited only by the choice of beam splitters and 
detectors, and is comparable to that of prism monochromators. However, while monochromators 
generally require several minutes to collect data over their entire spectral range, the FTIR is able 
to do this in a fraction of a second. Detailed descriptions of the operation of FTIRs may be found 
in books on the subject, such as the one by Griffiths and de Haseth [103]. 

DETECTORS. In a typical spectroscopic experiment the detector measures the intensity of 
incoming radiation due to transmission through, emission from, or reflection by, a sample. This 
irradiation may be relatively monochromatic (i.e., covers a very narrow wavelength range after 
having passed through a filter or monochromator), or may be polychromatic (for total emittance 
measurements, or if an FTIR is used). In either case, the detector converts the beam's power into 
an electrical signal, which is amplified and recorded. The performance of detectors is measured by 
certain criteria, which are generally functions of several operating conditions, such as wavelength, 
temperature, modulating frequency, bias voltage, and gain of any internal amplifier. The response 
time (r) is the time for a detector's output to reach 1 - 1 /e = 63% of its final value, after suddenly 
being subjected to constant irradiation. The linearity range of a detector is the range of input 
power over which the output signal is a linear function of the input. The noise equivalent power 
(NEP) is the radiant energy rate in watts that is necessary to give an output signal equal to the rms 
noise output from the detector. More widely used is the reciprocal of NEP, the detectivity (D). 
The detectivity is known to vary inversely with the square root of the detector area, AD, while 
the signal noise is proportional to the square root of the amplifier's noise-equivalent bandwidth 
A / (in Hz). Thus, a normalized detectivity (D*) is defined to allow comparison between different 
types of detectors regardless of their detector areas and amplifier bandwidths as 

D* = (^/)A/)^/2^. (3.107) 

Depending on how the incoming radiation interacts with the detector material, detectors are 
grouped into thermal and photon (or quantum) detectors. 

Thermal detectors. These devices convert incident radiation into a temperature rise. This tem-
perature change is measured either through one or more thermocouples, or by using the pyroelec-
tric effect. A single, usually blackened (to increase absorptance) thermocouple is the simplest and 
cheapest of all thermal detectors. However, it suffers from high amplifier noise and, therefore, 
limited detectivity. One way to increase output voltage and detectivity is to connect a number 
of thermocouples in series (typically 20 to 120), constituting a thermopile. Thermopiles can be 
manufactured economically through thin-film processes. Pyroelectric detectors are made of crys-
talline materials that have permanent electric polarization. When heated by irradiation, the mate-
rial expands and changes its polarization, which causes a current to flow in a circuit that connects 
the detector's top and bottom surfaces, as shown in the schematic of Fig. 3-39a. Since the change 
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FIGURE 3-39 
Schematic of (a) a pyroelectric detector, (h) a photoconductive detector. 
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in temperature produces the current, pyroelectric detectors respond only to pulsed or chopped 
irradiation. They respond to changes in irradiation much more rapidly than thermocouples and 
thermopiles, and are not affected by steady background radiation. 

Photon detectors. These absorb the energy of incident radiation with their electrons, produc-
ing free charge carriers (photoconductive and photovoltaic detectors) or even ejecting electrons 
from the material (photoemissive detectors). In photoconductive and photovoltaic detectors the 
production of free electrons increases the electrical conductivity of the material. In the photo-
conductive mode an applied voltage, or reverse bias, causes a current that is proportional to the 
strength of irradiation to flow, as schematically shown in Fig. 3-39i, In the photovoltaic mode 
no bias is applied and, closing the electric circuit, a current flows as a result of the excitation 
of electrons (as in the operation of photovoltaic, or solar, cells). Photovoltaic detectors have 
greater detectivity, while photoconductive detectors exhibit extremely fast response times. For 
optimum performance each mode requires slightly different design, although a single device may 
be operated in either mode. Typical semiconductor materials used for photovoltaic and photocon-
ductive detectors are silicon (Si), germanium (Ge), indium antimonide (InSb), mercury cadmium 
telluride (HgCdTe),^ lead sulfide and selenide (PbS and PbSe), and cadmium sulfide (CdS). The 
most basic photoemissive device is a photodiode, in which high-energy photons (ultraviolet to 
near infrared) cause emission of electrons from photocathode surfaces placed in a vacuum. Ap-
plying a voltage causes a current that is proportional to the intensity of incident radiation to flow. 
The signal of a vacuum photodiode is amphfied in a photomultiplier by fitting it with a series of 
anodes (called dynodes), which produce secondary emission electrons and a current. The latter is 
an order-of-magnitude higher than the original photocurrent. 

Thermal detectors generally respond evenly across the entire spectrum, while photon detectors 
have limited spectral response but higher detectivity and faster response times. The normalized 
detectivity of several detectors is compared in Fig. 3-40. The spectral response of photon detectors 
can be tailored to a degree by varying the relative amounts of detector material components. The 
response time of thermal detectors is relatively slow, normally in the order of milliseconds, while 
the response time of photon detectors ranges from microseconds to a few nanoseconds. The 
detectivity is often increased by cooling the detector thermoelectrically (to --30°C), with dry ice 
(195 K), or by attaching it to a liquid-nitrogen Dewar flask (77 K). 

OTHER COMPONENTS. In a spectroscopic experiment light from a source and/or sample is 
guided toward the detector by a number of mirrors and lenses. Plane mirrors are employed to bend 
the beam path while curved mirrors are used to focus an otherwise diverging beam onto a sample, 
the monochromator entrance slit, or the detector. Today's optical mirrors provide extremely high 

^A/ercury-Cadmium-relluride detectors are also commonly referred to as MCT detectors. 
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FIGURE 3-40 
Typical spectral ranges and normalized detectivities for various detectors. 

reflectivities (> 99.5%) over the entire spectrum of interest. While focusing mirrors are generally 
preferable for a number of reasons, sometimes lenses need to be used for focusing. The most 
important drawbacks of lenses are that they tend to have relatively large reflection losses and their 
spectral range (with high transmissivity) is limited. While antireflection coatings can be applied, 
these coatings are generally only effective over narrow spectral ranges as a result of interference 
effects. Common lens materials for the infrared are zinc selenide (ZnSe), calcium fluoride (CaF2), 
germanium (Ge), and others. Sometimes it is necessary to spHt a beam into two portions (e.g., to 
create a reference beam that does not pass over the sample) using a beam splitter. Beam splitters 
are made of the same material as lenses, exploiting their reflecting and transmitting tendencies. 
It is also common to chop the beam using a mechanical chopper, which consists of a rotating 
blade with one or more holes or slits. Chopping may be done for a variety of reasons, such as 
to provide an alternating signal for a pyroelectric detector, to separate background radiation from 
desired radiation, to decrease electronic noise by using a lock-in amplifier tuned into the chopper 
frequency, and so on. 

Calorimetric Emission Measurement Methods 
If only knowledge of the total, hemispherical emittance of a surface is required, this is most 
commonly determined by measuring the net radiative heat loss or gain of an isolated specimen 
[104-120]. Figure 3-41 shows a typical experimental setup, which was used by Funai [105]. The 
specimen is suspended inside an evacuated test chamber, the walls of which are coated with a near-
black material. The chamber walls are cooled, while the specimen is heated electrically, directly 
(metallic samples), through a metal substrate (nonconducting samples), or by some other means. 
Temperatures of specimen and chamber wall are monitored by thermocouples. The emittance of 
the sample can be determined from steady-state [104-112] or transient measurements [106,113-
120]. 

In the steady-state method the sample is heated to, and kept at, a desired temperature by 
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FIGURE 3-41 
Typical setup for caiorimetric emis-
sion measurements [105]. 

passing the appropriate current through the heating element. The total, hemispherical emittance 
may then be calculated by equating electric heat input to the specimen with the radiative heat loss 
from the specimen to the surroundings, or 

e{T)^ 
fiR 

AMTs'-vy 
(3.108) 

where PR is the dissipated electrical power. As is the exposed surface area of the specimen, and 
7̂  and 7̂ , are the temperatures of specimen and chamber walls, respectively. As will be discussed 
in Chapter 5, equation (3.108) assumes that the surface area of the chamber is much larger than 
As and/or that the emittance of the chamber wall is near unity [cf equation (5.36)]. 

In the transient caiorimetric technique the current is switched off when the desired temperature 
has been reached, and the rates of loss of intemal energy and radiative heat loss are equated, or 

e{T) = ~ 
nisCs dTsldt 

AsCr(Tj^-T,^y 

where nis and Cs are mass and specific heat of the sample, respectively. 

(3.109) 

Radiometric Emission Measurement Methods 
High-temperature, spectral, directional surface emittances are most often determined by compar-
ing the emission from a sample with that from a blackbody at the same temperature and wave-
length, both viewed by the same detector over an identical or equivalent optical path. Under those 
conditions the signal from both measurements will be proportional to emitted intensity (with the 
same proportionality constant), and the spectral, directional emittance is found by taking the ratio 
of the two signals, or 

e'AT,A,e,>(') = 
ix(T,x,e,ijf) 

hx{T,X) 
(3.110) 

The comparison blackbody may be a separate blackbody kept at the same temperature, or it may 
be an integral part of the sample chamber. The latter is generally preferred at high tempera-
tures, where temperature control is difficult, and for short wavelengths, where small deviations in 
temperatures can cause large inaccuracies. 
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FIGURE 3-42 
Emissometer with separate reference blackbody and two optical paths [121]. 

Separate reference biackbody. In this method a blackbody, usually a long, cylindrical, isother-
mal cavity with an L/£)-ratio larger than 4, is kept separate from the sample chamber, while both 
are heated to the same temperature. Radiation coming from this Hohlraum is essentially black 
(cf. Table 5.1). The control system keeps sample and blackbody at the same temperature by 
monitoring temperature differences with a differential thermocouple and taking corrective action 
whenever necessary. To monitor sample and blackbody emission via an identical optical path, 
either two identical paths have to be constructed, or sample and blackbody must be alternately 
placed into the single optical path. In the former method, identical paths are formed either through 
two sets of optics [121], or by moving optical components back and forth [38]. Figure 3-42 shows 
an example of a system with two different optical paths [121], while Fig. 3-43 is an example of 
a Hnearly actuated blackbody/sample arrangement [122]. It is also possible to combine black-
body and sample, and the device is rotated or moved back-and-forth inside a single furnace [123]. 
Markham and coworkers [124] mounted sample/reference blackbody individually on a turntable, 
heated them with a torch, and measured the directional, spectral emittance of sandblasted alu-
minum (up to 750 K), alumina (1300 to 2200 K), fused quartz (900 K), and sapphire (1000 K) with 
an FTIR spectrometer. Other materials measured with the separate reference blackbody technique 
include the normal, spectral emittance of solid and Hquid silicon just below and above the melting 
point [125], and of a collection of 30 metals and alloys at temperatures up to 1200°C [126,127]. 

Integrated reference blackbody. At high temperatures it is preferable to incorporate the ref-
erence blackbody into the design of the sample furnace. If the sample rests at the bottom of a 
deep isothermal, cylindrical cavity, the radiation leaving the sample (by emission and reflection) 
corresponds to that of a black surface. If the hot side wall is removed or replaced by a cold one, ra-
diation leaving the sample is due to emission only. Taking the ratio of the two signals then allows 
the determination of the spectral, directional emittance from equation (3.110). Removing the re-
flection component from the signal may be achieved in one of two ways. Several researchers have 
used a tubular furnace with the sample mounted on a movable rod [128-130]. When the sample is 
deep inside the fumace the signal corresponds to a blackbody. The sample is then rapidly moved 
to the exit of the furnace and the signal is due to emission alone. Disadvantages of the method are 
(i) maintaining isothermal conditions up to close to the end of the tube, (ii) keeping the sample at 
the same temperature after displacement, and (Hi) stress on the high-temperature sample due to 
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FIGURE 3-43 
Emissometer with separate reference blackbody and linearly actuated sample/blackbody arrangement [122]. 

the rapid movement. In the approach of Vader and coworkers [131] and Postlethwait et al [132], 
reflection from the sample is suppressed by freely dropping a cold tube into the blackbody cavity. 
A schematic of the apparatus of Postlethv^ait et al is shown in Fig. 3-44. Once the cold tube 
has been dropped, measurements must be taken rapidly (in a few seconds' time), before substan-
tial heating of the drop-tube (and cooling of the sample). Vader and coworkers obtained spectral 
measurements by placing various filters in front of their detector, performing a number of drops 
for each sample temperature. Postlethwait employed an FTIR spectrometer, allowing them to 
measure the entire spectral range from 1 jim to 9/im in a single drop. In a method more akin to 
the separate blackbody technique, Havstad and colleagues [123] incorporated a small blackbody 
cavity into a tungsten crucible (holding liquid metal samples). The entire assembly is then moved 
to have the optics focus on sample or blackbody, respectively. 

Reflection IMeasurements 
Reflection measurements are carried out to determine the bidirectional reflection function, the 
directional-hemispherical reflectance, and the hemispherical-directional reflectance. The latter 
two provide indirect means to determine the directional absorptance and emittance of opaque 
specimens, in particular, if sample temperatures are too low for emission measurements. 

BIDIRECTIONAL REFLECTION MEASUREMENTS. If the bidirectional reflection be-
havior of a surface is of interest, the bidirectional reflection function, p^', must be measured 
directly, by irradiating the sample with a collimated beam fi*om one direction and collecting the 
reflected intensity over various small solid angles. A sketch of an early apparatus used by Birke-
bak and Eckert [133] and Torrance and Sparrow [134] is shown in Fig. 3-45. Radiation from 
a globar A travels through a diaphragm to a spherical mirror SM, which focuses it onto the test 
sample S, A pencil of radiation reflected from the sample into the desired direction is collected by 
another spherical mirror and focused onto the entrance slit of the monochromator, in which the 
wavelengths are separated by the rock salt prism P, and the signal is recorded by the thermopile 
T. The test sample is mounted on a multiple-yoke apparatus, which allows independent rotation 



3.10 EXPERIMENTAL METHODS 117 

Optical path 

S" 
L 
M 
W 

Sample 
-Lens 
- Mirror 
- Window 

FTIR 
spectrometer 

Temperature 
controller 

FIGURE 3-44 
Schematic of a drop-tube emissometer [132]. 

around three perpendicular axes. The resulting measurements are relative (i.e., absolute values 
can only be obtained by calibrating the apparatus with a known standard in place of the test sam-
ple). Example measurements for magnesium oxide are shown in Fig. 3-5 [12]. More recently built 
devices use sophisticated, multiple-degree-of-freedom sample mounts as well as FTIR spectrom-
eters, such as the one of Ford and coworkers [135], who measured the bidirectional reflectances 
of diff'use gold and grooved nickel. 

The main problem with bidirectional reflection measurements is the low level of reflected 
radiation that must be detected (particularly in off-specular directions), even with the advent of 
FTIR spectrometers and highly sensitive detectors. Consequently, a number of designs have 
employed strong monochromatic laser sources to overcome this problem, for example, [136-140]. 

An overview of the difi'erent methods to determine directional-hemispherical and hemispher-
ical-directional reflectances has been given by Touloukian and DeWitt [6]. The difl'erent types 
of experiments may be grouped into three categories, heated cavity reflectometers, integrating 
sphere reflectometers, and integrating mirror reflectometers, each having their own ranges of 
applicability, advantages, and shortcomings. 

HEATED CAVITY REFLECTOMETERS. The heated cavity reflectometer [6,141-143] 
(sometimes known as the Gier-Dunkle reflectometer after its inventors [143]) consists of a uni-
formly heated enclosure fitted with a water-cooled sample holder and a viewport, as schematically 
shown in Fig. 3-46. Since the sample is situated within a more or less closed isothermal enclo-
sure, the intensity striking it from any direction is essentially equal to the blackbody intensity 
hAiXu) (evaluated at cavity-wall temperature, 4 ) . Images of the sample and a spot on the cavity 
wall are alternately focused onto the entrance slit of a monochromator. The signal from the spec-
imen corresponds to emission (at the sample's temperature, 7̂ ) plus reflection of the cavity-wall's 
blackbody intensity, 4^(7;.). Since the signal from the cavity wall is proportional to IbA{Tui), the 
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FIGURE 3-45 
Schematic of the bidirectional reflection measurement apparatus of Birkebak and Eckert [133]. 
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FIGURE 3-46 
Schematic of a heated cavity reflectometer [141]. 

ratio of the two signals corresponds to 

(3.111) 

If the sample is relatively cold (ZJ «: %^, emission may be neglected and the device simply 
measures the hemispherical-directional reflectance. For higher specimen temperatures, and for 
an opaque surface with diffuse irradiation, from equations (3.42), (3.39) and (3.44), 

and 

p-K§) = pr(§) = i-^i(§)=i-ei(S), 

^K§) 1 -
hx{T^) 

(3.112) 

(3.113) 

The principal source of error in this method is the difficulty in making the entire cavity reasonably 
isothermal and (as a consequence) making the reference signal proportional to a blackbody at the 
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FIGURE 3-47 
Typical imegrating sphere reflectometers, (a) direct mode, (b) indirect mode. 
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cavity-wall temperature. To make these errors less severe the method is generally only used for 
low sample temperatures. 

INTEGRATING SPHERE REFLECTOMETERS. These devices are most commonly em-
ployed for reflectance measurements [142,144-154] and are available commercially in a variety 
of forms, either as separate instruments or already incorporated into spectrophotometers. A good 
early discussion of different designs was given by Edwards and coworkers [149]. The integrat-
ing sphere may be used to measure hemispherical-directional or directional-hemispherical re-
flectance, depending on whether it is used in indirect or direct mode. Schematics of integrating 
spheres operating in the two modes are shown in Fig. 3-47. The ideal device is coated on its in-
side with a material of high and perfectly diffuse reflectance. The most common material in use is 
smoked magnesium oxide, which reflects strongly and very diffusely up to A^ 2.6/im (cf. Fig. 3-
5). Other materials, such as "diffuse gold" [150-153], have been used to overcome the wavelength 
limitations. The strong, diffuse reflectance, together with the spherical geometry, assures that any 
external radiation hitting the surface of the sphere is converted into a perfectly diffuse intensity 
field due to many diffuse reflections. In the direct method the sample is illuminated directly by an 
external source, as shown in Fig. 3-47a. All of the reflected radiation is collected by the sphere 
and converted into a diffuse intensity field, which is measured by a detector. Similar readings are 
then taken on a comparison standard of known reflectance, under the same conditions. The sam-
ple may be removed and replaced by the standard (substitution method); or there may be separate 
sample and standard holders, which are alternately irradiated by the external source (comparison 
method), the latter being generally preferred. In the indirect method a spot on the sphere surface 
is irradiated while the detector measures the intensity reflected by the sample (or the comparison 
standard) directly. 

Errors in integrating sphere measurements are primarily caused by imperfections of the sur-
face coating (imperfectly diffuse reflectance), losses out of apertures, and unwanted irradiation 
onto the detector (direct reflection from the sample in the direct mode, direct reflection from the 
extemally-irradiated spot on the sphere in the indirect mode). Because of temperature sensitivity 
of the diffuse coatings, integrating-sphere measurements have mostly been limited to moderate 
temperature levels. However, for monochromatic and high-speed FTIR measurements it is pos-
sible to rapidly heat up only the sample by a high-power source, such as a laser, as was done by 
Zhang and Modest [155]. 
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FIGURE 3-48 
Design schematics of several integrating mirror reflectometers, using 
(a) a hemispherical, (h) a paraboloidal, (c) an ellipsoidal mirror. 

INTEGRATING MIRROR REFLECTOMETERS. An alternative to the integrating sphere 
is a similar design utilizing an integrating mirror. Mirrors in general have high reflectivities in the 
infrared and are much more efficient than integrating spheres and, hence, are highly desirable in 
the infrared where the energy of the light source is low. On the other hand, it is difficult to collect 
the radiant energy, reflected by the sample into the hemisphere above it, into a parallel beam of 
small cross-section. For this reason, an integrating mirror reflectometer requires a large detector 
area. There are three types of integrating mirrors: Hemispherical [156], paraboloidal [141,157] 
and ellipsoidal [158-164]. Schematics of the three different types are shown in Fig. 3-48. The 
principle of operation of all three is the same, only the shape of the mirror is different. Each of 
these mirrors has two conjugate focal points, i.e., if a point source of light is placed at one focal 
point, all radiation will, after reflection off" the mirror, fall onto the second focal point. Thus, in 
the integrating mirror technique an external beam is focused onto the sample, which is located at 
one of the focal points, through a small opening in the mirror. Radiation reflected from the sample 
into any direction will be reflected by the integrating mirror and is then collected by the detector 
located at the other focal point. This technique yields the directional-hemispherical reflectance 
of the sample, after comparison with a reference signal. Alternatively, one of the focal points 
can hold a blackbody source, with the ellipsoidal mirror focusing the energy onto the sample at 
the second focal point. Radiation leaving the sample is then probed through a small hole in the 
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mirror and spectrally resolved and detected by a monochromator or FTIR spectrometer, yielding 
the hemispherical-directional reflectance of the sample [164]. Sources for error in the integrating 
mirror method are absorption by the mirror, energy lost through the entrance port, nonuniform 
angular response of detectors, and energy missing the detector owing to mirror aberrations. To 
minimize aberrations, ellipsoids are preferable over hemispheres. The method has generally been 
limited to relatively large wavelengths, > 2.5 /urn (because of mirror limitations), and to moderate 
temperatures. Designs allowing sample temperatures up to about 1000°C have been reported by 
Battuello and coworkers [162], Ravindra and colleagues [165], and by Freeman et al. [166], while 
the torch-heated sample of Markham and coworkers' design [164] allows sample temperatures up 
to 2000*'C. In general, integrating mirrors are somewhat less popular than integrating spheres 
because mirrors are more sensitive to flux losses and misalignment errors. 
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Problems 

3.1 A diffusely emitting surface at 500 K has a spectral, directional emittance that can be approximated 
by 0.5 in the range 0 < /I < 5//m and 0.3 for A > 5//m. What is the total, hemispherical emittance of 
this surface surrounded by (a) air and (b) a dielectric medium of refractive index n = 2? 
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3.2 A certain material at 600 K has the following spectral, directional emittance: 

f 0.9 cos ̂ , A<\fim, , ro.9c 
^ ' - 1 0 . 2 , X > 1 /L/m. 

(a) What is the total, hemispherical emittance of the material? 

(b) If the sun irradiates this surface at an angle of ^ = 60'' ofF-normal, what is the relevant total 
absorptance? 

(c) What is the net radiative energy gain or loss of this surface (per unit time and area)? 

3 3 A long, cylindrical antenna of 1 cm radius on an Earth-orbiting satellite is coated with a material 
whose emittance is 

, _ r 0, A<\ ^m, 
^ ~ Icos^, /l> l/zm. 

Find the absorbed energy per meter length. (Assume irradiation is from the sun only, and in a direction 
normal to the antenna's axis; neglect the Earth and stars.) 

3.4 The spectral, hemispherical emittance of a (hypothetical) metal may be approximated by the relation-
ship 

_̂  rO.5, .l<.l^ = 0.5^m, 
'̂̂ ^ l0.5.tM, A>^ 

(independent of temperature). Determine the total, hemispherical emittance of this material using (a) 
Planck's law, (b) Wien's distribution, for a surface temperature off/) 300 K, (//) 1000 K. How accurate 
is the prediction using Wien's distribution? 

3.5 A treated metallic surface is used as a solar collector material; its spectral, directional emittance may 
be approximated by 

What is the relevant a/e-ratio for near normal solar incidence if T̂ n ̂  600 K? 

3.6 A surface sample with 

ro.9( 
'^'10.2, 

f 0.9 cos 61, /l<2/im, 
A > 2/L/m, 

O Tungsten 
* * * lamps 

is irradiated by three tungsten lights as shown. The tungsten 
lights may be approximated by black spheres at T = 2000 K 
fitted with mirrors to produce parallel light beams aimed 
at the sample. Neglecting background radiation, determine 
the absorptance of the sample. 

3.7 A large isothermal plate (temperature T - 400 K) is ex-
posed to a long monochromatic {X = 1 W/m) line source 
as shown. The strength of the line source is Q (W/m 
length of source) = hcrT^^ spreading equally into all di-
rections. The plate has a spectral, directional emittance 
of 

, _ /0.9cos2 e, X< 2.5//m, ^ ^ ^ ̂  ^ 
"-^^lo.l, ^>2.5A/m, ^ ^ ^ ^ 2 -

For a general location, x, determine relevant absorptance, 
emittance, and the net local heat flux n̂et(jc), which must be supplied to/removed from the plate to 
keep it isothermal at T. 
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3.8 A metal (m2 = 5 0 - 5 0 /) is coated with a dielectric (mi = 2 - 0 i), which is exposed to vacuum. 

(a) What is the range of possible directions from which radiation can impinge on the metal? 

(b) What is the normal reflectance of the dielectric-metal interface? 

(c) What is the (approximate) relevant hemispherical reflectance for the dielectric-metal interface? 

3.9 For a certain material, temperature and wavelength the spectral, hemispherical emittance has been 
measured as €A. Estimate the refractive index of the material under these conditions, assuming the 
material to be (a) a dielectric with €,i = 0.8, (b) a metal in the infrared with e^ = 0.2 (the Hagen-
Rubens relation being valid). 

3.10 It can be derived from electromagnetic wave theory that 

€nA 3 4 

Determine e^ for metals with €„A <̂  1 as a function of wavelength and temperature. 

3.11 A solar collector surface with emittance 

, ro.9( 
'^ = 10.2, 

0.9 cos 6/, A<2fim, 
A > 2fim, 

is to be kept at 7̂ . = 500 K. For ^̂ oi = 1300W/m^, what is the range of possible sun positions 
with respect to the surface for which at least 50% of the maximum net radiative energy is collected? 
Neglect conduction and convection losses from the surface. 

3.12 On one of those famous clear days in Central Pennsylvania (home of PennState), a solar collector is 
irradiated by direct sunshine and by a diffuse atmospheric radiative flux. The magnitude of the solar 
flux is ŝun = 1000 W/m^ (incident at ŝun = 45°), and the effective blackbody temperature for the sky 
is T̂icy = 244 K. The absorber plate is isothermal at 320 K and is covered with a nongray, nondiffuse 
material whose spectral, directional emittance may be approximated by 

, , , . , . /0.9, A<22fim, 
6,(^,^) = 6„,cos^, «̂'̂  = lo . l , A>22m. 

where £„,{ is the normal, spectral emittance. Determine the net radiative flux on the collector. 

3.13 A small plate, insulated at the bottom, is heated by irradiation from a defocused CO2 laser beam 
(wavelength 10.6/zm) with an incidence angle of 30° off-normal. The radiative properties of the 
surface are 

2 cos^ 0, A<3 //m, 
8 cos 6̂ , A>3 fim. 

The strength of the laser beam is 1300 W/m^. Neglecting losses due to natural convection, determine 
the lemperuturg of the plate. 
Note: for such weak laser irradiation levels the heating effect is relatively small. 

3.14 Determine the total, normal emittance of copper, silver and gold for a temperature of 1500 K. Check 
your results by comparing with Fig. 3-8. 

3.15 Determine the total, hemispherical emittance of copper, silver and gold for a temperature of 1500 K. 
Check your results by comparing with Fig. 3-11. 

3.16 A polished platinum sphere is heated until it is glowing red. An observer is stationed a distance away, 
from where the sphere appears as a red disk. Using the various aspects of electromagnetic wave 
theory and/or Fig. 3-9 and Table 3.3, explain how the brightness of emitted radiation would vary 
across the disk, if observed with (a) the human eye, (b) an infrared camera. 
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3.17 Two aluminum plates, one covered with a layer of white enamel paint, the other polished, are directly 
facing the sun, which is irradiating the plates with 1000 W/m^. Assuming that convection/conduction 
losses of the plates to the environment at 300 K can be calculated by using a heat transfer coefficient of 
10 W/m^ K, and that the back sides of the plates are insulated, estimate the equilibrium temperature 
of each plate. 

3.18 Consider a metallic surface coated with a dielectric layer. 

(a) Show that the fraction of energy reflected at the vacuum-dielectric interface is negligible (n\ = 
1.2; k =0) . 

(b) Develop an expression for the normal, spectral emittance for the metal substrate, similar to the 
Hagen-Rubens relationship. 

(c) Develop an approximate relation for the directional, spectral emittance of the metal substrate 
for large wavelengths and moderate incidence angles, say ^ < 75''. 

3.19 A plate of metal with 2̂ = fe = 100 is covered with a dielectric vacuum, HQ = 1 
as shown. The dielectric has an absorption band such that n\ = 2, 
and ATI = 1 for 0.2/im < A < 2jjm and k\ = 0 elsewhere. The dielectric,/i^^j 
dielectric is thick enough, such that any light traveling through it _„..^^_^„.,,,.,^^„_«„_„.^..^ 
of wavelengths 0.2 fim < A < 2/im is entirely absorbed before it 
reaches the metal. metal, n.,/:, 

(a) What is the total, normal emittance of the composite if its temperature is 400 K? 

(b) What is the total, normal absorptance if sun shines perpendicularly onto the composite? 

3.20 Estimate the total, normal emittance of ar-SiC for a temperature of (i) 300 K, (ii) lOOOK. You may 
assume the spectral, normal emittance to be independent of temperature. 

3.21 Estimate the total, hemispherical emittance of a thick slab of pure silicon at room temperature. 

3.22 Estimate and compare the total, normal emittance of room temperature aluminum for the surface 
finishes given in Fig. 3-25. 

3.23 A satellite orbiting Earth has part of its (flat) surface coated with spectrally selective "black nickel," 
which is a diffuse emitter and whose spectral emittance may be approximated by 

{0.9, A < 
10.25, A> 
f 0.9, A < 2/im, 

2//m. 

Assuming the back of the surface to be insulated, and the front exposed to solar irradiation of ŝoi = 
1367W/m^ (normal to the surface), determine the relevant a/£-ratio for the surface. What is its 
equilibrium temperature? What would be its equilibrium temperature if the surface is turned away 
from the sun, such that the sun's rays strike it at a polar angle of ^ = 60°? 

3.24 Repeat Problem 3.23 for white paint on aluminum, whose diffuse emittance may be approximated by 

^ / O . l , 
^'^^10.9, 

0.1, A<2fim, 
A > 2/im. 

3.25 Estimate the spectral, hemispherical emittance of the grooved materials shown in Fig. 3-36. Repeat 
Problem 3.23 for these materials, assuming them to be gray. 

3.26 Repeat Problem 1.7 for a sphere covered with the grooved material of Fig. 3-36, whose directional, 
spectral emittance may be approximated by 

, _ / 0 . 9 , 
^'^^lO.O, 

Assume the material to be gray. 

0.9, 0 < 6> < 40°, 
40° < ^ < 90°. 
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3.27 An antenna of a satellite may be approximated by a long half cylin-
der, which is exposed to sunshine as shown in the sketch. The an-
tenna has a high conductivity (i.e., is isothermal), and is coated with 
the material of Fig. 3-36, i.e., the material may be assumed to be 
gray with the following directional characteristics: 

=1453 W/m2 

10, 
0.9, 0 < 61 < 40°, 

^>40° . 

Determine the equilibrium temperature of the antenna, assuming it 
exchanges heat only with the sun (and cold outer space). 

3.28 A solar collector coasists of a metal plate coated with "black nickel." The collector is irradiated by the 
sun with a strength of ŝoi = 1000 W/m^ from a direction which is ^ = 30° from the surface normal. 
On its top the surface loses heat by radiation and by free convection (heat transfer coefficient h] = 
10 W/m^ K), both to an atmosphere at ^mb = 20°C. The bottom surface delivers heat to the collector 
fluid (hi = 50 W/wr K), which flows past the surface at TJuid = 20°C. What is the equilibrium 
temperature of the collector plate? How much energy (per unit area) is collected (i.e., carried away 
by the fluid)? Discuss the performance of this collector. Assume black nickel to be a diffuse emitter. 

3.29 Make a qualitative plot of temperature v .̂ the total hemispherical emittance of: 

(a) a 3 mm thick sheet of window glass, 

(h) polished aluminum, and 

(c) an ideal metal, which obeys the Hagen-Rubens relation. 

3.30 A horizontal sheet of 5 mm thick glass is covered with a 2 mm thick layer of water. If solar radiation 
is incident normal to the sheet, what are the transmissivity and reflectivity of the water/glass layer at 
Ai = 0.6/im and A2 = 2/im? For water w„2o(0.6A/m) = 1.332 - 1.09 x 10"^ /, mn2o(2/im) = 1.306 -
1.1 X 10-^ / [167]; for glass mgiass(0.6A/m) = 1.517-
[77]. 

6.04 X 10-^ /, /Wgiass(2pm) = 1.497 - 5.89 x 10"^ i 

3.31 A solar collector plate of spectral absorptivity QTCOU = 0.90 
is fitted with two sheets of 5 mm thick glass as shown in the 
adjacent sketch. What fraction of normally incident solar 
radiation is absorbed by the collector plate at a wavelength 
of 0.6//m? At 0.6A/m Wgiass = 1.517 - 6.04 x 10"'' / [77]. 
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CHAPTER 

4 
VIEW FACTORS 

4.1 INTRODUCTION 

In many engineering applications the exchange of radiative energy between sxjufaces is virtually 
unaffected by the medium that separates them. Such (radiatively) nonparticipating media include 
vacuum as well as monatomic and most diatomic gases (including air) at low to moderate tem-
perature levels (i.e., before ionization and dissociation occurs). Examples include spacecraft heat 
rejection systems, solar collector systems, radiative space heaters, illumination problems, and so 
on. 

In the following four chapters we shall consider the analysis of surface radiation transport, 
i.e., radiative heat transfer in the absence of a participating medium, for different levels of com-
plexity. It is common practice to simplify the analysis by making the assumption of an idealized 
enclosure and/or of ideal surface properties. 

The greatest simplification arises if all surfaces are black: For such a situation no reflected 
radiation needs to be accounted for, and all emitted radiation is diffuse (i.e., the intensity leaving a 
surface does not depend on direction). The next level of difficulty arises if surfaces are assumed to 
be gray, diffuse emitters (and, thus, absorbers) as well as gray, diffuse reflectors. The vast majority 
of engineering calculations are limited to such ideal surfaces, which are the topic of Chapter 5. 

If the reflective behavior of a surface deviates strongly from a diffuse reflector (e.g., a polished 
metal, which reflects almost like a mirror) one may often approximate the reflectance to consist of 
a purely diffuse and a purely specular component. This situation is discussed in Chapter 6. How-
ever, if greater accuracy is desired, if the reflectance cannot be approximated by purely difliise 
and specular components, or if the assumption of a gray surface is not acceptable, a more general 
approach must be taken. A few such methods are briefly outlined in Chapter 7. 

As discussed in Chapter 1 thermal radiation is generally a long-range phenomenon. This is al-
ways the case in the absence of a participating medium, since photons will travel unimpeded from 
surface to surface. Therefore, performing a thermal radiation analysis for one surface impUes 
that all surfaces, no matter how far removed, that can exchange radiative energy with one another 
must be considered simultaneously. How much energy any two surfaces exchange depends in 
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Reflection 
Irradiation 

FIGURE 4-1 
Surface energy balance. 

part on their size, separation distance, and orientation, leading to geometric functions known as 
view factors. In the present chapter these view factors are developed for gray, diffusely radiating 
(i.e., emitting and reflecting) surfaces. However, the view factor is a very basic function that will 
also be employed in the analysis of specular reflectors as well as for the analysis for surfaces with 
arbitrary emission and reflection properties. 

Making an energy balance on a surface element, as shown in Fig. 4-1, we find 

^ = Remission "" ^absorption ^ h — (Xti. (4.1) 

In this relation Remission and âbsorption are absolutc values with directions as given by Fig. 4-1, 
while q is the net heat flux supplied to the surface, as defined in Chapter 1 by equation (1.37). 
According to this definition q is positive if the heat is coming from inside the wall material, by 
conduction or other means {q > 0), and negative if going from the enclosure into the wall {q < 0). 
Altematively, the heat flux may be expressed as 

q ~ ^out "" <7in ~ (demission + ^reflection) "" îrradiation 

= (E + pH)-H, (4.2) 

which is, of course, the same as equation (4.1) since, for opaque surfaces, p = 1 - a. The irra-
diation H depends, in general, on the level of emission from surfaces far removed from the point 
under consideration, as schematically indicated in Fig. 4-2a. Thus, in order to make a radiative 
energy balance we always need to consider an entire enclosure rather than an infinitesimal control 
volume (as is normally done for other modes of heat transfer, i.e., conduction or convection). The 
enclosure must be closed so that irradiation from all possible directions can be accounted for, and 
the enclosure surfaces must be opaque so that all irradiation is accounted for, for each direction. 
In practice, an incomplete enclosure may be closed by introducing artificial surfaces. An enclo-
sure may be idealized in two ways, as indicated in Fig. 4-26: By replacing a complex geometrical 
shape with a few simple surfaces, and by assuming surfaces to be isothermal with constant (i.e., 
average) heat flux values across them. Obviously, the idealized enclosure approaches the real 
enclosure for sufficiently small isothermal subsurfaces. 

4.2 DEFINITION OF VIEW FACTORS 

To make an energy balance on a surface element, equation (4.1), the irradiation H must be eval-
uated. In a general enclosure the irradiation will have contributions from all visible parts of the 
enclosure surface. Therefore, we need to determine how much energy leaves an arbitrary surface 
element dA' that travels toward dA, The geometric relations governing this process for "diffiise" 
surfaces (for surfaces that absorb and emit diffusely, and also reflect radiative energy diffusely) 
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(a) (b) 

FIGURE 4-2 
(a) Irradiation from different locations in an enclosure, (h) real and ideal enclosures for radiative transfer calculations. 

are known as view factors. Other names used in the Uterature are configuration factor, angle 
factor, and shape factor, and sometimes the term diffuse view factor is used (to distinguish from 
specular view factors for specularly reflecting surfaces; see Chapter 6). The view factor between 
two infinitesimal surface elements dAi and dAj, as shown in Fig. 4-3, is defined as 

dFdAr •dAj = 

diffuse energy leaving dAi directly toward and intercepted by dAj 

total diffuse energy leaving dAj 
(4.3) 

where the word "directly" is meant to imply "on a straight path, without intervening reflections." 
This view factor is infinitesimal since only an infinitesimal fraction can be intercepted by an 
infinitesimal area. From the definition of intensity and Fig. 4-3 we may determine the heat transfer 
rate fi*om dAj to dAj as 

I(Yi){dAi cos Oi) dQj = /(r/) cos Oi cos 6j dAi dAj/S^, (4.4) 

where 6i (or 6j) is the angle between the surface normal Ai (or n,) and the line connecting dAi 
and dAj (of length S), The total radiative energy leaving dAi into the hemisphere above it is 
J = E -^pH, where J is called the radiosity. Since the surface emits and reflects difî usely both E 
and pH obey equation (1.32), and the outgoing flux may be related to intensity by 

J(ri)dAi = [£(rO +p(rO//(r/)] dAi = nI(ri)dAi. 

Note that the radiative intensity away from dAi, due to emission and/or reflection, does not depend 
on direction. Therefore, the view factor between two infinitesimal areas is 

cos ft cos ̂ • 
dFdA,-dAj = :^^ dAj. (4.5) 

By introducing the abbreviation s,y = i} - r/, and noting that cos ft = A/ • S/y/|Siy|, the view factor 
may be recast in vector form as 

(fi/-s^O(ny.^v)^^ 
dtdAi~dAj = ^4 dAj. (4.6) 

Switching subscripts / and j in equation (4.5) immediately leads to the important law of reci-
procity, 

dAidFdAi-dAj = dAjdFdAj-dAr (4.7) 
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FIGURE 4-3 
Radiative exchange between two in-
finitesimal surface elements. 

FIGURE 4-4 
Radiative exchange between one infinitesimal and one 
finite surface element. 

Often, enclosures are idealized to consist of a number of finite isothermal subsurfaces, as 
indicated in Fig. 4-26. Therefore, we should like to expand the definition of the view factor to 
include radiative exchange between one infinitesimal and one finite area, and between two finite 
areas. Consider first the exchange between an infinitesimal dAj and a finite Aj, as shown in Fig. 4-
4. The total energy leaving dAi toward all of ^ is, from equation (4.4), 

KrddAi f 
J A, 

COS 0i COS 9j 
dAj, 

while the total energy leaving the dAt into all directions remains unchanged. Thus, we find 

cos 6i cos 6j 
FdAi-Aj = I 

JAi nS^ 
•dAj, (4.8) 

which is now finite since the intercepting surface, Aj, is finite. 
Next we consider the view factor from Aj to the infinitesimal dAi. The amount of radiation 

leaving all oi Aj toward dAi is, from equation (4.4) (after switching subscripts / and j \ 

dAt f Kvj 
JAi 

COS 6i COS 6j 

)^^.4. 
and the total amount leaving Aj into all directions is 

n f I{jrj)dAj. 
J Aj 

Thus, we find the view factor between surfaces Aj and dAi is 

dF, 
J A, 

COS 6; COS 6j 

"52 
dAjdAi Jt f Krj)dAj, (4.9) 
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FIGURE 4-5 
Radiative exchange between two finite surfaces. 

which is infinitesimal since the intercepting surface, dAf, is infinitesimal. The view factor in 
equation (4,9)—unlike equations (4.5) and (4.8)—is not a purely geometric parameter since it 
depends on the radiation field /(ry). However, for an ideal enclosure as shown in Fig. 4-2Z?, it is 
usually assumed that the intensity leaving any surface is not only diffuse but also does not vary 
across the surface, i.e., /(r,) = Ij = const. With this assumption equation (4.9) becomes 

1 r coŝ /COs6>/ ,^ , ^ 

Comparing this with equation (4.8) we find another law of reciprocity, with 

(4.10) 

(4.11) 

subject to the restriction that the intensity leaving Aj does not vary across the surface. 
Finally, we consider radiative exchange between two finite areas Aj and Aj as depicted in 

Fig. 4-5. The total energy leaving A,- toward Aj is, from equation (4.4), 

/ / 
JAiJAj 

^^ COS Oi COS 0. , , 
m) -^2-^dAjdAi, 

and the view factor follows as 

PAI-A, n COS ^/COS 61- / r 

Krd -^^dAjdAi nj^ / ( r , )M. (4.12) 
If we assume again that the intensity leaving Ai does not vary across the surface, the view factor 
reduces to 

I f f cos 6̂, cos 61 

The law of reciprocity follows readily as 

A FA,-A, = Aj FAJ-AI, 

(4.13) 

(4.14) 
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which is now subject to the condition that the radiation intensities leaving Aj and Aj must both be 
constant across their respective surfaces. 

In a somewhat more compact notation, the law of reciprocity may be summarized as 

dAidFdi-dj = dAjdFdj-dh (4.15a) 

dAiFdi-j = AjdFj-dh (y,-= const), (4.156) 

AiFi-j = AjFj-i, (lu Ij = const). (4.15c) 

The different levels of view factors may be related to one another by 

Fdi-i = f dFdi-dp (4.16a) 
JAj 

Fi^j = - i f FdLjdAi, (4.16fe) 
A" J Ai 

Finally, an enclosure consisting of iV surfaces, each with constant outgoing intensities, obeys the 
summation relation, 

N N 

Y,FdH = Yj^H-^' (4.17) 

This follows directly from the definition of the view factor (i.e., the sum of all fractions must 
add up to unity). Note that equation (4.17) includes the view factor iv_,. If surface Ai is flat or 
convex, no radiation leaving it will strike itself directly, and /v-/ simply vanishes. However, if 4̂/ 
is concave, part of the radiation leaving it will be intercepted by itself and /J_/ > 0. 

4.3 METHODS FOR THE EVALUATION OF 
VIEW FACTORS 

The calculation of a radiative view factor between any two finite surfaces requires the solution 
to a double area integral, or a fourth-order integration. Such integrals are exceedingly difficult to 
evaluate analytically except for very simple geometries. Even numerical quadrature may often be 
problematic because of singularities in the integrand, and because of excessive CPU time require-
ments. Therefore, considerable effort has been directed toward tabulation and the development of 
evaluation methods for view factors. Early tables and charts for simple configurations were given 
by Hamilton and Morgan [1], Leuenberger and Pearson [2], and Kreith [3]. Fairly extensive tab-
ulations were given in the books by Sparrow and Cess [4] and Siegel and Howell [5]. Siegel 
and Howell also give an exhaustive listing of sources for more involved view factors. The most 
complete tabulation is given in a catalogue by Howell [6], a version of which can now also be ac-
cessed on the Internet via http://www.me .u texas . edu/^howell/index.html. A number of 
commercial and noncommercial computer programs for their evaluation are also available [7-15], 
and a review of available numerical methods has been given by Emery and coworkers [16]. Some 
experimental methods have been discussed by Jakob [17] and Liu and Howell [18]. Within the 
present book Appendix D gives view factor formulae for an extensive set of geometries. A self-
contained Fortran program viewf ac to r s is included in Appendix F for the evaluation of all view 
factors listed in Appendix D [this program calls a Fortran function view, which may also be used 
from within other programs]. 

Radiation view factors may be determined by a variety of methods. One possible grouping of 
different approaches could be: 

1. Direct integration: 
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(/) analytical or numerical integration of the relations given in the previous section (sur-
face integration); 

(//) conversion of the relations to contour integrals, followed by analytical or numerical 
integration (contour integration); 

2. Statistical determination: View factors may be determined through statistical sampling with 
the Monte Carlo method; 

3. Special methods: For many simple shapes integration can be avoided by employing one of 
the following special methods: 

(/) view factor algebra, i.e., repeated appUcation of the rules of reciprocity and the sum-
mation relationship; 

(ii) crossed-strings method: A simple method for evaluation of view factors in two-
dimensional geometries; 

(///) unit sphere method: A powerful method for view factors between one infinitesimal 
and one finite area; 

(/v) inside sphere method: A simple method for a few special shapes. 

All of the above methods will be discussed in the following pages, except for the Monte Carlo 
method, which is treated in considerable detail in Chapter 20. 

4,4 AREA INTEGRATION 

To evaluate equation (4.5) or to carry out the integrations in equations (4.8) and (4.13) the inte-
grand (i.e., cos Oj, cos 6j and S) must be known in terms of a local coordinate system that describes 
the geometry of the two surfaces. While the evaluation of the integrand may be straightforward 
for some simple configurations, it is desirable to have a more generally applicable formula at 
one's disposal. Using an arbitrary coordinate origin, a vector pointing from the origin to a point 
on a surface may be written as 

r = jci + i/j+zfi, (4.18) 

where 1, j and k are unit vectors pointing into the x-, i/- and z-directions, respectively. Thus the 
vector firom dAi going to dAj is determined (see Fig. 4-5) as 

S/7 = -^i = ^j - r/ = (xj - Xi)i + (yj - yi)i + (zj - Zi)L (4.19) 

The length of this vector is determined as 

| s / / = \s/ =S^ = (xj - xif + {yj - ytf + (r, - nf, (4.20) 

We will now assume that the local surface normals are also known in terms of the unit vectors i, i 
and k, or, from Fig. 4-6, 

n = /i + mj + Aik, (4.21) 

where /, w, and n are the direction cosines for the unit vector n, i.e., I = n'\ = cos9x is the cosine 
of the angle Ox between ii and the jc-axis, etc. We may now evaluate cos Oi and cos Oj as 

cos Oi = - ~ r ^ = - [(xj - Xi)li + (yj - yi)mi + (zj -> z/)/2/], (4.22a) 

cos Oj = -j^ = - [{Xi ~ xi)lj + (iji ~ yi)mj + (z,- ~ zy)wy]. (422b) 
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FIGURE 4-6 
Unit normal and direction cosines for a surface element. 

FIGURE 4-7 
View factor for strips on infinitely long groove. 

Example 4.1. Consider the infinitely long (-oo <y < -f oo) wedge-shaped groove as shown in Fig. 4-7. 
The groove has sides of widths a and b and an opening angle a. Determine the view factor between the 
narrow strips shown in the figure. 

Solution 
After placing the coordinate system as shown in the figure, we find zi = 0, 2̂ = M2 cos a and 22 = «2 sin a, 
leading to 

S^ = (xi - ui cos af + ((/I - yif + «2 sin^ a 

where .So is the projection of 5 in the x-z-plane and is constant in the present problem. The two surface 
normals are readily determined as 

Ai = fe, or l\ = m\ =0 , «i = 1, 

112 = isina - kcosa, or k - sin a, mi = 0, «2 = -cos a, 

leading to 
cos^i = M2 sin a /5 , 

cos ft = [{x\ -z/2 cos a) sin or +1/2 sin or cos a] IS = .Xi sin ajS. 
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dU2 008^20 

FIGURE 4-8 
Two-dimensional wedge-shaped groove with projected dis-
tances. 

For illustrative purposes we will first calculate c//vi-strip2 from equation (4.8), and then dF^xripi-stripi from 
equation (4.16). Thus 

dR JI-strip 2 X cos ̂ 1 cos ft _ du2 r^*^ xi U2 sin^ a dyi 

yi-yi ^ ^ t a n - ^ ^ ^ « X1U2 s in afif«2 

X1W2 sin^ at/ui 1 «2sina xi sin« duz 1 

2S„' 2 iSo 5b ^0 
-cosf tocosf to-^ , 

where l̂o and $20 are the projections of ft and ft in the jc-z-plane. Looking at Fig. 4-8 this may be 
revin-itten as 

dFji^stripl = \ COS (f>d(l>y 

where <l> = 1̂0 is the off-normal angle at which ^^trip2 is oriented from c/̂ stnpi- We note that dF,n-smp2 
does not depend on yi. No matter where on strip 1 an observer is standing, he sees the same strip 2 ex-
tending from-cx) to+00. It remains to calculate </Fstrip J-strip 2 from equation (4.16). Since equation (4.16) 
simply takes an average, and since dFdisiupi does not vary along dA^xnpi, it follows immediately that 

^-Fstripl-strip2 - 2 ^^^ 
x\ sin^ aitidui 

2S,' 

Example 4.2. Determine the view factor Fi_2 for the infinitely long groove shown in Fig. 4-8. 

Solution 
Since we already know the view factor between two infinite strips, we can write 

- 6 

"strip 1-2 strip 1 -strip 2» 

1 r 
a Jo 
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FIGURE 4-9 
Coordinate systems for the view factor between 
parallel, coaxial disks. 

Therefore, from Example 4.1, 

xi sin^ a C Uidui x\ sm a X\ cos a t/2 - Jc? 

1 + 

0 (;cf - 2x\ U2 cos a + uiyi-

bco^a - x\ 

^ sin^ a Jx^ - 2JCI W2 cos or + z^ | 

y Jxl ~ 2Z7;ci cos a + b^j 

Finally, carrying out the second integration we obtain 

Fi-: 1-2 ^ F.^p.-2rfx,=i(l-y. jcf -2bxi cosa + b^ [)4(l"^f-2^°^«^(;)| 

Example 4.3. As a final example for area integration we shall consider the view factor between two 
parallel, coaxial disks of radius Ri and R2, respectively, as shown in Fig. 4-9. 

Solution 
Placing X', y-, and z-axes as shown in the figure, and making a coordinate transformation to cylindrical 
coordinates, we find 

jci = ri cos^ j , it/1 = fi s in^ i , zi = 0; dAi = ri dri t/^,; 

X2 = 2̂ cos ^ 2 ' J/2 = f'l Sin^2» ^2 = ^ ; ^ ^ 2 = 'Iz ^^2 # 2 ' 

S^ = (ri cos^i - 2̂ cos(/^2)^ "+• (n siti^i - 2̂ sin ^2)^ + h^ 

= h^ '\'rj + fj - 2rir2 cos(^i - (/r2). 

Since Ai = fe and 112 = -ft, we also find /j = /2 = wj = m2 = 0, «i = -«2 = U and from equation (4.22) 
cos^i = cos 6̂  = h/S. Thus, from equation (4.13) 

^ 1 r'̂ ' r̂ 2 r'" r'" /?Vir2#2^^ 
(;ri?f);r J;.,=o Jr2=o J<«r,=o J^2=o \h^+r^+rf-2rir2 

I dt/zi dr2 dr\ 
l 2 ' 

COS(̂ l̂ - ^2 ) j 

Changing the dummy variable ^2 to i/̂  = ^j - ^ 2 ^ a k e s the integrand independent of ^1 (integrating from 
^1 - 2;r to ipx is the same as integrating from 0 to 2;r, since integration is over a full period), so that the 
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FIGURE 4-10 
Conversion between surface and contour integral; Stokes' theo-
rem. 

^, -integration may be carried out immediately: 

^vl_ r^' r^2 r^__fV2l 

nR] Jry=Q Jr2=o J(̂ =o (h^+r^+rj 
dij/dridrx 

'IrxriCOSipy 

This result can also be obtained by physical argument, since the view factor from any pie-slice of y4i 
must be the same (and equal to the one from the entire disk). While a second integration (over n, r2, 
or \li) can be carried out, analytical evaluation of the remaining two integrals appears bleak. We shall 
abandon the problem here in the hope of finding another method with which we can evaluate Fi_2 more 
easily. 

4,5 CONTOUR INTEGRATION 

According to Stokes' theorem, as developed in standard mathematics texts such as Wylie [19], a 
surface integral may be converted to an equivalent contour integral (see Fig. 4-10) through 

(f f-c/s= r ( V x f ) - i i ^ ^ , (4.23) 

where f is a vector fimction defined everywhere on the surface A, including its boundary T, n is the 
unit surface normal, and s is the position vector for a point on the boundary of .4 (c/s, therefore, 
is the vector describing the boundary contour of A). By convention the contour integration in 
equation (4.23) is carried out in the counter-clockwise sense for an observer standing atop the 
surface (i.e., on the side from which the normal points up). 

If a vector function f that makes the integrand of equation (4.23) equivalent to the one of 
equation (4.8) can be identified, then the area (or double) integral of equation (4.8) can be reduced 
to a contour (or single) integral. Applying Stokes' theorem twice, the double area integration of 
equation (4.13) could be converted to a double line integral. Contour integration was first applied 
to radiative view factor calculations (in the field of illumination engineering) by Moon [20]. The 
earliest applications to radiative heat transfer appear to have been by de Bastos [21] and Sparrow 
[22]. 

View Factors from Differential Elements to Finite 
Areas 
For this case the vector function f may be identified as 

1 Si2 X III 
'=T.-^^ (4.24) 
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leading to 

Fd\-i hi (Si2Xfli)-c/Sz 

52 (4.25) 

where Sn is the vector pointing from dA\ to a point on the contour oiAi (described by vector $2), 
while d^ points along the contour of ^2-

For the interested reader with some background in vector calculus we shall briefly prove that 
equation (4.25) is equivalent to equation (4.8). Using the identity (given, e.g., by Wyhe [19]), 

we may write ̂  

V X (^a) = ^V X a ~ a X V(̂ , 

2;rV2Xf=V2x(?^^J = ^V2X(s,2Xn,)~(s,2Xni) 
- ^ ) -

(4.26) 

(4.27) 

From equations (4.19) and (4.20) it follows that 

We also find, using standard vector identities, 

53 ^ S3 s s*' 

(S12 X fii) X S12 = li|(Si2 • S12) - Si2(Si2 • i l l ) = S^fil - Sl2(Sl2 • fi]), 

V2 X (S12 X fli) = fl, • V2S12 - S12 • V2fll + S12V2 • fll - fllV2 • S12. 

(4.28a) 

(4.28Z)) 

In the last expression the terms V2iii and V2 • Ai drop out since flj is independent of surface A2. 
Also, from equation (4.19) we find 

V2 S|2 = 3, V2Si2=H+lj + fefe = tf, (4.29) 

where S is the unit tensor whose diagonal elements are unity and whose nondiagonal elements are 
zero: 

(4.30) = 

/ 
1 0 

0 1 

S 0 

\ 
0 

0 

1 

With A] • <̂  = A] equation (4.286) reduces to 

V2 X (si2 X fii) = ill - 3iii = -2ni. 

Substituting all this into equation (4.27), we obtain 

2;rV2 X f = ~ - ^ + — [s^hx ~ s,2(si2 • fti)j = -^s,2(si2 • Ai), 

^ We add the subscript 2 to all operators to make clear that differentiation is with respect to position coordinates on Ai, 
for example, X2y yi, andz2 if a Cartesian coordinate system is employed. 
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FIGURE 4 - n 
View factor to a rectangular plate from a parallel infinitesimal 
area element located opposite a comer. 

and 

(V2Xf) .n2 = ~ 
(Si2 • fll)(Si2 • 82) COS 6\ COS Oz 

TtS^ nS^ 
(4.31) 

Together with Stokes' theorem this completes the proof that equation (4.25) is equivalent to an 
area integral over the function given by equation (4.31). 

For a Cartesian coordinate system, using equations (4.18) through (4.21), we have 

and equation (4.25) becomes 

^ 1 - 2 

dS2 = dX2i + Ji/2J + dZ2(i, 

Z\)dy2-(y2-y\)dz2 , mi C (x2-xi)dz2-(22-11)dx2 

52 2n% 52 

(y2-yi)dx2 - ix2-xx)dy2 

52 
(4.32) 

Example 4.4. Determine the view factor i^i-2 for the configuration shown in Fig. 4-11. 

Solution 

With the coordinate system as shown in the figure we have 

and, with Ai = ~ £ , or /i = mi = 0 and «, = - 1 , it follows that equation (4.32) reduces to 

ydx- xdy 
Fdx. 

1 / r bJy r" adx \ 
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b 
itan 

a , X 
+ . tan"̂  

2^1V62T? V62T?lo V?T? VS2T?lo 

l i b \ ci a 1 ^ \ 

View Factors between Finite Areas 

To reduce the order of integration for the determination of the view factor between two finite 
surfaces A\ and A2, Stokes' theorem may be applied twice, leading to 

AiFi-.2 = — (D (b ln5 Ŝ2 • ^si, (4.33) 

where the contours of the two surfaces are described by the two vectors Si and ŝ . To prove 
that equation (4.33) is equivalent to equation (4.13) we get, comparing with equation (4.23) (for 
surface v4j), 

f = ^ ^ l n 5 c / s 2 . (4.34) 

Taking the curl leads, by means of equation (4.26), to 

2nVi Xf = (f) Vi X (InS ds2) = (D V,(ln5) x dsi 
Jr2 JTI 

^ V i 5 x J s 2 , (4.35) 
JVo 

where differentiation is with respect to the coordinates of surface A{ (for which Stokes' theorem 
has been applied). Forming the dot product with Ai then results in 

fli • (Vi X f) = ^ ^ n , . (Vi^ X Js2) = ^ ""'iJs^ ' "^^^ "̂̂ '̂ ^̂  

where use has been made of the vector relationship 

u • (y X w) = (u X v) • w. (4.37) 

Again, from equations (4.19) and (4.20) it follows that V\S = -Sn/S, so that 

r cos^icos6?2 , . 

where equation (4.25) has been employed. Finally, 

,̂F,_2 = Ĵ  n,.(V,xf)dA,=JJ^ '-2^^2Sl^dA^dAu (4.38) 

which is, of course, identical to equation (4.13). 



4.6 VIEW FACTOR ALGEBRA 145 

For Cartesian coordinates, with S\ and $2 from equation (4.18), equation (4.33) becomes 

Example 4.5. Determine the view factor between two parallel, coaxial disks, Example 4.3, by contour 
integration. 

Solution 
Withds=^dxt + dyj + dzkit follows immediately from the coordinates given in Example 4.3 that 

ds\ = i?i^i^|(~sin(^if+ cos0^,j), 

d%2 = R2di//2(-sinil/2i'\'COS(//^), 

ds\ • $̂2 = RiRidij/^ J^2(sin^i sin^2 + cos^i cos^2) 

= R\R2 cos(^, ~ ^2)^^! ^̂ 2» 

where, it should be remembered, d% is along the periphery of a disk, i.e., at r = /?. Substituting the last 
expression into equation (4.33) leads to 

^i-2 = TT%T f r 'lnU'+/^?+/?2'~2/ei/?2Cos(^,-^2)l'^'cos(^i~^2)#2#i> 

where the integration for 2̂ is from 0 to -In since, for an observer standing on top of .̂ 2, the integration 
must be in a counterclockwise sense. Just like in Example 4.3, we can eliminate one of the integrations 
immediately since the angles appear only as differences, i.e., ^1-^2* 

/̂ ,_2 = - ~ f \n{h^'¥R]'\-Rl-'lRxR2C0^\l/\'^Qosil/dilf. 
T^Ri Jo ^ 

Integrating by parts we obtain: 

F,_2 = - - • - sm^ln(/^2^/?r+^2~2i?,i?2Cos^) -RiR2 \ ^, ^2 ni 

^2/^1 C^" s i n V # 

ij/di// 

2RiR2COSil/ 

' Jo ' 27t Jo Z~cos^^ 

where we have introduced the abbreviation 

h^-^R^^-^-Rl 
X = 

IRxRi 

The integral can be found in better integral tables, or may be converted to a simpler form through 
trigonometric relations, leading to 

4.6 VIEW FACTOR ALGEBRA 

Many view factors for fairly complex configurations may be calculated without any integration 
by simply using the rules of reciprocity and summation, and perhaps the known view factor for a 
more basic geometry. We shall illustrate the usefulness of this view factor algebra through a few 
simple examples. 
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y Aj 

i-'A, 

J/^ dA, FIGURE 4-12 
View factor configuration for Example 4.6. 

(b) 

FIGURE 4-13 
Configuration for Example 4.7, (a) ftill comer piece, {b) strips on a comer piece. 

Example 4.6. Suppose we have been given the view factor for the configuration shown in Fig. 4-
11, that is, /vi-2 = F(a,b,c) as determined in Example 4.4. Determine the view factor /^i-a for the 
configuration shown in Fig. 4-12, 

Solution 
To express /vi-3 in terms of known view factors F(ay b, c) (with the differential area opposite one of the 
comers of the large plate), we fill the plane of 4̂3 with hypothetical surfaces AAMS and A(, as indicated 
in Fig. 4-12. From the definition of view factors, or equation (4.13), it follows that 

^/l-(3+4+5+6) = ^ 1 - 3 + ^ / l -4 + ^l-(5+6)» 

Fj]-4 = / i i _ ( 4 + 6 ) - / i l - 6 -

Thus, 

^ 1 - 3 = ^1-(3+4+5+6) - •^I-(4+6) + -RfI-6 " ^l-(5+6)-

All four of these are of the type discussed in Example 4.4. Therefore, 

Fji_3 = F(a'\'by c+d, e) - F(a, c+d^ e) + F{a, c, e) - F{a-\-b, c, e). 

We have successfully converted the present complex view factor to a summation of four known, more 
basic ones. 
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e X 
FIGURE 4-14 
Configuration for Example 4.̂  

Example 4,7. Assuming the view factor for a finite comer, as shown in Fig. 4-13a, is known as 
/]_2 = /(«, b, c), where / is a known function of the dimensions of the comer pieces (as given in 
Appendix D), determine the view factor iS_4, between the two perpendicular strips as shown in Fig. 4-
136. 

Solution 
From the definition of the view factor, and since the energy traveling to A4 is the energy going to A2 and 
A4 minus the one going to A2, it follows that 

/^_4 = Fj '3-(2+4) •F3-2, 

an4 using reciprocity, 

Similarly, we find 

^3-4 = -7- [{A2 + /tt)/^2+4)-3 - ^2/^2-3] . 
^ 3 

^ - 4 = -—-| (^2+4HI+3) ~ •^2+4)-!) - -J- (^-(1+3) ^ ^2~\) • 
^ 3 ^ 3 

All view factors on the right-hand side are comer pieces and are, thus, known by evaluating the fimction 
/ with appropriate dimensions. 

Example 4.8. Again, assuming the view factor known for the configuration in Fig. 4-13a, determine 
F|-6 as shown in Fig. 4-14. 

Solution 
Examining Fig. 4-14, and employing reciprocity, we find 

(As +^6)^5+6Hl-»-2) = (^5 + ^ 6 ) (^5+6)-1 + ^5+6)-2) 

= ^ , ( F i - 5 -f- F l -6) + v42(F2-5 + F2_6) 

= A](Fi_(3+5) - /^l-3) + ^2(F2_(4+6) ^ i^~4) + A^F^-^ + AjFy-S-

On the other hand, we also have 

(.45 + A^) /^54.6)_(j+2) = (^ l + A2) (i'\i+2H3+4+5-^6) ^ •^l+2)-{3->4)) • 

In both expressions all view factors, with the exceptions of Fi_6 and i^^5, are of the type given in Fig. 4-
13a. 

These last two view factors may be related to one another, as is easily seen from their integral forms. 
From equation (4.13) we have 

^ 2 ^ 2 - ^ 
JA2 J AS 

COS 62 COS 0$ 
dAsdA2, 



148 4 VIEW FACTORS 

FIGURE 4-15 
View factors between generalized rectangles, (a) surfaces are on perpendicular planes, (b) surfaces are on parallel planes. 

With a coordinate system as shown in Fig. 4-14, we get from equations (4.20) and (4.22) S^ = JK̂  + (t^-
ysf + z^, cos ft = zs/Sy cos 0$ = X2/S, or 

A.f,.s-r r r r ^ 5 dzs dys dy2 dxi 

+ 0/2-?/5)^+Z?] 

Similarly, we obtain for Fi_6 

AF.-.- r r r r ^ p ^ 5 ^ f / 6 fJ^i/l ^ ^ 1 

2* 
r[^+(?/i-i/6)2+2^] 

Switching the names for dummy integration variables, it is obvious that 

A2F2.S =^1^1-6, 

which may be called the law of reciprocity for diagonally opposed pairs of perpendicular rectangular 
plates. 

Finally, solving for Fi_6 we obtain 

fl-6 = ^ . ^ (^l+2)-(3+4+5+6) - ^l+2)-(3+4)) "" X (^l-(3+5) ^ -^l-s) " TTr (^-(4+6) - -^ -4 ) • 
1A\ 2. LA\ 

Using similar arguments, one may also determine the view factor betv^een two arbitrarily ori-
entated rectangular plates lying in perpendicular planes (Fig. 4-15a) or in parallel planes (Fig. 4-
15fc). After considerable algebra, one finds [1]: 

Perpendicular plates (Fig. 4-15a): 

2^lFi_2 =/(A:2,Z^,Z3)-/(X2,I/i,Z3)-~/(;Cl,i/2,Z3) + /(Xi,£/i,Z3) 

+ /(J^l, yi> Zl) - f(Xi, yi, 22) - f(X2, y2.Z2)+ / (X2, y\, 22) 

- / t e , f/2,Z3-Zi) + /(X2, yi,Z3 -Zj ) + / ( X i , i/2,Z3 -Z]) - f{x\,yx,Z2-Z\) 

+ / f e , i/2,22 -Z]) - f(Xi, y\, Z2 - Z i ) - / ( X i , 1/2, Z2 ~Zi) + / ( ^ i , l/i, Z2 - Z i ) , (4 .40) 

where f{w, A, /) = ^ i ^1-2 is the product of area and view factor between two perpendicular rect-
angles with a common edge as given by Configuration 39 in Appendix D. 
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Parallel plates (Fig. 4-156): 

4AiFi.2=fix^,y3)-f(x3.y2)'-f{x3,ij3-y])-^f(x3,y2-y\) 

-[f{x2,y3)-Ax2,y2)-f(x2,yz-y\)'^f(x2,y2-y\)] 

- [ / t e -^1 ,^3) - f{x3-XX, 1/2) ~/(X3-^i,i/3~f/i) + f(x3-xuyi-yi)] 

+ /(.T2-xi, i/3) ~ f(x2'-xuy2) - f(x2-'Xuy3-yi) + f(x2-xuy2-y\), (4.41) 

where f(a,b) = ^1^1-2 is the product of area and view factor between two directly opposed, 
parallel rectangles, as given by Configuration 38 in Appendix D. 

Equations (4.40) and (4.41) are not restricted to X3 > JC2 > jci, and so on, but hold for ar-
bitrary values, for example, they are valid for partially overlapping surfaces. Fortran functions 
perppla tes and p a r l p l a t e s are included in Appendix F for the evaluation of these view fac-
tors, based on calls to Fortran function view (i.e., calls to fiinction view to evaluate the various 
view factors for Configuration 39 and 38, respectively). 

Example 4.9. Show that equation (4.41) reduces to the correct expression for directly opposing rect-
angles. 

Solution 
For directly opposing rectangles, we have X] = X3 - a, yi = y^ = by and X2 = yi - 0. WQ note that 
the formula for A1F1.2 for Configuration 38 in Appendix D is such that /(a, b) = /{-a, b) = f{a, -b) = 
/(~fl, -b\ i.e., the view factor and area are both "negative" for a single negative dimension, making 
their product positive, and similarly if both a and b are negative. Also, if either a or 6 is zero (zero area), 
then/(a, 6) = 0. Thus, 

4 îF,_2 = 4/(a, b) =:fia, 6) ~ 0 ~ 0 + /(a, -6) - [0 - 0 -~ 0 + 0] 

- [0 - 0 - 0 + 0]+f('-a,b) - 0 - 0 +/(-«, -b) 

^4f{aM 

Many other view factors for a multitude of configurations may be obtained through view factor 
algebra. A few more examples will be given in this and the following chapters (when radiative 
exchange between black, gray-difliise and gray-specular surfaces is discussed). 

4.7 THE CROSSED-STRINGS METHOD 

View factor algebra may be used to determine all view factors in long enclosures with constant 
cross-section. The method was first discovered by Hottel [23],* and is called the crossed-strings 
method since the view factors can be determined experimentally by a person armed with four 
pins, a roll of string, and a yardstick. Consider the configuration in Fig. 4-16, which shows the 
cross-section of an infinitely long enclosure, continuing into and out of the plane of the figure: We 
would like to determine Fi_2. Obviously, the surfaces shown are rather irregular (partly convex, 
partly concave), and the view between them may be obstructed. We shudder at the thought of 
having to carry out the view factor determination by integration, and plant our four pins at the 

* Hoyte Clark Hottel (1903-1998) 
American engineer. Obtained his M.S. from the Massachusetts Institute of Technology in 
1924, and has been on the Chemical Engineering faculty at M.I.T. since 1927. Hottel's 
major contributions have been his pioneering work on radiative heat transfer in furnaces, 
particularly his study of the radiative properties of molecular gases (Chapter 10) and his 
development of the zonal method (Chapter 17). 
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FIGURE 4-16 
The crossed-strings method for arbitrary two-dimensional configura-
tions. 

two ends of each surface, as indicated by the labels a, b, c, and d. We now connect points a and 
c and b and d with tight strings, making sxjre that no visual obstruction remains between the two 
strings. Similarly, we place tight strings ab and cd across the surfaces, and ad and be diagonally 
between them, as shown in Fig. 4-16. Now assuming the strings to be imaginary surfaces Aah, 
Aac, and Abe, we apply the summation rule to the "triangle" abc: 

^ac^ac-ab "^ ̂ Hic^ac-bc ~ A^c-> 

Abc^bc-ac + Abcri)c-ab ~ Abct 

(4.42a) 

(4.426) 

(4.42c) 

where Fab-ab = Fac-ac = Fhc-bc = 0 since a tightened string will always form a convex surface. 
Equations (4.42) are three equations in six unknown view factors, which may be solved by apply-
ing reciprocity to three of them: 

^ab^ab-ac "*" ^ab^ab-bc ^ -^ab* 

^ab^ab-ac "^ ̂ ac^ac-bc ~ -^ac* 

^ac^ac-bc "^ -^b^ab-bc ~ ^bc • 

(4.43a) 

(4.43Z?) 

(4.43c) 

Adding the first two equations and subtracting the last leads to the view factor for an arbitrarily 
shaped triangle with convex surfaces^ 

^ab-ac "~ 
•^b "^ -^c "" "^bc 

2Aab 
(4.44) 

which states that the view factor between two surfaces in an arbitrary "triangle" is equal to the 
area of the originating surface, plus the area of the receiving surface, minus the area of the third 
surface, divided by twice the originating surface. 

Applying equation (4.44) to triangle abd we find immediately 

Fab-bd = 
Agb + Abd - ^ad 

2A^b 
(4.45) 

But, from the summation rule. 

Fab-ac + Fab-bci + Fah-cd = 1 • (4 .46) 
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Thus 

Kb-cd = 1 -

{Ate ^ Add) - JAac + ^ ) (4.47) 

Inspection of Fig. 4-16 shows that all radiation leaving Aah traveling to Acd will hit surface A\. Pd 
the same time all radiation from Aab going to A\ must pass through Acd- Therefore, 

^ab-cd ^ ^ab-\' 

Using reciprocity and repeating the argument for surfaces Aah and A2, we find 

fab-cd = Pab-\ = -J-Px-^ab = -T-^l-2» 
^ab ^ab 

and, finally. 

n-2 = 7-; . (4.48) 
ZA\ 

This formula is easily memorized by looking at the configuration between any two surfaces as a 
generaHzed "rectangle," consisting of .^i, A2, and the two sides Aac andy4^j. Then 

/7,_3 = diagonals ~ sides 
2 X originating area 

Example 4.10. Calculate F1-2 for the configuration shown in Fig. 4-17. 

Solution 
From the figure it is obvious that 

Similarly, we have 

and 

5̂  = (c - c/cos af + cP sin̂  or = ĉ  + ^̂  - led cos a. 

Si = (a + c)̂  + (6 + J)^-2(fli + c)(^ + flOcosa 
d^ = (cr + c)^+t/^-2(a + c)t/cosa 
d'l = c^ + (b-{-df''2c(b-\-d)cosa. 

di-^di- (5, + 52) 
^ 1 - 2 = — 

2fl 

For c = J = 0, this reduces to the result of Example 4.2, or 

a-¥b- Vfl̂  + 6̂  - lab cos a 
f,., = _ . 

Example 4.11. Find the view factor /vi-2 of Fig. 4-17 for the case that A\ is an infinitesimal strip of 
width dx. Use the crossed-strings method. 
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FIGURE 4-17 
Infinitely long wedge-shaped groove for Examples 4.10 and 4.11, 

Solution 
We can obtain the result right away by replacing a by dx in the previous example. Throwing out differ-
entials of second and higher order, we find that s\ and di remain unchanged, and 

d\ - ^(c + dx)^ +d^ -2(c + dx)dcosa 

^ y/c^ + ^ - 2c^cosQr + 2 ( c - dcosa)dx 

(c-dcosa)dx 
^ ^c^+d^-ledcos a 1 + 

c^ + df^-led cos a 

dx 
= A'i + —(c-d cos a) 

S2 = y/ie 4- dxy -^(b-^d)^ - l{e + dx)(h + d)cosa 

^ d2 + -r [c - (b -¥ d)cosa], 
di 

Substituting this into equation (4.49), we obtain 

s\ + (e-dcos a)dx/si ^dj- s\ - tfe - [c-(6+c/) cos a] dx/dz 
Pd\-2 = 

Idx 

e-dcosa e-(b+d)cosa 

yjci +d^ ^2cdcosa yjc^ + {b+df - le{b^d)cosa\ 

The same result could also have been obtained by letting 

/Vi-2 = limFi-
a-»0 

where Fi_2 is the view factor firom the previous example. Using de THopital's rule to determine the 
value of the resulting expression leads to 

Fdx-. Vl-2 = 2 \da \da daJlJ 

and the above result. 

Thus, the crossed-strings method may also be applied to strips. Example 4.1 could also have 
been solved this way; since the result is infinitesimal this computation vv^ould require retaining 
differentials up to second order. However, integration becomes simpler for strips of differential 
widths, while application of the crossed-strings method becomes more involved. 

We shall present one final example to show how view factors for curved surfaces and for 
configurations with floating obstructions can be determined by the crossed-strings method. 

Example 4.12. Determine the view factor Fi_2 for the configuration shown in Fig. 4-18. 

Solution 
In the figure the end points of v4i and Ai (pin points) have been labeled cf, b, c, and d, and other strate-
gic points have been labeled with capital letters. A closed-contour surface such as a cylinder may be 
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FIGURE 4-18 
Configuration for view factor calculation of Example 4.12; string placement (a) for F{_2, (b) for F[_2. 

modeled by placing two pins right next to each other, with surface A2 being a strongly bulging convex 
surface between the pins. While the location of the two pins on the cylinder is arbitrary, it is usually 
more convenient to pick a location out of sight of .4i. Since A\ can see A2 from both sides of the ob-
struction, Fi_2 cannot be determined with a single set of strings. Using view factor algebra, we can state 
that 

fl-2 = F1-2 + Fl_2, 

where F{_2 and F^^^ ^^ the view factors between A] and A2 when considering only light paths on the left 
or right of the obstruction, respectively. The placement of strings for Fl_2 is given in Fig. 4-18a, and for 
F;_2 in Fig. 4-186. 

Considering first F/_2, the diagonals and sides may be determined from 

di ^aD-^DE + Ed, do = hA+AB + BC + Cc, 

si = aC -f Cc, S2 = bA+AE + Ed. 

Substituting these expressions into equation (4.49) and canceling those terms that appear in a diagonal 
as well as in a side (Edy bA, and Cc), we obtain 

/ aP + DE + AB + BC- (aC-\-AE) 
^'-' " l^b ' 

Looking at Fig. 4-18a we also notice that aC - aD and AB = AE, so that 

. BC-^DE _ aR + {n-ip-a)R \ (n 
^-'~ lab " IxlR 

But cot)5 = tan {nil - ^) = RjQi + H). Thus, 

i(f-4 

Fl. 1-2 
1 
- t an 

R 

h-¥H' 
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FIGURE 4-19 
The inside-sphere method. 

Similarly, we find fi*om Fig. 4-18^ for F[_2, 

dx=aF + Fl+IJ + Jd, d2 = bG + GH ^ He, 

s\ =aF + FH-^Hc, si^bJ-^Jd, 

__ FI-¥lJ'^bG + GH-'{FH-\-bJ) 

By inspection bG = bJ and FI = FH, leading to 

rj + GH {^-S-y)R + {n-2p+6-l-y)R 
pr -

lab 2x2R 

-2(2-H=2r ITH tan hi' 

Note that this formula only holds as long as GH > 0 (i.e., as long as the cylinder is seen without 
obstruction from point b). Finally, adding the left and right contributions to the view factor, 

R 

h + H 2 
1 -I ^ xtan 7. 

h 

4.8 THE INSroE-SPHERE METHOD 

Consider two surfaces A\ and A2 that are both parts of the surface of one and the same sphere, as 
shown in Fig. 4-19. We note that, for this type of configuration, 61 = $2 = ^ and S = IRcosO. 
Therefore, 

r c o s ^ r c o s ^ r _ c o s 2 j 9 ^ 1 f A2 
fd\~2= ^ dA2= - 7 7 ^ 7 7 7 ^ ^ ^ 2 = 7 - ^ dA2 = —, (4.50) 
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FIGURE 4-20 
View factor between coaxial parallel disks. 

where As = 4nR^ is the surface area of the entire sphere. Similarly, from equation (4.16), 

Fi_2 = ^ 1 - 2 = "T"' (4.51) 

since Fd\-2 does not depend on the position of dA{. Therefore, because of the unique geometry 
of a sphere, the view factor between two surfaces on the same sphere only depends on the size of 
the receiving surface, and not on the location of either one. 

The inside-sphere method is primarily used in conjunction with view factor algebra, to deter-
mine the view factor between two surfaces that may not necessarily lie on a sphere. 

Example 4.13. Find the view factor between two parallel, coaxial disks of radius Ri and R2 using the 
inside-sphere method. 

Solution 
Inspecting Fig. 4-20 we see that it is possible to place the parallel disks inside a sphere of radius R in 
such a way that the entire peripheries of both disks lie on the surface of the sphere. 

Since all radiation from Ai to A2 travels on to the spherical cap A2' (in the absence ofA2), and since 
all radiation from A] to A2' must pass through ̂ 2, we have 

Fi-2 = Fi-r-

Using reciprocity and applying a similar argument for Ai and spherical cap v4is we find 

AvA2' 
A\ A\ A\As 

The areas of the spherical caps are readily calculated as 

Ar = 2nR^ sinfidfi = 27rR\\ ~ cosyS,-), / = 1,2. 
Jo 

Thus, with Ai = nR} and A^ = 4nR^, this results in 

iS-2 = 
_ (27ri?̂ )̂ (l -cos)gt)(l -cos)^) 

nR^4nR^ 

From Fig. 4-20 one finds cos A- = ^R^-Rf/R, and 
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FIGURE 4-21 
Surface projection for the unit sphere 
method. 

It remains to find the radius of the sphere R, since only the distance between disks, h, is known. From 
Fig. 4-20 

which may be solved (by squaring twice), to give 

(RiR2\^ „ h^+R^-^Ri 
R2 = ^X'^\)(f^). X = 

2R,R2 

This result is, of course, identical to the one given in Example 4.5, although it is not trivial to show this. 

4.9 THE UNIT SPHERE METHOD 

The unit sphere method is a powerful tool to calculate view factors between one infinitesimal and 
one finite area. It is particularly useful for the experimental determination of such view factors, 
as first stated by Nusselt [24]. An experimental implementation of the method through optical 
projection has been discussed by Farrell [25]. 

To determine the view factor /̂ /i_2 between dA\ and A2 we place a hemisphere^ of radius R 
on top of ^ 1 , centered over dA\, as shown in Fig. 4-21. From equations (4.4) and (4.8) we may 
write 

Pd\-2 -j 
J A, 

COS 0\ COS O2 
dAi 

_ r cos 01 
dil2- (4.52) 

The solid angle ^^2 may also be expressed in terms of area dA!^ {dAi projected onto the hemi-
sphere) as d^2 = dA^IB?-. Further, the area dA^ may be projected along the z-axis onto the plane 
of/4i as dA'2 - cos^i dA'^. Thus, 

r cos 01 dA'^ r dA^' _ 4 ' 
(4.53) 

^The name unit sphere method originated with Nusselt, who used a sphere of unit radius; however, a sphere of arbitrary 
radius may be used. 
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FIGURE 4-22 
Geometry for the view factor in Example 4.14. 

that is, /vi_2 is the ftaction of the disk nB?- that is occupied by the double projection ofA2, Exper-
imentally this can be measured, for example, by placing an opaque area Ai within a hemisphere, 
made of a translucent material, and which has a light source at the center (at dAi), Looking down 
onto the translucent hemisphere in the negative z-direction, Ai' will appear as a shadow. A photo-
graph of the shadow (and the bright disk) can be taken, showing the double projection of ^2, and 
Fd\-2 can be measured. 

Example 4.14, Determine the view factor for ivi-2 between an infinitesimal area and a parallel disk as 
shown in Fig, 4-22. 

Solution 
While a hemisphere of arbitrary radius could be employed, we shall choose here for convenience a 
radius of R = ^la^ + (P, i.e., a hemisphere that includes the periphery of the disk on its surface. Then 
A^ = Ai- na^, and the view factor follows as 

Obviously, only a few configurations will allow such simple calculation of view factors. For a 
more general case it would be desirable to have some "cookbook formula*' for the application of 
the method. This is readily achieved by looking at the vector representation of the surfaces. Any 
point on the periphery of ̂ 2 may be expressed as a vector 

S12 = xi + i/l + zk. 

The corresponding point on A2 may be expressed as 

SI2 = ^'1 + y'i + / k : 
R 

^Jx^ + 1/ -\-z^ 
S12, 

and on A2 as 

s['^=x"i + y"j=x'i + y'l 

Thus, any point (x, y, z) on Ai is double-projected onto A'{ as 

(4.54) 

(4.55) 

(4.56) 

X. = 
^jx^ +y'^ +z^ 

R, y^' 
y]x^ -\- y^ +z^ 

R, (4.57) 

Only the area formed by the projection of the periphery of .̂ 2 through equation (4.57) needs to be 
found. This integration is generally considerably less involved than the one in equation (4.8). 
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Problems 

4.1 For Configuration 11, Appendix D, find /v/i-2 by {a) area integration, and {b) contour integration. 

Compare the effort involved. 

4.2 Using the results of Problem 4.1, find F\-2 for Configuration 33 in Appendix D. 

4.3 Find Fi_2 for Configuration 32, Appendix D, by area integration. 

4.4 Evaluate /vi-2 for Configuration 13 in Appendix D by {a) area integration, and (6) contour integration. 

Compare the efl'ort involved. 

4.5 Using the result from Problem 4.4, calculate F\-2 for Configuration 40, Appendix D. 
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4.6 Find the view factor ivi-2 for Configuration 11 in Appendix D, with dAi tilted toward A2 by an angle 

4.7 Find Fdi-2 for the surfaces shown in the figure, using (a) area integration, (b) view 
factor algebra and Configuration 11 in Appendix D. 

dAi 

4.8 For the infinite half-cylinder depicted in the figure, find 
Fl-2. 

4.9 Find /vi-2 for the surfaces shown in the figure. 

4.10 To reduce heat transfer between two infinite con-
centric cylinders a third cylinder is placed between 
them as shown in the figure. The center cylinder 
has an opening of half-angle 9. Calculate /^_2. 

h , 
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4.11 Calculate the view factor Fi_2 for surfaces on a cone as 
shown in the figure. 

4.12 Determine the view factor Fi_2 for the configuration shown in the figure, 
if 
(a) the bodies are two-dimensional (i.e., infinitely long perpendicular to 
the paper); 
(b) the bodies are axisymmetric (cones). 

4.13 Find Fi_2 for the configuration shown in the figure (infinitely long 
perpendicular to paper). 

h=2D 

4.14 Calculate the view factor between two infinitely 
long cylinders as shown in the figure. If a radiation 
shield is placed between them to obstruct partially 
the view (dashed line), how does the view factor 
change? 

4.15 Determine the view factor for Configuration 51 in Appendix D, using (a) other, more basic view 
factors given in Appendix D, (h) the crossed-strings rule. 
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4.16 Find the view factor of the spherical ring, shown 
in the figure, to itself Fi_i, using the inside-sphere 
method. 

4.17 Find the view factor between spherical caps as shown 
in the figure, for the case of 

H> R\ ^ 

>/^rX V ^ ^ ' 
where H = distance between sphere centers, R = 
sphere radius, a = radius of cap base. Why is this 
restriction necessary? 

4.18 Consider the axisymmetric configuration shown in the figure. Calcu-
late the view factor Fi_3. 

-4cm-

5cm 

X 
\ ^ 

A 

4.19 Find /vi-2 from the infinitesimal area to the disk as shown in the figure, 
with 0<l3<n. 

4.20 Determine the view factor for Configuration 18 in Appendix D, using the unit sphere method. 

4.21 The interior of a right-circular cylinder of length L = 4R, where R is its radius, is to be broken up into 
4 ring elements of equal width. Determine the view factors between all the ring elements, using 
(a) view factor algebra and the view factors of Configuration 40, 
(b) Configuration 9 with the assumption that this formula can be used for rings of finite widths. 
Assess the accuracy of the approximate view factors. What would be the maximum allowable value 
for AX to ensure that all view factors within a distance of4R are accurate to at least 5%? (Exclude 
the view factor from a ring to itself, which is best evaluated last, applying the summation rule.) Use 
program viewf ac to rs or function view in your calculations. 

4.22 The inside surfaces of a furnace in the shape of a parallelepiped with dimensions 1 m x 2m x 4m 
is to be broken up into 28 1 m x 1 m subareas. Determine all necessary view factors using functions 
p a r l p l a t e s and perppla tes of Appendix F. 



CHAPTER 

5 
RADIATIVE 
EXCHANGE 

BETWEEN GRAY, 
DIFFUSE SURFACES 

5;l INTRODUCTION 

In this chapter we shall begin our analysis of radiative heat transfer rates within enclosures without 
a participating medium, making use of the view factors developed in the preceding chapter. We 
shall first deal with the simplest case of a black enclosure, that is, an enclosure where all surfaces 
are black. 

Such simple analysis may often be sufficient, for example, for furnace applications with soot-
covered walls. This will be followed by expanding the analysis to enclosures with gray, diffuse 
surfaces, whose radiative properties do not depend on wavelength, and which emit as well as re-
flect energy diffusely. Considerable experimental evidence demonstrates that most surfaces emit 
(and, therefore, absorb) diffusely except for grazing angles (6 > 60°), which are unimportant for 
heat transfer calculations (for example. Fig. 3-1). Most surfaces tend to be fairly rough and, there-
fore, reflect in a relatively diffuse fashion. Finally, if the surface properties vary little across that 
part of the spectrum over which the blackbody emissive powers of the surfaces are appreciable, 
then the simpUfication of gray properties may be acceptable. 

In both cases—^black enclosures as well as enclosures with gray, diffuse surfaces—we shall 
first derive the governing integral equation for arbitrary enclosures, which is then reduced to a set 
of algebraic equations by applying it to ideaUzed enclosures. At the end of the chapter solution 
methods to the general integral equations are briefly discussed. 

162 
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FIGURE 5-1 
A black enclosure of arbitrary geom-
etry. 

5.2 RADIATIVE EXCHANGE BETWEEN 
BLACK SURFACES 
Consider a black-walled enclosure of arbitrary geometry and with arbitrary temperature distribu-
tion as shown in Fig. 5-1. An energy balance for dA yields, from equation (4.1), 

q(r) = Eb{r)-H(r), (5.1) 

where H is the irradiation onto dA. From the definition of the view factor, the rate with which 
energy leaves dA' and is intercepted by dA is (Eb(r')dA')dFdA'-dA- Therefore, the total rate of 
incoming heat transfer onto dA from the entire enclosure and from outside (for enclosures with 
some semitransparent surfaces and/or holes) is 

H(r)dA = f Eb(r')dFdA'-dA dA' + Ho(r)dA, (5.2) 

where /4(r) is the external contribution to the irradiation, i.e., any part not due to emission from 
the enclosure surface. Using reciprocity, this may be stated as 

H{r) = ^ Eb{T')dF,A-ciA'^Ho{v) 

=x (5.3) 

where 9 and ff are angles at the surface elements dA and dA\ respectively, and S is the dis-
tance between them, as defined in Section 4.2. For an enclosure with known surface temperature 
distribution, the local heat flux is readily calculated as' 

q(r) = E,{r) - / / ' < ^ )dFdA-dA'-Ho{r). (5.4) 

'When looking at equation (5.4) one is often tempted by intuition to replace dFdA~dA' by dFdA'-dA- It should always 
be remembered that we have used reciprocity, since dFjA'-dA is per unit area at r ' , while equation (5.4) is per unit area at 
r. 
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30 cm 

-40 c m -

M^h 
FIGURE 5-2 
Two-dimensional black duct for Example 5.1. 

To simplify the problem it is customary to break up the enclosure into N isothermal subsurfaces, 
as shown in Fig. 4'2b, Then equation (5.4) becomes 

N ^ 

(5.5) 

or, from equation (4.16), 

qiVi) = EM - YJ ^bjFdi-Mi) - Hoi{Yi), 

y=i 

(5.6) 

Even though the temperature may be constant across At, the heat AIJDC is usually not since (/) the 
local view factor Fdt-j nearly always varies across A, and (//) the external irradiation Hoi may not 
be uniform. We may calculate an average heat flux by averaging equation (5.6) over Ai. With 
J^ Fdi-jdAi - AiFj_j this leads to 

1 r '̂  
(ii = -7 I qiirddAi^Ehi-YEtjFi^j-Hoh / = 1 , 2 , . . . , M 

A JAi j^i 

where qi and Hoi are now understood to be average values. 
Employing equation (4.17) we rewrite E^ as ^^^ E^Fi^j, or 

N 

qi = Y, PI~J<EM - E,j) ~ Hoi, / = 1,2,... ,M 

(5.7) 

(5.8) 

In this equation the heat flux is expressed in terms of the net radiative energy exchange between 
surfaces Ai and Aj, 

Qi^j = qi.^Ai = AiFi.jiEhi - Ekj) = -Q_/. (5.9) 

Example 5.1. Consider a very long duct as shown in Fig. 5-2. The duct is 30 cm x 40 cm in cross-
section, and all surfaces are black. The top and bottom walls are at temperature TJ = 1000 K, while the 
side walls are at temperature 7̂  = 600 K. Determine the net radiative heat transfer rate (per unit duct 
length) on each surface. 

Solution 
We may use either equation (5.7) or (5.8). We shall use the latter here since it takes better advantage of 
the symmetry of the problem (i.e., it uses the fact that the net radiative exchange between two surfaces 
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FIGURE 5-3 
Concentric black spheres for Example 5.2. 

at the same temperature must be zero). Thus, with no external irradiation, and using symmetry (e.g., 
Ebi = Eh3, Fi_2 = Fi_4, etc.), 

qi = Fi.2(Ehi - Ebi) + Fi-3{Ebi ~ Ehz) + Fi-4iEhi - EM) 

= 2Fi.2(Eb\ - Ebi) = ^3, 

2̂ = ^4 = 2F2_,(£^2-£'M). 

Only the view factors Fi_2 and F2-1 are required, which are readily determined from the crossed-strings 
method as 

__ 3Q + 40-(V3Q^+ 40^+0) ^ £ 
^'^ " 2x40 "̂  4' 

_ Ai_ 40 1 1 
F2_, ^ - F , . 2 ~ 3 5 X - > . - . 

Therefore (using a prime to indicate "per unit duct length"), 

e; ^Q',=2A[F,.20-(Tt-lt) 
W 

= 2x0.4mx0.25x5.670xl0-^ -rr-r(1000^-600^)K^ = 9870 W/m 
m̂  K"̂  ^ 

a =&^ 2A^F2.MJ^ - Tt) = -9870W/m 

It is apparent from this example that the sum of ail surface heat transfer rates must vanish. This 
follows immediately from conservation of energy: The total heat transfer rate into the enclosure 
(i.e., the heat transfer rates summed over all surfaces) must be equal to the rate of change of 
radiative energy within the enclosure. Since radiation travels at the speed of light, steady state is 
reached almost instantaneously, so that the rate of change of radiative energy may nearly always 
be neglected. Mathematically, we may multiply equation (5.7) by At and sum over all areas: 

N N N N N N N 

This relationship is most useful to check the correctness of one's calculations, or their accuracy 
(for computer calculations). 
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FIGURE 5-4 
Right-angled groove exposed to solar irradiation. Example 5.3. 

Example 5.2. Consider two concentric, isothermal, black spheres with radii Ri and R2, and tempera-
tures 7J and TJ, respectively, as shown in Fig. 5-3. Show how the temperature of the inner sphere can be 
deduced, if temperature and heat flux of the outer sphere are measured. 

Solution 

We have only two surfaces, and equation (5.8) becomes 

qi = Fi.2{Eh\ - Ebz); qi = Fi-xiEhi - Eb\). 

Since all radiation from Sphere 1 travels to 2, we have Fi_2 = 1 and, by reciprocity, i^_i -AxlAi. Thus, 

Solving this for 7] we get, with Ai = AnF^, 

Whenever T\ is larger than Ti, 2̂ is negative, and vice versa. 

Example S3. A right-angled groove, consisting of two long black surfaces of width a, is exposed to 
solar radiation ŝoi (Fig- 5-4). The entire groove surface is kept isothermal at temperature T. Determine 
the net radiative heat transfer rate from the groove. 

Solution 
Again, we may employ either equation (5.7) or (5.8). However, this time the enclosure is not closed; and 
we must close it artificially. We note that any radiation leaving the cavity will not come back (barring any 
reflection from other surfaces nearby). Thus, our artificial surface should be black. We also assume that, 
with the exception of the (parallel) solar irradiation, no external radiation enters the cavity. Since the 
solar irradiation is best treated separately through the external irradiation term i/«, our artificial surface is 
nonemitting. Both criteria are satisfied by covering flie groove with a black surface at 0 K. Even though 
we now have three surfaces, the last one does not really appear in equation (5.7) (since Ehi = 0), but it 
does appear in equation (5.8). Using equation (5.7) we find 

qx = Ebx - F\-2Eb2 - Ho\ = crT^{\ - fi-2) - ŝoi cosa, 

qi = Eb2-F2-\Eh\-Ha2-crT^{\-F2-\)-'qsoi^\na, 

From Configuration 33 in Appendix D we find, with / / = 1, 

F|.2 = i ( 2 - A ^ = 0.293 = F2.,, 
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and 

Q = a{q\ + ^2) = a [ V5cr7^ - <ysoi(cos a + sin a ) ] . 

These examples demonstrate that equation (5.8) is generally more convenient to use for closed 
configurations, since it takes advantage of the fact that the net exchange betv^een two surfaces at 
the same temperature (or with itself) is zero. Equation (5.7), on the other hand, is more convenient 
for open configurations, since the hypothetical surfaces employed to close the configuration do 
not contribute (because of their zero emissive power): With this equation the hypothetical closing 
surfaces may be completely ignored! 

Equation (5.7) may be written in a third form that is most convenient for computer calcula-
tions. Using Kronecker's delta function, defined as 

N N 

we find V Sij = 1 and V E^jSij = Ebt. Thus, 

(5.11) 

/= l ,2 , . . . , iV . (5.12) 

Let us suppose that for surfaces / = 1,2,...,« the heat fluxes are prescribed (and temperatures 
are unknown), while for surfaces / = « + 1, . . . , iV the temperatures are prescribed (heat fluxes 
unknown). Unlike for the heat fluxes, no expHcit relations for the unknown temperatures exist. 
Placing all unknown temperatures on one side of equation (5.12), we may write 

Yji^ij - Fi-jy^hj = qi + Hoi + Yu ^H^^p / = 1,2,...,«, (5.13) 

where everything on the right-hand side of the equation is known. In matrix form this is written^ 
as 

where 

A = 
-F2-\ 

-F„ n-l 

A • Cft = b, 

-F\-2 

1 - F 2 _ 2 

-F„-2 

(5.14) 

-F,-„ 

-F2-„ 

\-F„.„ 

(5.15) 

^For easy readability of matrix manipulations we shall follow here the convention that a two-dimensional matrix is 
denoted by a bold capitalized letter, while a vector is written as a bold lower-case letter. 
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FIGURE 5-5 
Qualitative spectral behavior of radiosity for irradia-
tion from an isothermal source. 

e ,̂= 
Ehi 

, b = 
qi-^Hoi + Z/=«+i Pi-jEhj 

(5.16) 

The nxn matrix A is readily inverted on a computer (generally v îth the aid of a software library 
subroutine), and the unknown temperatures are calculated as 

e/, = A - ^ b . (5.17) 

5.3 RADIATIVE EXCHANGE BETWEEN 
GRAY, DIFFUSE SURFACES 

We shall now assume that all surfaces are gray, that they are diffuse emitters, absorbers and 
reflectors. Under these conditions e 
at location r is, from Fig. 4-1, 

< a'̂  = a = 1 - p. The total heat flux leaving a surface 

J(r) = £(r)£,(r) + p(r)//(r), (5.18) 

which is called the surface radiosity J at location r. Since both emission and reflection are difi'use, 
so is the resulting intensity leaving the surface: 

/(r,s) = /(r) = J(r)/;r. (5.19) 

Therefore, an observer at a diff'erent location is unable to distinguish emitted and reflected radi-
ation on the basis oidirectional behavior. However, the observer may be able to distinguish the 
two as a result of their diff'erent spectral behavior. Consider Example 5.2 for the case of a black 
outer sphere but a gray, diffuse inner sphere. On the inner sphere the emitted radiation has the 
spectral distribution of a blackbody at temperature T\, while the reflected radiation—which was 
originally emitted at the outer sphere—^has the spectral distribution of a blackbody at temperature 
TJ. Thus, the spectral radiosity will behave as shown qualitatively in Fig. 5-5. An observer will 
be able to distinguish between emitted and reflected radiation if he has the ability to distinguish 
between radiation at different wavelengths. A gray sxirface does not have this ability, since it 
behaves in the same fashion toward all incoming radiation at any wavelength, i.e., it is "color 
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FIGURE 5-6 
Radiative exchange in a gray, diffuse 
enclosure. 

blind." Consequently, a gray surface does not "know" whether its irradiation comes from a gray, 
diffuse surface or from a black surface with an effective emissive power 7, This fact simplifies 
the analysis considerably since it allows us to calculate radiative heat transfer rates between sur-
faces by balancing the net outgoing radiation (i.e., emission and reflection) traveUng directly from 
surface to surface (as opposed to emitted radiation traveling to another surface directiy or after 
any number of reflections). For this reason the following analysis is often referred to as the net 
radiation method. 

Making an energy balance on a surface dA in the enclosure shown in Fig. 5-6 we obtain from 
equation (4.2) 

^(r) = e(r)£,(r) - a(r)W(r) = J{r) - H(r). (5.20) 

The irradiation H(r) is again found by determining the contribution from a differential area 
dA'(r'), followed by integrating over the entire surface. From the definition of the view factor 
the heat transfer rate leaving dA' intercepted by dA is (J(r')dA')dFdA'-dA- Thus, similar to the 
black-surfaces case, 

Hir)dA = J J(r')dFdA'-dA dA' + Ho{r)dA, (5.21) 

where Ho{r) is again any external radiation arriving at dA. Using reciprocity this equation reduces 
to 

H(r) = J J(r')dF,A-ciA'^Ho(r). 

Substitution into equation (5.20) yields 

qir) = e(r)Ek(r)-a(r) X * )dFu-dA'+Ho{r) 

(5.22) 

(5.23) 

Thus, the unknown heat flux (or temperature) could be calculated if the radiosity field had been 
knovm. A governing integral equation for radiosity is readily established by solving equation (5.20) 
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for J: 

J(r) = 6(r)£/ , ( r )+p(r) | J J{r^) dF^^dA' +//o(r)L (5.24) 

for those surface locations where the temperature is known, or 

Jiv) = ^(r) + J J{r')dFdA^dA' + Ho{v\ (5.25) 

for those parts of the surface where the local heat flux is specified. However, in problems without 
participating media there is rarely a need to determine radiosity, and it is usually best to eliminate 
radiosity fi*om equation (5.23). Expressing radiosity in terms of local temperature and heat flux 
and eliminating irradiation H from equation (5.20) we have 

q-aq = {eEj, - aH) - a{J ~ //) = eEb - a J. 

Up to this point we have differentiated between emittance and absorptance, to keep the relations 
as general as possible (i.e., to accommodate nongray surface properties if necessary). We shall 
now invoke the assumption of gray, diffuse surfaces, or or = e. Then 

^ ( r ) = Y ^ ^ [ ^ / , ( r ) - / ( r ) ] . (5.26) 

Solving for radiosity, we get 

J(r) = £,(r)-(^~lJ^(r). (5.27) 

Substituting this into equation (5.23), we obtain an integral equation relating temperature T and 
heat flux q: 

e 
j \ - {(-^-^q{r')dFdA~dA'^Ho{t) = E^{v)^ { E,{r')dFdA-dA'^ (5.28) 
(«*) JAVK^) I J A 

Note that equation (5.28) reduces to equation (5.4) for a black enclosure. However, for a black 
enclosure with known temperature field the local heat flux can be determined with a simple inte-
gration over emissive power. For a gray enclosure an integral equation must be solved, i.e., an 
equation where the unknown dependent variable ^(r) appears inside an integral. This requirement 
makes the solution considerably more difficult. 

As for a black enclosure it is customary to break up a gray enclosure into N subsurfaces, over 
each of which the radiosity is assumed constant. Then equation (5.23) becomes 

^ = EM(ri)-yjjFdi-j{ri)- / = l,2,...,iV, (5.29) 

and, taking an average over subsurface ^/, 

N 

^^EM-y.JjFi.j-Hou /= l ,2 , . . . , iV . (5.30) 

Taking a similar average for equation (5.26) gives 

qi = -^[EM-Ji], (5.31) 
1 — 6/ 
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Two-dimensional gray, diffuse duct for Example 5.4. 

Solving for J and substituting into equation (5.30) then leads to 

^--Zr-"^K^-^'* + ^- = ^ ^ ' ^ Z ^ - / % /=l,2,...,iV. (5.32) 

This relation also follows directly from equation (5.28) if both (1 /e -• 1 )^ and Eh (the components 
of J) are assumed constant across the subsurfaces. Recalling the summation rule, Y!L\ P'H = 1? 
we may also write equation (5.32) as an interchange between surfaces, 

/I \ 
- - E 7 " ^ /r.̂ . qi + Hoi = 2 Fi.j(Ebi - E,j), i = = l,2,...,iV. (5.33) 

Either one of these equations, of course, reduces to equation (5.8) for a black enclosure. Equa-
tion (5.32) is preferred for open configurations, since it allows one to ignore hypothetical closing 
surfaces; and equation (5.33) is preferred for closed enclosures, because it eliminates transfer 
between sxxrfaces at the same temperature. 

Sometimes one wishes to determine the radiosity of a surface, for example, in the field of 
pyrometry (relating surface temperature to radiative intensity leaving a surface). Depending on 
which of the two is unknown, elimination of qi or Eti from equation (5.30) with the help of 
equation (5.31) leads to 

Ji = 6/£i,/+ (!-€/) 
( N \ 

(5.34a) 

(5.34ft) 

These two relations simply repeat the definition of radiosity, the first stating that radiosity consists 
of emitted and reflected heat fluxes and the second that radiosity, or outgoing heat flux, is equal 
to net heat flux (with negative în) plus the absolute value of ̂ in. 

Example 5.4, Reconsider Example 5.1 for a gray, diffuse surface material. Top and bottom walls are 
at Tj = r̂  = 1000 K with 6| = 63 = 0.3, while the side walls are at Ts = 7; = 600 K with 62 = 64 = 0.8 as 
shown in Fig. 5-7. Determine the net radiative heat transfer rates for each surface. 

Solution 
Using equation (5.33) for / = 1 and / = 2, and recalling that fi-2 = Fi_4 and F2_j = ii_3, 

/=:1 q\ H ~ ~ 1 j Fi_2 ̂ 2 ~ ( ^ - 1 j /̂ i-3 qx = 2Fi_2(̂ M - E,2\ 

i = 2: ^ ~ 2 ( i - 1̂  F2-1 1̂ - ( ^ - 1) 2̂-4 qi = 2F2-i(E,2 - EM). 
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We have already evaluated Fi_2 = \ and /^-i = | in Example 5.1. From the summation rule Fi_3 = 
1 ~2/]_2 = ^ and F2-4 = 1 ~2/^_i = ^. Substituting these, as well as emittance values, into the relations 
reduces them to the simpler form of 

0.3 \0.3 / 2 '•-fe-') ft = 2 X K^'M - £•«), 

)^'^[o^-fe-^)5]* = 2^ (̂̂ «-̂ -)' 

•3 1 l . r r- ^ 

14 7 
-(£•/,! - Ehi), 

Thus, 

/13 7 14 1\ / I 7 2 1 \ , ^ 

3 1 

and 

^ i = y X - ( £ M - F / , 2 ) = : f ^ c r ( 7 f - : ^ ) , 

/ 1 14 7 13\ / I 14 2 1 3 \ , ^ ^ , 

2̂ = y x ^ ( £ / „ ~ £ , 2 ) = -^c7(7;^-r / ) . 

Finally, substituting values for temperatures, 

e ; = 0.4mx-^x5.670xl0-
W 

m^K^ 

e ; = -0.3 m x f x 5.670x10" 
W 

m2K4 

(1000^-600^) K^ = 4230 W/m, 

(1000^-600^) K^ =-4230 W/m. 

Of course, both heat transfer rates must again add up to zero. We observe that these rates are less than 
half the ones for the black duct. 

Example 5.5. Determine the radiative heat flux between two isothermal gray concentric spheres with 
radii R\ and Ri, temperatures Tx and TJ, and emittances €\ and 62, respectively, as shown in Fig. 5-8a. 

Solution 
Again applying equation (5.33) for / = 1 (inner sphere) and / = 2 (outer sphere), we obtain: 

/ = 2 : 7 - ( ^ ~ 1)^-1 ^̂  ~ ( ^ ^ \\P1-2q2 = F2-i{E,2-E,iy 

With Fi_i = 0, FI_2 = 1, F2_i = Ai /A2, and /̂ _2 = 1 ~ Fj-i = I - Ai IA2, these two equations reduce to 

(^•)^-[^(i-')(-t): ci,=-^a{lt-Tt). 
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FIGURE 5-8 
Radiative transfer between (a) two concentric spheres, (b) a convex surface and a large isothermal enclosure. 

This may be solved for q\ by eliminating qj (or using conservation of energy, i.e., Aiq^ + A2q2 = 0), or 

1̂ = . . / / ^- (5.35) 

€i Ai \62 / 

We note that equation (5.35) is not just limited to concentric spheres, but holds for any convex 
surface A\ (i.e., with F\-\ = 0) that radiates only to A2 (i.e., F]_2 = 1) as indicated in Fig. 5-
Sb. This is often convenient for a convex surface At placed into a large, isothermal environment 
(Aa » Af) at temperature 7^, leading to 

qi = eiCr(T;'-T,'), (5.36) 

Surface A,- may also be a hypothetical one, closing an open configuration contained within a large 
environment. 

Example 5.6. Repeat Example 5.3 for a groove whose surface is gray and diffuse, with emittance 6, 
rather than black. 

Solution 

Using equation (5.32) for the open configuration we obtain 

/ = 1 : 7 ~ (~ - 1)^1-2 qi + Ho, = cr7^(l - Fi,.), 

/ = 2 : 7 - ( J - 1)^2-1 qi + Ho2 = cr7^(l - F2.1), 

where we have made use of the fact that £/,] = £̂ ,2 = orT"^ and 61 = 62 = -̂ As in Example 5.3 we have 
Fj_2 = /^-i = 1 - V2/2 and Ho\ = ŝoi cos a, H02 = ŝoi sin a. Since we are only interested in the total 
heat loss we add the two equations, leading to 

— I — 1 JFi_2 (q\ + ^2) = V2(rr'* - ^soi(cosa + sina), 
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FIGURE 5-9 
Cylindrical cavity with partial cover plate. 
Example 5.7. 

and 

Q = a{qx + q-i) = 
a[ ^orT^ ~ ^soi(cos a + sin a)J 

1 + (i-)/ ^ 

Comparing this result with that of Example 5.3, we see that the heat loss due to emission is decreased 
(less emission, but more effective heat loss of emitted energy due to reflection from the opposing sur-
face), as is the solar heat gain (since some of the irradiation is reflected back out of the cavity). 

£xample 5.7. Consider the cavity shown in Fig. 5-9, which consists of a cyhndrical hole of diameter 
D and length L. The top of the cavity is covered with a disk, which has a hole of diameter d. The 
entire inside of the cavity is isothermal at temperature T, and is covered with a gray, diffiise material of 
emittance e. Determine the amount of radiation escaping from the cavity. 

Solution 
For simplicity, since the entire surface is isothermal and has the same emittance, we use a single zone Ax, 
which comprises the entire groove surface (sides, bottom and top). Therefore, equation (5.32) reduces 
to 

^ ( ^ • ) qi =(1 -F,_,)£i,|. 

Since the total radiative energy rate leaving the cavity is Q\ = Aiqu we get 

l--Fi-i 
Qi = 

^ ( ^ • ) ' 
-A\Eh] 

The view factor F]_i is easily determined by recognizing that Fo-i = 1 (and Ao is the opening at the top) 
and, by reciprocity, 

F ,_ ,= : l~ i^_ .= l~^ iV , - , = l ^ ^ . 
A] Ai 

Therefore, the radiative heat flux leaving the cavity, per unit area of opening, is 

0} 
4 

Ehi 

• i-a-)(-^) -(i-)l 
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Thus, if/i>/i4i «: 1, the opening of the cavity behaves Hke a blackbody with emissive power Ety\. Such 
cavities are commonly used in experimental methods in which blackbodies are needed for comparison. 
For example, a cavity with d/D = 1 /2 and L/D = 2 has 

Ao ncP/4 £ 
Ax InD^/A-jtcf/A-^nDL ID^'-d^+ADL 

__ (d/Df _ 1/4 1 
2-{d/Dy-\-4(L/D) "" 2 -1 /4+4x2 " 39* 

For €\ =0.5 this results in an apparent emittance of 

e=-Q^ = ! = I = ^ = 0 9 7 5 

\6, jAx \0.5 / 3 9 

For computer calculations the Kronecker delta is introduced into equation (5.32), as was done 
for a black enclosure, leading to 

jj^Jl.x\FAqj = j^[6,j-F,.;\E,j-H„, (5.37) 

If all the temperatures are known and the radiative heat fluxes are to be determined, equation (5.37) 
may be cast in matrix form as 

C q = A e b - h o , (5.38) 

where C and A are matrices with elements 

c,.|-(i-,)..,. 
Aij = Sij-Fi.p 

and q, % and ho are vectors of the unknown heat fluxes qj and the known emissive powers Ebj and 
extemal irradiations Hoj. Equation (5.38) is solved by matrix inversion as 

q = C - » . [ A e b ~ h o ] . (5.39) 

If the emissive power is known over only some of the surfaces, and the heat fluxes are specified 
elsewhere, equation (5.38) may be rearranged into a similar equation for the vector containing all 
the unknowns. Subroutine g r a y d i f f is provided in Appendix F for the solution of the simulta-
neous equations (5.38), requiring surface information and a partial view factor matrix as input. 
The solution to a three-dimensional version of Example 5.4 is also given in the form of a program 
g r a y d i f f x c h , which may be used as a starting point for the solution to other problems. Both 
Fortran90 and C++ versions are provided. Several commercial solvers are also available, usually 
including software for view factor evaluation, such as TRASYS [1] and TSS [2]. 

5,4 ELECTRICAL NETWORK ANALOGY 

While equation (5.37) represents the most convenient set of governing equations for numerical 
calculations on today's digital computers, some people prefer to get a physical feeling for the 
radiative exchange problem by representing it through an analogous electrical network, a method 
more suitable for analog computers—^now nearly extinct. For completeness, we shall briefly 
present this electrical network method, which was first introduced by Oppenheim [3]. 
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FIGURE 5-10 
Electrical network analogy for infinite 
parallel plates: (a) Space resistance, 
{h) surface resistance, (c) total resis-
tance. 

From equation (5.20) we have 

qi = Ji-Hi, /= l ,2 , . . . , iV , 

or, with equations (5.30) and (5.31), 

(5.40) 

/̂ '/ "~ *^i / ^ *^j^i-j '^oi'i 

y=i 

y=i 

(5.41) 

(5.42) 

We shall first consider the simple case of two infinite parallel plates without external irradiation. 
Thus, Â  = 2, Hoi = 0, and 

a=^i^i = ̂  = - a . (5.43) 

v4|Fi_2 

As written, equation (5.43) may be interpreted as follows: If the radiosities are considered po-
tentialSy \/A\F\-.2 is a radiative resistance between surfaces, or a space resistance, and 2 is a 
radiative heat flow "current," then equation (5.43) is identical to the one governing an electrical 
current flowing across a resistor due to a voltage potential, as indicated in Fig. 5-10a. The space 
resistance is a measure of how easily a radiative heat flux flows from one surface to another: The 
larger Fi_2, the more easily heat can travel from A{ to A2, resulting in a smaller resistance. The 
same heat flux is also given by equation (5.31) as 

Ebi -Ji Ji- Ehi 
1-ei 
A\e\ 

1 - 6 2 
(5.44) 

where (1 - ei)IAie, are radiative surface resistances. This situation is shown in Fig. 5-10/). The 
surface resistance describes a surface's ability to radiate. For the maximum radiator, a black 
surface, the resistance is zero. This fact implies that, for a finite heat flux, the potential drop 
across a zero resistance must be zero, i.e., Ji = £/,/. Of course, the radiosities may be eliminated 
from equations (5.43) and (5.44), and 

Qx = 
1*1 Eb2 

1 
A\e\ A\F\-2 Aiei 

= -Qi, (5.45) 
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FIGURE 5-U 
Network representation for radiative heat flux between surface Ai 
and all other surfaces. 

where the denominator is the total radiative resistance between surfaces A\ and A2. Since the 
three resistances are in series they simply add up as electrical resistances do; see Fig. 5-10c. 

This network analogy is readily extended to more complicated situations by rewriting equa-
tion (5.42) as 

(5.46) 

Ai€i AiF,.j 

Thus, the total heat flux at surface / is the net radiative exchange between Ai and all the other 
surfaces in the enclosure. The electrical analog is shown in Fig. 5-11, where the current flowing 
from Ebi to Jj is divided into N parallel lines, each with a difi'erent potential difference and with 
diff'erent resistors. 

Example 5.8. Consider a solar collector shown in Fig. 5-12fl. The collector consists of a glass cover 
plate, a collector plate, and side walls. We shall assume that the glass is totally transparent to solar 
irradiation, which penetrates through the glass and hits the absorber plate with a strength of 1000 W/m .̂ 
The absorber plate is black and is kept at a constant temperature Ti = 77°C by heating water flowing 
underneath it. The side walls are insulated and made of a material with emittance 62 = 0.5. The glass 
cover may be considered opaque to thermal (i.e., infrared) radiation with an emittance 63 = 0.9. The 
collector is 1 m x 1 m x 10 cm in dimension and is reasonably evacuated to suppress free convection 
between absorber plate and glass cover. The convective heat transfer coefficient at the top of the glass 
cover is known to be /? = 5.0 W/m^ K, and the temperature of the ambient is 7i = 17°C. Estimate the 
collected energy for normal solar incidence. 

Solution 
We may construct an equivalent network (Fig. 5-12Z>), leading to 

Qi = 
cr(T^-T,:) 

R13 + 
1 - 6 3 

^363 

-Aigs, 

+ ^3. 

where Rn is the total resistance between surfaces A\ and A3, and R^a is the resistance, by radiation as 
well as free convection, between glass cover and environment. We note that, since A2 is insulated, there 
is no heat flux entering/leaving at Ef,2 and, from equation (5.44), J2 = Ef,2- Thus, the total resistance 
between Ai and A^ comes from two parallel circuits, one with resistance l/(AiF\-2) and the other with 
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4. 

<?,= 1000W/m2 

1 
JO cm 

T 

; e . = ().9 /—/z = 5W/m2K 

^ ( 4 ^ ^2 = 0, €2 = 0.5 
U' O O U U U O O* 

^ri = 77°C,ej = l 

1 m H 

(a) 

A = f/,' 

(̂ ) 

FIGURE 5-12 
Schematics for Example 5.8 {a) geometry, 
(/>) network. 

two resistances in series, \j{A\F\.i) and 1/(^^3/5-2), or 

1 1 

/?n 1/(^1/^1-3) l/(^ii^i-2) + \l(A^F,.i) 

= ^lF | .3 + ^ F i _ 2 = ^ 1 (FI_3 + iF i .2 ) , 

where we have used the fact that A\F\^i = A^F'>,.i by symmetry. From Configuration 38 in Appendix D 
we obtain, w i thX = Y = 10, F,_3 = 0.827 and fl-2 = 1 ~ Fi_3 = 0.173, and 

Rn = l / [ l m^ X (0.827 + 0.5 x 0.173)] = 1.095 m ' l 

The resistance between glass cover and ambient is a little more complicated. The total heat loss from 
the cover plate, by free convection and radiation, is 

e3c = €3^3cr(7^^ - T^) + hAM - %\ 

where we have assumed that the environment (sky) radiates to the collector with the ambient temperature 
7;,. To convert this to the correct form we rewrite it as 

Q^,^cr{T,'-T,')A^ €3 + 
h{Ts ~ To) 

<T{T^ - V) 

or 

^3a 
63 + -

h T^-Ta 
or T^-^ 7̂ 4 

= ^ 3 
h 

€3 + -(T T^ + T^Z + TyT,^ + T^ 

As a first approximation, if 75 is not too different from 7i, 

s-~*(-*4)='4'* 
SW/m^K 

4x5.670x 10-8 W/m2K4x(273+17)3 K3/ 0.554 -m. 
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Finally, substituting the resistances into the expression for Qi we get 

5.670x10-^ W/m^ K'* [(273+77)'*-(273+17)^1 K̂  
Qi = L _ ^ — i Im^xlOOOW/m^ 

1.095 m-2 + -—^- +0.554 m'̂  
0.9 m2 

= -744 W. 

Since the system could collect a theoretical maximum of-1000 W, the collector efficiency is 

This efficiency should be compared with an uncovered black collector plate, whose net heat flux would 
be 

= 1 m̂  [5.670xl0-^x(350^-290^)+5x(350-290) - lOOO] W/m^ 

= -250 W. 

Thus, an unprotected collector at that temperature would have an efficiency of only 25%. 

The electrical network analogy is a very simple and physically appealing approach for sinfi-
ple two- and three-surface enclosures, such as the one of the previous example. However, in 
more complicated enclosures with multiple surfaces the method quickly becomes tedious and 
intractable. 

5.5 SOLUTION M E T H O D S F O R T H E 
GOVERNING INTEGRAL EQUATIONS 

The usefulness of the method described in the previous sections is limited by the fact that it 
requires the radiosity to be constant over each subsurface. This is rarely the case if the subsurfaces 
of the enclosure are relatively large (as compared with typical distances between surfaces). Today, 
with the advent of powerful digital computers, more accurate solutions are usually obtained by 
increasing the nimiber of subsurfaces, Â , in equation (5.37), which then become simply a finite-
difference solution to the integral equation (5.28). Still, there are times when more accurate 
methods for the solution of equation (5.28) are desired (for computational efficiency), or when 
exact or approximate solutions are sought in explicit form. Therefore, we shall give here a very 
brief outline of such solution methods. 

If radiosity J is to be determined, the governing equation that needs to be solved is either 
equation (5.24), if the surface temperature is given, or equation (5.25), if surface heat flux is spec-
ified. If unknown temperatures or heat fluxes are to be determined directly, equation (5.28) must 
be solved. In all cases the goveming equation may be written as a Fredholm integral equation of 
the second kind, 

m = / ( r ) + J ^(r,r')0(rOrf^', (5.47) 

where iC(r, r') is called the kernel of the integral equation, / ( r ) is a known function, and 0(r) 
is the function to be determined (e.g., radiosity or heat flux). Comprehensive discussions for 
the treatment of such integral equations are given in mathematical texts such as Courant and 
Hilbert [4] or Hildebrand [5]. A number of radiative heat transfer examples have been discussed 
by6zi§ik[6]. 
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Numerical solutions to equation (5.47) may be found in a number of ways. In the method of 
successive approximation a first guess of 0(r) = / ( r ) is made with which the integral in equa-
tion (5.47) is evaluated (analytically in some simple situations, but more often through nxmierical 
quadrature). This leads to an improved value for 0(r), which is substituted back into the integral, 
and so on. This scheme is known to converge for all surface radiation problems. Another possible 
solution method is reduction to algebraic equations by using numerical quadrature for the inte-
gral, i.e., replacing it by a series of quadrature coefficients and nodal values. This leads to a set of 
equations similar to equation (5.37), but of higher accuracy. This type of solution method is most 
easily extended to arbitrary, three-dimensional geometries, for example, as recently demonstrated 
by Daun and Hollands [7], who employed nonuniform rational B-splines (NURBS) to express the 
surfaces. A third method of solution has been given by Sparrow and Haji-Sheikh [8], who demon-
strated that the method of variational calculus may be applied to general problems govemed by 
a Fredholm integral equation. 

Most early numerical solutions in the literature dealt with two very basic systems. The prob-
lem of two-dimensional parallel plates of finite width was studied in some detail by Sparrow and 
coworkers [8-10], using the variational method. The majority of studies have concentrated on 
radiation from cylindrical holes because of the importance of this geometry for cylindrical tube 
flow, as well as for the preparation of a blackbody for calibrating radiative property measure-
ments. The problem of an infinitely long isothermal hole radiating fi*om its opening was first 
studied by Buckley [11] and by Eckert [12]. Buckley's work appears to be the first employing 
the kernel approximation method. Much later, the same problem was solved exactly through the 
method of successive approximation (with numerical quadrature) by Sparrow and Albers [13]. 
A finite hole, but with both ends open, was studied by a number of investigators. Usiskin and 
Siegel [14] considered the constant wall heat flux case, using the kernel approximation as well as 
a variational approach. The constant wall temperature case was studied by Lin and Sparrow [15], 
and combined convection/surface radiation was investigated by Perlmutter and Siegel [16,17]. Of 
greater importance for the manufacture of a blackbody is the isothermal cylindrical cavity of finite 
depth, which was studied by Sparrow and coworkers [18,19] using successive approximations. 
If part of the opening is covered by a flat ring with a smaller hole, such a cavity behaves like a 
blackbody for very small L/R ratios. This problem was studied by Alfano [20] and Alfano and 
Samo [21]. Because of their importance for the manufacture of blackbody cavities these results 
are summarized in Table 5.1. A detector removed from the cavity will sense a signal proportional 
to the intensity leaving the bottom center of the cavity in the normal direction. Thus the efl'ective-
ness of the blackbody is measured by how close to unity the ratio InlhiT) is. For perfectly diff'use 
reflectors, /„ = J In, and with 4 = o-T^jn an apparent emittance is defined as 

€a = InlhiT) = JlcrT\ (5.48) 

To give an outline of how the difi'erent methods may be appUed we shall, over the following few 
pages, solve the same simple example by three difi'erent methods, the first two being "exact," and 
the third being the kernel approximation. 

Example 5.9. Consider two long parallel plates of width w as shown in Fig. 5-13. Both plates are 
isothermal at the (same) temperature T, and both have a gray, diffuse emittance of e. The plates are 
separated by a distance h and are placed in a large, cold environment. Determine the local radiative heat 
fluxes along the plate using the method of successive approximation. 

Solution 
From equation (5.24) we find, with J/v/-j/ = 0, 

Mxi) = €(rT'+(\-e) Ji{.X2)dFa\.a2, 
Jo 
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TABLE 5.1 

Apparent emittance, €„ = J/o'T^^ at the bottom center of an isothermal partially covered 
cylindrical cavity [20,21]. 

Ri/R 

0.4 
0.6 
0.8 
1.0 

0.4 
0.6 
0.8 
1.0 

0.4 
0.6 
0.8 
1.0 

(L/R = 2) 

0.916 
0.829 
0.732 
0.640 

0.968 
0.932 
0.887 
0.839 

0.988 
0.975 
0.958 
0.939 

(L/R = 4) 

0.968 
0.931 
0.888 
0.844 

0.990 
0.979 
0.964 
0.946 

0.997 
0.997 
0.988 
0.982 

{L/R = 8) 

0.990 
0.981 
0.969 
0.965 

0.998 
0.995 
0.992 
0.989 

0.999 
0.998 
0.997 
0.996 

0.25 

0.50 

0.75 

FIGURE 5-13 
Radiative exchange between two long isothermal parallel plates. 

J2(X2) = ecrTU(\-e) C JM)dF,a-ciu 
Jo 

and, from Configuration 1 in Appendix D, with sn = h/cos<l>, sn d(p = dx2C0S(f>y and cos0 = 
h/yJh^ + {x2-'Xi)\ 

J ^c ^ ^c ^ j . j ^ ^ cos^<f> , , 1 h^dx\dx2 
dXi dFjx-dl = dX2 dFj2.d\ = X COS(pd(f>dXi = -—— dX\ dx, = -jyz -r-rr^. 

2 2n 2 [¥ + {x\ - X2yY'^ 
Introducing nondimensional variables W - w/h, f = x/h, f{x) = J{x)lcrT'^ and realizing that, as a 
result of symmetry, J\ = J2 (and q\ = q2), we may simplify the governing integral equation to 

fi^-e.\i^-e)[M')^ 

Making a first guess of/'̂ ^^ = 6 we obtain a second guess by substitution, 

•^"'«'-'{'4"-"r't..(/-OT«} 

(5.49) 

1. W-^ + ? 
= 6 l + - ( l - e ) 

2 I yi+(»'-^)2 yfiTfl 
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Repeating the procedure we get 

(3)r/:^ -r'\^) e0^j(l-€) 
W--^ 

1 r^ W-4' 
vrTFJ 

0 [^\+(jv-4'f A/TTPJ 
d^' 

[l+(f'-|^)2f^ 

where the last integral becomes quite involved. We shall stop at this point since further successive 
integrations would have to be carried out numerically. It is clear from the above expression that the 
terms in the series diminish as e[(l - e)WY, i.e., few successive iterations are necessary for surfaces 
with low reflectances and/or wlh ratios. Once the radiosity has been determined the local heat flux 
follows from equation (5.26). Limiting ourselves Xo/^^^ (single successive approximation), this yields 

= € - • 

-[1 -fm 

lVl+(^-^)2 y[^Te 
• ( ^ ( € ^ ( 1 - 6 ) ^ 2 ) , 

where <f (z) is shorthand for "order of magnitude z." Some results are shown in Fig. 5-14 and compared 
with other solution methods for the case of fT = wjh = 1 and three values of the emittance. Observe that 
the heat loss is a minimum at the center of the plate, since this location receives maximum irradiation 
from the other plate (i.e., the view factor from this location to the opposing plate is maximum). For 
decreasing e the heat loss increases, of course, since more is emitted; however, this increase is less than 
linear since also more energy is coming in, of which a larger fraction is absorbed. The first successive 
approximation does very well for small and large e as expected from the order of magnitude of the 
neglected terms. 

Example 5.10. Repeat Example 5.9 using numerical quadrature. 

Solution 
The governing equation is, of course, again equation (5.49). We shall approximate the integral on the 
right-hand side by a series obtained through numerical integration, or quadrature. In this method an 
integral is approximated by a weighted series of the integrand evaluated at a number of nodal points; or 

(5.50) 

Here the § represent J locations between a and 6, and the q are weight coefficients. The nodal points 
^j may be equally spaced for easy presentation of results (Newton-Cotes quadrature), or their location 
may be optimized for increased accuracy (Gaussian quadrature); for a detailed treatment of quadrature 
see, for example, the book by Froberg [22]. 

Using equation (5.50) in equation (5.49) we obtain 

/,^€^{\-e)wY,Cj/jfij. /=l,2,...,y. 
7=1 

where 

X=o/[l^(§-f/)1 
,3/2 

This system of equations may be further simplified by utilizing the symmetry of the problem, i.e., /{^ = 
/(W "^ O' Assuming that nodes are placed symmetrically about the centerline, ^y+]_, = §, leads to 
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1.00 

1st successive approx. 
Kernel approximation 
Exact 

a 5-point quadrature 

0.00 0.25 0.50 0.75 
Location along plates, ̂  = ;cAi' 

1.00 

FIGURE 5-14 
Local radiative heat flux on long, isothermal parallel plates, determined by various methods. 

c/+i-y = Cj mdfj^i.j :=/p or 

/odd: /;. = 6 + (l-6)W^| J] cjfjlfij+fu^i.j] + c^j^iy2fiM)/2fiAJ-^mh / = 1 , 2 , . . . , 

J/2 J 

yeven: / . = e + (l - e )^^^^^.^;+ . / /^^w) , / = 1 , 2 , . . . , - . 

2 ' 

The values of the radiosities may be determined by successive approximation, or by direct matrix in-
version. In Fig. 5-14 the simple case of / = 5 (resulting in three simultaneous equations) is included, 
using Newton-Cotes quadrature with § = W{j - l)/4 and c\ = cs = 7/90, C2 = C4 = 32/90, and 
C3 = 12/90 [22]. 

Exact analytical solutions that yield explicit relations for the unknown radiosity are rare and 
limited to a few special geometries. However, approximate analytical solutions may be found for 
many geometries through the kernel approximation method. In this method the kernel K(x,x^) 
is approximated by a linear series of special functions such as e""'̂ ', cosajc', coshajc', and so on 
(i.e., functions that, after one or two differentiations with respect to x\ turn back into the original 
function except for a constant factor). It is then often possible to convert integral equation (5.47) 
into a differential equation that may be solved expUcitly. The method is best illustrated through 
an example. 

Example 5.11. Repeat Example 5.10 using the kernel approximation method. 

Solution 
We again need to solve equation (5.49), this time by approximating the kernel. For convenience we shall 
choose a simple exponential form, 

1 
f^iU)-

[ i + ( r - m ,2l3/2 
-b\£'~^ 

We shall determine "optimum" parameters a and b by letting the approximation satisfy the 0th and 1st 
moments. This implies multiplying the expression by \^' - f | raised to the 0th and 1st powers, followed 
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by integration over the entire domain for |^' - f |, i.e., from 0 to oo (since W could be arbitrarily large).-̂  
Thus, 

Jo (1+J:2)3/2 JO b 

Jo UT^^^-'-i"' 

0th moment: 

1st moment: 

leading to ̂  = ̂  = 1 and 

Substituting this expression into equation (5.49) leads to 

XdX- TIT, 

- ^+ ^(1 - 6)[£/(r)^-^^-^'^t/r + J^ M')e-^'-^'d^' M) '• 

We shall now differentiate this expression twice with respect to ̂ , for which we need to employ Leibnitz' 
rule, equation (3.106). Therefore, 

df 2' -M) + Ĵ  M') ̂ "^'^^«' -M) + J /(r) e r̂ 
or, by comparison with the expression for / ( f ) , 

d^ 
^ = / - 6 - ( l ~ 6 ) / = 6 ( / - l ) . 

Thus, the governing integral equation has been converted into a second-order ordinary differential equa-
tion, which is readily solved as 

/ ( f ) = l - f Cie->^< + C2e^^^. 

While an integral equation does not require any boundary conditions, we have converted the governing 
equation into a differential equation that requires two boundary conditions in order to determine C\ 
and Ci. The dilemma is overcome by substituting the general solution back into the governing integral 
equation (with approximated kernel). This calculation can be done for variable values off by comparing 
coefficients of independent functions off, or simply for two arbitrarily selected values for f. The first 
method gives the engineer proof that his analysis is without mistake, but is usually considerably more 
tedious. Often it is also possible to employ symmetry, as is the case here, since/(f) = / ( l ^ - f) or 

or 

q = C^e<'''\ 

Consequently, 

/(f)=l+C,[^->^^ + £̂ ->̂ ^̂ -̂ >], 
•̂ Using the actual W at hand will result in a better approximation, but new values for a and h must be determined if W 

is changed; in addition, the mathematics become considerably more involved. 
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and substituting this expression into the governing equation at f = 0 gives 

/(O) = l+Ci(l4-e-^^*') 

€ + 

- e + 
1 r^' 

e-^d-) l+Vi 1 - V̂  J 

= 6 + l ( l_e) | i - . -« '+C, 
1+ V^ l - V i 

Solving this for C\ gives 

i ( l -6) ( l+^- '^) = C, { i ( 1 - V i ) + 1 (1+V^)e-V?«'-l-e-V^«'-[l(1-Vi)e-V?«'+1 (1+Vi)]^-'*'}. 

or 

1 - 6 
C , = -

and 

/ ' ( ^ ) = l - ( l - 6 ) 

(1+ V^ + ( l - y[€)e-^^^ 

(1+ Vi) + 0 - Vi)e-Vi^* 

Finally, the nondimensional heat flux follows as 

m) = 1 - 6 [1 - / ( f ) ] = 
(1 + V^ + ( i - Vi)^-^ '*" 

which is also included in Fig. 5-14. 
Note that e'^'~^ is not a particularly good approximation for the kernel, since the actual kernel has 

a zero first derivative at ^' = f. A better approximation can be obtained by using 

(with a\ > 1 and ai < 0). If iff is relatively small, say < 5, a good approximation may be obtained using 

^ ( f , f ) - c o s a ( r - f ) 

(since the kernel has an inflection point at If - f I = | ) . 

We shall conclude this chapter with two examples that demonstrate that exact analytical solu-
tions are possible for a few simple geometries for which the view factors between area elements 
attain certain special forms. 

Example 5.12. Consider a hemispherical cavity irradiated by the sun as shown in Fig. 5-15. The sur-
face of the cavity is kept isothermal at temperature T and is coated with a gray, diffuse material with 
emittance e. Assuming that the cavity is, aside from the solar irradiation, exposed to cold surround-
ings, determine the local heat flux rates that are necessary to maintain the cavity surface at constant 
temperature. 
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€^T^mmt 
FIGURE 5-15 
Isothermal hemispherical cavity irradiated nor-
mally by the sun, Example 5.12. 

Solution 
From equation (5.24) the local radiosity at position (v?, ^) is determined as 

J{(p) = 6crr^ + (1 -• €)H{(p) 

= 6cr7^ + ( l - e ) X * ' )dF,A-dA'+HM 

where we have already stated that radiosity is a function of ^ only, i.e., there is no dependence on 
azimuthal angle ij/. The view factor between infinitesimal areas on a sphere is known from the inside 
sphere method, equation (4.32), as 

dFjA^jA' = 
dA' R^ simp'dip'df// 

The external irradiation at dA is readily determined as Ho{(p) = ŝun cos ^, and the expression for radiosity 
becomes 

sirup' dip' di}/' r r>2n pn/2 

J{ip) = 6 c r 7 ^ + ( l - £ ) n J^ J(ip')-
4n + qsMn cos ip 

ecr •7̂  + 
I •1 r'^ 

' Jo 

J{ip') sin ip' dip' + {\- €)qsm cos (p. 

Because of the unique behavior of view factors between sphere surface elements we note that the irradi-
ation at location tp that arrives firom other parts of the sphere, Z/̂ , does not depend on ip. Thus, 

1 nn/2 
H, = - \ J({p') simp'dtp'-consU 

2 Jo 
and 

J(ip) = eorir^ + (1 - €)Hs + (1 - e)̂ sun cos^. 

Substituting this equation into the expression for Hg leads to 

H, = - I [ecrT"^ + {I-€)Hs +(I-€)qsun cos (p'\simp'dip' 

= \eaT^ + i ( l - e)H, + i ( l - €)q,^. 

1 +6 2(1 +£)^ 
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FIGURE 5-16 
Thin radiating wire with radiating sheath, 
Example 5.13. 

An energy balance at dA gives 

q((p) = ecrT^-eH(ip):=:e(orT^-Hs-qsxm cos (f) 

or 
q{ip) = e TT7-12(17^ ^H^^^ 

We observe from this example that in problems where all radiating surfaces are part of a 
sphere, none of the view factors involved depend on the location of the originating surface, and 
an exact analytical solution can always be found in a similar fashion. Apparently, this was first 
recognized by Jensen [23] and reported in the book by Jakob [24]. 

Exact analytical solutions are also possible for such configurations where all relevant view 
factors have repeating derivatives (as in the kernel approximation). 

Example 5.13. A long thin radiating wire is to be employed as an infrared light source. To maximize 
the output of infrared energy into the desired direction, the wire is fitted with an insulated, highly re-
flective sheath as shown in Fig. 5-16. The sheath is cylindrical with radius R (which is much larger than 
the diameter of the wire), and has a cutout of half-angle (f to let the concentrated infrared light escape. 
Assuming that the wire is heated with a power of Q W/m length of wire, and that the sheath can lose 
heat only by radiation and only from its inside surface, determine the temperature distribution across the 
sheath. 

Solution 
From an energy balance on a surface element dA it follows from equation (5.20) that, with q(0) = 0, 

crTHe) = j{e) = H{e\ 

and 

//(̂ ) = Jj(^)JF,.,.,,,.+/iX^). 

We may treat the energy emitted from the wire as external radiation (neglecting absorption by the wire 
since it is so small). Since the total released energy will spread equally into all directioas, we find 

Ho{0) = QllnR = const. 
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The view factor dF^A-dA' between two infinitely long strips on the cylinder surface is given by Configu-
ration 1 in Appendix D as 

FdA-dA' = \ oospdp, 

where the angle p is indicated in Fig. 5-16 and may be related to 0 through 

2^ + |6^ ~ 6̂1 = n. 

Differentiating p with respect to ff we obtain dp = ±dff jl, depending on whether ^ is larger or less 
than 9, Substituting for 5̂ in the view factor, this becomes 

1 
FdA~dA' = 2 ^^S (i-

& -G 1 ^ ^ ^ • - w = - sm 
2 4 

& -e 
de\ 

where the ± has been omitted since the view factor is always positive (i.e., \dp\ is to be used). Substituting 
this into the above relationship for radiosity we obtain 

m - y(^)sin 
^ J ~n+(p 

1 r" 
^ J-n+ip 

sm 

2 
dff ^Ho 

2 '"% fjvm'-i^ do' + Ho. 

Since the view factor in the integrand has repetitive derivatives we may convert this integral equation into 
a second-order differential equation, as was done in the kernel approximation method. Differentiating 
twice, we have 

dJ 1 r' ,,^,, ^ - ^ ^ ^ 1 /^n-ip ff -^a 

-il J{ff)s\n^-J-d0 + \j{9)-^ 
n*.p 2 8 16 

J(e')sm-—-dff. 

Comparing this result with the above integral equation for J{9) we find 

dO" 
Ji0)-\lJ{e)-H„] = \H„. 

This equation is readily solved as 

J(6/)=|i/«6^+Ci6l + C2. 

The two integration constants must now be determined by substituting the solution back into the gov-
eming integral equation. However, C\ may be determined from symmetry since, for this problem, 
j(0) = j{-e) and Q = 0. To determine C2 we evaluate J at ^ = 0: 

j(0) = €2 = ^1 J{G')sinl~\dO' + - I J(6K)sin jdO'-hH, 

1 f''"̂  6' 
= - JiO')sm-d(r + Ho 

2 Jo 2 

Integrating twice by parts we obtain 

Q = Ii,-(c..^0^)cos'-[\^l"'0cos'-d0 

. ^ , _ [ c , . f ( . - , ) ^ ] c o s ( 2 - | ) . Q . f ( ^ s i n | f - f ' s i n f . ^ ; 

+ 2 cos — 
2 

= //„ + C2 - [C2 + | i ( f f - , p ) ' ] s i n | + | ^ ( ; r - v ) c o s | +/i ,sin | - / / „ 

K) / 
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Solving this equation for Ci we get 

Ci -Ho 

Therefore, 

JT-lp if 1 o 
1 + -—r- cos X - 7:(jt - cp) 

2 2 8 ^ ^ ^ 

^ ^ cr InRor \ 2 2 8 ^ ^ JJ 

We find that the temperature has a minimum at ^ = 0, since around that location the view factor to the 
opening is maximum, resulting in a maximum of escaping energy. The temperature level increases as (p 
decreases (since less energy can escape) and reaches T -^ oo as v? = 0 (since this produces an insulated 
closed enclosure with internal heat production). 

The fact that long cylindrical surfaces lend themselves to exact analysis was apparently first 
recognized by Sparrow [25]. The preceding two examples have shown that exact solutions may 
be found for a number of special geometries, namely, (/) enclosures whose sxirfaces all He on a 
single sphere, and (//) enclosures for which view factors between surface elements have repetitive 
derivatives. For other still fairly simple geometries an approximate analytical solution may be 
determined fi-om the kernel approximation method. However, the vast majority of radiative heat 
transfer problems in enclosures without a participating medium must be solved by numerical 
methods. A large majority of these are solved using the net radiation method described in the 
first few sections of this chapter. If greater accuracy or better numerical efficiency is desired, one 
of the numerical methods briefly described in this section needs to be used, such as numerical 
quadrature leading to a set of linear algebraic equations (as in the net radiation method). 
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Problems 

5.1 A fire fighter (approximated by a two-sided black surface at 310K 180cm long and 40cm wide) is 
facing a large fire at a distance of 10 m (approximated by a semi-infinite black surface at 1500 K). 
Ground and sky are at 0°C (and may also be approximated as black). What are the net radiative heat 
fluxes on the front and back of the fire fighter? Compare these with heat rates by fi-ee convection 
(/i=10W/m2K,7;mb = 0°C). 

5.2 A small star has a radius of 100,000 km. Suppose that the star is originally at a uniform temperature of 
1,000,000 K before it "dies," i.e., before nuclear fusion stops supplying heat. If it is assumed that the 
star has a constant heat capacity of pc^ = 1 kJ/m^ K, and that it remains isothermal during cool-down, 
estimate the time required until the star has cooled to 10,000 K. Note: A body of such proportions 
radiates like a blackbody (Why?). 

5.3 A small furnace consists of a cylindrical, black-walled enclosure, 20 cm 
long and with a diameter of 10 cm. The bottom surface is electrically 
heated to 1500K, while the cylindrical sidewall is insulated. The top 
plate is exposed to the environment, such that its temperature is 500 K. 
Estimate the heating requirements for the bottom wall, and the temper-
ature of the cylindrical sidewall, by treating the sidewall as (a) a single 
zone, (6) two equal rings of 10 cm height each. <?2 = 0 

5.4 Repeat Problem 5.3 for a 20 cm high furnace of quadratic (10 cm x 10 cm) cross-section. 

5.5 Repeat Problem 5.3 for the case that the top surface of the fumace is coated with a gray, diff'use 
material with emittance 63= 0.5 (other surfaces remain black). 

5.6 A coUimated light beam of (70 = lOW/cm^ origi-
nating from a blackbody source at 1250K is aimed 
at a small target A\ ^ \ cm^ as shown. The target 
is coated with a diffusely reflecting material, whose 
emittance is 

^(;=10W/cm2 n 
^^ 

ro.9( 
I0.2, 

0.9 cos <9, X<ApLm, 
X > 4/im. 

\h=\Ocm 

w=20 cm 

Light reflected from A\ travels on to a detector Ai -
1 cm^, coated with the same material as v4|. How much of the coUimated energy q^ is absorbed by 
detector ^2? 
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5.7 A long half-cylindrical rod is enclosed by a long dif-
fuse, gray isothermal cylinder as shown. Both rod and 
cylinder may be considered isothermal (T\ = T2,€i = 
^2, h, €}) and gray, diffuse reflectors. Give an expres-
sion for the heat lost from the rod (per unit length). 

5.8 Two pipes carrying hot combustion gases are enclosed in 
a cylindrical duct as shown. Assuming both pipes to be 
isothermal at 2000 K and diffusely emitting and reflecting 
(6 = 0.5), and the duct wall to be isothermal at 500 K and 
diffusely emitting and reflecting (e = 0.2), determine the 
radiative heat loss from the pipes. 

5.9 For the configuration shown in the figure, determine the temperature of ^ 
Surface 2 with the following data: 

Surface 1 : Ti = lOOOK, 

2 cm 

Surface 2 : 

Surfaces : 

qi = --lW/cm^ 

6, = 0.6; 

62 = 0.2; 

es = 0.3, perfectly insulated. 

5 cm 

^Mlof 

All configurations are gray and diffuse. 

5.10 Consider a 90° pipe elbow as shown in the figure (pipe 
diameter = Z) = 1 m; inner elbow radius = 0, outer el-
bow radius = D). The elbow is isothermal at temperature 
T = lOOOK, has a gray diffuse emittance 6 = 0.4, and is 
placed in a cool environment. What is the total heat loss 
from the isothermal elbow (inside and outside)? 

5.11 A cubical enclosure has gray, diffuse walls which interchange energy. Four of the walls are isothermal 
at j ; . with emittance 6̂ , the other two are isothermal at Tt with emittance 6̂  Calculate the heat flux 
rates per unit time and area. 
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5.12 During launch the heat rejector radiative panels of the Space 
Shuttle are folded against the inside of the Shuttle doors. Dur-
ing orbit the doors are opened and the panels are rotated out by 
an angle (p as shown in the figure. Assuming door and panel can 
be approximated by infinitely long, isothermal quarter-cylinders 
of radius a and emittance e - 0.8, calculate the necessary rota-
tion angle ip so that half the total energy emitted by panel (2) and 
door (1) escapes through the opening. At what opening angle 
will a maximum amount of energy be rejected? How much and 
why? 

^ 
'^9^ 

S^v 

a 

.Panel 

\ \ \ 

i\ 
1 \ 

r,£ 

Door -A,! 

5.13 A row of equally-spaced, cylindrical heating elements (5 = Id) 
is used to heat the inside of a furnace as shown. Assuming 
that the outer wall is made of firebrick with 63 = 0.3 and is 
perfectly insulated, that the heating rods are made of silicon 
carbide (£1 = 0.8), and that the inner wall has an emittance of 
€2 = 0.6, what must be the operating temperature of the rods to 
supply a net heat flux of 300 kW/m^ to the furnace, if the inner 
wall is at a temperature of 1300K? 

"̂ ^̂ -̂  Outer wall, £3 = 0.3, q^ = 0 
'"I*- Silicon carbide rods {s/d -

e, = 0.8 
# # # 

2 = 0.6 £ 
2) 

loner wall 

^ = 300kW/m2 

5.14 Consider two 1 x 1 m^, thin, gray, diffuse plates located a distance 
/z = 1 m apart. The temperature of the top plate is maintained at 
T\ = 1200K, whereas the bottom plate is initially at Ti = 300 K and 
insulated on the outside. In case 1, the surface of the top plate is flat, 
whereas in case 2 grooves, whose dimensions are indicated below, 
have been machined in the plate's surface. In either case the surfaces 
are gray and diffuse, and the surroundings may be considered as black 
and having a temperature 7^ = 500 K; convective heat transfer effects 
may be neglected. 

(Imm thick, insulated) 

.cJfTi" Ay for case 2 
(100 grooves) 

{a) Estimate the effect of the surface preparation of the top surface 
on the initial temperature change of the bottom plate (dTildt at 
/ = 0). 

(b) Justify, then use, a lumped-capacity analysis for the bottom plate to predict the history of tem-
perature and heating rates of the bottom plate until steady state is reached. 

helium 

The following properties are known: Top plate: ei = 0.6, 71 = 1200 K; bottom plate: Tiit - 0) = 
300K, 62 = 0.5, fh = ^OOkg/m\densityl Cpi = 440 J/kg K, ki = 200 W/mK. 

5.15 A thermocouple used to measure the temperature of cold, low-
pressure helium flowing through a long duct shows a tempera-
ture reading of 10 K. To minimize heat losses from the duct to 
the surroundings the duct is made of two concentric thin layers 
of stainless steel with an evacuated space in between (inner di-
ameter di = 2 cm, outer diameter da = 2.5 cm; stainless layers 
very thin and of high conductivity). The emittance of the ther-
mocouple is ere = 0.6, the convection heat transfer coefficient 
between helium and tube wall is k = 5 W/m^ K, thermocouple 
and helium is hrc = 2 W/m^ K, and the emittance of the stain-
less steel is e^s = 0.2 (gray and diffuse, all four surfaces). The 
free convection heat transfer coeflicient between the outer tube and the surroundings at TJmb = 300 K 
is ho = 5 W/m^ K. To determine the actual temperature of the helium. 

(a) Prepare an energy balance for the thermocouple. 
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BBQ base 

fl)) Prepare an energy balance for the heat loss through the duct wall (the only unknowns here 
should be TJie, 2? and 7;,). 

(c) Outline how to solve for the temperature of the helium (no need to carry out solution). 
(d) Do you expect the thermocouple to be accurate? (Hint: check magnitudes of terms in (a)). 

5.16 For your Memorial Day Barbecue you would like to broil a 
steak on your backyard BBQ, which consists of a base unit in 
the shape of a hemisphere (D= 60 cm), fitted with a disk-shaped 
coal rack, and a disk-shaped grill, as shown in the sketch. Hot 
coal may be assumed to cover the entire floor of the unit, with 
uniform temperature Tc = 1200K, and an emittance of €c = 
1. The side wall is soot-covered and black on the inside, but 
has an outside emittance of ^ = 0.5. The steak (modeled as 
a ds = 15 cm disk, 1cm thick, emittance 6̂  = 0.8, initially 
at 7; = 280 K) is now placed on the grill (assumed to be so 
lightweight as to be totally transparent and not participating in 
the heat transfer). The environment is at 300 K, and free con-
vection may be neglected. 

(a) Assuming that the lid is not placed on top of the unit, estimate the initial heating rates on the 
two surfaces of the steak. 

fl)) How would the heating rates change, if the lid (also a hemisphere) is put on (e, = ê , = 0.5)? 
Could one achieve a more even heating rate (top and bottom) if the emittance of the inside 
surface is increased or decreased? 

Note: Part (b) will be quite tedious, unless program graydiffxch of Appendix F is used (which, in 
turn, will require iteration or a little trickery). 

5.17 During a materials processing experiment on the Space 
Shuttle (under microgravity conditions), a platinum sphere 
of 3 mm diameter is levitated in a large, cold black vac-
uum chamber. A spherical aluminum shield (with a circu-
lar cutout) is placed around the sphere as shown, to reduce 
heat loss from the sphere, biitially, the sphere is at 200 K 
and is suddenly irradiated with a laser providing an irradi-
ation of 100 W (normal to beam) to raise its temperature 
rapidly to its melting point (2741K). Determine the time 
required to reach the melting point. You may assume the 
platinum and aluminum to be gray and diffuse (e^, = 0.25, 
€AI = 0.1), the sphere to be essentially isothermal at all 
times, and the shield to have zero heat capacity. 

5.18 A long greenhouse has the cross-section of an equilateral tri-
angle as shown. The side exposed to the sun consists of a thin 
sheet of glass (-̂ 1) with reflectivity p^ = 0 . 1 . The glass may 
be assumed perfectly transparent to solar radiation, and totally 
opaque to radiation emitted inside the greenhouse. The other 
side wall (̂ 2̂) is opaque with emittance €2 = 0.2, while the floor 
(^3) has €3 = 0.8. All surfaces reflect difi'usely. For simplicity, 
you may assume surfaces A^ and A2 to be perfectly insulated, 
while the floor loses heat to the ground according to 

^3,conduction ~ ^ ( - ' 3 ~ •*oo) 

where Zo = 280 K is the temperature of the ground, and U = 
19.5 W/m^ K is an overall heat transfer coefficient. Determine 
the temperatures of all three surfaces for the case that the sun shines onto the greenhouse with strength 
<7sun = 1000 W/m^ in a direction parallel to surface A2. 
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5.19 Two identical circular disks are connected at one point of their 
periphery by a hinge. The configuration is then opened by an 
angle ^ as shown in the figure. Assuming the opening angle 
to be ^ = 60°, ^ = 1 m, calculate the average equilibrium tem-
perature for each of the two disks, with solar radiation entering 
the configuration parallel to Disk 2 with a strength of ŝun = 
1000 W/m^ Disk 1 is gray and diffuse with or = e = 0.5, Disk 2 
is black. Both disks are insulated. 

5.20 A long, black V-groove is irradiated by the sun as shown. Assum-
ing the groove to be perfectly insulated, and radiation to be the 
only mode of heat transfer, determine the average groove tem-
perature as a function of solar incidence angle 6 (give values for 
6 = 0°, 15°, 30°, 60°, 90°). For simplicity the V-groove wall 
may be taken as a single zone. 

5.21 A (simplified) radiation heat flux meter consists of a coni-
cal cavity coated with a gray, diffuse material, as shown in 
the figure. To measure the radiative heat flux, the cavity is 
perfectly insulated. 

(a) Develop an expression that relates the flux, //„, to the 
cavity temperature, T. 

(h) If the cavity is turned away from the incoming flux 
by an angle or, what happens to the cavity temperature? 

5.22 A very long solar collector plate is to collect energy at a 
temperature of Ti = 350 K. To improve its performance 
for off-normal solar incidence, a highly reflective surface 
is placed next to the collector as shown in the adjacent fig-
ure. How much energy (per unit length) does the collector 
plate collect for a solar incidence angle of 30°? For sim-
plicity you may make the following assumptions: The col-
lector is isothermal and gray-diffuse with omittance €\ = 
0.8; the reflector is gray-diffuse with 62 = 0.1, and heat 
losses from the reflector by convection as well as all losses 
from the collector ends may be neglected. 

5.23 A thermocouple (approximated by a 1 mm diameter sphere 
with gray-difFuse emittance €1 = 0.5) is suspended inside 
a tube through which a hot, nonparticipating gas at Tg = 
2000 K is flowing. In the vicinity of the thermocouple the 
tube temperature is known to be T2 = lOOOK (wall emittance 
62 = 0.5). For the purpose of this problem you may assume 
both ends of the tube to be closed with a black surface at the 
temperature of the gas, 3̂ = 2000 K. Again, for the purpose 
of this problem, you may assume that the thermocouple gains 
a heat flux of 10"̂  W/m^ of thermocouple surface area, which 
it must reject again in the form of radiation. Estimate the temperature of the thermocouple. 

/ / / / / / 
^ ,u„=1000W/m2 

<?2 = 0, €2 r , , €, 

Collector plate 

D= 
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Hints: 

(a) treat the tube ends together as a single surface Ay, 

(b) note that the thermocouple is small, i.e., /\._] «: 1. 

5.24 A long thin black heating wire radiates 300 W per cm 
length of wire and is used to heat a flat surface by thermal 
radiation. To increase its efficiency the wire is surrounded 
by an insulated half-cylinder as shown in the figure. Both 
surfaces are gray and diffuse with emittances €2 and 63, 
respectively. What is the net heat flux at Surface 3? How 
does this compare with the case without cylinder? 
Hint: You may either treat the heating wire as a thin cylin-
der whose radius you eventually shrink to zero, or treat 
radiation from the wire as external radiation (the second 
approach being somewhat simpler). 

T: /i3:€3 = 0.5,r3 = 300K 

A,: wire /? = 3cm 

5.25 Determine F\-2 for the rotationally symmetric configura-
tion shown in the figure (i.e., a big sphere, R = 13 cm, 
with a circular hole, r = 5 cm, and a hemispherical cav-
ity, r = 5 cm). Assuming Surface 2 to be gray and diffuse 
(e ~ 0.5) and insulated and Surface 1 to be black and also 
insulated, what is the average temperature of the black cav-
ity if collimated irradiation of 1000 W/m^ is penetrating 
through the hole as shown? 

^,.= 1000W/m2 

5.26 An integrating sphere (a device to measure surface prop-
erties) is 10 cm in radius. It contains on its inside wall a 
1 cm^ black detector, a 1 x 2 cm entrance port and a 1 x 1 cm 
sample as shown. The remaining portion of the sphere is 
smoked with magnesium oxide having a short-wavelength 
reflectance of 0.98, which is almost perfectly diffuse. A col-
limated beam of radiant energy (i.e., all energy is contained 
within a very small cone of solid angles) enters the sphere 
through the entrance port, falls onto the sample, and then is 
reflected and interreflected, giving rise to a sphere wall ra-
diosity and irradiation. Radiation emitted from the walls is 
not detected because the source radiation is chopped, and the 
detector-amplifier system responds only to the chopped ra-
diation. Find the fractions of the chopped incoming radiation that are 

(a) lost out the entrance port, 

(b) absorbed by the MgO-smoked wall, and 

(c) absorbed by the detector. 

Entrance 
port 

Detector 

[Item (c) is called the "sphere efficiency."] 
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5.27 The side wall of a flask holding liquid helium may be approxi-
mated as a long double-walled cylinder as shown in the adjacent 
sketch. The container walls are made of 1 mm thick stainless steel 
{k = 15 W/m K, 6 = 0.2), and have outer radii ofRi = 10 cm and ' Liquid 
i?4 = 11 cm. The space between walls is evacuated, and the out- | helium 
side is exposed to free convection with the ambient at T̂ b̂ = ^O'̂ C 
and a heat transfer coefficient of ho = 10 W/m^ K (for the com-
bined effects of free convection and radiation). It is reasonable to 
assume that the temperature of the inner wall is at liquid helium 
temperature, or TiRi) = 4 K. | 

^ • 

Foil 

I V 

(a) Determine the heat gain by the helium, per unit length of flask. 

{b) To reduce the heat gain a thin silver foil (e = 0.02) is placed midway between the two walls. 
How does this aff'ect the heat flux? 

For the sake of the problem, you may assume both steel and silver to be diffuse reflectors. 

5.28 Repeat Problem 5.5, breaking up the sidewall into four equal ring elements. Use the view factors 
calculated in Problem 4.21 together with program g r a y d i f f x c h of Appendix F. 

5.29 The inside surfaces of a furnace in the shape of a parallelepiped with dimensions 1 m x 2 m x 4 m 
are to be broken up into 28 1 m x 1 m subareas. The gray-difliise side walls (of dimension 1 m x 
2 m and 1 m x 4 m) have emittances of Cy = 0.7 and are perfectly insulated, the bottom surface has 
an emittance of 6/, = 0.9 and a temperature T^ = 1600 K, while the top's emittance is 6/ = 0.2 
and its temperature is TJ = 500 K. Using the view factors calculated in Problem 4.22 and program 
g r a y d i f f x c h of Appendix F, calculate flie heating/cooling requirements for bottom and top surfaces, 
as well as the temperature distribution along the side walls. 

5.30 Consider Configuration 33 in Appendix D with h ^ w. The bottom wall is at constant temperature 
T\ and has emittance €u the side wall is at 7̂  = const and 62. Find the exact expression for qi(x) if 
€ 2 - 1 . 

5.31 An infinitely long half-cylinder is irradiated by the sun as shown in ^̂ un 
the figure, with ŝun = 1000 W/m^. The inside of the cylinder is gray 
and diff'use, the outside is insulated. There is no radiation from the 
background. What is the equilibrium temperature distribution along 
the cylinder periphery, 

(a) using four isothermal zones of 45° each, 

(b) using the exact relations. (Hint: Use difl'erentiation as in the 
kernel approximation method.) 

? 

5.32 To calculate the net heat loss from a part of a spacecraft, 
this part may be approximated by an infinitely long black 
plate at temperature 7J = 600 K, as shown. Parallel to 
this plate is another (infinitely long) thin plate that is gray 
and emits/reflects diffusely with the same emittance €\ on 
both sides. You may assume the surroundings to be black 
at 0 K. Calculate the net heat loss from the black plate. 

wi=lm 
i^-^B=f .=o. r 

- VV2 = 2 m -

/ i = l m 

T ̂2» ^a®^'l 
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^ 
r,.€. 

.^:::L 2^H-.̂ V. 

5.33 A large isothermal surface (exposed to vacuum, tempera-
ture 2;,, diffuse-gray emittance €„̂ ) is irradiated by the sun. 
To reduce the heat gain/loss from the surface, a thin cop-
per shield (emittance ê  and mitially at temperature T̂ K)) is 
placed between surface and sun as shown in the figure. 

(a) Determine the relationship between 7̂ . and time t (it 
is sufficient to leave the answer in implicit form with 
an unsolved integral). 

(^) Give the steady state temperature for 7̂ . (i.e., for t -> 00). 
(c) Briefly discuss qualitatively the following effects: 

(/) The shield is replaced by a moderately thick slab of styrofoam coated on both sides with 
a very thin layer of copper. 

(17) The surfaces are finite in size. 

5.34 Consider two infinitely long, parallel, black plates of width 
L as shovm. The bottom plate is uniformly heated electri-
cally with a heat flux of q\ = const, while the top plate is 
insulated. The entire configuration is placed into a large 
cold environment. 

Insulation 

Ao, -̂7 

OK/ 
(a) Determine the governing equations for the tempera-

ture variation across the plates. 
(6) Find the solution by the kernel substitution method. 

To avoid tedious algebra, you may leave the final re-
sult in terms of rwo constants to be determined, as 
long as you outline carefully how these constants may 
be found. 

(c) If the plates are gray and diffuse with emittances 61 and ^ , how can the temperature distribution 
be determined, using the solution from part (bp. 

Itt i ittttttt '. 
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6 
RADIATIVE 
EXCHANGE 

BETWEEN 
PARTIALLY-SPECULAR 

GRAY SURFACES 

6.1 INTRODUCTION 

In the previous two chapters it was assumed that all surfaces constituting the enclosure are— 
besides being gray—diffuse emitters as well as diffuse reflectors of radiant energy. Diffuse emis-
sion is nearly always an acceptable simplification. The assumption of diffuse reflection, on the 
other hand, often leads to considerable error, since many surfaces deviate substantially fi-om this 
behavior. Electromagnetic wave theory predicts reflection to be specular for optically smooth sur-
faces, i.e., to reflect light like a mirror. All clean metals, many nonmetals such as glassy materials, 
and most polished materials display strong specular reflection peaks. Nevertheless, they all, to 
some extent, reflect somewhat into other directions as a result of their surface roughness. Surfaces 
may appear dull (i.e., diffusely reflecting) to the eye, but are rather specular in the infrared, since 
the ratio of every surface's root-mean-square roughness to wavelength decreases with increasing 
wavelength. 

For a surface with difl'use reflectance the reflected radiation has the same (diffuse) directional 
distribution as the emitted energy, as discussed in the beginning of Section 5.3. Therefore, the 
radiation field within the enclosure is completely specified in terms of the radiosity, which is a 
function of location along the enclosure walls (but not a function of direction as well). If reflection 
is nondiffuse, then the radiation intensities leaving any surface are functions of direction as well as 
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0.2 0 0.2 0.4 

P 1^/. ¥i» ^r' Wi + ̂ ) COS ^̂  

0.2 0 0.2 0.4 
P 1^/. ¥i» ^r. Vi + ̂ ) COS 0̂  

FIGURE 6-1 
(a) Subdivision of the reflectance of oxidized brass (showii for plane of incidence) into specular (shaded) and diffuse 
components (unshaded), from [1], (h) equivalent idealized reflectance. 

surface location, and the analysis becomes immensely more complicated.^ To make the analysis 
tractable, one may make the idealization that the reflectance, while not diffuse, can be adequately 
represented by a combination of a diffuse and a specular component, as illustrated in Fig. 6-1 for 
oxidized brass [1]. Thus, for the present chapter, we assume the radiative properties to be of the 
form 

p = p ^ > p ^ = l ^ a = l - 6 = l - 6 ; ; , (6.1) 

where p'̂  and p^ are the specular and diffuse components of the reflectance, respectively. Since 
the surfaces are assumed to be gray, diffuse emitters (e = e^), it follows that neither a nor p 
may depend on wavelength or on incoming direction (i.e., the magnitude of p does not depend 
on incoming direction); how p is distributed over outgoing directions depends on incoming di-
rection through p\ With this approximation, the separate reflection components may be found 
analytically by splitting the bidirectional reflection function into two parts, 

p''(r, §,-, Sr) = p"Xr, §/, %) + p'''{r, s,, §,) (6.2) 

Substituting this expression into equation (3.43) and equation (3.46) then leads to p'̂  and p"̂ . 
Values of p*' andp^ may also be determined directly from experiment, as reported by Birkebak and 
coworkers [2], making detailed measurements of the bidirectional reflection function unnecessary. 

Within an enclosure consisting of surfaces with purely diffuse and purely specular reflection 
components, the complexity of the problem may be reduced considerably by realizing that any 
specularly reflected beam may be traced back to a point on the enclosure surface from which it 
emanated diffusely (i.e., any beam was part of an energy stream leaving the surface after emission 
or diffuse reflection), as illustrated in Fig. 6-2. Therefore, by redefining the view factors to include 
specular reflection paths in addition to direct view, the radiation field may again be described by 
a diffuse energy function that is a fiinction of surface location but not of direction. 

Mn addition, if the irradiation is polarized (e.g., owing to irradiation from a laser source), specular reflections will 
change the state of polarization (because of the different values forp|, andp^^, as discussed in Chapter 2). We shall only 
consider unpolarized radiation. 
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FIGURE 6-2 
Radiative exchange in an enclosure with spec-
ular reflectors. 

6.2 SPECULAR VIEW FACTORS 

To accommodate surfaces with reflectances described by equation (6.1), we define a specular 
view factor as 

diffuse energy leaving dAi intercepted by dAj, by 
direct travel or any number of specular reflections 

dAi-dAj - ^Q ĵ diff'use energy leaving dAi 

The concept of the specular view factor is illustrated in Figs. 6-2 and 6-3. Diffuse radiation 
leaving dAi (by emission or diff̂ use reflection) can reach dAj either directly or after one or more 
reflections. Usually only a finite number of specular reflection paths such as dAi - a - dAj or 
dAi -b - c- dAj (and others not indicated in the figure) will be possible. The surface at points 
a, b, and c behaves like a perfect mirror as far as the specular part of the reflection is concerned. 
Therefore, if an observer stood on top of dAj looking toward c, it would appear as if point b as 
well as dAi were situated behind point c as indicated in Fig. 6-3; the point labeled b{c) is the 
image of point b as mirrored by the surface at c, and dAi(cb) is the image of dAi as mirrored by 
the surfaces at c and b. Therefore, as we examine Figs. 6-2 and 6-3, we may formally evaluate 
the specular view factor between two infinitesimal areas as 

^^dA~dAj = ^^dAi-dAj +PadFdAiia)-dAj -^ p'^Pc dFdAiicb)~dAj 

+ Other possible reflection paths. (6.4) 

Thus, the specular view factor may be expressed as a sxmi of diffuse view factors, with one 
contribution for each possible direct or reflection path. Note that, for images, the diffuse view 
factors must be multiplied by the specular reflectances of the mirroring surfaces, since radiation 
traveling from dAi to dAj is attenuated by every reflection. 

If all specularly reflecting parts of the enclosure are flat, then all images of dAi have the 
same shape and size as dAi itself. However, curved surfaces tend to distort the images (focusing 
and defocusing effects). In the case of only flat, specularly reflecting surfaces we may multiply 
equation (6.4) by dAj and, invoking the law of reciprocity for diffuse view factors, equation (4.7), 
we obtain 

dAidFJ^__j^. = dAjdFdA.~dAi'^p'adAjdFdA.~dAi{a)'^PlpldAjdFdAj-dAi{bc) 

= dAjdFdAj-dAi -^PadAjdFdAjiaydAi + PIPI dAj dFdA0c)-dA, 
= dAjdF^,^_,,^. (6.5) 

that is, the law of reciprocity holds for specular view factors as long as all specularly reflecting 
surfaces are flat. Although considerably more complicated, it is possible to show that the law 
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v: 
dA, i(h) 

.-^^-4dA iihc) 

FIGURE 6-3 
Specular view factor between infinitesimal surface elements; formation of images. 

of reciprocity also holds for curved specular reflectors. If we also assume that the diffuse energy 
leaving At and Aj is constant across each respective area, we have the equivalent to equation (4.15), 

dAF^^^j = AjdF;L,,, (Jj = const), 

AiFlj = AjFJ_,, {Ji, Jj = const), 

(6,6a) 

{6.6b) 

(6.6c) 

where we have adopted the compact notation first introduced in Chapter 4, and Jj is the total 
diffuse energy (per unit area) leaving surface At (again called the radiosity). 

Example 6.1. Evaluate the specular view factors F^_^ and Fl_^ for the parallel plate geometry shown 
in Fig. 6-40. 

Solution 
We note that, because of the one-dimensionality of the problem, F^^_^ must be the same for any dA\ on 
surface A\. Since F^_^ is nothing but a surface average of î j_2, we conclude that /̂ _̂2 = 1̂-2- ^̂  *̂  
sufficient to consider energy leaving from an infinitesimal area (rather than all oiA\). Examining Fig. 6-
Ab we see that every beam (assumed to have unity strength) leaving dA\, regardless of its direction, must 
travel to surface A2 (a beam of strength "1" is intercepted). After reflection at Ai a beam of strength p^ 
returns to A\ specularly, where it is reflected again and a beam of strength p^pj returns to A2 specularly. 

^2'P2' Pi 

^l,plp'^ 

(a) 

FIGURE 6-4 
(a) Geometry for Example 6.1, (h) ray tracing for the evaluation ofF^_^ and Fl'_2-

{b) 
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f 2. P2' P2 

(a) 

FIGURE 6-5 
(a) Geometry for Example 6.2, (h) repeated reflections along outer surface. 

ih) 

After one more reflection a beam of strength (P2Pj)p5 returns to Au and so on. Thus, the specular view 
factor may be evaluated as 

^.-2 = ^-2 = 1 + P1P2 + iptPif + iplP'D' + • • • • (6.7) 

Since plp2 < 1 the sum in this equation is readily evaluated by the methods given in Wylie [3], and 

1 
^ 2 ^ 

1-PM 
^ ^ 1 . (6.8) 

The last part of this relation is found by switching subscripts or by invoking reciprocity (and A\ = Aj). 
We notice that specular view factors are not limited to values between zero and one, but are often greater 
than unity because much of the radiative energy leaving a surface is accounted for more than once. 
All energy from Ai is intercepted by A2 after direct travel, but only the fraction (1 - P2) is removed 
(by absorption and/or diffuse reflection) from the specular reflection path. The fraction p2 travels on 
specularly and is, therefore, counted a second time, etc. Thus, it is (1 - PiWi-i that must have a value 
between zero and one, and the summation relation, equation (4.17), must be replaced by 

Equation (6.9), fonned here through intuition, will be developed rigorously in the next section. 
F^_^ may be found similarly as 

/•I, = ft^ + (p\p',)p^ + (plfj^ffi + . Pi 

1 -p\pl 

We note in passing that 

(l-pf)p,* + l-p,^ 

as postulated by equation (6.9). 

Example 6.2. Evaluate all specular view factors for two concentric cylinders or spheres. 

(6.9) 
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p'H 

FIGURE 6-6 
Energy balance for surfaces with partially specular reflec-
tion. 

Solution 
Possible beam paths with specular reflections from inner to outer cylinders (or spheres) and vice versa 
are shown in Fig. 6-5c/. As in the previous example a beam leaving Ai in any direction must hit surface 
A2 (with strength "1"). Because of the circular geometry, after specular reflection the beam (now of 
strength p )̂ must return to Ax (i.e., it cannot hit A2 again before hitting A\). After renewed reflections 
the beam keeps bouncing back and forth between Ax and Ai. Thus, as for parallel plates. 

Similarly, we have 

FU = \+p\p^ + {p\tif + ... 

^ 1 - 1 = P 2 + ( P M K + . 

1 

1-p-^pf 

PI 
1 •PiP2 

A beam emanating from Aj will first hit either A\, and then keep bouncing back and forth between A\ 
and A2 (cf. Fig. 6-5a), or A2, and then keep bouncing along A2 without ever hitting A\ (cf. Fig. 6-56). 
Thus, since the fraction /̂ 2-i of the diffuse energy leaving Ai hits A\ after direct travel, we have 

C = F2-,[\+p\fi + {p\p'2f + ..] 
AUA2 

•'2-2 

l-plp-f 

F2-2 [1 + p̂  + (PD' + (P2)' + •••] + ̂ 2-1 Ifl + p'liptP^) +. 
1 

.] 
•Ai/A2 PlAx/A2 

I-P2 A-P{P2 

where the simple diflfuse view factors /̂ _i and F2_2 have been evaluated in terms of ŷ i and A2. Of course, 
F^_^ could have been found from ,̂̂ 2 by reciprocity, and F^_2 with the aid of equation (6.9). 

A fev̂  more examples of specular view factor determinations v îll be given once the appropri-
ate heat transfer relations have been developed. 

6.3 ENCLOSURES WITH 
PARTIALLY-SPECULAR SURFACES 

Consider an enclosure of arbitrary geometry as shown in Fig. 6-2. All surfaces are gray, dif-
fuse emitters and gray reflectors with purely diffuse and purely specular components, i.e., their 
radiative properties obey equation (6.1). Under these conditions the net heat flux at a surface at 
location r is, from Fig. 6-6, 

q(r) = Remission - ^absoiption = €(r)[Eb(r) - H(r)] 

= ôut - gin = €(r)Et{r) + p\r)H{v) + P\Y)H{Y) - //(r). (6.10) 
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The first two terms on the last right-hand side of equation (6.10) or the part of the outgoing heat 
flux that leaves diffusely, we will again call the surface radiosity, 

J(r) = e(r)Et(r) + p''(r)H(r), (6.11) 

so that 

q(r) = J{r)-l\-p\r)]H(r). (6.12) 

Eliminating the irradiation H{r) from equations (6.10) and (6.12) leads to 

^(r) = ^ [ [ 1 - p'{r)]E,(r) - y(r)], (6.13) 

which, of course, reduces to equation (5.26) for a diffusely reflecting surface if p^ = 0 and p^ = 
1 - 6. For a purely specular reflecting surface (p'̂  = 0) equation (6.13) is indeterminate since the 
radiosity consists only of emission, or J = eEb. 

As in Chapter 5 the irradiation H{r) is found by determining the contribution to H from 
a differential area rfv4'(r'), followed by integration over the entire enclosure surface. A subtle 
diff'erence is that we do not track the total energy leaving dA^ (multiplied by a suitable direct-
travel view factor); rather, the contribution from specular reflections is subtracted and attributed 
to the surface from which it leaves diffusely. The more complicated path of such energy is then 
accounted for by the definition of the specular view factor. Thus, similar to equation (5.21), 

Hir)dA = J J{r')dF^,,_,^ dA' + Hl{r)dA, (6.14) 

where HI{Y) is any external irradiation arriving at dA (through openings or semitransparent walls). 
Similar to the specular view factors, the H^ includes external radiation hitting dA directly or after 
any number of specular reflections. Using reciprocity, equation (6.14) becomes 

H{r)= fj(x')dFJ^_,^. + H^{r), (6.15) 
JA 

and, after substitution into equation (6.11), an integral equation for the unknown radiosity is 
obtained as 

J(r) = eir)E,(r)^p\r) \£ J(r')dFj,_,^. + /^(r) (6.16) 

For surface locations for which heat flux ^(r) is given rather than £'/,(r), equation (6.12) should 
be used rather than equation (6.11). It is usually more desirable to eliminate the radiosity, to 
obtain a single relationship between surface blackbody emissive powers and heat fluxes. Solving 
equation (6.13) for J gives 

y(r) = [1 -p%r)]Ek(r) - ^q(r), (6.17) 

and substituting this expression into equation (6.16) leads to 

(1 -p')Eb -^q = (\-p' -p'')Eb+p'' 

or 

£*(r) - J^ [1 -p\r')]E>,(r')dFJ^_,,, = | ^ " £ ^<}ir')dFj,_,,, + //J(r). (6.18) 
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We note that, for diffusely reflecting surfaces with p^ = 0, p'̂  = 1 - 6, Fl_j = /v-y and //^ = Ho, 
equation (6.18) reduces to equation (5.28). If the specular view factors can be calculated (and that 
is often a big " i f ) , then equation (6.18) is not any more difficult to solve than equation (5.28). In-
deed, if part or all of the surface is purely specular (p"̂  = 0), equation (6.18) becomes considerably 
simpler. 

As for black and gray-diffuse enclosures, it is customary to simplify the analysis by using 
an idealized enclosure, consisting of N relatively simple subsurfaces, over each of which the 
radiosity is assumed constant. Then 

and, after averaging over a subsurface Ai on which dA is situated, equation (6.16) simphfies to 

f N \ 
Ji = etEbi + p̂ . / = 1,2,...,M (6.19) 

Eliminating radiosity through equation (6.17) then simplifies equation (6.18) to 

M 

N pf 
E,,^Yj<\^p;)FtjE,j=^^Yji^J^^^oi> /=1,2,...,^. 

;-^^-
(6.20) 

The summation relation, equation (6.9), is easily obtained from equation (6.20) by considering 
a special case: In an isothermal enclosure (Eh\ = £^2 = • * * = /̂>AO without external irradiation 
(i/^j = H^2 = * • * = 0)> according to the Second Law of Thermodynamics, all heat fluxes must 
vanish ( ĵ = 2̂ = * * * = 0). Thus, canceling emissive powers, 

£ ( i ~ p ; ) i v l - i , /=i,2,...,iv. 
7=1 

(6.21) 

Since the F^j are geometric factors and do not depend on temperature distribution, equation (6.21) 
is valid for arbitrary emissive power values. 

Finally, for computer calculations it may be advantageous to write the emissive power and 
heat fluxes in matrix form. Introducing Kronecker's delta equation (6.20) becomes 

f,\Su-(l-p;)Ftj\E,i = f^ 
(6, 

7=1 y=i 

J_pS 
i-j 

qj + H^,, i=l,2,...,N, (6.22) 

or̂  

A • Ci = C • q +1 

where C and A are matrices with elements 

(6.23) 

Au = 6ij-(l-f^)Flj, 

^ Again, for easy readability of matrix manipulations we shall follow here the convention that a two-dimensional matrix 
is denoted by a bold capitalized letter, while a vector is written as a bold lower-case letter. 
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and q, e/,, and ĥ^ are vectors for the surface heat fluxes, emissive pov^ers, and external irradiations, 
respectively. If all temperatures and extemal irradiations are known, the unknown heat fluxes are 
readily found by matrix inversion as 

q = C - ^ - [ A - e , - h ^ l . (6.24) 

If the emissive power is only known over some of the surfaces, and the heat fluxes are specified 
elsewhere, equation (6.23) may be rearranged into a similar equation for the vector containing all 
the unknowns. Subroutine graydif spec is provided in Appendix F for the solution of the simul-
taneous equations (6.23), requiring surface information and a partial view factor matrix as input. 
The solution to a sample problem is also given in the form of a program graydif f specular, 
which may be used as a starting point for the solution to other problems. Both Fortran90 and C++ 
versions are provided. 

Example 6.3. Two large parallel plates are separated by a nonparticipating medium as shown in Fig. 6-
4a. The bottom surface is isothermal at 7], with emittance 6i and a partially specular, partially diffuse 
reflectance p, = pf +pj'. Similarly, the top surface is isothermal at ^ with €2 andp2 = P2+P^ Determine 
the radiative heat flux between the surfaces. 

Solution 
From equation (6.20) we have, for / = 1, with i^j = 0, 

£M - (1 -ptW^iiE,, - (1 -p^F^.2E,2 = ^ - ^F^.,qi - -i^^_2^2. 
61 61 €2 

While we could apply / = 2 to equation (6.20) to obtain a second equation for qi and q2, it is simpler 
here to use overall conservation ofenergy>, or q2 = ~q\. Thus, 

^ [1 - (1 ~P^FI,]E,,-{\ -p^)fr_2E^ 

^ • " 1 l - 6 i - p [ , l - 6 2 - p ^ 

e, ei €2 

Using the results from Example 6.1 and/or equation (6.21), we obtain 

(l-p-)f;i,(£M-£'^2) ( 1 - P P ( 1 ) ( £ , I - £ . 2 ) EM-E,2 , ^ „ , 
<j\ = — — = — — = -J j . (6.25) 

( i ^ iy^ ~^^^^'-' ^'^-'"^'-2 [{* i ) ^ ' -pixD+A^' - 1 
+• 

^1 ^ 

which produces the same result whether we have diffusely or specularly reflecting surfaces. Indeed, 
equation (6.25) is valid for the radiative transfer between two isothermal parallel plates, regardless of the 
directional behavior of the reflectance (i.e., it is not limited to the idealized reflectances considered in this 
chapter). Any beam leaving Ax must hit surface A2 and vice versa, regardless of whether the reflectance is 
diffuse, specular or neither of the two; the surface locations will be different but the directional variation 
of reflectance has no influence on the heat transfer rate since the surfaces are isothermal. 

Example 6.4. Repeat the previous example for concentric spheres and cylinders. 

Solution 
Again, from equation (6.20) with / = 1 and // .̂ = 0, we obtain 

E,, - (1 -p\)FUE,, - (1 -PDFUE,! = ^ - -FUq, - ^-^F^qi^ 

In this case conservation of energy demands (72̂ 2 - -<i\A\, and 

[1 - (1 ~p\)FU] £M - (1 ~pl)FUE,2 (1 -pl)Fl^{E,, - E,2) 
(i\ 

— r | _ j + 
61 £, €2 'iK^ (i.i^)„-«^.,.,.,-J^_. 
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h—Ij larKp—H 

h /̂  = 80cm- FIGURE 6-7 
Geometry for Example 6.5. 

The specular view factors Fjtj and F^^_2 are the same as in the previous example (cf. Example 6.2), 
leading to 

^J 
Eh\ -^ Eb: 

e\ €2 Ai 

(6.26) 

1 'PI 

We note that equation (6.26) does not depend on p\: Again, any radiation reflected off surface A\ must 
return to surface Ai, regardless of the directional behavior of its reflectance. If surface Ai is purely spec-
ular (p^ - 1 ~ 62)» ail radiation from Ax bounces back and forth between A\ and Ai, and equation (6.26) 
reduces to equation (6.25), i.e., the heat flux between these concentric spheres or cylinders is the same 
as between parallel plates. On the other hand, if ^2 is difiiise (p^ = 0) equation (6.26) reduces to the 
purely diff'use case since the directional behavior of pj is irrelevant. 

Example 6.5. A very long solar collector plate is to collect energy at a temperature of 7i = 350 K. To 
improve its performance for ofl̂ -normal solar incidence, a highly reflective surface is placed next to the 
collector as shown in Fig. 6-7. For simplicity you may make the following assumptions: The collector 
is isothermal and gray-difl̂ ûse with emittance 61 = 1 - pf = 0.8; the mirror is gray and specular with 
62 = I - PI = 0.1, and heat losses from the mirror by convection as well as all losses from the collector 
ends may be neglected. How much energy (per unit length) does the collector plate collect for solar 
irradiation of (ĵsun = 1000 W/m^ at an incidence angle of 30°? 

Solution 
Applying equation (6.22) to absorber plate (/ 1) as well as mirror (/ = 2) we obtain 

[\-^{\-p^FU]Ebx-{\-'P^)FUEt>i 
1 Pf 

P? 

P2 

^2 

~(l -p\)Fl,E,, + [1 ~ (1 -f^F^_2\ E,2 = --^Fl.q, + 
1̂ 

I Po 
'-^Fl 

€2 €2 
^i-^H^a-

Since pf = 0, it follows that F/l, = F/I2 = 0 and also F^l^ = F\-2, F{_^ - F2-1. For this configuration 
no specular reflections from one surface to another surface are possible (radiation leaving the absorber 
plate, after specular reflection from the mirror, always leaves the open enclosure). Thus, with 2̂ = 0, 

~F2_I£M+£'/,2 = - ( ^ - I J F 2 _ , ^ I + / ^ 2 
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Eliminating £7,2, by multiplying the second equation by eiFx-i and adding, leads to 

(1 -62/^1-2^2-1 )£•/>! = 
1̂ \^i 

\\€2Fx-2F2-\ q,^Hl,^e2Fx-2K^, 

The external fluxes are evaluated as follows: The mirror receives solar flux only directly (no specu-
lar reflection off the absorber plate is possible), i.e., //̂ 2 ~ ^sunsin^?. The absorber plate receives a 
direct contribution, ^sunCos^, and a second contribution after specular reflection ofl" the mirror. This 
second contribution has the strength of Pĵ sun cos^ per imit area. However, only part of the collector 
plate {h tan^) receives this secondary contribution, which, for our crude two-node description, must be 
averaged over /|. Thus, 

^ '̂1 = ŝun cos if + p̂ ŝun COS ^ 
/itan^ 

cos^ + (l - 62)7-sin<^ 

Therefore, 

q\ = 
(l-~e2Fi_2F2_i)£'6i-[cos<^+(l-62)sin^(/2//i)+e2fl-2 sin< ]̂̂ ŝ  

i - . ( i - . ) . . 
The view factors are readily evaluated by the crossed-strings method as F| _2 = (80+60 -100)/(2 x 80) = 
\ and F2-\ = 80 x ^/60 = \, Substituting numbers, we obtain 

^1 = 

(1-0.1x^x1)5.670x10-^x350^ ~-(-^+0.9x^xf+0.1x1x^)1000 

e~O-i(e-0^^^ 
= -298W/m^ 

Under these conditions, therefore, the collector is about 30% efficient. This result should be compared 
with a collector without mirror (4 = 0 and Fi_2 = 0), for which we get 

^1.1 

Eh\ ~<7sunC0SvP 
,no mirror ' IM 

V3 sun w -̂y- = 0.8 X15.670 X 10-^ X 350^ - 1000 x - y | = -12 W/m'. 

This absorber plate collects hardly any energy at all (indeed, after accounting for convection losses, it 
would experience a net energy loss). If the mirror had been a diffuse reflector the heat gain would have 
been K̂ditrusc mirror = -172 W/m^, which is significantly less than for the specular mirror (cf Problem 
5.22). 

We conclude from this example that (/) mirrors can significantly improve collector performance, 
and («) infrared reradiation losses from near-black collectors are very substantial. Of course, reradiation 
losses may be significantly reduced by using selective surfaces or glass-covered collectors (cf. Chapter 
3). 

We shall conclude this section with three more examples designed to clarify certain aspects 
of evaluating the specular view factors in enclosures comprised of only simple planar elements. 

Example 6.6. Consider the triangular enclosures shown in Figs. 6-8fl and b. Surfaces A\ and A2 are 
isothermal at 7] and 7J, respectively, and are purely diffuse reflectors with €\ = 1 - pf and 62 = 1 - pf • 
Surface Ay is isothermal at 75 and is a purely specular reflector with 63 = 1 - P3. Set up the system of 
equations for the unknown surface heat fluxes. 

Solution 
Since there is only a single (and flat) specular surface, no multiple specular reflections are possible. 
While F''_, and F^_^ are nonzero, it is clear that F^ 3 = 0. Thus, fi*om equation (6.22), with //^ = 0, 

-Fl,E,, - Fl,E,2 +£„ = - ( ! - 1)FUq, - ( ^ " l)^-j '/^ + | -

(1 - F^_^)Eb] - F^_2Eh2 - €'sF^_'^Ebi = 
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FIGURE 6-8 
Triangular enclosure with a single specularly reflecting surface, with a few possible beam paths indicated, (a) without 
obstructions, (h) with partial obstructions. 

We note that q^ only enters the last equation, so we only have two simultaneous equations to solve 
(i.e., as many as we have surfaces with diffuse reflection components). We shall need to determine the 
specular view factors F^_^, F/_2, and /^^Ij* while the rest can be evaluated through reciprocity and the 
summation rule. Considering the first case of Fig. 6-8^, we find 

^1-1 = P3^1(3)-l» 

F,U = F,,2 +pJi^(3)-2, 63i^3 = 1 ~ ^ . - ^ 2 . 
Fl, = A,FUIA2. 

^ - 2 = P3^2(3)-2, ^3^2-3 ' ' ^2 -1 ~ ^^2-2' 

F* AF(_,/A,, F/_2= ^2/^13/^3, 

where all view factors on the right-hand sides are readily evaluated through standard difi'use view factor 
analysis. The problem becomes slightly more difficult in the configuration shown in Fig. 6-8^, where 
the specular surface is attached to another surface with an opening angle of > 90°. Standing in the left 
comer on surface Ai, one obviously cannot see all of the image 4̂2(3) from there by looking through 
"mirror" A^. Care must be taken that these visual obstructions are not overlooked. If the enclosure is 
two-dimensional, such partially obstructed vievir factors are no problem for the crossed-strings method, 
but may pose great difficulty for an analytical solution otherwise. 

The effects of partial shading become somewhat more obvious when configurations with two 
or more adjacent specular surfaces are considered. 

Example 6.7. Consider the rectangular enclosure shown in Fig. 6-9. Surfaces Ai and Aj are purely 
specular, surfaces ^3 and A4 are purely diffuse reflectors. Top and bottom walls are at Ti = 7̂  = 1000 K, 
with £1 = 1 - p { = 63 = 1 ~ p ^ = 0.3; the side walls are at TJ = i; = 600K with emittances 
2̂ = 1 - P2 "= €4 = 1 - P4 = 0.8. Determine the net radiative heat flux for each surface. 

Solution 
Looking at Fig. 6-9a, one sees that F(_^ = F^_^ = 0, while all other specular view factors are nonzero. 
Again, with //J. = 0, we have fi-om equation (6.22) 

-£,F/.IFM + E,2 ~ 7̂ 13̂ ,3 ~ Fl,Et^ = I ^ / I ^ ij Fl,q, - ( i -- \\Fl,q,, 
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^4{\) ///////////y 

40 cm 

^4(2) ^4^,2), ^4(21) 

(a) 

Y77Z///////////////77 ' 7/777777/7/ 

ih) (c) 

FIGURE 6-9 
Rectangular enclosure with two adjacent specular reflectors, with some possible beam paths indicated: (a) Evaluation of 
!̂_4» (^) evaluation ofA^^n) contribution to /5I3, (c) evaluation of 4̂3(21) contribution to F^_^. 

-e,Fl,E,,-e2Fl,E,2^{\~Fl,)E,^-Fl,EM = U ^ ( ^ ^ 1JF3I3L3 - | 1 - lJ/3̂ _,̂ 4, 

- 6 , F / _ , £ M - e2FUEh2 - F:_,E,2 + (1 - Fl4)EiA = " ( ^ " l)^4-3^3 + [^ ~ ( ^ - 1)^4-4^4. 

Again, we have only two simultaneous equations to solve for the two (diffuse) heat fluxes q^ and ^4: 
The first two equations are explicit expressions for q\ and ^2, respectively (once q^ and ̂ 4 have been 
determined). Checking the various images in Fig. 6-9a, we find that the specular view factors for surface 
A] are 

PiU = 0, 

F{_2 =" ^1-3 +P2^1(2)-3» 

F^_^ = Fj _4 + p2 F\ (2)_4. 

Checking the summation rule, we find 

(1 - K ) ^ - l + (1 -P|)^'-2 + ^-3 + ^ -4 = 0 + F,_2+F,_3+F,_4 - P K ^ I - 2 ~ ^ ( 2 ) - 3 - F I ( 2 ) - 4 ) = 1 

or 

^(2)-3 + ^l(2)-4 - F\^2' 

Indeed, by checking Fig. 6-9«, we find 

^l(2)-3 + ^l(2)-4 = ̂ l(2)-(3+4) = ̂ (2)-2 = fl-2-

Similarly, we have 

F/-2 = 0. 

ivl , = F2.U 

^'-3 = ^2-3 +PjF2(l)-3. 

^'-4 = -^-4+Pl^(l)-4-
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For surfaces A^ and A4 dual specular reflections are possible: 

i5_] +P2/^(2)-l, 

^3-3 = Pl^3(l)-3+PiP2^3(l2)-3 +/^pi'^3(2l)-3, 

^IA Fi-4 +Pl^(l)-4 +P2^(2)-4 +pfp2^(J2)-4 +P2Pl^(21)-4» 

F^-l = f4-\ +P2^{2)-1» 

/4'_2 = -^-2 +Pi'^(l)-2, 

F;13 = F4_3+pJT4(,)_3+P2/^4(2)-3+Pl>2^4(12)-3+p2p?^4(2l^^^ 

^-4 - A^^2)-4+pfP2^(I2)-4 +P^pJ^(21)-4-

It is tempting to assume that /̂ (i2)-4 = ^(2i)-4» etc. Closer inspection of Figs. 6-96 and c reveals, 
however, that these view factors are partially obstructed: For example, for /5(2i)-4 all rays from 4̂4(21) to 
A4 must pass through the image 4̂2(1) as well as Ai, i.e., all rays must stay below the comer between Ai 
and A2 (center pomt of Fig. 6-96). On the other hand, for î (i2)-4 all rays from ^KI2) must stay above 
the comer between A\ and A2, and both together add up to the unobstructed view factor from the image 
to A4. The same is true for F3(i2)_3 + F3(2i)-3. However, the geometry is such that /^(2i)-3 = 0, while 
/^(i2)-3 is unobstructed (thus, still adding up to the unobstructed view factor). Similarly, F3(i2)-4 = 0, 
while iS(2i)-4 is unobstructed. 

Simplifications for partially obstructed view factor were found for this particular simple geometry. 
Care must be taken before extrapolating these results to other configurations. 

Before actually evaluating view factors one should take advantage of the fact that there are only 
two different surface temperatures, i.e., F^ = Eh\ and EM = Ehi, and only two emittances, 63 = e\ and 
U = ^2: 

{\~FU)Et>x-{e2FU^FU)E,2 = fj" ^ ( ^ " l)^-3^3 - ( ^ - lj/^%^4, 

H€^Fl, + /^l3)£,i + (1 - Fl,)E,2 = J - ( ^ - l)^i3<?3 - ( ^ - l)i^U^4, 

(1 - e^Fl, - Fl,)Eh^ ~ (62F3I2 + ^-4)^^2 = 

-{e^Fl, + Fl,)E,y + (1 - 62F4L2 - FU)E,2 = " ( ^ " l)^4-3^3 + ^ - ( ^ - 1)^4- ^4. 

The necessary view factors are readily found from the crossed-strings method [equation (4.49)], reci-
procity, and the summation rule [equation (6.21)], as well as from Example 5.1 for the diffuse view 
factors: 

FL.=Fi. 0.25; 

Fi_3 = 0.5, Fi(2)-3 = (V64 + 9 + 3 - 2 X 5)/2 x 4 = 0.1930 : 

/̂ !.3 =0.5 + 0.2 X 0.1930 = 0.5386; 

Fi_4 = 0.25, Fi(2)_4 = (5 + 8 - 4 - V73)/8 = 0.0570 : 

/;% = 0.25 + 0.2 X 0.0570 = 0.2614; 

F^_^=:F2-i =0.3333; 

F2_3 = 0.3333, F2(,)_3 = (5 4- 6 - V52 - 3)/6 = 0.1315 : 

F2!.3 =0.3333 + 0.7 x 0.1315 = 0.4254; 

F2_4 = 0.3333, (V52 + 4-~2x5)/6 = 0.2019: 

/5L4 = 0.3333 + 0.7 X 0.2019 = 0.4746; 
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j^lj =F,^_3= 0.5386; 

Fl^ =^2^13^3 = 0.75 X 0.4254 = 0.3191; 

F3(,)_3 = (V52-'6)/4 = 0.3028, 

î 3(i2)-3 +î 3(2i)-3 = (10+6-2 V52)/8 = 0.1972 : 

i^Lj = 0.7 X 0.3028 + 0.2 x 0.7 x 0.1972 = 0.2396; 

^ - 4 = 1 ~ ^1^3-1 - ^2i^!.2 - ^3-3 

= 1 - 0.3 X 0.5386 - 0.8 x 0.3191 - 0.2396 = 0.3436; 

Fl^ :=^AxFlJA^ = 0.2614/0.75 = 0.3485; 

/5l2=Fi4 = 0.4746; 

Fly ^A^FIJA^ = 0.3436/0.75 = 0.4581; 

j ^ % = 1 - ei/^'li - 62/4-2 - ^ 3 

= 1 ~ 0.3 X 0.3485 - 0.8 x 0.4746 - 0.4581 = 0.0576. 

Substituting these values into the heat flux equations and realizing, from the summation rule, that the 
two coefficients in front oiEhx and Eh2 are the same for each equation, we obtain 

(1 - 0 . 5 3 8 6 ) ( £ M - £ , 2 ) = ^ - f ^ - l ) 0 .5386^3- (^ - i j 0.2614^4, 

-(1 ~ 0 . 4 7 4 6 ) ( £ M - ^ / , 2 ) = ^^(oI- '^)^- '^254^^~(o^~l)^-4^^^^^' 

(0.8X 0.3191+0.3436)(£„-F,2) = o^-^fo^-^l^-^^^^l^^ - (^- i j0 .3436^4, 

^(0.3x0.3485+0.4581)(F,i~£,2) - - ( ^ - l j o . 4 5 8 1 ^ 3 + y ^ - f ^ ^4. 

After a little cleaning up these equations become 

2.7743^3 - 0.0859(74 = 0.5989(£M - '̂wX 

-1.0689^3 + 1.2356^4 = - 0 . 5 6 2 7 ( F M -£^,2), 

qi = 0.3770^3 + 0.0196(̂ 4 + 0.1384(£^, - F^), 

qi = 0.7941^3 + 0.0949^4 - 0.4203(£/,, - Ehi), 

Solving the first two equations leads to 

0.5989x1.2356-0.5627x0.0859,, r ^ c^imirr r A 
^^ = 2.7743x1.2356-1.0689x0.0859^^*^^^^^^ = 0 . 2 0 7 3 ( F M - F , 2 ) , 

0.5989x1.0689-0.5627x2.7743,^ _ ^ HOTAU^T ZT ^ 

^^ = 2.7743x1.2356-1.0689x0.0859^^''^^^*^^ == - 0 . 2 7 6 1 ( £ M - ^ / , 2 ) , 

and 

qx = [0.3770 X 0.2073 +0.0196 X (-0.2761)+ 0.1384](£'i„ -J^^) = 0.2111(£'M -i^/,2), 

q2 = [0.7941 X 0.2073 + 0.0949 x (-0.2761) - 0.4203](£M - Eti) ^ - 0 . 2 8 1 9 ( £ M - ^^w). 

To determine the net surface heat fluxes we evaluate 

EM - £w = (r(T^ - T^) = 5.670x10-^(1000^-600^) W/m^ = 4.935 W/cm^ 

and multiply by the respective surface areas. Thus, 

G; = 40 cm X 0.2111 X 4.935 W/cm^ =41.7 W/cm, 

0^2 = 30cmx(-0.2819)x4.935W/cm2 = -41.7W/cm, 

2̂ 3 = 40 cm X 0.2073 x 4,935 W/cm^ = 40.9 W/cm, 

0 = 30 cm X (-0.2761) x 4.935 W/cm^ = -40.9 W/cm. 
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FIGURE 6-10 
Geometry for Example 6.8: {a) V-corrugated surface, {b) images for a single V for the evaluation of / '̂'̂ . 

Checking our results, we note that the four heat fluxes add up to zero as they should. 
The results of the present example— ân enclosure with two adjacent specular reflectors—should be 

compared with those of Example 5.4, dealing with the identical problem except that all four surfaces 
were perfectly difl'use reflectors. For Example 5.4, we had found Q^ = -Q^ = 1^ = -Q^ = 42.3 W/cm. 
For the present configuration the heat fluxes of the specular surfaces are reduced by 1%, while the heat 
fluxes of the diffuse surfaces are reduced a litde more, by approximately 3%. Overall, the eff'ects of 
specularity are found to be rather minor. 

In the last two examples only two simultaneous equations had to be solved, even though there 
were three and four unknown surface heat fluxes, respectively, because for any purely specular 
surface with known temperature the radiosity is not unknown, but is given as / = eEh, Thus, for 
an enclosure consisting of N surfaces, of which n are purely specular with known temperature, 
only N-n simultaneous equations need to be solved. While this fact simplifies specular enclosure 
analysis as compared with diffuse enclosures, one should remember that, in general, specular view 
factors are considerably more difficult to evaluate. 

As a final example for configurations with flat surfaces we shall consider a case where many 
specular reflections are possible. 

Example 6.8. Since solar energy strikes the absorbing plate of a strategically oriented solar collector 
only over a narrow band of incidence directions (varying somewhat during the day, as well as during 
the year), the ideal collector material would be directionally selective: The emittance should be high 
for directions of solar incidence (to maximize energy collection), and low for all other directions (to 
minimize reradiation losses). One such material is a V-corrugated specular surface shown in Fig. 6-
lOfl. Assuming that the V-corrugated groove, with opening angle 2y, is coated with a purely specular 
reflecting material, with emittance e - \ - p\ what is the apparent hemispherical emittance of such a 
surface (i.e., what is its heat loss compared with a flat black plate at the same temperature)? 

Solution 
Calling the two surfaces in a single "V" A^ and Ai, as indicated in Fig. 6-10 ,̂ with Eh\ = £'w = ^A, 
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6i = 62 = ^, and H'^^ - H^j-O we obtain from equation (6.22) (for / = 1) 

Total heat lost from both surfaces of the groove is g = ^ x 21 = qdj sin y; on the other hand, heat lost 
from a black surface covering the opening would be 0 , = Ehd. Thus, the apparent emittance is 

Qh Eh^my sin 7 

This expression could be ftirther simplified, using summation rule and reciprocity, to €a - e F^\^/ sin y -
2€F^_^, where ^3 is the open top of the V (and of width d). However, F^_^ and F^_^ are somewhat 
simpler to evaluate, and we shall do so here: A beam leaving surface A\ can return to A\ (i) after a single 
reflection off surface A2 [appearing to come from the image Ai(2h as indicated in Fig. 6-10Z>], or (//) after 
hitting A2, traveling back to Ai, returning one more time to Aiy and hitting Ai a second time [i.e., a beam 
that appears to come from image^i(212)], and so on. Thus, 

F{\i = pFi(2)-\ + p' fl(2l2)-l + P 1̂(21212)-1 + 

F(_2 may be similarly evaluated. We shall here determine / '̂̂ j = F{'_2 instead, since this expression 
allows us to employ the images shown in Fig. 6-10^: Energy may travel directly from A2 to A\, or go 
from A2 to Ai, get reflected back to A2, and reflected back to Ai again [appearing to come from image 
A2{\2)], and so forth. Therefore, 

F^_2 = i^;l, = F2-\ + p i^(]2)-l + P ^(1212)-! + 

Adding both together and using reciprocity (with all areas being the same), we obtain 

F^_^ + F/_2 == -̂ 1-2 +Pfl-1(2) + P /̂ l-2(12) + P -̂ 1-1(2I2) + 

Each one of these view factors Fi-j is subject to the restriction that all beams from A\ to the image Aj 
must pass through all the images between Ai and A/, however, in this geometry no partial obstruction 
occurs as seen from Fig. 6-106. The series above ends as soon as the image can no longer be seen from 
A], i.e., when the opening angle between Ai and the image exceeds 180°. The view factor for a V-groove 
with opening angle 20 is, from Configuration 34 in Appendix D, K^ = 1 - sin 0. Thus, 

F{_^ + F(l2 = 1 - siny + p(l - sin2y) + p^(l - sin3y) + . . . +p""^(l - sinwy), ny < n/2. 

Finally, the apparent hemispherical emittance of the V-corrugated surface is 

_ € 

siny 
- 6 ^ / - ^ ( l ^ s i n ^ ) n < njly. 

Figure 6-11 shows the apparent hemispherical emittance of V-corrugated surfaces as a function of open-
ing angle for a number of flat-surface emittances. Also shown in the figure is the normal emittance (or 
absorptance), which may also be calculated from equation (6.22) (left as an exercise). For example, 
for 6 = 0.5 and a groove opening angle of y = 30"*, the apparent hemispherical emittance (important 
for reradiation losses) is 0.72, and the normal emittance (important for solar energy collection) is 0.88. 
While the diff'erence between these two values is not huge, the corrugated groove (/) helps to make the 
absorber plate more black, and (//) substantially reduces the reradiation losses (by ^ 20% for the e = 0.5, 
y = 30'' surface). More detail about the radiative properties of V-corrugated grooves may be found in 
the papers by Eckert and Sparrow [4], Sparrow and Lin [5], and Hollands [6], and the book by Sparrow 
and Cess [7]. 
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FIGURE 6-11 
Apparent normal and hemispherical emittances for 
specularly reflecting V-corrugated surfaces [6]. 

Curved Surfaces with Specular Reflection 
Components 
In all our examples we have only considered idealized enclosures consisting of flat surfaces, 
for which the mirror images necessary for specular view factor calculations are relatively easily 
determined. If some or all of the reflecting surfaces are curved then equations (6.18) and (6.20) 
remain valid, but the specular view factors tend to be much more difficult to obtain. Analytical 
solutions can be found only for relatively simple geometries, such as axisymmetric surfaces, but 
even then they tend to get very involved. The very simple case of cylindrical cavities (with and 
without specularly reflecting end plate) has been studied by Sparrow and coworkers [8-10] and 
by Perlmutter and Siegel [11]. The more involved case of conical cavities has been treated by 
Sparrow and colleagues [9,10,12] as well as Polgar and Howell [13], while spherical cavities have 
been addressed by Tsai and coworkers [14,15] and Sparrow and Jonsson [16,17]. Somewhat more 
generalized discussions on the determination of specular view factors for cxirved surfaces have 
been given by Plamondon and Horton [18] and by Burkhard and coworkers [19]. In view of the 
complexity involved in these evaluations, specular view factors for curved surfaces are probably 
most conveniently calculated by a statistical method, such as the Monte Carlo method, which will 
be discussed in detail in Chapter 20. A considerably more detailed discussion of thermal radiation 
from and within grooves and cavities is given in the book by Sparrow and Cess [7]. 
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^AAA^ •^ 

(1-P5) {\-p^i\-Pl)A,FU (I~P5) (1~P5)^3^3 

FIGURE 6-12 
Electrical nemork equivalent for a 

£̂ w four-surface enclosure {A\ = specu-
'''^^){y^—• lar, A2 = diffuse, A^ = partially dif-

fuse and specular, A4 = insulated. 
partially specular). 

6.4 ELECTRICAL NETWORK ANALOGY 

The electrical network analogy, first introduced in Section 5.4, may be readily extended to allow 
for partially specular reflectors. This possibility was first demonstrated by Ziering and Sarofim 
[20]. Expressing equations (6.12) and (6.15) for an idealized enclosure [i.e., an enclosure with 
finite surfaces of constant radiosity, exactly as was done in equation (6.19)], we can evaluate the 
nodal heat fluxes as 

gi = J-(l-pD 
7=1 

, i= l,2,...,iV. (6.27) 

Using the summation rule, equation (6.21), this relation may also be written as the sum of net 
radiative interchange between any two surfaces, 

7=1 

2: 
7=1 

Ji Jj 

i - p ; i - p / i 

Similarly, from equation (6.13), 

(I-P;M 

(i-p;)(i-p;)/v^-(i-p/K, 

* 
Pi (-r4)-

(6.28) 

(6.29) 

Afi:er multiplication with At these relations may be combined and written in terms of potentials 
[Ehi and J^/(l - pj)] and resistances as 

G = 
Ehi 

1 
rf 

Pi 

'h 
-Pi 

Ji Jj 

(l-p/)e/^/ 

(I-PDAK (6.30) 

Of course, this relation reduces to equation (5.46) for the case of purely diffuse surfaces (p/ = 
0, / = 1,2,..., A'). As an example, Fig. 6-12 shows the equivalent electrical network for an 
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Shield I 

FIGURE 6-13 
Concentric cylinders (or spheres) with N radiation shields between them. 

enclosure consisting of four surfaces: Surface A\ is a specular reflector (p^ = 0), surface A2 
is a diffuse reflector (p2 = 0), surface A^ has specular and diffuse reflectance components, and 
surface A4 (also partially specular) is insulated. Note that, unlike diffuse reflectance, the specular 
reflectance is not irrelevant for insulated surfaces. 

6.5 RADIATION SHIELDS 

In high-performance insulating materials it is common to suppress conductive and convective heat 
transfer by evacuating the space between two surfaces. This leaves thermal radiation as the domi-
nant heat loss mode even for low-temperature applications such as insulation in cryogenic storage 
tanks. The radiation loss may be minimized by placing a multitude of closely spaced, parallel, 
highly reflective radiation shields between the surfaces. The radiation shields are generally made 
of thin metallic foils or, to reduce conductive losses further, of dielectric foils coated with metallic 
films. In either case radiation shields tend to be very specular reflectors. 

A typical arrangement for N radiation shields between two concentric cylinders (or concentric 
spheres) is shown in Fig. 6-13. This geometry includes the case of parallel plates for large (and 
nearly equal) radii. Let the inner cylinder have temperature 2?, surface area Af, and emittance 
6/ = 1 -- pf - pf. Similarly, each shield has temperature T„ (unknown). An, 6„/ = 1 ~ p^ - p^. (on 
its inner surface), and 6«o = 1 - P«o - PL (01̂  its outer surface). The last shield, Ai^, faces the 
outer cylinder with 7 ,̂ Ao and 6̂  = 1 - p ^ ~p^. The net radiative heat flux leaving 4 is, of course, 
equal to the heat flux going through each shield and to the one arriving at A^y, This net heat flux 
may be readily determined fi-om the electrical network analogy, or by repeated application of the 
enclosure relations, equation (6.20). Since the case of concentric cylinders was already evaluated 
in Example 6.4 we prefer here the latter. The net heat flux between any two of the concentric 
surfaces is then 

E^^;J^ 1 1 \ i\ Pl\ 
Rj-^k €jAj EkAk \-pl\Ak Ajl 
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Therefore, we may write 

QRio~2i = Eh\ -Ebi^ 

QRNO-O = EhN - Ebo' 

Adding all these equations eliminates all the unknown shield temperatures, and, after solving for 
the heat flux, we obtain 

Q=. . ^ A - - r . . . • (6.32) 
Ri-li + ZrtJl Rno-n+\J + RNO-O 

The resistances given in equation (6.31) may be simplified somewhat if surface Ak is either a 
purely diffuse reflector (p^ = 0), or a purely specular reflector (1 - p^ = Q ) -

Ak diff̂ use : Rj.k = A + I - - 11 ̂ . (6.33a) 
€jAj \ek j Ak 

Ak specular : Rj^k = - + — "- M T * (6.33ft) 

Example 6.9. A Dewar holding 4 liters of liquid helium at 4.2 K consists essentially of two concentric 
stainless steel (e = 0.3) cylinders of 50 cm length, and inner and outer diameters of A = 10 cm and 
A, = 20 cm, respectively. The space between the cyhnders is evacuated to a high vacuum to eliminate 
conductive/convective heat losses. Radiation shields are to be placed between the Dewar walls to reduce 
radiative losses to the point that it takes 24 hours for the 4-liter filling to evaporate if the Dew âr is placed 
into an environment at 298 K. For the purpose of this example it may be assumed: (/) End losses as 
well as conduction/convection losses are negligible, (//) the wall temperatures are at 7? = 4.2 K and 
% = 298 K, respectively, and {Hi) radiation is one-dimensional. Thin plastic sheets coated on both sides 
with aluminum (e = 0.05) are available as shield material. Estimate the number of shields required. The 
heat of evaporation for helium at atmospheric pressure is /̂ sosfg == 20.94 J/g (which is a very low value 
compared with other liquids), the liquid density is p^^ = 0.125 g/cm^ [21]. 

Solution 
The total heat required to evaporate 4 liters of liquid helium is 

Q = PHC Ĵ Hê sGSfg = 0 . 1 2 5 - ^ x 4 liters x 1 ^ _ ^ x 20.94 - = 10.47 kJ. 
cm iiier g 

If all of this energy is supplied through radial radiation over a time period of 24 hours, one infers that 
the heat flux in equation (6.32) must be held at or below Q = g/24 h = 10,470 J/24 h x (I h/3600 s) = 
0.1212 W, or qx = QMi = 0.1212 W/(;r x 10cm x 50cm) = 7.71 x 10"' W/cm'. Therefore, the total 
resistance must, from equation (6.32), be a minimum of 

A^R,oi = \EH - Eho\lq\ = 5.670 x lO'^^ x |4.2'* - 298^7.71 x 10"-' 

= 580.0. 

Since the shields are aluminum-coated plastic films they will certainly be specular reflectors. We note 
from equation (6.33) that the resistances are inversely proportional to shield area. Therefore, it is best 
to place the shields as close to the inner cylinder as possible. We will assume that the shields can be so 
closely spaced that A\ ^ A2 - ... - As/ = A^ = nD^L, with /),. = 11 cm. Evaluating the total resistance 
from equations (6.32) and (6.33), we find 

1 1 
^li^tot = — + - - 1 + 

^^ ^' «=:1 
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where 6a, = 0.3 is the emittance of the (stainless steel) walls, e,. = 0.05 is the emittance of the (alu-
minized) shields, and A* depends on the nature of the stainless steel: If the steel is specular A* = Ag, if 
it is diffuse A* = A^. We shall investigate both possibilities to see whether specularity is an important 
factor in this arrangement. Since the elements of the series in the last equation do not depend on «, we 
may solve for N as 

N = HHH 
5 8 0 . 0 - 3 ^ 3 - f e - l ) i n ^ - ( 5 ^ - l ) ( l - I f ) 

li 
V0.05 ^/ 11 

_ r 16.18, 4, diffuse, 
116.16, Ao specular. 

Therefore, a minimum of 17 radiation shields would be required. While the performance of a specular 
outer cylinder is better than a diffuse one, the improvement is marginal. Note from equation (6.26) with 
A* = Ai (Ao specular) or ^* = Ao (Ao diffuse) that, without radiation shields, 

\Ehi - Eho\ 5.670 X 10-̂ 2|4 24 ^ 298̂ 1 

F e^lc-')"""^! 
= { 9.94 X 10-̂  W/cm^ Ao diffuse, 

7.89 X 10-̂  W/cm^ A,, specular, 

that is, the heat loss is approximately 100 times larger! Also, without shields the aspect ratio Ai/A,, = 1 /2 
deviates considerably from unity, making the differences between specular and diffuse cylinders more 
apparent. 

6.6 SEMITRANSPARENT SHEETS 
(WINDOWS) 

When we developed the governing relations for radiative heat transfer in an enclosure boimded 
by diffusely reflecting surfaces (Chapter 5) or by partially diffuse/partially specular reflectors 
(this chapter), we made allowance for external radiation to penetrate into the enclosure through 
holes and/or semitransparent surfaces (windows). While we have investigated some examples 
with external radiation entering through holes, only one (Example 5.8) has dealt with a simple 
semitransparent surface. 

Radiative heat transfer in enclosures with semitransparent windows occurs in a number of im-
portant applications, such as solar collectors, externally irradiated specimens kept in a controlled 
atmosphere, furnaces with sight windows, and so on. We shall briefly outline in this section 
how such enclosures may be analyzed with equation (6.18) or (6.22). To this purpose we shall 
assume that properties of the semitransparent window are wavelength-independent (gray), that 
equation (6.1) describes the reflectance (facing the inside of the enclosure), and that the trans-
mittance of the window also has specular (light is transmitted without change of direction) and 
diffuse (light leaving the window is perfectly diflfuse) components.^ Thus, 

p + T + ar =p^+p ' ' + r ' + r^ + Qr= 1, e = a. (6.34) 

Ît is unlikely that a realistic window has both specular and diffuse transmittance components; rather its transmittance 
will either be specular (clear windows) or diffuse (milky windows, glass blocks, etc.). We simply use the more general 
expression to make it valid for all types of windows. 
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H 

p^m ^^p'H 

U \Eu FIGURE 6-14 
Energy balance for a semi transparent window. 

Further, we shall assume that radiation hitting the outside of the window has a collimated com-
ponent qoc (i.e., parallel rays coming from a single direction, such as sunshine) and a diffuse 
component qod (such as sky radiation coming in from all directions with equal intensity). Mak-
ing an energy balance for the net radiative heat flux from the semi transparent window into the 
enclosure leads to (cf Fig. 6-14): 

^ ( r ) = ^em + ^tr,in - ^abs - ^tr,out 

= €ir)Eh(r) + Ar)qoc(r) + T(r)^,^(r) - a(r)//(r) ~ T(r)//(r), (6.35) 

where the specularly transmitted fraction of the collimated external radiation, r^qoc, has not been 
accounted for since it enters the enclosure in a nondiffuse fashion; it is accounted for in Hf^{r') as 
part of the irradiation at another enclosure location r' (traveling there directly, or after any number 
of specular reflections). Using equation (6.34), equation (6.35) may also be written as 

q{r) = qout - qm = [eEb + r̂ ^^^ + rq^d + p"^H + p'H) - //, (6.36) 

where q\n is the energy falling onto the inside of the window coming from within the enclosure. 
The first four terms of ôut are diffuse and may be combined to form the radiosity 

/ (r) = eEh + r^qoc + rqod + p'^H. (6.37) 

Examination of equations (6.34) through (6.37) shows that they may be reduced to equations (6.10) 
through (6.12) if we introduce an apparent emittance ê  and an apparent blackbody emissive 
power Eh^a as 

ea{r) = 6 + T = 1 - p, 

eaEh,a{r) = eEh + r^fe. + r^^j. 

(6.38a) 

(6.38fc) 

Thus, the semitransparent window is equivalent to an opaque surface with apparent emittance 6̂  
and apparent emissive power Eh^a (if the radiative properties are gray). Therefore, equations (6.18) 
and (6.22) remain valid as long as the emittance and blackbody emissive powers of semitranspar-
ent surfaces are understood to be apparent values. 

Example 6.10. A long hallway 3 m wide by 4 m high is lighted with a skylight that covers the entire 
ceiling. The skylight is double-glazed with an optical thickness of Kd - 0.037 per window plate. The 
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^3(1) 

FIGURE 6-15 
Geometry for a skylit hallway (Example 6.10). 

floor and sides of the hallway may be assumed to be gray and diffuse with e - 0.2. The outside of the 
skylight is exposed to a clear sky, so that diffuse visible light in the amount of q^^^ = 20,000 Im/m^ is 
incident on the skylight. Direct sunshine also falls on the skylight in the amount of ŝun = 80,000 Im/m' 
(normal to the rays). For simplicity assume that the sun angle is ft = 36.87° as indicated in Fig. 6-
15. Determine the amount of light incident on a point in the lower right-hand comer (also indicated 
in the figure) if {a) the skylight is clear, (Z?) the skylight is diffusing (with the same transmittance and 
reflectance). 

Solution 
From Fig. 3-32 for double glazing and Kd = 0.037 we find a hemispherical transmittance (i.e., direc-
tionally averaged) of r ^̂̂  0.70, while for solar incidence with d - 36.87° we have T^ ^ 0.75. The 
hemispherical reflectance of the skylight may be estimated by assuming that the reflectance is the same 
as the one of a nonabsorbing glass. Then, from Fig. 3-31 p, = p^ - I - T{Kd = 0) ^̂  1 - 0.75 = 0.25. 
From equation (6.38) we find 6î « = 1 - Pi = 0.75 and, for a clear skylight, €\^aEb\,a = 0 + 0 + r̂ sky 
since r"' = 0, and since there is no luminous emission from the window (or from any of the other walls, 
for that matter). Because of the special sun angle, direct sunshine falls only onto surface Ai, filling the 
entire wall, i.e., i¥̂ 2 = Wsun sin ft. 

To determine the illumination at the point in the comer, we need to calculate the local irradiation H 
(in terms of lumens). This calculation, in turn, requires knowledge of the radiosity for all the surfaces 
of the hallway (for the sky fight it is already known as Jx = €\^aEh\,a - T-q^ky, since pf = 0). To this 
purpose we shall approximate the hallway as a four-surface enclosure for which we shall calculate the 
average radiosities. Based on these radiosities we may then calculate the local irradiafion for a point 
from equation (6.15). While equation (6.22) is most suitable for heat transfer calculafions, we shall use 
equation (6.19) for this example since radiosities are more useful in lighting calculations."^ Therefore, 
for/ = 2,3, and4, 

J, = P3 (J^Fl, + J2FI, + J,Fl, + J,Fl,), 

J4 = P4 ( / ,F;_, + /2F4I2 + J,F::, + j,Fi,). 

'̂  If equation (6.22) is used the resulting heat fluxes are converted to radiosities using equation (6.13), or./ = -p'^q/e 
(since Eh = 0). 
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The necessary view factors are readily calculated from the crossed-strings method: 

3 + 4 - 5 
2 x 4 

^ - 1 = ^ 2 - 1 - ^ — r - = 0.25, F/_2 = 0, 

^2-3 = ^2-3 +P,^2(i)-3 = 0.25 + 0.25 X ^^^ 2^x4 "̂^̂^ " 0.25(1+0.05700) = 0.26425, 

Fl^ = F2_4 +p,F2(i)_4 = 0.5 + 0.25 x '̂ "̂  J ^ " ^ ^ ^ = 0.5 + 0.25 x 0.19300 = 0.54825, 

/^-.=^vi = ^ ^ 1 ^ = 0 . 3 3 3 3 3 , 

Fl^ = ^F/_3 = ^ X 0.26425 = 0.35233, 
Ai 3 

2x VT^—2x8 
F3I3 = AF3(,)_3 = 0.25 X — - = 0.25 X 0.18133 = 0.04533, 

F^^ = F^_2 = 0.35233, 

F/_, = /^L, = 0.2500, Ĵ _̂2 = F2L4 = 0.54825, 

F/_3 = F2L3 = 0.26425, Fl, = 0. 

Therefore, after normalization wi th^ = Jf/Ji and ^ = H'^,2/*^\»and with p2 = P3 = P4 = 1 - 0.2 = 0.8, 

f, = 0.8(0.25 + 0 + 0.26425^ + 0.54825^) + ^ , 

^ = 0.8(0.33333 + 0.35233^ + 0.04533^ + 0.35233^), 

^ = 0.8(0.25 + 0.54825^ + 0.26425^ + 0), 

or 

f2 " 0.21140^ - 0.43860^ = ^ + 0.2, 

-0.28186^ + 0.96374^ - 0.28186^ = 0.26667, 

-0.43860^ - 0.21140^ + ^ = 0.2. 
Omitting the details of solving these three simultaneous equations, we find 

^ = 1.48978^+0.59051, 

^ = 0.66812^+0.62211, 

^ = 0.79466^+0.59051. 

The irradiation onto the comer point is, from equation (6.15) 

^p = Z ^ - ^ - y = -̂ i (^-1 ^ ^ ^ - 2 ^/^F;-, ^/AF;.,). 

where the view factors may be determined from Configurations 10 and 11 in Appendix D (with b -^ 00, 
and multiplying by 2 since the strip tends to infinity in both directions): 

Fp-2 =^ -2 +Pl^(l)-2 = Fp.2 +Pl [̂ MI)-2+2(l) - (̂1)-2(1)J » 

F^„-2,„ = iv.2 = 0.2, Fp(,)-2.2„) = ^ (1 - ^ ) = 0.32444, 

F^_2 = 0.2 + 0.25 X (0.32444 - 0.2) = 0.23111, 

F ; . , =p,Fp(,)-3 = 0.25 X i X - i = = 0.04389. F;_, = 0.5. 
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FIGURE 6-16 
^ Radiative exchange between two long isothermal plates with specular re-

flection components. 

Therefore, 

^^ = -ii = 0.3+0.2311 lx(l.48978^+0.59051) 

+0.04389x(0.66812^+0.62211)+0.5x(0,79466^+0.59051) 
= 0.77096^ + 0.75903. 

Finally, for a clear window, Jj = Tî k̂y = 0.7 x 20,000 = 14,000 Ix, and H^^ = r̂ ŝun sin 36.87° = 
0.75 X 80,000 X 0.6 = 36,000 Ix, and 

Hp = 0.77096 X 36,000 + 0.75903 x 14,000 = 38,381 Ix. 

On the other hand, if the window has a diffusing transmittance r - 7^ = 0.7, then /(^ = 0 and, from 
equation (6.37), Jj = rfeky + q^m cos 36.87°) = 0.7 x (20,000 + 80,000 x 0.8) = 58,800 Ix. This results 
in 

Hp = 0.75903 X 58,800 = 44,631 Ix. 

For a diffusing window the light is more evenly distributed throughout the hallway, resulting in higher 
illumination at point p. 

6.7 SOLUTION OF THE GOVERNING 
INTEGRAL EQUATION 

As in the case for diffusely reflecting surfaces the methods of the previous sections require the 
radiosity to be constant over each subsurface, a condition rarely met in practice. More accurate 
results may be obtained by solving the governing integral equation, either equation (6.16) (to 
determine radiosity J) or equation (6.18) (to determine the unknown heat flux and/or surface 
temperature directly), by any of the methods outlined in Chapter 5. This is best illustrated by 
repeating Examples 5.9 to 5.11. 

Example 6.11. Consider two long parallel plates of width //; as shown in Fig. 6-16. Both plates are 
isothermal at the (same) temperature T, and both have a gray, diffuse emittance of e. The reflectance 
of the material is partly diffuse, partly specular, so that 6 = 1 - p ' - p''. The plates are separated by a 
distance h and are placed in a large, cold environment. Determine the local radiative heat fluxes along 
the plate using numerical quadrature. 
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Solution 
From equation (6.18) we find, for location xi on the lower plate, 

^ ( ^ i ) EL 
€ 

The necessary specular view factors are readily found from 

^^L-dx' ~ P'<^P'dx^{l)-dx' + ( P ' ) dF^Xii2\2)-dx\ + . . . , dx\ 

dF' 
^^dxi-dx^ 

dFdxi-dx'^ + (p'f dFdx^mydx!^ + . 

The view factor between two infinitely long parallel strips of infinitesimal width and separated by a 
distance kh(k- 1,2,...) is given by Example 5.9 as 

{khfdx! 
'^[{khf-¥(x-x'ff"' 

Thus, 

dFL,-j,+dFl dxi-dx'^ ~ dFdxx-dx!^ + P ' ' dFdx^(2)-dx\ + (P ' )^ dFjxi(2l)-dx!^ + • • • 

[ikhf+{Xi-X'f] 
|3/2' 

where we have made use of x[ = Jî  = x". This expression may be substituted into the governing 
integral equation. Realizing that, by symmetry, q(x[) 
^ = x/h, W = wlh and *P = q(g)IEh, lead to 

(̂x )̂ = ^(x') and nondimensionalizing with 

I - ( I - P O r i y (P-
Jo ^itW + 

ip'Y-^i^df 

(^-r)'] 
,21^/2 € 

EL 
e Jo ^^'2^ik^+i^-fyfi' 

As in Example 5.10 this equation may be solved by numerical quadrature as 

%~p'wyci^jfu=€ 
> i 

l-il-p^)wY,cjfu 
./=i 

where 4̂ , is evaluated at / nodal positions f,, / = 1,2,..., J, and the 9 are weight coefficients for the 
numerical integration. The fij are an abbreviation for the integration kernel, 

A/ ~ 2 / i 
/^(p'f 

3 / 2 -

They must be evaluated by summing as many terms as necessary (decreasing as (p')*~^ /k for large k). 
Results for the same simple J = 5 quadrature of Example 5.10 are given in Fig. 6-17, together with 
"exact" solutions (high-order quadrature). The results show that, for W = w/h = 1, the heat loss from 
the plates decreases if reflection is specular: Specular reflection traps emitted radiation somewhat more 
through repeated reflections between the plates. 

Note that, if both surfaces are purely specular, the heat flux may be calculated directly (i.e., 
no solution of an integral equation is necessary). This calculation was first done for the parallel-
plate case by Eckert and Sparrow [4], In general, equation (6.18) is actually easier to solve than 
its diffuse-reflection counterpart if some or all of the surfaces are purely specular. However, 
the necessary specular view factors are generally much more diflficult—if not impossible—^to 
evaluate. Such a case arises, for example, for curved surfaces with multiple specular reflections. 
Since the specular view factors for such problems are most easily found from statistical methods, 
such as the Monte Carlo method (Chapter 20), it is usually best to solve the entire heat transfer 
problem using the Monte Carlo method. 
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FIGURE 6-17 
Local radiative heat flux on isothermal, parallel plates with diffuse and specular reflection components. 

6.8 CONCLUDING REMARKS 

Before leaving the topic of specularly reflecting surfaces we want to discuss briefly under what 
circumstances the assumption of a partly diffuse, partly specular reflector is appropriate. The 
analysis for such surfaces is generally considerably more involved than for diffusely reflecting 
surfaces, as a result of the more difficult evaluation of specular view factors. On the other hand, 
the analysis is substantially less involved than for surfaces with more irregular reflection behavior 
(as will be discussed in the following chapter). 

Examples 6.3 and 6.7 have shown that in fully closed configurations (without external irra-
diation) the heat fluxes show very little dependence on specularity. This is true for all closed 
configurations as long as there are no long and narrow channels separating surfaces of widely dif-
ferent temperatures (cf Problems 6.1 and 6.2). Therefore, for most practical enclosures it should 
be sufficient to evaluate heat fluxes assuming purely diffuse reflectors—even though a number 
of surfaces may be decidedly specular. On the other hand, in open configurations, in long and 
narrow channels, in configurations with coUimated irradiation—whenever there is a possibility of 
beam channeling—the influence of specularity can be very substantial and must be accounted for. 

It is tempting to think of diffuse and specular reflection as not only extreme but also limiting 
cases: This leads to the thought that—if heat fluxes have been determined for purely diffuse 
reflection, and again for purely specular reflection— t̂he heat flux for a surface with more irregular 
reflection behavior must always lie between these two limiting values. This consideration is true 
in most cases, in particular since most real surfaces tend to have a reflectance maximum near 
the specular direction. However, there are cases when the actual heat flux is not bracketed by 
the diffuse and specular reflection models, particularly for directionally selective surfaces. As an 
example consider the local radiative heat flux from an isothermal groove, such as the one given 
by Fig. 6-10. Toor [23] has investigated this problem for diffuse reflectors, for specular reflectors, 
and for three different types of surface roughnesses analyzed with the Monte Carlo method, and 
his results are shown in Fig. 6-18. It is quite apparent that, near the vertex of the groove, diffuse 
and specular reflectors both seriously overpredict the heat loss. The reason is that, at grazing 
angles, rough surfaces tend to reflect strongly back into the direction of incidence. 
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FIGURE 6-18 
Local radiative heat flux from the surface of 
an isothermal V-groove for different reflec-
tion behavior; for all surfaces 2y = 90° and e 
= O.l; ĉ , is root-mean-square optical rough-
ness, fl is a measure [22] for average distance 
between roughness peaks [23]. 
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Problems 

? T' 

6.1 Two infinitely long black plates of width D are separated by 
a long, narrow channel, as indicated in the adjacent sketch. 
One plate is isothermal at Ti, the other is isothermal at 7 .̂ 
The emittance of the insulated channel wall is e. Determine 
the radiative heat flux between the plates if the channel wall ^ ^ ^ 
is (a) specular, {b) diffuse. For simplicity you may treat the channel wall as a single node. The 
diffuse case approximates the behavior of a light guide, a device used to pipe daylight into interior, 
windowless spaces. 

6.2 Two circular black plates of diameter D are separated by a long, narrow tubular channel, as indicated 
in the sketch next to Problem 6.1. One disk is isothermal at 71, the other is isothermal at 72. The 
channel wall is a perfect reflector, i.e., 6 = 0. Determine the radiative heat flux between the disks 
if the channel wall is {a) specular, (b) diffuse. For simplicity, you may treat the channel wall as a 
single node. If the channel is made of a transparent material, the specular arrangement approximates 
the behavior of an optical fiber; if the channel is filled with air, the diffuse case approximates the 
behavior of a light guide, a device used to pipe daylight into interior, windowless spaces. 

6.3 Two infinitely long parallel plates of width w are spaced h - 2w apart. Surface 1 has 6i = 0.2 and 
7i = 1000 K, Surface 2 has 62 = 0.5 and T2 = 2000 K. Calculate the heat transfer on these plates if (a) 
the surfaces are diffuse reflectors, (b) the surfaces are specular. 

6.4 A long duct has the cross-section of an equilateral triangle with 
side lengths L = 1 m. Surface 1 is a diffuse reflector to which 
an external heat flux at the rate of gj = 1 kW/m length of duct 
is supplied. Surfaces 2 and 3 are isothermal at 7̂  = 1000 K and 
7̂  = 500 K, respectively, and are purely specular reflectors with 
ei = 62 = 63 = 0.5. 

(a) Determine the average temperature of Surface 1, and the 
heat fluxes for Surfaces 2 and 3. 

(b) How would the results change if Surfaces 2 and 3 were 
also diffusely reflecting? 

6.5 Determine the temperature of surface A2 in the axisym- H 20 cm 
metric configuration shown in the adjacent sketch, with 
the following data: 

Ai: 7; = 1000 K,^i = - l W / c m ^ 

61 = 0.6 (diffuse reflector); 

A2 : €2 = 0.2 (specular reflector); 

A2 : <73 = 0.0 (perfectly insulated), 

63 = 0.3 (difl\ise reflector). 

All surfaces are gray and emit diffusely. 
Note: Some view factors may have to be approximated if integration is to be avoided. 



228 6 RADIATIVE EXCHANGE BETWEEN PARTIALLY-SPECULAR GRAY SURFACES 

6.6 Consider the infinite groove cavity shown. The entire sur-
face of the groove is isothermal at T and coated with a gray, 
diffusely emitting material with emittance e. 

{a) Assuming the coating is a diffuse reflector, what is the 
total heat loss (per unit length) of the cavity? 

{b) If the coating is a specular reflector, what is the total 
heat loss for the cavity? 

6,7 Consider the infinite groove cavity shown in the adjacent sketch. The 
entire surface ( I = 2 cm) is isothermal at T = lOOOK and is coated 
with a gray material whose reflectance may be idealized to consist of 
purely diffuse and specular components such that e = p'' = p*' = \. 
What is the total heat loss from the cavity? What is its apparent 
emittance, defined by 

total flux leaving cavity 

area of groove opening x £"/, 

6.8 To calculate the net heat loss from a part of a spacecraft, 
this part may be approximated by an infinitely long black 
plate at temperature Ti = 600 K, as shown. Parallel to 
this plate is an (infinitely long) thin shield that is gray 
and reflects specularly with the same emittance £i on both 
sides. You may assume the surroundings to be black at 
0 K. Calculate the net heat loss from the black plate. 

• lliillliiill 
6.9 A long isothermal plate (at TJ) is a gray, diffuse emitter {e\) and 

purely specular reflector, and is used to reject heat into space. 
To regulate the heat flux the plate is shielded by another (black) 
plate, which is perfectly insulated as illustrated in the adjacent 
sketch. Give an expression for heat loss as a function of shield 
opening angle (neglect variations along plates). At what open-
ing angle 0 < 0 < 180° does maximum heat loss occur? 

A2, black and 
insulated 

6.10 Reconsider Problem 6.9, but assume the entire configuration to be isothermal at temperature T, and 
covered with a partially-difl'use, partially-specular material, 6 = 1 -p^ -p ' ^ Determine an expression 
for the heat lost from the cavity. 

6.11 An infinitely long cyhnder with a gray, diffuse surface (€\ -
0.8) at 7] = 2000IC is situated with its axis parallel to an 
infinite plane with 62 = 0.2 at 72 = lOOOK in a vacuum en-
vironment with a background temperature of 0 K. The axis of 
the cylinder is two diameters from the plane. Specify the heat 
loss from the cylinder when the plate surface is (a) gray and 
diffuse, or (b) gray and specular. 

Tu€, 
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k 

R R=\m 

\h=OAm 
Ay. 

2^=0. Im 

6.12 A pipe carrying hot combustion gases is in radiative contact with a thin plate 
as shown. Assuming (a) the pipe to be isothermal at 2000 K and black, (b) the 
thin plate to be coated on both sides with a gray, diffusely emitting/specularly 
reflecting material (e = 0.1), determine the radiative heat loss from the pipe. The 
surroundings are at OK and convection may be neglected. 

6.13 Repeat problem 5.7 for the case that the flat part of the rod (Ai) is a purely specular reflector. 

6.14 A long furnace may, in a simplified scenario, be considered to 
consist of a strip plate (the material to be heated, ^ i : €\ = 0.2, 
Ti = 500 K, specular reflector), unheated refractory brick (flat 
sides and bottom, A2: €2 = 0A, diffuse reflector), and a cylindri-
cal dome of heated refractory brick (̂ 43: 63 = 1, ^ = 1000 K). 
Heat release inside the heated brick is qn (W/m^). The total heat 
release is radiated into the furnace cavity and is removed by con-
vection, such that the convective heat loss is uniform everywhere 
(at qc W/m^ on all three surfaces). 

(a) Express the net radiative fluxes on all three surfaces in terms of ^/,. 
(h) Determine the q^ necessary to maintain the indicated temperatures. 

6.15 A typical space radiator may have a shape as shown in the adjacent 
sketch, i.e., a small tube to which are attached a number of flat plate 
fias, spaced at equal angle intervals. Assume that the central tube is 
negligibly small, and that a fixed amount of specularly-reflecting fin 
material is available (e == p*̂ ' = 0.5), to give (per unit length of tube) 
a total, one-sided fin area of ^4' = AT x L. Also assume the whole 
structure to be isothermal. Develop an expression for the total heat 
loss from the radiator as a function of the number of fias (each fin 
having length L = A'/N). Does an optimum exist? Qualitatively 
discuss the more realistic case of supplying a fixed amount of heat 
to the bases of the fins (rather than assuming isothermal fins). 

6.16 Repeat Problem 5.15 for the case that the stainless steel, while being a gray and diffuse emitter, is a 
purely specular reflector (all four surfaces). 

6.17 Repeat Problem 5.17 for the case that both the platinum sphere as well as the aluminum shield, while 
being gray and diffuse emitters, are purely specular reflectors. 

6.18 Repeat Problem 5.27, but assume steel and silver to be specular reflectors. 

6.19 Reconsider the spacecraft of Problem 6.8. To decrease the 
heat loss from Surface 2 a specularly reflecting shield, of 
the same dimensions as the black surface and with omit-
tance 6 = 0.1, is placed between the two plates. Deter-
mine the net heat loss from the black plate as a function 
of shield location. Where would you place the shield? 

:e=().i 
H'l = l m j -

\^t .ye=OA 
^ 

-vvs = 2 m - \h. 

^T..€^^V 

6.20 Evaluate the normal emittance for the V-corrugated surface shown in Fig. 6-10a. Hint: This is most 
easily calculated by determining the normal absorptance, or the net heat flux on a cold groove ir-
radiated by parallel light from the normal direction; see Problem 6.7 for the definition of "apparent 
emittance." 
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6.21 Redo 6.20 for an arbitrary off-normal direction 0 <0 < nil in a two-dimensional sense (i.e., what is 
the off-normal absorptance for parallel incoming light whose propagation vector is in the same plane 
as all the surface normal, namely the plane of the paper in Fig. 6-10). 

6.22 An infinitely long comer of characteristic length ty = 1 m is a 
gray, diffuse emitter and purely specular reflector with e = p ' = 
\. The entire comer is kept at a constant temperature T - 500 K, 
and is irradiated externally by a line source of strength 5" = 
20kW/m, located a distance w away from both sides of the cor-
ner, as shown in the sketch. What is the total heat flux Q (per 
m length) to be supplied or extracted from the comer to keep the 
temperature at 500K? 

6.23 A long, thin heating wire, radiating energy in the amount of 
S' = 300 W/cm (per cm length of wire), is located between 
two long, parallel plates as shown in the adjacent sketch. 
The bottom plate is insulated and specularly reflecting with 
62 = 1 - P2 = 0.2, while the top plate is isothermal at 
Tx = 300K and diffusely reflecting with ej = 1 - p f = 0.5. 
Determine the net radiative heat flux on the top plate. 

6.24 A long groove has diffuse walls that are insulated. All sur-
faces are gray with 6 = 0.5. A parallel beam of radiation, 
q^ = 1 W/cm^ enters the open end of the cavity in the cen-
ter line direction, flooding the cavity opening completely. 

{a) What is the apparent reflectance of the groove (i.e., 
how much radiative energy is leaving it), and what is 
the temperature of surface A\l 

(h) What are these values if surface ^1 is a specular re-
flector instead of diffuse? 

3 cm 

^ 

/ii = 3 c m 

I /?2 = I cm 

-h/2 — 
i i l i ̂̂  

-b = lOcm-

4 cm -

I w 

^ h ^ i 

To, Co 

^0 

6.25 A long greenhouse has the cross-section of an equilateral tri-
angle as shown. The side exposed to the sun consists of a thin 
sheet of glass (^1) with reflectivity p | =0 .1 . The glass may 
be assumed perfectly transparent to solar radiation, and to-
tally opaque to radiation emitted inside the greenhouse. The 
other side wall (A2) is opaque with emissivity €2 = 0.2, while 
the floor (^3) has 63 = 0.8. Both walls (^i and A2) are specu-
lar reflectors, while the floor reflects diffusely. For simplicity, 
you may assume surfaces A\ and A2 to be perfecfly insulated, 
w ĥile the floor loses heat to the ground according to 

<73 .conduction — ^7(73 — Ico) 

where Zc = 280 K is the temperature of the ground, andU - 19.5 W/m^ K is an overall heat transfer 
coefficient. Determine the temperatures of all three surfaces for the case that the sun shines onto the 
greenhouse with strength ŝun = 1000 W/m^ in a direction parallel to surface Aj. 
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6.26 A rectangular cavity as shown is irradiated by a parallel-
light source of strength q^ = lOOOW/m^ The entire cavity 
is held at constant temperature T = 300K and is coated 
with a gray material whose reflectance may be idealized to 
consist of purely diffuse and specular components, such that 
£ = p^ = p'" = i . How must the cavity be oriented toward 
the light source (i.e., what is 0?) so that there is no net heat 
flux on surface A\ ? 

6.27 Two long plates, parallel to each other and of width w, are 
spaced a distance L - yf3w/2 apart, and are facing each 
other as shown. The bottom plate is a gray, difl\ise emitter 
and specularly reflecting with emittance ei and tempera-
ture 7]. The top plate is a gray, difiiise emitter and dif-
fusely reflecting with emittance €2 and temperature T̂ . The 
bottom plate is irradiated by the sun as shown (strength 
^̂ soi [W/m^], angle 6). Determine the net heat fluxes on the 
two plates. How accurate do you expect your answer to 
be? What would be a first step to achieve better accuracy? 

6.28 Consider the solar collector shown. The collector plate is 
gray and difl\ise, while the insulated guard plates are gray 
and specularly reflecting. Sun strikes the cavity at an angle 
a(a < 45°). How much heat is collected? Compare with 
a collector without guard plates. For what values of a is 
your theory valid? 

:3 cm 

6.29 Reconsider the spacecraft of Problem 6.8. To decrease the 
heat loss from Surface 2 the specularly reflecting shield 1 
is replaced by an array of Â  shields (parallel to each other 
and very closely spaced), of the same dimensions as the 
black surface and made of the original, specularly reflect-
ing shield material with emittance 6 = 0.1. Determine the 
net heat loss from the black plate as a function of shield 
number N. 

Wi =4 cm-

A2, €2 (diffuse) 

e = 30" 

^ ; 

A J, 6] (specular) 

9,„„=1250W/m2 

Insulated 

?mas?^s?mmal 

3m 

63 = 0.2 

£,=0,9 

£0 = 0.2 

^.^.^---^ 

-4m -

• M-' = 2 m -

V Â  shields, 
6=0.1 

I = 1 m 

r T * t t » ^ M J ^ * 

6.30 Repeat Problem 6.22 using subroutine graydifspec of Appendix F (or modifying the sample pro-
gram grspecxch). Break up each surface into N subsurfaces of equal width (n = 1,2,4,8). 

6.31 Repeat Problem 6.23 using subroutine graydifspec of Appendix F (or modifying the sample pro-
gram grspecxch). Break up each surface into Â  subsurfaces of equal width (« = 1,2,4,8). 
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6.32 An infinitely long comer piece as shown is coated with a material of 
(diffuse and gray) emittance 6, and purely specular reflectance. Cal-
culate the variation of heat flux along the surfaces per unit area. Both 
surfaces are isothermal at 7] and 25 j respectively. 

6.33 An infinitely long cavity as shown is coated with gray, specular 
materials €i and €2 (but the materials are diffuse emitters). The 
vertical surface is insulated, while the horizontal surface is at 
constant temperature 7]. The surroundings may be assumed to 
be black at 0 K. Specify the variation of the temperature along 
the vertical plate. 

6.34 Consider the comer for Problem 6.26, which is irradiated by sunshine at an angle (/>. Both plates are 
gray and specularly reflecting (emittance 6 = 1 - p") and isothermal at T. Develop an expression for 
the local heat fluxes as a function of 6, T, x, y, q^, and (f>. 



CHAPTER 

7 
RADIATIVE 
EXCHANGE 
BETWEEN NONIDEAL 
SURFACES 

7,1 INTRODUCTION 

In Chapter 6 we saw that, in certain situations, the directional natxire of the reflectance of sur-
faces can strongly influence radiative heat transfer rates. This eff'ect occurs particularly in open 
configurations, in enclosures with long channels, or in applications with collimated irradiation. 
Since real surfaces are neither diffiise nor specular reflectors, the actual directional behavior may 
have substantial impact, as we saw from the data in Fig. 6-18. We also noted that solar collectors 
did not appear to perform very well because, in our gray analysis, the reradiation losses were 
rather large. However, experience has shown that reradiation losses can be reduced substantially 
if selective surfaces (i.e., strongly nongray surfaces) are used for the collector plates. Apparently, 
there are a substantial number of applications for which our idealized treatment (gray, diff'use— 
i.e., direction-independent—absorptance and emittance, gray and diff'use or specular reflectance) 
is not sufficiently accurate. Actual surface properties deviate fi-om our idealized treatment in a 
number of ways: 

1. As seen from the discussion in Chapter 3, radiative properties can vary appreciably across 
the spectrum. 

2. Spectral properties and, in particular, spectrally averaged properties may depend on the 
local surface temperature. 

3. Absorptance and reflectance of a surface may depend on the direction of the incoming 
radiation. 

233 
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4. Emittance and reflectance of a surface may depend on the direction of the outgoing radia-
tion. 

5. The components of polarization of incident radiation are reflected diff'erently by a surface. 
Even for unpolarized radiation this difference can cause errors if many consecutive specular 
reflections take place. In the case of polarized laser irradiation this effect will always be 
important. 

In this chapter we shall briefly discuss how nongray efi'ects may be incorporated into the 
analyses of the previous chapters. We shall also develop the governing equation for the intensity 
leaving the surface of an enclosure with arbitrary radiative properties (spectrally and direction-
ally), from which heat transfer rates may be calculated. This expression will be applied to a 
simple geometry to show how directionally irregular surface properties may be incorporated in 
the analysis. 

12 RADIATIVE EXCHANGE BETWEEN 
NONGRAY SURFACES 

In this section we shall consider radiative exchange between nongray surfaces that are direction-
ally ideal: Their absorptances and emittances are independent of direction, while their reflectance 
is idealized to consist of purely diffuse and/or specular components. For such a situation equa-
tion (6.22) becomes, on a spectral basis, 

/ = 1 , 2 , . . . , M (7.1) 

While diffuse view factors are purely geometric quantities and, therefore, never depend on wave-
length, the specular view factors depend on the spectral variation of specular reflectances. In 
principle, equation (7.1) may be solved for all the unknown q^^j and/or Ebxj> This operation is 
followed by integrating the results over the entire spectrum, leading to 

qi= I qAjdA, Ehj= I EtAjd^' (7.2) 
Jo Jo 

In matrix form this may be written, similar to equation (6.23), as 

A^ • eu = Q • iu + h,̂ „ (7.3) 

where A ,̂ ehA, Qi, q̂  and ĥ ^̂  are defined as in Chapter 6, but on a spectral basis. Assuming 
that all the qy are unknown (and all temperatures are known), equation (7.3) may be solved and 
integrated as 

q = f" q, J^ = r CJ^ • [A, . e,, ~ h^,] dA. (7.4) 
Jo Jo 

A similar expression may be found if the heat flux is specified over some of the surfaces (with 
temperatures unknown). Branstetter [1] carried out integration of equation (7.4) for two infinite, 
parallel plates with platinum surfaces. In practice, accurate numerical evaluation of equation (7.4) 
is considered too complicated for most applications: For every wavelength used in the numeri-
cal integration (or quadrature) the matrix C needs to be inverted, which—for large numbers of 
nodes— îs generally done by iteration. In addition, if one or more of the surfaces are specu-
lar reflectors, the specular view factors need to be recalculated for each wavelength (though not 
the diffuse view factors of which they are composed). Therefore, nongray effects are usually 
addressed by simplified models such as the semigray approximation or the band approximation. 
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/-> = 60cm 

,̂u„=1000W/m2 

'̂  '̂ -'~--:v::a§a^$;r-':4"1i:̂ J 
/, = 80cm- FIGURE 7-1 

Solar collector geometry for Example 7.1. 

Semigray Approximation 
In some applications there is a natural division of the radiative energy within an enclosure into two 
or more distinct spectral regions. For example, in a solar collector the incoming energy comes 
from a high-temperature source with most of its energy below 3 //m, while radiation losses for 
typical collector temperatures are at wavelengths above 3/im. In the case of laser heating and 
processing the incoming energy is monochromatic (at the laser wavelength), while reradiation 
takes place over the entire near- to midinfrared (depending on the workpiece temperature), etc. 
In such a situation equation (6.22) may be split into two sets of N equations each, one set for 
each spectral range, and with different radiative properties for each set. For example, consider an 
enclosure subject to extemal irradiation, which is confined to a certain spectral range "(1)"- The 
surfaces in the enclosure, owing to their temperature, emit over spectral range "(2)".^ Then from 
equation (6.22), 

'̂7 
N 

J 
' + /^, = o, 

.(2) 

,^(2) 

- ^ 
,<2) =E[*/-o-p;")^]^' 

^ # + # . /= l ,2 , . . . , iV , 

(7.5a) 

(1.5b) 

(7.5c) 

where 6?'̂  is the average emittance for surface J over spectral interval (1), and so on. 

Example 7.1. A very long solar collector plate is to collect energy at a temperature of Ti = 350 K. 
To improve its performance for ofF-normal solar incidence, a surface, which is highly reflective at short 
wavelengths, is placed next to the collector as shown in Fig. 7-1. For simplicity you may make the 
following assumptions: (/) The collector Ai is isothermal and a diffuse reflector; (//) the mirror Aj is a 
specular reflector; (///) the spectral properties of collector and mirror may be approximated as 

"~ '̂ "lO.l, 

€2 = \-p'^ = [ 0.1, 
0.8, 

A < A,, 
A> Ac, 

and (iv) heat losses from the mirror by convection as well as all losjses from the collector ends may be 
neglected. How much energy (per unit length) does the collector plate collect for a solar incidence angle 
of 30°? 

N̂ote that spectral ranges "(1)" and "(2)" do not need to cover the entire spectrum and, indeed, they may overlap. 
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Solution 
From equation (7.5) we find, with Fj'l, = Fi_2, i^lp = F2_,, andFj-^j = F^l,=OJoTrmgo{\l 

(I) ^ ^^a\ 

•(•^-^)p'2-ig?+$+K2=0, 

and for range (2), 

—^ - E}j\ - €2 Fx^iEhiy 

- | - ^ - l ] F 2 _ . ^ f + ^ = -F2_iF,,+F,2. 

Eliminating Ehi from the last two equations, we find 

^ ~ \ £ ^ ~ /^''^'"^^^"^ 
.yf+F,_2^f = (1-4^^F,_2F2.0F„ 

1̂ ^^1 

Multiplying the second equation for range (1) by £2 ^̂ i_2 results in 

• ( ? - ' ) 4"F,-2F2-,9i"+f,-29r =-4"^i-2/^; 

Adding the last two equations and using qi = 2̂ ^ "•" <5'2̂^ - ^ ^^^^ \t2i6.s to 

i " ( ^ " l ) e f ^.-2^2-1 ] ^ r = ( ^ - l]4V,.2F2_,9l'> - 4"F,.2/^2 + (1 - ef F , . 2 / 5 . , ) £ M , 

or,withV|" = -effl;H 

- ^«<'' J . ^ ' ^ 1 9i=9r+9i 
(1 -Cf/^_2F2_i)£ft| - (1 -fi")4"Fi_2F2-|//:i -4'F^-2"ll 

•eTK,. 
l/€f-(l/6f'-l)4V,_2K_, 

From Example 6.5 we have 

HI, = ŝun sin(/? = 1000 X sin 30° = 500 W/m^ 

HU = ^sun[cos</j+pf'sin^C/o//,)] = 1000[cos30°+0.9xsin30°(60/80)] = 1203.5 W/m'. 

With F,_2 = ^, F2_i = | , Fi_2F2-i = ^ ,̂ and FM = 5.670 x 10"^ x 350^ = 850.9 W/m% ^, may now be 
evaluated as 

q\ = 
( l - - ^ ) X 8 5 0 . 9 - ^ X 1203 .5-^ X 500 

0.1 -fe-l)x^ 
• 0.8 X 1203.5 = 82.9 - 962.8 = -880.1 W/m^ 

or a collection efficiency of 88%! In addition, surface A2 remains much cooler than for the gray case 
(Example 6.5); from the first equation for region (2) 

E,a = (F,,- |J)^4^»/^_2== ( 850 .9 -1^ )^^ = 109.5 

Ti = (Eb2/cry'"^ = [109.5/5.670 X 10" ]̂̂ ^^ = 209 K. 

or 
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Obviously, surface A2 would heat up by convection from the surroundings. Surface emission from A2 
would then further improve the collection efficiency. 

Thus, selective surfaces can have enormous impact on radiative heat fluxes in configurations 
with irradiation from high-temperature sources. Subroutine semigray is provided in Appendix 
F for the solution of the simultaneous equations (7.5), requiring surface information and a partial 
view factor matrix as input (i.e., the code is limited to two spectral ranges, separating external 
irradiation fi-om surface emission). The solution to Example 7.1 is also given in the form of 
program semigrxch, which may be used as a starting point for the solution to other problems. 
Both Fortran90 and C++ versions are provided. 

The semigray approximation is not limited to two distinct spectral regions. Each surface of 
the enclosure may be given a set of absorptances and reflectances, one value for each diff'erent 
surface temperature (with its difl'erent emission spectra). Armaly and Tien [2] have indicated how 
such absorptances may be determined. However, while simple and straightforward, the method 
can never become "exact," no matter how many different values of absorptance and reflectance 
are chosen for each surface. 

Bobco and coworkers [3] have given a general discussion of the semigray approximation. 
The method has been applied to solar irradiation falling into a V-groove cavity with a spectrally 
selective, diffusely reflecting surface by Plamondon and Landram [4]. Comparison with exact 
(i.e., spectrally integrated) results proved the method to be very accurate. Shimoji [5] used the 
semigray approximation to model solar irradiation onto conical and V-groove cavities whose 
reflectances had purely diff'use and specular components. 

Band Approximation 

Another commonly used method of solving equation (7.1) is the band approximation. In this 
method the spectrum is broken up into M bands, over which the radiative properties of all surfaces 
in the enclosure are constant. Therefore, 

7=1 y=i 

^ • / _ ^ pS(m) 

(m) (m) I-J 
Am) rjS(m) 

:/ 7 
/ = 1,2,...,A^, m= 1,2,...,M; (7.6a) 

M M M 

m-\ m=l m-\ 

Equation (7.6) is, of course, nothing but a simple numerical integration of equation (7.1), using 
the trapezoidal rule with varying steps. This method has the advantage that the widths of the bands 
can be tailored to the spectral variation of properties, resulting in good accuracy with relatively 
few bands. For very few bands the accuracy of this method is similar to that of the semigray 
approximation, but is a little more cumbersome to apply, and requires an iterative approach if 
some surfaces have prescribed radiative flux rather than temperature. On the other hand, the band 
approximation can achieve any desired accuracy by using many bands. 

£xample 7.2. Repeat Example 7.1 using the band approximation. 

Solution 
Since the emittances in this example have been idealized to have constant values across the spectrum 
with the exception of a step at X = 4//m, a two-band approximation (A < A,. = 4//m and /I > 4/urn) will 
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produce the "exact" solution (within the framework of the net radiation method). From equation (7.6) 

C'(m) (m) 77 j-C/n) _ ' f l , irSim) 

^1 

' 1 \ . 1̂"̂  
w = 1,2, ^pi-^^^^ = -(^-i)/^-.^r^J+^" 

where £"̂J.̂  = J^^ Ehxi dX = f(Ac7J)Eiyi, Ef/ = [1 - f{AcJ})] Eu, etc. These are four equations in the six 
unknowns 4"'\ 2̂"̂  ^̂ ?> ^^ - 1'2. Two more conditions are obtained from qi - ^2 + ^2 - ^ ^ ^ 
£Ĵ2 + ^if ~ ^^'^ ~ ^^^- ^^^ problem is that E^^^ are nonlinear relations in ^ , making it impossible to 
find explicit relations for the desired q\ = 4\^ + ̂ f •. The system is solved by iteration, by solving for r̂  

^ = ^{E^S-^F,^E^-H^. 

^f' = 6̂"̂  ( ^ - i ) F , . < - - F , _ , £ - > + £ ; ^ > ^ / f r w = l,2. 

First, 75 is guessed, from which the £ĵ ^ may be evaluated. This computation is followed by determining 
the ^|"'\ after which the 4^^ can be calculated. If q2 > 0, surface A2 is too hot and its temperature 
is reduced and vice versa until the correct temperature is obtained. This calculation may be done by 
writing a simple computer code, resulting in 32 = 212 K and qi = -867 W/m .̂ As expected, for 
the present example the band approximation offers little improvement while complicating the analysis. 
However, the band approximation is the method of choice if no distinct spectral regions are obvious 
and/or the spectral behavior of properties is more involved. 

Subroutine bandapp is provided in Appendix F for the solution of the simultaneous equations 
(7.6), requiring surface information and a partial view factor matrix as input. The solution to 
Example 7.2 is also given in the form of a program bandmxch, which may be used as a starting 
point for the solution to other problems. Both Fortran90 and C++ versions are provided. Dunkle 
and Bevans [6] applied the band approximation to the same problem as Branstetter [1] (infinite, 
parallel, tungsten plates) as well as to some other configurations, showing that the band approxi-
mation generally achieves accuracies of 2% and better with very few bands, while a gray analysis 
may result in errors of 30% or more. 

7.3 DIRECTIONALLY NONIDEAL 
SURFACES 

In the vast majority of applications the assumption of "directionally ideal" surfaces gives results 
of sufficient accuracy, i.e., surfaces may be assumed to be diflfusely emitting and absorbing and 
to be diflfusely and/or specularly reflecting (with the magnitude of reflectance independent of 
incoming direction). However, that these results are not always accurate and that heat fluxes are 
not necessarily bracketed by the diffuse- and specular-reflection cases have been shovm in Fig. 6-
18 for V-grooves. There will be situations where (0 the directional properties, (//) the geometrical 
considerations, and/or (///) the accuracy requirements are such that the directional behavior of 
radiation properties must be addressed. 

If radiative properties with arbitrary directional behavior are to be accoimted for, it is no 
longer possible to reduce the governing equation to an integral equation in a single quantity (the 
radiosity) that is a function of surface location only (but not of direction). Rather, applying 
conservation of energy to this problem produces an equation governing the directional intensity 
leaving a surface that is a function of both location on the enclosure surface and direction. 
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FIGURE 7-2 
Radiative exchange in an enclosure with arbitrary surface properties. 

The Governing Equation for Intensity 
Consider the arbitrary enclosure shown in Fig. 7-2. The spectral radiative heat flux leaving an 
infinitesimal surface element dA' into the direction of s' and arriving at surface element dA is 

li{r\ A, §') dAL dQ. = h(r\ A, §')idA' cos 9") 
dA cos 6i 

(7.7) 

where 5 = |r' - r| is the distance between dA' and dA, cos 6' = s' • ft' is the cosine of the angle 
between the unit direction vector s' = (r - r')/«S' and the outward surface normal n' at dA' and, 
similarly, cos 6i = (-§') • n at dA, This irradiation at dA coming from dA' may also be expressed, 
from equation (3.32), as 

/f;(r, A, r ) dA dQi = /^(r, i , s') dA cos Ot 

Equating these two expressions, we find 

/,(r,^,s') = /i(r',.l,s'), 

dA'cos 6' 
(7.8) 

(7.9) 

that is, the radiative intensity remains unchanged as it travels fi*om dA' to dA. 
The outgoing intensity at dA into the direction of s consists of two contributions: Locally 

emitted intensity and reflected intensity. The locally emitted intensity is, fi-om equation (3.1), 

€^(r,A,s)IbA(r,A). 

The amount of irradiation at dA coming from dA' [equation (7.8)] that is reflected into a solid 
angle dQo around the direction s is, fi-om the definition of the bidirectional reflection function, 
equation (3.33), 

or 

dlA(r,A,s)dQo = p:;(r,Aj\s){H'^(r,A,s')dai)dQo. 

dlA(r,A,$) = p'^ (rM.s\sMr, A, s) cos OidQi 

/V 1 - ' - \ r / 1 . , . C O S ^ / C O S ^ ' , ^ , 

= p^i (r, A, s , s)/^(r. A, s ) dA', 
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Integrating the reflected intensity over all incoming directions (or over the entire enclosure sur-
face), and adding the locally emitted intensity, we find an expression for the outgoing intensity at 
dA as 

/,(r, A, s) = €',(r, i , s)4Kr, ^) + f p^(r. A, §', §)li(r\ A, §') cos Oj d^i 
Jin 

= 6;(r, A, S)/,,(r, A) + J p ; ( r , A. §', s)/,(r', A, § ' ) £ 2 ! l e ^ dA\ (7.10) 

Equation (7.10) is an integral equation for outgoing intensity (A • s > 0) anyv^here on the surface 
enclosure. Once a solution to equation (7.10) has been obtained (analytically, numerically or 
statistically; approximately or "exactly"), the net radiative heat flux is determined from 

= I li(r,A,$)cosedQ-' \ h(r. A, %') cos 6idD.i 

= r / , ( r , ^ s ) c o s ^ J Q ~ C i^(r\Ars')^^^^^^^dA\ (7.11) 

or, equivalently, from 

q^l(r, A) = ^em - ^abs = ^^^^^ - CtAH.} 

= f €\(rars)cosOdnhA(r,A)- f a^(r,i,r)/.i(r ' ,^,r)^^^^|^rf^/. (7.12) 
Jft§>0 J A ^ 

Both forms of equation (7.10) (solid angle and area integration) may be employed, depending 
on the problem at hand. For example, if dA is a diffuse emitter and reflector then, from equa-
tion (3.38), p^'(r, A, §',§)= p'j(r, A)/n and, fi-om equation (5.19), /^(r, A, s) = ^}(r, A)/n. If dA' is 
also difl'use, we obtain from the second form of equation (7.10) 

Mr, A) = €,(r,A)EUr.A)+p,(r,A) f Mr\A)dFjA-ciA', (7.13) 
fA 

, 2 which is nothing but the spectral form of equation (5.24) without external irradiation.^ Similarly, 
equation (7.11) reduces to 

X q,(ra) = JA(r,A)- | J,(r\A)dF,A-jA'. (7.14) 

the spectral form of equation (5.25). 
On the other hand, if dA is a specular reflector the first form of equation (7.10) becomes more 

convenient: For a specular surface we have p'{ = 0 for all s' except for s' = §5, where % is the 
"specular direction" from which a beam must originate in order to travel on into the direction 
of s after specular reflection. For that direction p^' -^ 00, and it is clear that the integrand of 
the integral in equation (7.10) will be nonzero only in the immediate vicinity of s' = ŝ . In that 
vicinity /^(r'. A, §') varies very little and we may remove it from the integral. From the definition 
of the spectral, directional-hemispherical reflectance, equation (3.37), and the law of reciprocity 
for the bidirectional reflectance function, equation (3.35), we obtain 

r p';(r, /I, s', s)7:i(r, A, §') cos 6/, dQi = W, A, §,) f p;(r, A, §', s) cos Of da, 
Jin Jin 

= h(r\ A, §,) f p[i(r. A, - s , -§') cos Bi da, 
Jin 

= /|(r'. A, %)p\ir. A, -s) , 

^ External irradiation is readily included in equations (7.10) and (7.11) by replacing /̂  with l\ + IOA inside the integrals. 
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FIGURE 7-3 
Isothermal V-groove with specularly reflecting, directionally dependent reflectance (Example 7.3). 

where - s denotes an incoming direction, pointing toward dA, and p^(r, A, -s) is the directional-
hemispherical reflectance. From the same KirchhofF's law used to establish equation (3.35), it 
follows that p^(r, A, ~s) = p^(r, A, ŝ ) and 

/,(r, A, §) = 6^(r, A, s)4,(r, A) + p̂ jCr, i , %Mr\ A. s,). (7.15) 

Example 7.3. Consider a very long V-groove with an opening angle of 2y - 90° and with optically 
smooth metallic surfaces with index of refraction m = n-ik- 23.452(1 ~ /), i.e., the surfaces are specu-
larly reflecting and their directional dependence obeys Fresnel's equations. The groove is isothermal at 
temperature T, and no external irradiation is entering the configuration. Calculate the local net radiative 
heat loss as a function of the distance from the vertex of the groove. 

Solution 
This is one of the problems studied by Toor [7], using the Monte Carlo method (the solid line in Fig. 6-
18). The directional omittance may be calculated from Fresners equations for a metal, equations (3.75) 
and (3.76), as 

eXO)=\-pXO) = 
In cos 6 In cos B 

(n + cos 6y + k^ {n cos ̂  + 1 )2 + ()tcos 0)^' 

while the hemispherical omittance follows from equation (3.77) or Fig. 3-10 as 6 = 0.1. 
The present problem is particularly simple since the surfaces are specular reflectors and since the 

opening angle of the groove is 90° (cf Fig. 7-3). Any radiation leaving surface Ai traveling toward A2 
will be absorbed by A2 or reflected out of the groove; none can be reflected back toA^. This fact implies 
that all radiation arriving at y4i is due to emission from A2, which is a known quantity. Therefore, for 
those azimuthal angles ^2 pointing toward Ai we have 

n n /2(ft) = 6'(ft)4, 

and the local heat flux follows from equation (7.12) as 

q{x) = 6 £ , - f 6X̂ 1 )/2(ft) cos 6>,ja| 
Jin 

•-nil cnll nnl2 r^n/l 

= ££•/,-2 6'(/9i)e'(ft)//,cos<9isin6/,^i9,#i, 

or 
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q(x) , 2 r^/2 r^n/2 
—=r - 1 6'( î)6'(6!2)cos6/isin ,̂ c/̂ i t/^1. 

Here the limits on the integral express the fact that the solid angle, with which Ai is seen from A\, is 
limited. It remains to express ̂ jmin as well as Oi in terms of ̂ i and ^ j . From Fig. 7-3 it follows that 

^ y ^ X ^ . ^ X 

cos6\ - —, cos ft = —, S sm ĵ = S " S cosi/^j 

From these three relations and the fact that the minimum value of 6>i occurs when y = L,we find 

X 

cos ft = sin ft cos (̂ j and ftminC^i) = tan"' L cos ̂ 1 

Using FresnePs equation for the directional emittance, the nondimensional local heat flux q(x)/€Ei, may 
now be calculated using numerical integration. The resulting heat flux is shown as the solid line in Fig. 6-
18. This result should be compared with the simpler case of diffuse emission, or €"(0) = 6 = 0.1 = const. 
For that case the integral above is readily integrated analytically, resulting in the dash-dotted line of 
Fig. 6-18. The two results are very close, with a maximum error of ^ 2% near the vertex of the groove. 

While the evaluation of the "exact" heat flux, using Fresnel's equations, was quite straight-
forward in this very simple problem, these calculations are normally much, much more involved 
than the diifuse-emission approximation. Before embarking on such extensive calculations it is 
important to ask oneself whether employing Fresnel's equations will lead to substantially difl'erent 
results for the problem at hand. 

Few numerical solutions of the exact integral equations have appeared in the literature. For 
example, Hering and Smith [8] considered the same problem as Example 7.3, but for varying 
opening angles and for rough surface materials (with the bidirectional reflection function as given 
in an earlier paper [9]). Lack of detailed knowledge of bidirectional reflection distributions, as 
well as the enormous complexity involved in the solution of the integral equation (7.10), makes 
it necessary in practice to make additional simplifying assumptions or to employ a different ap-
proach, such as the Monte Carlo method (to be discussed in Chapter 20). 

Net Radiation Method 
It is possible to apply the net radiation method to surfaces with directionally nonideal properties, 
although its application is considerably more difficult and restrictive. Breaking up the enclosure 
into Â  subsurfaces we may write equation (7.10), for r pointing to a location on subsurface At, as 

N 

/(r, i , s) = 6'(r, A, §)4(r, A) + nYj Pj'iT^ >̂ SH(^ Wdi-jir). (7.16) 
y=i 

where we have dropped the subscript X for simplicity of notation, and where Pj' and Ij are "suit-
able" average values between point r and surface Aj. Averaging equation (7.16) over Ai leads 
to 

N 

7,(^,s)=6;(A,s>,K'^) + ;r J]p;X^,s)^v(^)7^-y, / = l ,2 , . . . ,M (7.17) 

Here Iji is an average value of the intensity leaving surface Aj traveling toward At, and pf. is a 
corresponding value for the bidirectional reflection function. If we assume that the enclosure 
temperature and surface properties are known everywhere, then equation (7.17) has N unknown 
intensities Iji (J = 1,2,..., Â ) for each subsurface Ai, Thus, if equation (7.17) is averaged over all 
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the solid angles with which subsurface A^ is seen from At, it becomes a set of A/̂  x AT equations in 
the N^ unknown J/̂ : 

N 

likW = eikWUA) + nY,PjikWWWi-J^ /,/: = 1,2,... ,M (7.18) 

Here ppj, is an average value of the bidirectional reflection function for radiation traveling from 
Aj to Ak via reflection at Ai, For a diffusely emitting, absorbing and reflecting enclosure we have 
€ik = 6/, npji,^ = Pi, and equation (7.18) becomes, with Iji = Ij = Jj/n, 

N 

Ji^eiEbi^PiYjJjFi~h ^ ' = 1 , 2 , . . . , ^ (7.19) 

which is identical to equations (5.30) and (5.31) (without external irradiation). 
If the N subsurfaces are relatively small (as compared with the distance-squared between 

them), average properties €ik and Pj^^ may be obtained simply by evaluating ^ and p" at the 
directions given by connecting the centerpoints of surface At with Aj and^j^. For larger subsurfaces 
a more elaborate averaging may be desirable. A discussion on that subject has been given by 
Bevans and Edwards [10]. 

Once the N'^ unknown Ijk have been determined, the average heat flux on At may be calculated 
from equations (7.18) and (7.11) or (7.12) as 

N N N 

qtiX) = ;r 2 4(A)/^-^ ~ r̂ J ] Iji{X)Fi.j = n Yj<hrWi-j (7.20a) 
^=1 7=1 y=i 

= ei{X)EM{X)-nY,c^ij{X)Iji{A)Fi^j, / = 1,2,...,M (7.206) 

where 6, is the hemispherical emittance of 4̂/ and a/y is the average absorptance of subsurface At 
for radiation coming from Aj. 

It is apparent from equations (7.10) and (7.18) that the net radiation method for directionally 
nonideal surfaces is valid (/) if each 4/ varies Uttle over each subsurface Ai, (ii) if each % varies 
little between any two positions on Ai and Afc, and (Hi) if similar restrictions apply to cik, aij and 
Pjij^, Restrictions (//) and {Hi) are likely to be easily violated unless the surfaces are near-diffuse 
reflectors or are very small (as compared with the distance between them). 

Equations (7.10) and (7.18) are valid for an enclosure with gray surface properties, or on a 
spectral basis. For nongray surface properties the governing equations are readily integrated over 
the spectrum using the methods outlined in the previous section. 

To illustrate the difficulties associated with directionally nonideal surfaces, we shall consider 
one particularly simple example. 

Example 7.4. Consider the isothermal comer of finite length as depicted in Fig. 1-Aa. The surface 
material is similar to the one of the infinitely long comer of the previous example, i.e., the absorptance 
and emittance obey FresneFs equations with m = n-ik- 23.452(1 - /), and a hemispherical emittance 
of 6 = 0.1. However, in the present example we assume that the material is reflecting in a nonspecular 
fashion with a bidirectional reflection fimction of 

J^CniSi) 

where s, is the direction of incoming radiation, % is the specular reflection direction (i.e., Og = ft, v̂ = 
^, + n), and S;. is the actual direction of reflection. This form of the bidirectional reflection fiinction 
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Polar angle, 0^ 
n = 0 

(a) 

0 1 2 3 

(h) 

FIGURE 7-4 
(a) Geometry for Example 7.4, (b) bidirectional reflection ftinction in plane of incidence for Oi = 0° and Oi = 45°, for the 
material of Example 7.4. 

describes a surface that has a reflectance maximum in the specular direction, and whose reflectance 
drops off equally in all directions away from the specular direction (i.e., with changing polar angle 
and/or azimuthal angle). Since the directional-hemispherical reflectance must obeyp'(s/) = 1 - e'(s,), 
the function C„(§/) follows from equation (3.37) as 

^ Jin 
(1 + sv-s;y'cos^,^n^. 

Determine the local radiative heat loss rates from the plates for the case that both plates are isothermal 
at the same temperature. 

Solution 
The direction vectors § may be expressed in terms of polar angle 6 and azimuthal angle ^, or § = 
sin^(cos^ti 4- sini^t2) + cos 6̂11, where n is the unit surface normal and ti and t2 are two perpendicular 
unit vectors tangential to the surface. Therefore, the bidirectional reflection fimction may be written as 

p"(6'„ ,̂., Or. ^r) = ^^-^TTM [1 + cos 6*, COS Or - siu 6',- sin e,. cos(^,. - ^ , ) ]" , 
nCn{pi) 

(7.21a) 

I pin r*nll 
Cn(Oi) = - I f (1 + cosGicos6/ + sin(9/sin(9cos<A)''cos0sinOdOdi//. (7.2 

^ Jo Jo 
m 

The bidirectional reflection function within the plane of incidence {i//,. = t̂ , or ^, + n) is shown in 
Fig. 7Ah for two difl'erent incidence directions and three diff'erent values of n. Obviously, for « = 0 
the surface reflects diflaisely (but the amount of reflection, as w êll as absorption and emission, depends 
on direction through Fresnel's equation). As n grows, the surface becomes more specular, and purely 
specular reflection would be reached with n -^ oo. For this configuration and surface material we should 
like to determine the heat lost from the plates using the net radiation method. 

As indicated in Fig. l-4a we shall apply the net radiation method, equations (7.18) and (7.20), by 
breaking up each surface into MxN subsurfaces (M divisions in the x- and (/-directions, A'̂  in the z-
direction). Considering the intensity at node (/, k) on the bottom surface directed toward node (/„, ko) on 
the vertical wall, we find that equation (7.18) becomes, after division by 4, 

J M N 

* .A=i ki=\ 

(1.22) 



7.3 DIRECTIONALLY NONIDEAL SURFACES 245 

In this relation we have made use of the fact that a node on the bottom surface can only see nodes on the 
side wall and vice versa. Also, by symmetry we have 

^a-> .̂Ao = ^j\k-^io,ko if J = ^ and 4 = y ; , 

and 

that is, the intensity must be symmetric to the two planes x = i/ and z = L/2. We, therefore, have a total 
of M X {Njl) unknowns (assuming N to be even) and need to apply equation (7.22) for / = 1,2,..., M 
and k- 1,2,..., Njl, To calculate the necessary e' andp" values, one must establish a number of polar 
and azimuthal angles. From Fig. 1-Aa it follows that 

(cos<9/)a^ ,̂ĵ . = 

(cos6?,.)a--7„^ = 

yji 

yjo 

Using the values for (cos ̂ r)a-*>^ one can readily calculate the directional emittances e^-^j^^^k,, = 
1 -p\cos6r) from FresneFs equation as given in Example 7.3. Similarly, p'(cos^/) and C„(cos^/) are 
determined from FresneFs equation and equation (7.21),-̂  respectively; and all values of pj.j^^if^^j^j^ 
follow from equation (7.21). All necessary view factors may be calculated from equation (4.40), for 
arbitrarily oriented perpendicular plates. For all view factors the opposing surfaces are of identical and 
constant size with X2 -X\ -y2-y\ = w/M and zi = 23 - Z2 = L/N. Offsets Xi and z/i may vary between 
0 and (M - l)w/M and 22 between 0 and (A'̂  - 1 )L/N. Thus, using S5mimetry and reciprocity, one must 
evaluate a total of (M/2)xMx A/" view factors. In many of today's workstations and computers all differ-
ent values of directional emittance, the factor p7C„ in the bidirectional reflection function, and all view 
factors may be calculated—once and for all—and stored (requiring memory allocation for often millions 
of numbers). The bidirectional reflection function itself depends on surface locations and on all possible 
incoming as well as all possible outgoing directions. Even after employing symmetry and reciprocity 
(for the bidirectional reflection function), this would require storing [Mx(7^/2)]x[MxAr|^/2 = {MNfiA 
numbers. Unless relatively few subdivisions are used (say M,N < 10), it will be impossible to precalcu-
late and store values of the bidirectional reflection function; rather, part of it must be recalculated every 
time it is required. 

The nondimensional intensities are now easily found from equation (7.22) by successive approxi-
mation: A first guess for the intensity field is made by setting <^i,k-^j,„h,, = ^iji^jo,ko • Improved values for 
^a-^joA, are found by evaluating equation (7.22) again and again until the intensities have converged to 
within specified error bounds. The local net radiative heat flux may then be determined from equation 
(7.20^>) as 

. 1 '̂ ' ^' 

Some representative results for the local radiative heat flux nearz = L/2 (i.e., for k - N/2) are shown in 
Fig. 7-5 for the case of u; = I (square plates). Clearly, taking into consideration substantially different 
reflective properties has rather small effects on the local heat transfer rates. Obviously, as the surface 
becomes more specular (increasing n) the heat loss rates increase (since less radiation will be reflected 
back to the emitting surface), but the increases are very minor except for the region close to the vertex 
(and even there, they are less than 4%). 

The directional distribution of the emittance is just as important as that of the bidirectional reflection 
function: The curve labeled "difliise" shows the case of diffuse emission and reflection, i.e., e'{$) = 
a'(s) = £ = 0.1 and 7rp"(s/,Sr) = p ' = 1 - e = 0.9. In contrast, the curve labeled "Fresnel, n = 0" 
corresponds to the case of 6'(s) = a'(s) = 1 - p'(s) evaluated from FresneFs equation and ;rp(s/, %r) = 

^For integer values of n the integration may be carried out analytically, either by hand or on a computer using a 
symbolic mathematics analyzer (the latter having been used here). 
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FIGURE 7-5 
Nondimensional, local heat fluxes for the corner geometry of Example 7.4, for to/L = 1. Solid symbols: Surfaces are 
broken up into 2 x 2 subsurfaces; open symbols: 4 x 4 subsurfaces; lines: 20 x 20 subsurfaces. 

p'(S/). All lines in Fig. 7-5 have been calculated by breaking up each surface into 20 x 20 subsurfaces. 
Also included are the data points for results obtained by breaking up each surface into only 2 x 2 
(solid symbols) and 4 x 4 surfaces (open symbols). Local heat fluxes are predicted accurately with few 
subsurfaces, even for strongly nondifFuse reflection. Total heat loss is predicted even more accurately, 
with maximum errors of < 0.6% (2x2 subsurfaces) and < 0.3% (4x4 subsurfaces), respectively. 

The results should be compared with those of Toor [7] for wjL -» 0, as shown in Fig. 6-18: The 
"diffuse" case of Fig. 7-5 virtually coincides with the corresponding case in Fig. 6-18, while the « = 8 
case falls very close to the specular case with Fresnel-varying reflectance of Toor (solid line in Fig. 6-18). 

For the present example at least, taking into account the directional behavior of emittance 
and reflectance is rarely justifiable in view of the additional complexity and computational eflPort 
required. Only if the radiative properties are known with great accuracy, and if heat fluxes need 
to be determined with similar accuracy, should this type of analysis be attempted. Similar state-
ments may be made for most other configurations. For example, if Example 7.4 is recalculated for 
directly opposed parallel quadratic plates, the efi'ects of Fresnel's equation and the bidirectional 
reflection function are even less: Heat fluxes for diffuse reflection—^whether Fresnel's equation 
is used or not—differ by less than 0.6%, while diflferences due to the value of n in the bidirec-
tional reflection function never exceed 0.2%. Only in configurations with coUimated irradiation 
and/or strong beam-channeling possibilities should one expect substantial impact as a result of 
the directional variations of surface properties. 

7.4 ANALYSIS FOR ARBITRARY SURFACE 
CHARACTERISTICS 

The discussion in the previous two sections has demonstrated that the evaluation of radiative 
transfer rates in enclosures with nonideal surface properties, while relatively straightforward to 
formulate, is considerably more complex and time-consuming. If one considers nongray sur-
face properties, the computational effort increases roughly by a factor of M if M spectral bands 
(band approximation) or M sets of property values (semigray approximation) are employed. In 
an analysis with directional properties for an enclosure with N subsurfaces, the computational 
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effort is increased roughly by a factor of N (an enormous increase if a substantial number of 
subdivisions are made). If the radiative properties are both nongray and directionally varying, 
the problem becomes even more difficult. While it is relatively simple to combine the methods 
of the previous two sections for the analysis of an enclosure with such surface properties, to the 
author's knowledge this has not yet been done in any reported work. Few analytical solutions for 
such problems can be found (for the very simplest of geometries), and even standard numerical 
techniques may fail for nontrivial geometries; because of the four-dimensional character, huge 
matrices would have to be inverted. Therefore, such calculations are normally carried out with 
statistical methods such as the Monte Carlo method (to be discussed in detail in Chapter 20). 
For example, Toor [7] has studied the radiative interchange between simply arranged flat surfaces 
having theoretically determined directional sxuface properties; Modest and Poon [11] and Mod-
est [12] evaluated the heat rejection and solar absorption rates of the U.S. Space Shuttle's heat 
rejector panels, using nongray and directional properties determined from experimental data. The 
validity and accuracy of several directional models have been tested and verified experimentally 
by Toor and Viskanta [13,14]. They studied radiative transfer among three simply arranged paral-
lel rectangles, comparing experimental results with a simple analysis employing (/) the semigray 
model, (//) Fresnel's equation for the evaluation of directional properties, and (Hi) reflectances 
consisting of purely diffuse and specular parts. They found good agreement with experiment and 
concluded that, for the gold surfaces studied, (/) directional effects are more pronounced than 
nongray effects, (//) in the presence of one or more diffusely reflecting surfaces the effects of 
specularity of other surfaces become unimportant. 

Employing a combination of band approximation and the net radiation method has the disad-
vantage that (/) either large amounts of directional properties and/or view factors must be calcu-
lated repeatedly in the iterative solution process (making the method numerically inefficient), or 
(//) large amounts of precalculated properties and/or view factors must be stored (requiring enor-
mous amounts of computer storage). In addition, this method tends to have a voracious appetite 
for computer CPU time. On the other hand, it avoids the statistical scatter that is always present 
in Monte Carlo solutions. In light of today's rapid development in the computer field, with many 
small workstations and personal computers boasting internal storage capacities of several giga-
bytes, as well as enormous number-crunching capabiHties, it appears that the methods discussed 
in this chapter may become attractive alternatives to the Monte Carlo method. 
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Problems 

7.1 Two identical circular disks of diameter D = 1 m are connected 
at one point of their periphery by a hinge. The configuration is 
then opened by an angle <f>. Surface 1 is a diffuse reflector, but 
emits and absorbs according to 

€\ >{ 
0.95 cos6/, A<3fim, 

Disk 2 is black. Both disks are insulated. Assuming the opening 
angle to be 0 = 60°, calculate the average equilibrium temper-
ature for each of the two disks, with solar radiation entering 
the configuration parallel to Disk 2 with a strength of ŝun = 
lOOOW/m^ 

7.2 Recoasider 7.1 for the case that surfaces Ai and A2 are long, rectangular plates. 

7.3 Repeat Problem 5.19 using the semigray approximation. Disk 1 is covered with a diffuse coating of 
black chrome (Fig. 3-33). 

7.4 Repeat Example 5.8 for an absorber plate made of black chrome (Fig. 3-33) and a glass cover made 
of soda-lime glass (Fig. 3-28). Use the semigray or the band approximation. 

7.5 Repeat Problem 5.33 for the case that the top of the copper shield is coated with white epoxy paint 
(Fig. 3-33). 

7.6 A cubical enclosure has five of its surfaces maintained at 300 K, while the sixth is isothermal at 
1200 K. The entire enclosure is coated with a material that emits and reflects diffusely with 

fO.2, 0 < / l < 4 ^ m , 
1.8, 4yum < /i < 00. 

fO.2 
'̂̂ ==10.8 

Determme the net radiative heat fluxes on the surfaces. 

7.7 Repeat Problem 6.11 for the case that Surface 1 is coated with a material described in Problem 7.6. 

7.8 Repeat Problem 6.22 for the case that the comer is coated with a difliisely emitting, specularly re-
flecting layer whose spectral behavior may be approximated by 

_ / 0 . 8 , 
^''~10.2, 

0.8, 0<A<3ixm, 
3;L/m < A< 00. 

The line source coasists of a long filament at 2500 K inside a quartz tube, i.e., the source behaves like 
a gray body for A<2.5 fim but has no emission beyond 2.5 fum, 

7.9 Repeat Problem 6.25 for the case that the side wall A2 is coated with a diffusely emitting, specularly 
reflecting layer whose spectral behavior may be approximated by 

fO.l, 
10.8, 

0</l<3^m, 
3fim < A < 00. 
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7.10 During a materials processing experiment on the Space 
Shuttle (under microgravity conditions) a platinum sphere 
of 3 mm diameter is levitated in a large, cold black vac-
uum chamber. A spherical aluminum shield (with a cir-
cular cut-out) is placed around the sphere as shown, to 
reduce heat loss from the sphere. Initially, the sphere is 
at 200 K and is suddenly irradiated with a laser provid-
ing an irradiation of 100 W (normal to beam) to raise its 
temperature rapidly to its melting point (2741 K). Deter-
mine the time required to reach the melting point. You 
may assume the sphere to be essentially isothermal at all 
times, and the shield to have zero heat capacity. The plat-
inum and aluminum may be taken as diffuse emitters and 
reflectors with 

€pt = epts) \l — 

eAi 

e/xo = 0.25, /lo = 2/im, 

€ALO \I -J €AIO = 0.1, Ao = 2//m. 

(a) Use the semigray approximation, using gray values for reemission from sphere and shield. 

(h) Use the band approximation, splitting the spectrum into three appropriate bands. 

7.11 Repeat Problem 7.8 using subroutine bandapp of Appendix F (or modifying the sample program 
bandmxch). Break up each surface into Â  subsurfaces of equal width (n = 1,2,4,8). 

7.12 Repeat Problem 5.3 assuming that the furnace walls are made of alumina ceramic (aluminum oxide, 
Fig. 1-13). Use subroutine bandapp of Appendix F (or modifying the sample program bandmxch). 
Break up the spectrum into several parts, and compare your results for Â  = 1,2,3, and 5. 

7.13 Repeat Problem 5.20 assuming that the furnace walls are made of alumina ceramic (aluminum oxide. 
Fig. 1-13). Use subroutine semigray of Appendix F (or modifying the sample program semigrxch). 
Break up the groove surface into N subsurfaces of equal size (Â  = 2 and 4), but only consider 
incidence angles of 0 = 0° and 60°. 

7.14 Repeat Problem 6.22 for the case that the comer is cold (i.e., has negligible emission), and that the 
surface is gray and specularly reflecting with e = p ' = 0.5, but has a directional emittance/absorptance 
of 

e\e) = €„cosO, 

Determine local and total absorbed radiative heat fluxes. 

7.15 Consider two infinitely long, parallel plates of width u; = 1 m, spaced a distance h = 0.5 m apart (see 
Configuration 32 in Appendix D). Both plates are isothermal at 1000 K and are coated with a gray 
material with a directional emittance of 

€Xed^am^l-pXOi)^e„cosOi 

and a hemispherical emittance of 6 = 0.5. Reflection is neither diffuse nor specular, but the bidirec-
tional reflection function of the material is 

p"(^/,^r)=—p'(^/)cos^,. 

Write a small computer program to determine the total heat lost (per unit length) from each plate. 
Compare with the case for a diffusely emitting/reflecting surface. 



CHAPTER 

8 
SURFACE RADIATIVE 

EXCHANGE IN THE 
PRESENCE OF 

CONDUCTION AND 
CONVECTION 

8.1 INTRODUCTION 

In the previous few chapters we have considered only the analysis of radiative exchange in en-
closures with specified wall temperatures or fluxes, i.e., we have neglected interaction with other 
modes of heat transfer. In practical systems, of course, it is nearly always the case that radiation 
from a boundary is affected by conduction into the solid and/or by convection fi-om the surface. 
Then, two or three modes of heat transfer must be accounted for simultaneously. The interaction 
may be quite simple, or it may be rather involved. For example, heat loss from an isothermal 
surface of known temperature, adjacent to a radiatively nonparticipating medium, may occur by 
convection as well as radiation; however, convective and radiative heat fluxes are independent 
of one another, can be calculated independently, and may simply be added. If boundary con-
ditions are more complex (i.e., surface temperatures are not specified), then radiation enters the 
remaining conductioiVconvection problem as a nonlinear boundary condition. 

In a number of important applications, a conduction analysis needs to be performed on an 
opaque medium, which loses (or gains) heat from its surfaces by radiation (and, possibly, convec-
tion). In such cases radiation enters the conduction problem as a nonlinear boundary condition; 
however, the radiative flux in this boundary condition may depend on the radiative exchange in 
the surrounding enclosure. In other applications, conduction and/or convection in a transparent 
gas or liquid needs to be evaluated, bounded by opaque, radiating walls. Again, radiation enters 

250 
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r=7\ 
—A- 2t -^^i,<5 

io) 

FIGURE 8-1 
Schematic of a space radiator tube with longitudinal fins. 

(b) 

only as a boundary condition, with the transparent medium itself occupying the enclosure gov-
erning the radiative transfer. In both types of applications radiation and conduction-convection 
are interdependent, i.e., a change in radiative heat flux disturbs the overall energy balance at the 
surface, causing a change in temperature as well as conductive-convective fluxes, and vice versa. 

Many important applications of interactions between surface radiation and other modes of 
heat transfer have been reported in the literature. We will limit ourselves here to the discussion 
of a few very basic cases (/) to show the basic trends of how the difl'erent modes of heat transfer 
interact with one another, and (//) to outline some of the numerical schemes that have been used 
to solve such problems. At the end of each section a short description of more advanced problems 
is given, as well as a list of references. 

8.2 CONDUCTION AND SURFACE 
RADIATION—FINS 

The vast majority of combined conduction-surface radiation applications involve heat transfer 
through vacuum, e.g., heat loss from space vehicles or vacuum insulations. As a single example 
we will discuss here the performance of a simple rectangular-fin radiator used to reject heat from 
a spacecraft. 

Consider a tube with a set of radial fins, as schematically shown in Fig. 8-1. In order to 
facilitate the analysis, we will make the following assumptions: 

1. The thickness of each fin, 2/, is much less than its length in the radial direction, L, which 
in turn is much less than the fin extent in the direction of the tube axis. This implies that 
heat conduction within the fin may be calculated by assuming that the fin temperature is a 
function of radial distance, JC, only. 

2. End losses from the fin tips (by convection and radiation) are negligible, i.e., dTi/dxi (L) =^ 
0. 

3. The thermal conductivity of the fin material, k, is constant. 
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4. The base temperatures of all fins are the same, i.e., T\(0) = jg^O) = 7^, and the fin arrange-
ment is symmetrical, i.e., Ti(xi) = T2(x2 = X[\ etc. 

5. The surfaces are coated with an opaque, gray, diffusely emitting and reflecting material of 
unifonn emittance e. 

6. There is no extemal irradiation falling into the fin cavities (Ho = 0, 7^ = 0). 

The first three assumptions are standard simplifications made for the analysis of thin fins (see, 
e.g., Holman [1]), and the other three have been made to make the radiation part of the problem 
more tractable. Performing an energy balance on an infinitesimal volume element (of unit length 
in the axial direction) dV = 2tdx, one finds: 

conduction going in at x across cross-sectional area (It) 

= conduction going out at x-^dx 

+ net radiative loss from top and bottom surfaces (2 dx) 

or 

'2tk 
dT_ 

dx 
= -Itk—-

dx Lv+Jjc 
+ 2(7« dx. 

Expanding the outgoing conduction term into a truncated Taylor series. 

dT_ 

dx IjC+f/jC dx 

<fiT 
/ ' ^ ^ . ^ 

then leads to 

dx2 Tk^'- (8.1) 

Here qn(x) is the net radiative heat flux leaving a surface element of the fin, which may be deter-
mined in terms of surface radiosity, J, from equations (5.24) and (5.25) as^ 

qj,(xi) = Jixi)- \ J{x2)dFdi-.d2, 
JX2^0 

(8.2) 

J{xx) = ecrT\xx) + (1 - e) f J{x2)dFux-di^ (8.3) 
JjC2=0 

The expression for radiative heat flux may be simplified by eliminating the integral, equation (5.26), 

qniXi) = y— [o-T^^iX]) - JiiXi)] . (8.4) 

The view factor between two infinitely long strips may be found from Appendix D, Configuration 
5, or fi-om Example 4.1 as 

Pd\-d2 = 
x\ sin or jC2djC2 

2^ 

sirr ax\X2dx2 

2{x^ - 2x1^2 cosa + x^)^^^ 
(8.5) 

^For the radiative exchange it is advantageous to attach subscripts 1 and 2 to the ̂ -coordinates to distinguish contribu-
tions from different plates, even though T{x), Jix), /̂?W, etc., are the same along each of the fins. 
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Equation (8.1) requires two boundary conditions, namely, 

r(jc=0) = iS, ^ ( x = L ) = 0. (8.6) 

Before we attempt a numerical solution, it is a good idea to summarize the mathematical 
problem in terms of nondimensional variables and parameters, 

« = f . /(« = f , -. = 4ẑ . ^ = x. 
where 6 and^are nondimensional temperature and radiosity, and Â^ is usually called the conduction-
to-radiation parameter, sometimes also known as the Planck number. With these definitions, 

(fie 
d^-

subject to 

/d) = e0 (̂f) + (l-6) r M')Ki^,^')d^, (8.86) 
Jf'=0 

K{£,^') = ^ sin̂  a J ^ ' (8.8c) 
2 (^^-~2^f cosor + f'̂ )3/2 

^ (^=0)=1 , ^ ( ^ = 1 ) = 0. (8.8(^ 

As for convection-cooled fins, a/w efficiency, rip is defined, comparing the heat loss from 
the actual fin to that of an ideal fin (a black fin, which is isothermal at %). The total heat loss 
from an ideal fin (6 = 1, J = crT^) is readily determined from equation (8.2) and Appendix D, 
Configuration 34, as 

Qdeai = 2X ,̂,ideai = 21 cr7;/(l ~ F1.2) = 2X sin ^(TT^, (8.9) 

while the actual heat loss follows from Fourier's law applied to the base, or by integrating over 
the length of the fin, as 

ax 
= 2 1 q,^ 

=0 Jo 
{x)dx. (8.10) 

Thus, 

Octual^J^ll ._1^_1_ fV^/)^^, (8.11) 
^ Gdeai smf d£\) smf 1 - 6 Jo 

where the last expression is obtained by integrating equation (8.8a) across the fin. 
The set of equations (8.8) is readily solved by a host of different methods, including the 

net radiation method [finite-differencing equation (8.86) into finite-width isothermal strips, to 
which equation (5.34) can be applied] or any of the solution methods for Fredholm equations 
discussed in Section 5.5. Because of the nonlinear nature of the equations it is always advisable 
to employ the method of successive approximations, i.e., a temperature field is guessed, a radiosity 
distribution is calculated, an updated temperature field is determined by solving the differential 
equation (for a known right-hand side), etc. 
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FIGURE 8-2 
Radiative fin efficiency for longitudinal plate 
fins [2]. 

Sample results for the efficiency, as obtained by Sparrow and coworkers [2], are shown in 
Fig. 8-2. The variation of the fin efficiency is similar to that for a convectively cooled fin (with the 
heat transfer coefficient replaced by a "radiative heat transfer coefficient," h^ = AecrT^). Maxi-
mum efficiency is obtained for Nc -> oo, i.e., when conduction dominates and the fin is essentially 
isothermal. For 6 < 1 the efficiency is Hmited to values rjf < 1 since a black configuration will 
always lose more heat. It is also observed that the fin efficiency (but not the actual heat lost) 
increases as the opening angle a decreases: For small opening angles irradiation from adjacent 
fins reduces the net radiative heat loss by a large fraction, but not as much as for the "ideal" fin 
(with irradiation from adjacent fins, which are black and at U). 

Many other studies discussing the interaction of surface radiation and one-dimensional con-
duction may be found in the literature. For example, Hering [3] and Tien [4] considered the fins of 
Fig. 8-1 with specularly reflecting surfaces, and Sparrow and coworkers [2] investigated the influ-
ence of external irradiation. Fins connecting parallel tubes were studied by Bartas and Sellers [5], 
Sparrow and coworkers [6,7], and Lieblein [8]. Single annular fins (i.e., annular disks attached 
to the outside of tubes) were studied by Chambers and Sommers [9] (rectangular cross-section), 
Keller and Holdredge [10] (variable cross-section), and Mackay [11] (with external irradiation), 
while Sparrow and colleagues [12] investigated the interaction between adjacent fins. Various 
other publications have appeared dealing with diff'erent geometries, surface properties (including 
nongrayness eff'ects), irradiation conditions, etc. A partial listing is given with [13-35]. 

More recently, some researchers have considered combined conduction-surface radiation in 
media with cavities, such as porous media [36,37], packed beds of spheres [38], mirror furnaces 
[39], and honeycomb panels [40-42]. 

8.3 CONVECTION AND SURFACE 
RADIATION 

As in the case of pure convection heat transfer, it is common to distinguish between external flow 
and internal flow applications. If the flowing medium is air or some other relatively inert gas, 
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FIGURE 8-3 
Forced convection and radiation of a transparent medium flowing through a circular tube, subject to constant wail heat 
flux. 

the assumption of a transparent, or radiatively nonparticipating, medium is often justified. As an 
example we will consider here the case of a transparent gas flowing through a cylindrical tube 
of diameter D = 2R and length L, which is heated uniformly at a rate of quj (per unit surface 
area). As schematically shown in Fig. 8-3, the fluid enters the tube at :c = 0 with a mean, or bulk, 
temperature Zm. Over the length of the tube the supplied heat flux ,̂̂  is dissipated fi"om the inner 
surface by convection (to the fluid) and radiation (to the openings and to other parts of the tube 
wall), while the outer surface of the tube is insulated. The two open ends of the tube are exposed 
to radiation environments at temperatures T\ and T2, respectively. The inner surface of the tube 
is assumed to be gray, difi'usely emitting and diffusely reflecting, with a uniform emittance e. 
Finally, for a simphfied analysis, we will assume that the convective heat transfer coefliicient, h, 
between tube wall and fluid is constant, independent of the radiative heat transfer, and known. 

With these simplifications an energy balance on a control volume dV = nR^ x dx yields: 

or 

or 

enthalpy flux in at JC +convective flux in over rfjc = enthalpy flux out at jc+rfx, 

mCpTmix) + h[TuXx) - 7;„(.x)]InRdx = mCpTmix-^-dx) =mCp Tm(x)-^ -^(x)dx 

dTn^ 
dx 

2h 
pCpUmR 

[%ix)^Ux)]. 

(8.12) 

(8.13) 

where axial conduction has been neglected, and the mass flow rate has been expressed in terms 
of mean velocity as/w = pUmnR^. Equation (8.13) is a single equation for the unknown wall and 
bulk temperatures T^ix) and T^ix) and is subject to the inlet condition 

r^(x=0) = 7;,,. (8.14) 

An energy balance for the tube surface states that the prescribed heat flux q^^ is dissipated by 
conduction and radiation or, applying equation (5.26) for the radiative heat flux. 

qw = h [Ux) - Trnix)] + J— [(TT^^X) - J{x)]. (8.15) 

The radiosity J{x) is found from equation (5.24) as 

J{x) = ecrT^ix) + {\-e)L-T^^Fj,.i + err//v.-.2 + f J(x')dFd,-A. (8.16) 
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where F^x-x is the view factor from the circular strip of width dx at x to the opening at jc = 0, 
/VA_2 is the one to the opening at JC = L, and dF^x-dx' is the view factor between two circular 
strips located at x and x\ as indicated in Fig. 8-3. All view factors are readily determined from 
Appendix D, Configurations 9 and 31, and will not be repeated here. Equations (8.13), (8.15), 
and (8.16) are a set of three simultaneous equations in the unknown 7i(x), Tjn{x\ and J(JC), which 
must be solved numerically. Before we attempt such a solution, it is best to recast the equations 
in nondimensional form. Defining the following variables and parameters, 

f = ^ , e{e) = {—\'\ / ( ^ = - , (8.17a) 
D \ Iw I qw 

h .. h /ft„\i/4 S t = - ^ , H - ^ ^ r , (8.17.) 

13) through (8.16) to 

= 4 St K(^) - e^{£)], OnX^^O) = Omu (8.18) 

PCpUm 

transforms equations (8.13) through (8.16) to 

dOrn 

M) = e^M) + (1 - ^)UxPd^-x + ^iPd^-i + J^ M')dF,^-d,\ (8.20) 

Equation (8.19) becomes indeterminate for e = 1. For the case of a black t u b e ^ = ^^ and 
equations (8.19) and (8.20) may be combined as 

nUD 

1 = E%i^) - em{^)\ + ^.(^) - ^/v^-1 - ^iPd^-i - ti^')dFd^-a^', (8.21) 
Jo 

Example 8.1. A transparent gas flows through a black tube subject to a constant heat flux. The convec-
tive heat transfer coefficient is known to be constant such that Stanton numbers and the nondimensional 
heat transfer coefficient are evaluated as St = 2.5 x 10"̂  and / / = 0.8. The environmental temperatures 
at both ends are equal to the local gas temperatures, i.e., B\ - d„a and 92 = ^m2 = ^m{^ = ^ /^ ) , and the 
nondimensional inlet temperature is given as O^i = 1.5. Determine the (nondimensional) wall temper-
ature variation as a function of relative tube length, L/D, using the numerical quadrature approach of 
Example 5.10. 

Solution 
Since the tube wall is black we have only two simultaneous equations, (8.18) and (8.21), in the two un-
knowns 6„, and 6,,^. However, the equations are nonlinear; therefore, an iterative procedure is necessary. 
For simplicity, we will adopt a simple backward finite-difi^erence approach for the solution of equa-
tion (8.18), and the numerical quadrature scheme of equation (5.50) for the integral in equation (8.21). 
Evaluating temperatures at Â  + 1 nodal points ,̂ = /Af (/ = 0,1, . . . , AT) where A^ = L/{ND), this 
implies 

i= l ,2 , . . . ,M 

« C , ( r ) - ^ d e ^ ^ y 9 e j ( § ) m , f , ) , /=o.i,...,/v, 
where the cj are quadrature weights and, from Configuration 9 in Appendix D,̂  

^Note that K{^,^') has a sharp peak at f' = ̂ . Therefore, and also in light of the truncation error in the finite-
differencing of dOm/d^y it is best to limit the quadrature scheme to Simpson's rule [43]. 
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Similarly, the two view factors to the openings are evaluated from Configuration 31 in Appendix D as 

>/4'+i 
where 

y = 0 if A- = 1 (opening at ^ = ^ = 0), 

7 = iV if A: = 2 (opening at ̂  = f., = LjU), 

To solve for the unknown O^iQ and 6/a,(̂ /), we adopt the following iterative procedure: 

1. A wall temperature is guessed for all wall nodes, say, 

W^/) = ^i. / = 0, l , . . . , i^ . 

2. A temperature difference is calculated from equation (8.21), i.e., 

./=o 

3. The gas bulk temperature is calculated from equation (8.18) as 

4. An updated value for the wall temperatures is then determined from the definition for 0„ that is, 

C"(^/) = ^ Om{^t)^^<Pi ^(\^a>)Cia 

where oj is known as the relaxation parameter. The iteration scheme is called underrelaxed ifoj< 1, 
and overrelaxed if a> > 1. If w is chosen too large, the iteration will become unstable and not 
converge at all. A good or optimal value for the relaxation parameter must usually be found by trial 
and error. Detailed discussions on relaxation may be found in standard numerical analysis texts such 
as [44,45]. Some representative results are shown in Fig. 8-4 for several values of L/D. Because of 
the strong nonlinearity of the problem, and the crude numerical scheme employed here, large numbers 
of nodes are necessary to achieve good accuracy (N ^ 40L/D), together with strong underrelaxation 
((o < 0.02). 

For the case of pure convection (e = 0, or 0, = 1) the tube wall temperature rises linearly with axial 
distance, since constant wall heat flux implies a linear increase in bulk temperature and, therefore, 
(assuming a constant heat transfer coefficient) in surface temperature. This is not the case if radiation 
is present, in particular for short tubes (small L/D). Near both ends of the tube, much of the radiative 
energy leaves through the openings, causing a distinct drop in surface temperature. For long tubes 
{L/D > 50) the surface temperature rises almost linearly over the central parts of the tube, although the 
temperature stays below the convection-only case: Due to the higher temperatures downstream, some 
net radiative heat flux travels upstream, making overall heat transfer a little more efficient. It should 
be noted here that the assumption of a constant heat transfer coefficient is not particularly realistic, 
since it implies a fully developed thermal profile. It is well known that for pure convection h -^ oo 
at the inlet and, thus, Ou>(^ = 0) = 1 [1]. Near the inlet of a tube the actual temperature distribution 
for pure convection is very similar to the one depicted in Fig. 8-3, which is driven by radiation losses. 
Although for pure convection a fully developed thermal profile and constant h are eventually reached (at 
L/D > 20 for turbulent flow), in the presence of radiation a constant heat transfer coefficient is never 
reached (because the radiation term makes the governing equations nonlinear). 

A number of researchers have investigated combined convection and radiation for a trans-
parent flowing medium. Flow through circular tubes was considered by Siegel and cowork-
ers [46-48] for a number of situations, but always assuming a constant and known heat transfer 
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FIGURE 8-4 
Axial surface temperature development for combined convection and surface radiation in a black tube subjected to constant 
wall heat flux. 

coefficient. Dussan and Irvine [49] and Chen [50] calculated the local convection rate by solving 
the two-dimensional energy equation for the flowing medium, but they made severe simplifica-
tions in the evaluation of radiative heat fluxes. The most general tube flow analysis has been 
carried out by Thorsen and Kanchanagom [51, 52]. Similar problems for parallel-plate chan-
nel flow were investigated by Keshock and Siegel [53] (for a constant heat transfer coefficient) 
and Lin and Thorsen [54] (for two-dimensional convection calculations). Combined radiation and 
forced convection of extemal flow across a flat plate has been addressed by Cess [55,56], Sparrow 
and Lin [57], and Sohal and Howell [58]. Fluidized bed heat transfer has also been investigated 
by a number of researchers [59-61] and, finally, the interaction between surface radiation and fi*ee 
convection has been studied, both numerically and experimentally [62-71]. 
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Problems 

8.1 A satellite shaped like a sphere (/? = 1 m) has a gray-diffuse surface ^sol 

coating with Cy = 0.3 and is fitted with a long, thin, cylindrical antenna, | | | | | | | | | 
as shown in the adjacent sketch. The antenna is a specular reflector T T T T T T T T T 
with ea = 0.1, Ai, = 100 W/mK, and d = 1 cm. Satellite and antenna 
are exposed to solar radiation of strength ŝoi = 1300 W/m^ fi-om a 
direction normal to the antenna. Assuming that the satellite produces 
heat at a rate of 4 kW and—due to a high-conductivity shell— îs essen-
tially isothermal, determine the equilibrium temperature distribution along the antenna. (Hint: Use 
the fact that d <^RnoX only for conduction calculations, but also for the calculation of view factors.) 

Refractoiy 
bikk 

8.2 In the emissometer of Vader and coworkers [72] and Sikka [73], 
the sample is kept inside a long silicon carbide tube that in turn, 
is inside a furnace, as shown in the sketch. The furnace is heated 
with a number of SiC heating elements, providing a uniform flux 
over a 45 cm length as shown. Assume that there is no heat loss 
through the refi-actory brick or the bottom of the furnace, that 
the inside heat transfer coefficient for free convection (with air at 
600''C) is 10 W/m^ K, that the silicon carbide tube is gray-diffuse 
{€ = 0.9, k - 100W/mK), and that the sample temperature 
is equal to the SiC tube temperature at the same height. What 
must be the steady-state power load on the fiimace to maintain a 
sample temperature of 1000°C? In this configuration a detector 
receiving radiation from a small center spot of the sample is sup-
posedly getting the same amount as from a blackbody at lOOO'̂ C 
(cf. Table 5.1). What is the actual emittance sensed by the detector, i.e., what systematic error is 
caused by this near-blackbody, if the sample is gray and diffuse with e;v = 0.5? 

0.5 cm-^ [^5 cm—] 

8 3 A long, thin, cylindrical needle ( I » D) is attached perpendicularly to a large, isothermal base plate 
at r = 7J, = const. The base plate is gray and diffuse (e^ = or/,), while the needle is nongray and diffuse 
(6 ^ a). The needle exchanges heat by convection and radiation with a large, isothermal environment 
at Too. 

(a) Neglecting heat losses from the free tip of the needle, formulate the problem for the calculation 
of needle temperature distribution, total heat loss, and fin efficiency. 

{b) Implement the solution numerically for Z = 1 m, /) = 1 cm, k = 10 W/m K, /i = 40 W/m^ K, 
€ = 0.8, a = 0.4, €/, = 0.8, % = 1000 K, T^ = 300 K. 

8.4 A thermocouple with a 0.5 mm diameter bead is used to measure the local temperature of a hot, 
radiatively nonparticipating gas flowing through an isothermal, gray-diffuse tube (7;, = 300 K, 6„, = 
0.8). The thermocouple is a diffuse emitter/specular reflector with €h = 0.5, and the heat transfer 
coefficient between bead and gas is 30 W/m^ K. 

(a) Determine the thermocouple error as a function of gas temperature (i.e., lU ~ Tg\ vs. Tg). 
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(b) In order to reduce the error, a radiation shield in the form of a thin, stainless-steel cylinder 
(e = 0.1, R~ 2 mm, L = 20 mm) is placed over the thermocouple. This also reduces the heat 
transfer coefficient between bead and gas to 15 W/m^ K, which is equal to the heat transfer 
coefficient on the inside of the shield. On the outside of the cylinder the heat transfer coefficient 
is 30 W/m' K. Determine error vs. gas temperature for this case. 

To simplify the problem, you may make the following assumptions: (/) the leads of the thermocouple 
may be neglected, (//) the shield is very long as far as the radiation analysis is concerned, (iii) the 
shield reflects diffusely. 

8.5 Repeat Problem 5.33 for the case in which a radiatively nonparticipating, stationary gas (k - 0.04 
W/m K) is filling the 1 cm thick gap between surface and shield. 



CHAPTER 

9 
THE EQUATION OF 
RADIATIVE 
TRANSFER IN 
PARTICIPATING 
MEDIA 

9;l INTRODUCTION 

In previous chapters we have looked at radiative transfer betv^een surfaces that were separated by 
vacuum or by a transparent ("radiatively nonparticipating") medium. However, in many engineer-
ing applications the interaction of thermal radiation with an absorbing, emitting, and scattering 
("radiatively participating") medium must be accounted for. Examples in the heat transfer area 
are the burning of any fuel (be it gaseous, hquid or solid; be it for power production, within fires, 
within explosions, etc.), rocket propulsion, hypersonic shock layers, ablation systems on reentry 
vehicles, nuclear explosions, plasmas in fusion reactors, and many more. 

In the present chapter we shall develop the general relationships that govern the behavior of 
radiative heat transfer in the presence of an absorbing, emitting, and/or scattering medium. We 
shall begin by making a radiative energy balance, known as the Equation of Radiative Transfer, 
which describes the radiative intensity field within the enclosure as a function of location (fixed by 
location vector r), direction (fixed by imit direction vector s) and spectral variable (wavenumber 
77).̂  To obtain the net radiative heat flux crossing a surface element, we must sum the contribu-
tions of radiative energy irradiating the surface from all possible directions and for all possible 

În our discussion of surface radiative transport we have used wavelength A as the spectral variable throughout, largely 
to conform with the majority of other publications. However, for gases, frequency v or wavenumber TJ are considerably 
more convenient to use. Again, to conform with the majority of the literature, we shall use wavenumber throughout this 
part. 

263 
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(a) (b) 

FIGURE 9-1 
Radiative intensity in vacuum. 

wavenumbers. Therefore, integrating the equation of transfer over all directions and v^avenum-
bers leads to a conservation of radiative energy statement applied to an infinitesimal volume. 
Finally, this will be combined with a balance for all types of energy (including conduction and 
convection), leading to the Overall Conservation of Energy equation. 

In the following three chapters we shall deal with the radiation properties of participating 
media, i.e., with how a substance can absorb, emit, and scatter thermal radiation. In Chapter 
10 we discuss how a molecular gas can absorb and emit photons by changing its energy states, 
how to predict the radiation properties, and how to measure them experimentally. Chapter 11 is 
concerned with how small particles interact with electromagnetic waves—how they absorb, emit, 
and scatter radiative energy. Again, theoretical as well as experimental methods are covered. 
Finally, in Chapter 12 a very brief account is given of the radiation properties of solids and liquids 
that allow electromagnetic waves of certain wavelengths to penetrate into them for appreciable 
distances, known as semitransparent media. 

92 RADIATIVE INTENSITY IN VACUUM 

Before we discuss how radiative intensity is affected by absorption, emission, and scattering, it 
is important to understand how intensity penetrates through a vacuum. When discussing surface 
radiation we noticed that the concept of intensity had one advantage over emissive power, namely, 
that the emitted intensity from a black surface did not vary with direction. Within a mediimi, the 
definition of an emissive power is not possible since there is no surface to which to relate it. The 
intensity, defined as radiative energy transferred per unit time, solid angle, spectral variable, and 
area normal to the pencil of rays, is the most appropriate variable to describe the radiative transfer 
within a medium. 

Consider radiative intensity penetrating at normal angle through a (fictitious) infinitesimal 
area dA\, at location î and time t\, as shown in the sketch of Fig. 9-1. Based on the definition of 
intensity, we see that the amount of energy passing through dA\ over a duration dt and spectral 
range drj that will—a little later—fall onto the infinitesimal surface dA2, is 

Ji^{s\ J\)dt JQi_>2 drj dA\ = l^{s\, t\)dt 
dAi 

{S2-S\)-
dr]dA\, 

where (iQi-*2 is the solid angle with which dAi is seen from an observer on dA\, Since it takes 
the radiation until the time t2 = t[ + (sj - s\)/c to travel from .̂ i to ^2, we can say that the energy 
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going through dAi that is coming from dA\ is 

Irjisi, ti) dtda2-*\ d7]dA2 = Irj(s2. 2̂) dt- ^—^ drjdAi. 

Since both energies must be equal, we conclude that 

lj{^lJ\Hsi-Sx)lc) = IrjiSxAl (9.1) 

Since the speed of light is so large in comparison with nearly every time scale in engineer-
ing problems, we may almost always assume that the radiative energy arrives "instantaneously" 
everywhere in the medium,^ or 

or 
/,;(§) = const. (9.2) 

Therefore, within a radiatively nonparticipating medium, the radiative intensity in any given di-
rection is constant along its path. This property of the intensity makes it a most suitable quantity 
for the description of absorption, emission and scattering of energy within a medium, because any 
changes in intensity along any given path must be due to one or more of these phenomena. 

9-3 ATTENUATION BY ABSORPTION AND 
SCATTERING 

If the medium through which radiative energy travels is "participating," then any incident beam 
will be attenuated by absorption and scattering while it travels through the medium, as schemat-
ically shown in Fig. 9-2. In the following we shall develop expressions for this attenuation for a 
light beam which travels within a pencil of rays into the direction §. The present discussion will be 
limited to media with constant refractive index, i.e., media through which electromagnetic waves 
travel along straight lines [while a varying refractive index will bend the ray, as shown by Snell's 
law, equation (2.71), for an abrupt change]. It is further assumed that the medium is stationary 
(as compared to the speed of light), that it is nonpolarizing and that it is at local thermodynamic 
equilibrium (LTE). 

Absorption 

The absolute amount of absorption has been observed to be directly proportional to the magnitude 
of the incident energy as well as the distance the beam travels through the medium. Thus, we may 
write, 

(<^/;7)abs = -Kjjirjds, (9.3) 

where the proportionality constant KJJ is known as the (linear) absorption coefficient, and the 
negative sign has been introduced since the intensity decreases. As will be discussed in the 
following chapter, the absorption of radiation in molecular gases depends also on the number of 
receptive molecules per unit volxune, so that some researchers use a mass absorption coefficient 
or a pressure absorption coefficient, defined by 

(^//7)abs = -Kpjjijjpds = -Kprjirjpds, (9.4) 

^ Using slightly different ar̂ guments this relation had already been established during the discussion on surface radiation 
bet\\'een nonideal surfaces, equation (7.9). 
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Photons 

Particles 

Absorbed photons 

u\/\r^u\f\/^*' 

FIGURE 9-2 
Attenuation of radiative intensity by absorption and scattering. 

Transmitted photons 

The subscripts p and p are used here only to demonstrate the differences between the coefficients. 
The reader of scientific literature often must rely on the physical units to determine the coefficient 
used. 

Integration of equation (9.3) over a geometric path s results in 

I,(s) = 1,(0) exp (^ j ; ; K, ds) = 1,(0) e~'\ 

where 

Jo 
ds 

(9.5) 

(9.6) 

is the optical thickness (for absorption) through which the beam has traveled and 7̂ ,(0) is the in-
tensity entering the medium at.? = 0. Note that the (Hnear) absorption coefficient is the inverse of 
the mean free path for a photon until it undergoes absorption. One may also define an absorptivity 
for the participating medium (for a given path within the medium) as 

^l,(0)-^I,(s) ^ 
(9.7) 

Scattering 
Attenuation by scattering, or "out-scattering" (away from the direction under consideration), is 
very similar to absorption, i.e., a part of the incoming intensity is removed from the direction 
of propagation, s. The only difference between the two phenomena is that absorbed energy is 
converted into internal energy, while scattered energy is simply redirected and appears as aug-
mentation along another direction (discussed in the next section), also known as "in-scattering." 
Thus, we may write 

(dIn)sc. = -oin^nds, (9.8) 

where the proportionality constant as, is the (linear) scattering coefficient for scattering from the 
pencil of rays under consideration into all other directions. Again, scattering coefficients based on 
density or pressure may be defined. It is also possible to define an optical thickness for scattering, 
where the scattering coefficient is the inverse of the mean free path for scattering. 
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Total Attenuation 
The total attenuation of the intensity in a pencil of rays by both absorption and scattering is known 
as extinction. Thus, an extinction coefficient is defined^ as 

The optical distance based on extinction is defined as 

=x fi,jds. (9.10) 
0 

As for absorption and scattering, the extinction coefficient is sometimes based on density or pres-
sure. 

9,4 AUGMENTATION BY EMISSION AND 
SCATTERING 

A light beam traveling through a participating medium in the direction of s loses energy by ab-
sorption and by scattering away from the direction of travel. But at the same time it also gains 
energy by emission, as well as by scattering from other directions into the direction of travel s. 

Emission 
The rate of emission from a volume element will be proportional to the magnitude of the volume. 
Therefore, the emitted intensity (which is the rate of emitted energy per unit area) along any path 
again must be proportional to the length of the path, and it must be proportional to the local energy 
content in the medium. Since, at thermodynamic equilibrium, the intensity everywhere must be 
equal to the blackbody intensity, it will be shown in Chapter 10, equation (10.16), that 

(dlrf)cm =KjjlbTjds, (9.11) 

that is, the proportionality constant for emission is the same as for absorption. Similar to ab-
sorptivity, one may also define an emissivity of an isothermal medium as the amount of energy 
emitted over a certain path s that escapes into a given direction (without having been absorbed 
between point of emission and point of exit), as compared to the maximum possible. Combining 
equations (9.3) and (9.11) gives the complete equation of transfer for an absorbing-emitting (but 
not scattering) medium as 

^=K,ik„-I,), (9.12) 

where the first term of the right-hand side is augmentation due to emission and the second term is 
attenuation due to absorption. The solution to the equation of transfer for an isothermal gas layer 
of thickness s is 

l,(s) = I,(O)e-'^^k,{l-e-''0. (9.13) 

where the optical distance has been defined in equation (9.6). If only emission is considered, 
/r/(0) = 0, and the emissivity is defined as 

e^ = ip)/k^= l^e-''\ (9.14) 

which, as is the case with surface radiation, is identical to the expression for absorptivity. 

^Care must be taken to distinguish the dimensional extinction coefficient)5,̂  from the absorptive index, i.e., the imagi-
nary part of the index of refraction complex k (sometimes referred to in the literature as the "extinction coefficient"). 
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FIGURE 9-3 
Redirection of radiative intensity 
by scattering. 

Scattering 
Augmentation due to scattering, or "in-scattering," has contributions from all directions and, 
therefore, must be calculated by integration over all solid angles. Consider the radiative heat 
flux impinging on a volume element dV = dA ds, from an infinitesimal pencil of rays in the di-
rection §/ as depicted in Fig. 9-3. Recalling the definition for radiative intensity as energy flux 
per unit area normal to the rays, per unit solid angle, and per unit wavenumber interval, one may 
calculate the total spectral radiative heat flux impinging on dA from within the solid angle dQ.i as 

Ir^{%i){dA%r^)d0.idr], 

This flux travels through c/F for a distance dsjlt • s. Therefore, the total amount of energy scattered 
away from §/ is, according to equation (9.8), 

cr,,{l,,{%){dA s,. s) Ja^ /7 ) ( A ] = (Ts,,lSi)dAdaidrjds, (9.15) 

Of this amount, the fraction 0;y(s/, s) dQ./47i is scattered into the cone dO. around the direction 
§. The function d^r} is called the scattering phase function and describes the probability that a 
ray from one direction, §/, will be scattered into a certain other direction, s. The constant 4n is 
arbitrary and is included for convenience [see equation (9.18) below]. 

The amoimt of energy flux from the cone dQi scattered into the cone dQ is then 

CTsjjIriiSi) dA dQi drj ds 
0,(s/,§) 

An da (9.16) 

We can now calculate the energy flux scattered into the direction § from all incoming directions 
S/ by integrating: 

/ \ r do. 
[dU ($)dAdad7]= cr,,jIrf(Si)dAdQidT]ds%iSi,§)-—, 

or 
(dlrj)js) = ds^ J I,(%)%(Si. s ) d a . (9.17) 

Returning to equation (9.16), we find that the amount of energy flux scattered from dQi into all 
directions is 

(Ts^Irj{%i)dAdQ.idj]ds— I <!>,,(§/, s)t/Q, 
^^ J An 
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FIGURE 9-4 
Pencil of rays for radiative energy balance. 

which must be equal to the amount in equation (9.15). We conclude that 

^ f a),(s„s)rfa^i. (9.18) 

Therefore, if O;; = const, i.e., if equal amounts of energy are scattered into all directions (called 
isotropic scattering), then O;̂  = 1. This is the reason for the inclusion of the factor 4;r. 

9.5 THE EQUATION OF TRANSFER 

We can now make an energy balance on the radiative energy travehng in the direction of s within 
a small pencil of rays as shown in Fig. 9-4. The change in intensity is found by summing the 
contributions from emission, absorption, scattering away from the direction s, and scattering into 
the direction of s, from equations (9.3), (9.8), (9.11), and (9.17) as 

Ijis-^-ds, S, t-^dt) - Irjis, S, 0 = Krflhrjis, t) ds - Krjlr^is, S, / ) d s 

-a:srj^sXt)ds^^ f ^sd%(%rs)dnids. (9.19) 
4;r J4;r 

This equation is Lagrangian in nature, i.e., we are following a ray from s to s+ds; since the ray 
travels at the speed of light c, ds and dt are related through ds = cdt. The outgoing intensity may 
be developed into a truncated Taylor series, or 

dl„ dL 
Us-^ds, s, t-\-dt) = Us, s, 0 + dt-^ + J ^ ^ , (9.20) 

Ot OS 

so that equation (9.19) may be simplified to 

4 , - V v - ^ " / . + ^ J /,(§,) ,̂(§/,§)rfQ/. (9.21) c dt ds 
77 ^^n r 

In this equation of transfer, or radiative transfer equation (commonly abbreviated as RTE), all 
quantities may vary with location in space, time and wavenumber, while the intensity and the 
phase function also depend on direction § (and §/). Only the directional dependence, and only 
whenever necessary, has been explicitly indicated in this and the following equations, to simplify 
notation. As indicated earlier, the development of this equation is subject to a number of sim-
plifying assumptions, viz., the medium is homogeneous and at rest (as compared to the speed of 
light), the medium is nonpolarizing and the state of polarization is neglected, the medium is at 
local thermodynamic equiUbrium, and the medium has a constant index of refraction. An elab-
orate discussion of these hmitations has been given by Viskanta and Mengiig [1]. The RTE for 
a medium with varying refractive index has been given, e.g., by Pomraning [2], and some recent 
developments have been reported by Ben-Abdallah [3]. 

Equation (9.21) is valid anywhere inside an arbitrary enclosure. Its solution requires knowl-
edge of the intensity for each direction at some location s, usually the intensity entering the 
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FIGURE 9-5 
Enclosure for derivation of equation of transfer. 

medium through or from the enclosure boundary into the direction of s, as indicated in Fig. 9-5. 
We have not yet brought the equation of transfer into its most compact form so that the four dif-
ferent contributions to the change of intensity may be clearly identified. Equation (9.21) is the 
transient form of the equation of transfer. 

Over the last few years, primarily due to the development of short-pulsed lasers, with pulse 
durations in the ps or fs range, transient radiation phenomena have been becoming of increasing 
importance [4]. However, for the vast majority of engineering applications, the speed of hght is 
so large compared to local time and length scales that the first term in equation (9.21) may be 
neglected. We have presented here the full equation for completeness, but will omit the transient 
term during the remainder of this book (with the exception of a very brief discussion on pulsed 
laser irradiation in Chapter 18). 

After introducing the extinction coefficient defined in equation (9.9), one may restate equa-
tion (9.21) in its quasi-steady form as 

dl, 
ds 

^ = s . V/, = K,,h, -P,Irj + ^ J /,(§,) <D,(s„s)t/a-, (9.22) 

where the intensity gradient has been converted into a total derivative since we assume the process 
to be quasi-steady. The equation of transfer is often rewritten in ternis of nondimensional optical 
coordinates (see Fig. 9-5), 

r,j= f (K,j + (Ts,j)ds= { Prjds, (9.23) 
Jo Jo 

and the single scattering albedo, defined as 

leading to 

d%j 

^ST] ^StJ 

^7 - — 7 ~ " ^ ' 

-/„ + (l-a>„)4,+ g£ / , ( 

(9.24) 

(9.25) 
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The last two terms in equation (9.25) are often combined and are then known as the source func-
tion for radiative intensity, 

5,(7 ;̂, §) = ( ! - co^yh, + ^ j ^ /,(§,) <D,(s,-, s) dO,. (9.26) 

Equation (9.25) then assumes the deceptively simple form of 

^ + / , = 5,(T„§), (9.27) 

which is, of course, an integro-difFerential equation (in space, and in two directional coordinates 
with local origin). Furthermore, the Planck function 4;; is generally not known and must be found 
by considering the overall energy equation (adding derivatives in the three space coordinates and 
integrations over two more directional coordinates and the wavenumber spectrum). 

9-6 FORMAL SOLUTION TO THE 
EQUATION OF TRANSFER 

If the source function is known (or assumed knoAvn), equation (9.27) can be formally integrated 
by the use of an integrating factor. Thus, multiplying through by e '̂ results in 

^(/„e '= ') = i;,(r„§)e^', (9.28) 

which may be integrated from a point 5' = 0 at the wall to a point s' = s inside the medium (see 
Fig. 9-5), so that 

/,(T,) = /,(0) e-'n + r 5;̂ (r;, §) e'^^-<^ dr'^, (9.29) 
•-' 0 

where r^ is the optical coordinate at 5 = 5'. 
Physically, one can readily appreciate that the first term on the right-hand side of equa-

tion (9.29) is the contribution to the local intensity by the intensity entering the enclosure at 
5 = 0, which decays exponentially due to extinction over the optical distance TTJ. The integrand of 
the second term, Srj(r^jj)dT' on the other hand, is the contribution from the local emission at r ' 
attenuated exponentially by self-extinction over the optical distance between the emission point 
and the point under consideration, Tfj - T̂ .̂ The integral, finally, sums all the contributions over the 
entire emission path. 

Equation (9.29) is a third-order integral equation in intensity Ijj. The integral over the source 
function must be carried out over the optical coordinate (for all directions), while the source 
function itself is also an integral over a set of direction coordinates (with varying local origin) 
containing the unknown intensity. Furthermore, usually the temperature and, therefore, the black-
body intensity are not known and must be found in conjunction with overall conservation of 
energy. There are, however, a few cases for which the equation of transfer becomes considerably 
simplified. 

Nonscattering Medium 

sane 

/,(T,) = 7,(0) e-'^ + r 4 , ( T ; ) e-^'^rrO dr^^^ (93O) 
K) 0 

If the medium only absorbs and emits, the source function reduces to the local blackbody intensity, 
and 
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FIGURE 9-6 
Isothermal sphere for Example 9.1. 

This equation is an explicit expression for the radiation intensity if the temperature field is known. 
However, generally the temperature is not known and must be found in conjunction with overall 
conservation of energy. 

Example 9.1. What is the spectral intensity emanating from an isothermal sphere bounded by vacuum 
or a cold black wall? 

Solution 
Because of the symmetry in this problem, the intensity emanating from the sphere surface is only a 
function of the exit angle. Examining Fig. 9-6, we see that equation (9.30) reduces to 

Jo 

But for a sphere 
Ts = 2 T « C 0 S ^ , 

regardless of the azimuthal angle. Therefore, with IhrjiTs) = 4^ - const, the desired intensity turns out to 
be 

A(r.,^) = 4,.-̂ ^^ -̂̂ -<>["^ '̂̂ ' = 4,(1 ^.-^^«-^). 

Thus, for TR » 1 the isothermal sphere emits equally into all directions, like a black surface at the same 
temperature. 

The Cold Medium 
If the temperature of the medium is so low that the blackbody intensity at that temperature is 
small as compared with incident intensity, then the equation of transfer is decoupled from other 
modes of heat transfer. However, the goveming equation remains a third-order integral equation, 
namely, 

/,(7^„s) = l,{0)e-'^ ^ f ' ^ j , ^^/(<»S/)^.(Si>§)^a-^"^'''^^^T;- (9.31) 

If the scattering is isotropic, or <(> = 1, the directional integration in equation (9.31) may be carried 
out, so that 

I,(T„ §) = 7,(0)e-'- + 4^ J ' ' 0^,0,(7^,) e<'-<-<>^ dr'„, (9.32) 

where 

G,{T)= f I„(T;A)dai (9.33) 
J 4n 
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FIGURE 9-7 
Geometry for Example 9.2. 

is known as the incident radiation function (since it is the total intensity impinging on a point 
from all sides). The problem is then much simplified since it is only necessary to find a solution 
for G [by direction-integrating equation (9.32)] rather than determining the direction-dependent 
intensity. 

Purely Scattering Medium 

If the medium scatters radiation, but does not absorb or emit, then the radiative transfer is again 
decoupled from other heat transfer modes. In this case C(>;; = 1, and the equation of transfer 
reduces to a fonn essentially identical to equation (9.31), i.e., 

/,(T,, §) = 7,(0) e''^ ^^P J Wr s/) %^^i^ §) d^i "̂̂ ''"''̂  K (̂ .34) 

Again, for isotropic scattering, this equation may be simpHfied by introducing the incident radia-
tion, so that 

/,(T,, s) = !,{{)) e-^'^ + i - p G,(r'^, s) e'^^r^) j ^ ; . (9.35) 

Example 9.2. A large isothermal black plate is covered with a thin layer of isotropically scattering, 
nonabsorbing (and, therefore, nonemitting) material with unity index of refraction. Assuming that the 
layer is so thin that any ray emitted from the plate is scattered at most once before leaving the scattering 
layer, estimate the radiative intensity above the layer in the direction normal to the plate. 

Solution 
The exiting intensity in the normal direction (see Fig. 9-7) may be calculated from equation (9.35) by 
retaining only terms of order r̂  or higher (since r̂  «: 1), This process leads to e'"^ - \ - Xr^ + &{T^\ 
G(rlj) = G(Ttj) + &(T,J) (radiation to be scattered arrives unattenuated at a point), and e~̂ '̂'~'v̂  = 1 - (̂ (r̂ ) 
(scattered radiation will leave the medium without further attenuation), so that 

wn r̂e the intensity emanating from the plate is known since the plate is black. The incident radiation at 
any point is due to unattenuated emission from the bottom plate arriving from the lower 2n solid angles, 
and nothing coming from the top 2n solid angles, i.e., Grj » Inlhrj and 

Inn = 4,(1 - T,) + ^k,r, + ^(T;) = k, (l - I ) + (^{r',y 

Physically this result tells us that the emission into the normal direction is attenuated by the fraction 
Tjj (scattered away from the normal direction), and augmented by the fraction T^/2 (scattered into the 
normal direction): Since scattering is isotropic, exactly half of the attenuation is scattered upward and 
half downward; the latter is then absorbed by the emitting plate. Thus, the scattering layer acts as a heat 
shield for the hot plate. 
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FIGURE 9-8 
Radiative intensity reflected from a sur-
face. 

9.7 BOUNDARY CONDITIONS FOR THE 
EQUATION OF TRANSFER 

The equation of transfer in its quasi-steady form, equation (9.22), is a first-order differential equa-
tion in intensity (for a fixed direction s). As such, the equation requires knowledge of the radiative 
intensity at a single point in space, into the direction of s. Generally, the point where the intensity 
can be specified independently lies on the surface of an enclosure surrounding the participating 
medium, as indicated by the formal solution in equation (9.29). This intensity, leaving a wall 
into a specified direction, may be determined by the methods given in Chapter 5 (diffusely emit-
ting and reflecting surfaces), Chapter 6 (diffusely emitting and specularly reflecting surfaces) and 
Chapter 7 (surfaces with arbitrary characteristics). 

Diffusely Emitting and Reflecting Opaque 
Surfaces 
For a surface that emits and reflects diffusely, the exiting intensity is independent of direction. 
Therefore, at a point r^ on the surface, from equations (5.18) and (5.19), 

/(r,,, s) = /(r„,) = J(r^)/n = €(r^) 4(r,,) + p(r„,) //(r„,)/;r, (9.36) 

where H(ru,) is the hemispherical irradiation (i.e., incoming radiative heat flux) defined by equa-
tion (3.41), leading to 

/(r,, s) = 6(r,,) 4(r ,) + ^ ^ f /(r,, §') |ii • §1 dn\ (9.37) 
^ Jiir<0 

where n is the local outward surface normal and n • s' = cos^ is the cosine of the angle between 
any incoming direction s' and the surface normal, as indicated in Fig. 9-8. Therefore, the outgoing 
intensity is not generally known explicitly, but is related to the incoming intensity. An exception 
is the black surface, for which (with p = 0), 

/(r, ,s) = 4(r ,) . (9.38) 

Difliisely Emitting, Specularly Reflecting, 
Opaque Surfaces 
If the reflectance of the surface has a specular as well as a diffuse component, i.e., the reflectance 
obeys equation (6.1), then the outgoing intensity also consists of two components. One part of 
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the outgoing intensity is due to diffuse emission as well as the diffuse fraction of reflected energy, 
as described by equation (9.37). In addition, the outgoing intensity has a specularly reflected 
component,'̂  so that 

/(r„„ s) = 6(r,,) 4(r ,) + ^ ^ f /(r,„ §') In • s V Q ' + p^r,,) /(r,„ s,), (9.39) 

where % is the "specular direction," defined as the direction from which a light beam must hit the 
surface in order to travel into the direction of § after a specular reflection. This direction is, from 
Fig. 9-8, s + {-%) = 2 cos On, or 

s, = s--2(§-n)ii. (9.40) 

Opaque Surfaces with Arbitrary Surface 
Properties 
Reflection from a surface with nonideal radiative properties is governed by the bidirectional re-
flection function, as discussed in Chapter 7. From equation (7.10) it follows immediately that 

Jii§<() 
/(r,„ s) = €(r,„ s) //Xr,.) + | p"(r,, s', s) /(r,, s') \h • s'| dQ\ (9.41) 

If the surface reflects diffusely, p " = p^/n and equation (9.41) reduces to equation (9.37). For 
specular reflection the development of equation (7.15) shows that it reduces to equation (9.39). 

Semitransparent Boundaries 
If the boundary is a semitransparent wall, external radiation may penetrate into the enclosure and 
must be added to equations (9.37), (9.39), and (9.41) as Io(ruj, s). The emittance e in these bound-
ary conditions is then an effective value for the internal emission from the entire semitransparent 
wall thickness. If the bounding surface is totally transparent (or simply an opening), then there 
is no emission from the boundary and 6 = 0. This type of boundary condition was discussed in 
some detail in Section 6.6. 

9.8 RADIATION ENERGY DENSITY 

A volume element inside an enclosure is irradiated from all directions and, at any instant in time 
t, contains a certain amount of radiative energy in the form of photons. Consider, for example, 
an element dV = dA ds irradiated perpendicularly to dA with intensity Irf{s) as shown in Fig. 9-4. 
Therefore, per unit time radiative energy in the amount of Ijj(s)dQ.dA enters dV, From equa-
tion (9.1) we see that this energy remains inside dV for a duration of dt = ds/c, before exiting at 
the other side. Thus, due to irradiation from a single direction, the volume contains the amount of 
radiative energy /̂ (̂s) dQdA ds/c = Irj(s) dD, dV/c at any instant in time. Adding the contributions 
from all possible directions, we find the total radiative energy stored within dV is ŵ, dV, where Urj 
is the spectral radiation energy density 

"^^IJj'' ($)dQ. (9.42) 

'^Note that the specularly reflected component cannot be "assigned" to the surface where it leaves in diffuse fashion, 
as was done for surface transport in Chapter 6. The reason is that the intensity changes while radiation travels from 
surface to surface within a participating medium. 
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Integration over the spectrum gives the total radiation energy density, 

u= f u,jdT] = - f I I,j(%)dTjda=- f I(s)dQ. (9.43) 
Jo ^J4;rJo ^ J4JT 

Although the radiation energy density is a very basic quantity akin to internal energy for energy 
stored within matter, it is not widely used by heat transfer engineers. Instead, it is common 
practice to employ the incident radiation Grj, which is related to the energy density through 

J 4; 
/;;(§) da = curii G = cu. (9.44) 

4;r 

9.9 RADIATIVE HEAT FLUX 

The spectral radiative heat flux onto a surface element has been expressed in terms of incident 
and outgoing intensity in equation (1.38) as 

(hj n= f IrjU'^da (9.45) 
J An 

This relationship also holds, of course, for a hypothetical (i.e., totally transmissive) surface ele-
ment placed arbitrarily inside an enclosure. Removing the surface normal from equation (1.38), 
we obtain the definition for the spectral, radiative heat flux vector inside a participating medium. 
To obtain the total radiative heat flux, equation (9.45) needs to be integrated over the spectrum, 
and 

q = q;;d77= Irj(s)sdQdr]. (9.46) 
Jo Jo J4;r 

Depending on the coordinate system used, or the surface being described, the radiative heat flux 
vector may be separated into its coordinate components, for example qx, qy, and q^ (for a Cartesian 
coordinate system), or into components normal and tangential to a surface, and so on. 

Example 9.3. Evaluate the total heat loss from an isothermal spherical medium bounded by vacuum, 
assuming that /c,, = const (i.e., does not vary with location, temperature or wavenumber). 

Solution 
Here we are dealing with a spherical coordinate system, and we are interested in the radial component 
of the radiative heat flux (the other two being equal to zero by symmetry). We saw in Example 9.1 that 
the intensity emanating from the sphere is 

/,(r«,^) = 4,(l-e- '^^"" ') , 0 < ^ < ^ , 

where 0 is measured from the surface normal pointing away from the sphere (Fig. 9-6). Since the sphere 
is bounded by vacuum, there is no incoming radiation and 

Therefore, from equation (9.46), 
r*oo pin />n 

qi^R)- I I I I^(rR,0) cos 0 sin GdedtlfdTj 
Jo Jo Jo 

poo pn/2 

= 2ji \ I h^{\-e-^""^'')cosesiaeded7] 

= T/*|l - ^ [ l - (1 +2T,)e-^^«]| = « V r | l - - L [ i _(i +2r,)e-^^«]|. 
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^x^dx 

FIGURE 9-9 
Control volume for derivation of divergence of radiative 
heat flux. 

where n is the refractive index of the medium (usually n » 1 for gases, but« > 1 for semitransparent 
liquids and solids). As discussed in the previous example, if r̂  -» oo the heat flux approaches the same 
value as the one from a black surface. 

If the sphere in the last example is optically thin % «: 1 (i.e., the medium emits radiative 
energy, but does not absorb any of the emitted energy), then the total heat loss (total emission) 
from the sphere is 

Q = AnR^q = AixR^ X \r,n^€rT'^ = Am^crT'' V, (9.47) 

This result may be generalized to govern emission from any isothermal volume V without self-
absorption, or 

amission =4 /CAlVr^K (9.48) 

9,10 DIVERGENCE OF THE RADIATIVE 
HEAT FLUX 
While the heat transfer engineer is interested in the radiative heat flux, this interest usually holds 
true only for fluxes at physical boundaries. Inside the medium, on the other hand, we need to 
know how much net radiative energy is deposited into (or withdrawn from) each volume element. 
Thus, making a radiative energy balance on an infinitesimal volume dV = dxdydz as shown in 
Fig. 9-9, we have 

/"radiative energy"̂  
stored in dV 

V per unit time 

("rad. energy generated 
(emitted) by dV 

per unit time 

(md, energy destroyed") 
(absorbed) by dV 

per unit time 

flux in at x - flux out at jc + dx\ 
+ flux inaiy ~ flux out dity^dyl 

l^+fluxinatz -f luxoutatz + rfzj 

The right-hand side may be written in mathematical form as 

q(x) dy dz - q(x + dx) dy dz 
+ q(y) dx dz - q(y + dy) dx dz 
+ q(z)dxdy - q{z -f dz)dxdy 

-%-f)l^^<^yd. = -v.^civ. 
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Thus, within the overall energy equation, it is the divergence of the radiative heat flux that is of 
interest inside the participating medium.^ 

We have already established an energy balance for thermal radiation, the equation of transfer 
[for example, equation (9.22)], 

Tjj rr n 

^ = § . V/, = K,h, -P^Irjis) + ^ J I,(§i) %(%;$) dQi, (9.49) 

which is a radiation balance for an infinitesimal pencil of rays. Thus, in order to get a volume 
balance, we integrate this equation over all solid angles, or 

f S'Vi,dQ= f Krjk,dn- f pr,iS)da+ f T^ f /,(§/)< ,̂(S/,§)^Q.c/a, (9.50) 
JAn JAn J ATT J An ^^ J An 

and 

V. J i,%da = AnKrjh, - j PrjiS)d^ + § J /;;(§/)(J %{h^)da\dai, (9.51) 

On the left side of equation (9.51) the integral and the direction vector were taken into the gradi-
ent since direction and space coordinates are all independent from one another.^ The expression 
inside the operator is now, of course, the spectral radiative heat flux. On the right side of equa-
tion (9.51) the order of integration has been changed, applying the Q-integration to the only part 
depending on it, the scattering phase fimction <|);̂ . This last integration can be carried out using 
equation (9.18), leading to 

V . q,; = 47r^,4, ^ A; f /^(§) dO. + (T,, f I,{%) da^ (9.52) 
J An J An 

Since Q and Qi are dummy arguments for integration over all soHd angles, the last two terms can 
be pulled together, using Krj=p^- ĉ :̂ 

V • % = Krj Unkr, - j I, dn) = K,j (47r4; - G^). (9.53) 

Equation (9.53) states that physically the net loss of radiative energy from a control volume is 
equal to emitted energy minus absorbed irradiation. This direction-integrated form of the equation 
of transfer no longer contains the scattering coefficient. This fact is not surprising since scattering 
only redirects the stream of photons; it does not aff'ect the energy content of any given unit volume. 

Equation (9.53) is a spectral relationship, i.e., it gives the heat flux per unit wavenumber at a 
certain spectral position. If the divergence of the total heat flux is desired, the integration over the 
spectrum is carried out to give 

poo y-»00 / P \ C^^ 

V q = V j q^dt]^ \ KAAnlb„- \ I„dn\dTj = j K„(4nlh,,-Gr)di]. (9.54) 

Equation (9.54) is a statement of the conservation of radiative energy. For the special case of a 
gray medium (K^ = K = constant) this may be simplified to 

Vq = K Uo-T'^ - f IdQ\ = K (4(7-7"* - G) . (9.55) 

^For simplicity, this equation was derived for a Cartesian coordinate system but the result holds, of course, for any 
arbitrary coordinate system. 
^While this statement is always true, care must be taken in non-Cartesian coordinate systems: Although the direction 

vector is independent from space coordinates, the three components may be tied to locally defined unit vectors. For 
example, in a cylindrical coordinate system the direction vector is usually defined in terms of -̂ and e ,̂ which vary with 
r and 0. 
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FIGURE 9-10 
Enclosure for the derivation of the integral form of the 
equation of transfer. 

Example 9.4. Calculate the divergence of the total radiative heat flux at the center and at the surface of 
the gray, isothermal spherical medium in the previous example. 

Solution 
We already know the intensity at the surface of the sphere and, therefore, 

G^j^) = In I sin6̂ /;;dO = Inhr^ \ (l - e''^'^'^^^)smOdO 

and 
crT^ 

(9.56) V • q(T,) = K{4nk - ^) = - ^ (2T. + 1 ^ e-'^'). 

At the center of the sphere the intensity is easily evaluated as 

and 
(7,(0) = 4;r4,(l-e-^«), 

so that 
V-q(0) = /f4cr7^e""^ 

The right-hand sides of equations (9.56) and (9.57) are radiative heat losses per unit time and volume, 
which must be made up for by a volumetric heat source if the sphere is to stay isothermal. 

(9.57) 

9,11 INTEGRAL FORMULATION OF T H E 
EQUATION OF T R A N S F E R 

In order to obtain incident radiation, radiative heat flux or its divergence, it is sometimes desirable 
to use an integral formulation of the equation of transfer. We start with the formal solution, 
equation (9.29), but rewritten in terms of the vectors shown in Fig. 9-10, 

/,(r, s) = 4 , ( r , , s) exp [~ j ; ; A; d/^] + f ' S,,(r\ s) exp [~ / / A , ds'^]^,^ ds'\ (9.58) 
•-̂  0 

where j? = |r - r«̂ ,| and the direction of integration has been switched to go along 5" (from point r 
toward the wall). From the definition of the incident radiation, equation (9.33), we have 

Grjir) = r 4,(r„„ s) exp [- J/^,, J / ' ] dQ^ f C S,,(r\ s) exp [^ / ; A , ^ / 1 A, ds'' da, 
J An J An J {) 

(9.59) 
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with, from equation (1.25), 

dA 

n- §dAuj 

| r - r „ , r 

inside volume, 

(9.60) 

at the wall, 

where dA'' is an infinitesimal area perpendicular to the integration path (and ds''), such that 
dV = ds"dA" is an infinitesimal volume. Therefore, equation (9.59) may be rewritten as 

a , ( r ) = r / „ , ( r „ , . , s ) e x p [ - / „ X . / . " ] | : l ^ + f 5 ; , ( r ' . s ) e x p [ - / ; ^ , . / . " ] - ^ 
• | 2 ' 

(9.61) 
with the local unit direction vector found from 

(9.62) 
| r - r ' | 

The radiative flux (and any higher moment) can be determined similarly, after first multiplying 
equation (9.58) by s, as 

q,(r)= f / „ , ( r „ , , s l e x p [ - / ; A , ^ / ' ] ( 5 - i ^ f ^ ( r ' , s ) e x p [ - / ; A , ^ . " ] - ^ . 

(9.63) 
For a nonscattering medium *S; = krj, and equation (9.61) is the explicit solution for incident 
radiation G,;, provided the temperature field is known, and if the walls are black. For isotropic 
scattering the source function depends only on 4;; (or temperature) and incident radiation. For 
such a case (and if the walls are black) equation (9.61) is a single, independent integral equation 
for the incident radiation; once Gj^ has been determined q;, is found from equation (9.63). For 
reflecting walls and anisotropic scattering, equations (9.61) and (9.63) (and, perhaps, higher-order 
moments) must be solved simultaneously. Also, for a nonparticipating medium (/3ŷ  = 0) with 
diffusely reflecting surfaces (4 = J IT:), equation (5.25) is readily recovered from equation (9.63); 
this is left as an exercise (Problem 9.15). 

Example 9.5. Repeat Example 9.3 using the integral formulation of the RTE. 

Solution 
In this simple problem with a cold, black (i.e., nonreflecting) wall with 4,̂  = 0, and in the absence of 
scattering with Sr^ = 4; = coast we can determine ,̂; directly from equation (9.63) as 

q,^{R) = -q;;(r„,) • ii = -k^^Krj I e ""'" 
.h'%dV 

where .9" is the distance between any point inside the medium (at r') and the chosen point on the wall, 
r = Fy,. It is tempting at this point to introduce a spherical coordinate system at the center of the sphere 
to evaluate the volume integral for .̂̂  however, this would lead to a very difficult integral. Instead, we 
introduce a spherical coordinate system at the chosen point at the wall, i.e., TU, = 0 (point r,. in Fig. 9-6). 
An arbitrary location inside the sphere can then be specified as 

r' = - § / ' = /'(cos ^ sin 01 + sin ifr sin 0} + cos 0 ft), 

where k = li is pointing toward the center of the sphere and i and J are arbitrary (as long as they 
form a right-handed coordinate system). Then, with a maximum value for 5̂ ax = 2J? cos 6, as given in 
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Example 9.1, 

pin pn/2 plRcQsO / 

q„(R) = -k„K„ e-^''^-
JiJf=0J9~0 J s"=0 f^=0 J 9-0 

^nll nnll 

exactly as in Example 9.3. 

9,12 OVERALL ENERGY CONSERVATION 

Thermal radiation is only one mode of transferring heat which, in general, must compete with 
conductive and convective heat transfer. Therefore, the temperature field must be determined 
through an energy conservation equation that incorporates all three modes of heat transfer. The 
radiation intensity, through emission and temperature-dependent properties, depends on the tem-
perature field and, therefore, cannot be decoupled from the overall energy equation. 

The general form of the energy conservation equation for a moving compressible fluid may 
be stated as 

Du Idu 

where u is internal energy, v is the velocity vector, q is the total heat flux vector, <I> is the dis-
sipation function, and Q'" is heat generated within the medium (such as energy release due to 
chemical reactions). For a detailed derivation of equation (9.64), the reader is referred to standard 
textbooks such as [5,6]. If the medium is radiatively participating through emission, absorption, 
and scattering, then the conservation equations for momentum and energy are altered by three 
eff̂ ects [7]: 

1. The heat flux term in equation (9.64), which without radiation is in most applications due 
only to molecular diffiision (heat conduction), now has a second component, the radiative 
heat flux, due to radiative energy interacting with the medium within the control volume. 

2. The internal energy now contains a radiative contribution [the incident radiation G, due to 
the first term in equation (9.21)]. 

3. The radiation pressure tensor must be added to the traditional fluid dynamics pressure ten-
sor. 

We have already seen that the second eff'ect is almost always negligible, and the same is true for 
the augmentation of the pressure tensor. Under these conditions the energy conservation equation 
can be simplified. If we assume that du - Cv dT, and that Fourier's law for heat conduction holds, 

q = Qc' + q« = -kVT + q„ (9.65) 

equation (9.64) becomes 

DT IdT \ 

= V . (kVT)-pV • V -f/iO) + ^ ' " ~ V • q̂ e. (9.66) 

This is an integro-diff'erential equation for the calculation of the temperature field, since the eval-
uation of the divergence of the radiative heat flux must come from (9.53), which is an integral 
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equation in temperature. Obviously, a complete solution of this equation, even with the recent 
advent of supercomputers, is a truly formidable task. 

Example 9.6. State the equation of transfer and its boundary conditions for the case of combined 
steady-state conduction and radiation within a one-dimensional, planar, gray and nonscattering medium, 
bounded by isothermal black walls. 

Solution 
Since the problem is steady-state and there is no movement in the medium, the left side of equation (9.66) 
vanishes, and only the first (conduction) and last (radiation) terms on the right side remain. For a one-
dimensional planar medium this reduces tô  

|(4-,.).o, ,.«, 
and the divergence of radiative heat flux is related to temperature and incident radiation through equa-
tion (9.53), 

^ = K(4(rT'' - G), 
dz 

where the spectral integration for the gray medium has been carried out by simply dropping the subscript 
77. Finally, the incident radiation is found from direction-integrating equation (9.30) (not a trivial task). 
The necessary boundary conditions are J = 7?, /= 1,2 at the two walls (for conduction) and 7(0, s) = 
crTf In (for radiation) needed in equation (9.30). Solution of this seemingly simple problem is by no 
means trivial, and can only be achieved through relatively involved numerical analysis. 

Radiative Equilibrium 

Much attention in the following chapters will be given to the situation in which radiation is the 
dominant mode of heat transfer, meaning that when conduction and convection are negligible. 
This situation is referred to as radiative equilibrium, meaning that thermodynamic equilibrium 
within the medium is achieved by virtue of thermal radiation alone. As is commonly done in the 
discussion of "pure" conduction or convection, we allow volumetric heat sources throughout the 
medium. Thus, we may write 

V .q , = e ' " , (9.68) 

which is identical in form to the basic steady-state heat conduction equation (before substitution of 
Fourier's law).^ Radiative equilibrium is often a good assumption in applications with extremely 
high temperatures, such as plasmas, nuclear explosions, and such. The inclusion of a volumetric 
heat source allows the treatment of conduction and convection "through the back door:" A guess 
is made for the temperature field and the nonradiation terms in equation (9.66) are calculated to 
give Q" for the radiation calculations. This process is then repeated until a convergence criterion 
is met. 

9,13 SOLUTION METHODS FOR THE 
EQUATION OF TRANSFER 

Exact analytical solutions to the equation of transfer [equation (9.22)] are exceedingly difficult, 
and explicit solutions are impossible for all but the very simplest situations. Therefore, research 
on radiative heat transfer in participating media has generally proceeded in two directions: (0 

^While in the science of conduction the variable x is usually employed for one-dimensional planar problems, for 
thermal radiation problems the variable z is more convenient. The reason for this is that, by convention, the polar angle 
for the direction vector is measured from the z-axis. 
^In fact, we should have an unsteady equation had we not dropped the unsteady term in equation (9.21). 
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Exact (analytical and numerical) solutions of highly idealized situations, and (//) approximate 
solution methods for more involved scenarios. Phenomena that make a radiative heat transfer 
problem difficult may be placed into four diiferent categories: 

Geometry: The problem may be one-dimensional, two-dimensional or three-dimensional. Most 
investigations to date have dealt with one-dimensional geometries, and the vast majority of 
these dealt with the simplest case of a one-dimensional plane-parallel slab. 

Temperature Field: The least difficuh situation arises if the temperature profile within the me-
dium is known, making equation (9.22) a relatively "simple" integral equation. Conse-
quently, the most basic case of an isothermal medium has been studied extensively. Alter-
natively, if radiative equilibrium prevails, the temperature field is unknown but uncoupled 
from conduction and convection, and must be found from directional and spectral integra-
tion of the equation of transfer. In the most complicated scenario, radiative heat transfer 
is combined with conduction and/or convection, resulting in a highly nonlinear integro-
differential equation. 

Scattering: The solution to a radiation problem is greatly simplified if the medium does not 
scatter. In that case the equation of transfer reduces to a simple first-order differential 
equation if the temperature field is known, and a relatively simpler integral equation if 
radiative equilibrium prevails. If scattering must be considered, isotropic scattering is often 
assumed. Relatively few investigations have deah with the case of anisotropic scattering, 
and most of those are limited to the case of Hnear-anisotropic scattering (see Section 11.9). 

Properties: Although most participating media display strong nongray character, as discussed in 
the following three chapters, the vast majority of investigations to date have centered on the 
study of gray media. In addition, while radiative properties also generally depend strongly 
on temperature, concentration, etc., most calculations are limited to situations with constant 
properties. 

Most "exact" solutions are limited to gray media with constant properties in one-dimensional, 
mainly plane-parallel geometries. The media are isothermal or at radiative equilibrium, and if 
they scatter, the scattering is usually isotropic. Since the usefulness of such one-dimensional 
solutions in heat transfer applications is rather limited, they are only briefly discussed in Chapter 
13. 

Several chapters are devoted to the various approximate methods that have been devised for 
the solution of the equation of transfer. Still, these seven chapters by no means cover all the 
different methods that have been and still are used by investigators in the field. A number of 
approximate methods for one-dimensional problems are discussed in Chapter 14. The optically 
thin and diffusion (or optically thick) approximations have historically been developed for a one-
dimensional plane-parallel medium, but can readily be applied to more complicated geometries. 
Similarly, the Schuster-Schwarzschild or two-flux approximation [8,9] is a forerunner to the mul-
tidimensional discrete ordinates method. In this method the intensity is assumed to be constant 
over discrete parts of the total solid angle of An. Several other flux methods exist, but they are 
usually tailored toward special geometries, and cannot easily be applied to other scenarios, for ex-
ample, the six-flux methods of Chu and Churchill [10] and Shih and coworkers [11,12]. Another 
early one-dimensional model was the moment method or Eddington approximation [13]. In this 
model the directional dependence is expressed by a truncated series representation (rather than 
discretized). In general geometries this expansion is usually achieved through the use of spherical 
harmonics, leading to the spherical harmonics method. Several variations to the moment method 
that are tailored toward specific geometries have been proposed [14,15], but these are of limited 



284 9 THE EQUATION OF RADIATIVE TRANSFER IN PARTICIPATING MEDIA 

general utility. Finally, the exponential kernel approximation, already discussed in Chapter 5 for 
surface radiation problems, may be used as a tool for many one-dimensional problems. However, 
its extension to multidimensional geometries is problematic. 

A survey of the literature over the past forty years demonstrates that some solution meth-
ods have been used frequently, while others that appeared promising at one time are no longer 
employed on a regular basis. Apparently, some methods have been found to be more readily 
adapted to more difficult situations than others (such as multidimensionality, variable properties, 
anisotropic scattering and/or nongray effects). The majority of radiative heat transfer analyses 
today appear to use one of four methods: (/) The spherical harmonics method or a variation of 
it, (//) the discrete ordinates method or its more modem form, tho finite volume method, (Hi) the 
zonal method, and (/v) the Monte Carlo method. The first two of these have already been dis-
cussed briefly above with the one-dimensional approximations. The zonal method was developed 
by Hottel [16] in his pioneering work on fumace heat transfer. Unlike the spherical harmonics and 
discrete ordinates methods, the zonal method approximates spatial, rather than directional, behav-
ior by breaking up an enclosure into finite, isothermal subvolumes. On the other hand, the Monte 
Carlo method [17] is a statistical method, in which the history of bundles of photons is traced as 
they travel through the enclosure. While the statistical nature of the Monte Carlo method makes it 
difficult to match it with other calculations, it is the only method that can satisfactorily deal with 
effects of irregular radiative properties (nonideal directional and/or nongray behavior). 

Because of their importance, an entire chapter is devoted to each of these four solution meth-
ods. Several other methods that can be found in the literature are not covered in this book (except 
for brief descriptions in appropriate places). For example, the discrete transfer method, proposed 
by Shah [18] and Lockwood and Shah [19], combines features of the discrete ordinates, zonal 
and Monte Carlo methods. Another hybrid proposed by Edwards [20] combines elements of the 
Monte Carlo and zonal methods. 
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Problems 

9.1 A semi-infinite medium 0 < z < oo consists of a gray, absorbing-emitting gas that does not scatter, 
bounded by vacuum at the interface z = 0. The gas is isothermal at lOOOK, and the absorption 
coefficient is /r = 1 m"^. The interface is nonreflecting; conduction and convection may be neglected. 

(a) What is the local heat generation that is necessary to keep the gas at 1000 K? 

(b) What is the intensity distribution at the interface, that is, /(z = 0, 6, ifr), for all 6 and ^? 

(c) What is the total heat flux leaving the semi-infinite medium? 

9.2 Reconsider the semi-infinite medium of Problem 9.1 for a temperature distribution of T = T^e'^''^, 
To - lOOOK, L = 1 m. What are the exiting intensity and heat flux for this case? Discuss how the 
answer would change if/r varied between 0 and oo. 

9.3 Repeat Problem 9.1 for a medium of thickness Z = 1 m. Discuss how the answer would change if K 
varied between 0 and cx). 

9.4 A semi-infinite, gray, nonscattering medium (« = 2, A- = 1 m~\) is irradiated by the sun normal to 
its surface at a rate of ŝun = lOOOW/m^. Neglecting emission from the relatively cold medium, 
determine the local heat generation rate due to absorption of solar energy. 
Hint: The solar radiation may be thought of as being due to a radiative intensity which has a large 
value lo over a very small cone of solid angles dQ, and is zero elsewhere, i.e.. 

7Y-\ -1^0 over SO. along fl, 
10 elsewhere. 

and 

J Art 
%dQ. = Io6Q.. 

9.5 A i m thick slab of an absorbing-emitting gas has an approximately 
linear temperature distribution as shown in the sketch. On both sides 
the medium is bounded by vacuum with nonreflecting boundaries. 

{a) If the medium has a constant and gray absorption coeflicient 
of/c = 1 m"^ what is the intensity (as a function of direction) 
leaving the hot side of the slab? 

{b) Give an expression for the radiative heat flux leaving the hot 
side. 

9.6 A relatively cold sphere with a radius of i^; = 1 m consists of a nonscattering gray medium that 
absorbs with an absorption coefficient of/c = 0.1 cm"' and has a refractive index w = 2. At the 
center of the sphere is a small black sphere with radius Ri- 1 cm at a temperature of 1000 K. On the 
outside, the sphere is bounded by vacuum. What is the total heat flux leaving the sphere? Explain 
what happens as K is increased from zero to a large value. 
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9.7 A semitransparent sphere of radius J? = 10 cm has a parabolic temperature profile T = 7̂ (1 - r^jR^), 
Tc = 2000 K. The sphere is gray with K - 0.1 cm" ̂  n - 1.0, does not scatter, and has nonreflective 
boundaries. Outline how to calculate the total heat loss from the sphere (i.e., there is no need actually 
to carry out cumbersome integrations). 

9.8 Repeat Problem 9.7, but assume that the temperature is uniform at 2000 K. What must be the local 
production of heat if the sphere is to remain at 2000 K everywhere? Note: The answer may be left in 
integral form (which must be solved numerically). Carry out the integration for r = 0 and r = R. 

9.9 Repeat Problem 9.7, but assume that the temperature is uniform at 2000 K. Also, there is no heat 
production, meaning that the sphere cools down. How long will it take for the sphere to cool down to 
500 K (the heat capacity of the medium is pc = lOOOkJ/m-̂  K and the conductivity is very large, i.e., 
the sphere is isothermal at all times). 

9.10 A laser beam is directed onto the atmosphere of a (hypothetical) planet. The planet's atmosphere 
contains 0.01% by volume of an absorbing gas. The absorbing gas has a molecular weight of 20 
and, at the laser wavelength, an absorption coefficient KJJ - 10"^ cm"V(g/m^). It is known that the 
pressure and temperature distributions of the atmosphere can be approximated by p = /?o e'^^''^ and 
r = 7J e~^'^', where po = 0.75 atm, 2J = 400 K are values at the planet surface z = 0, and L = 2 km is 
a characteristic length. What fraction of the laser energy arrives at the planet's surface? 

9.11 A CO2 laser with a total power output of g = lOW is directed (at K—10 cm-
right angle) onto a 10 cm thick, isothermal, absorbing/emitting (but 
not scattering) medium at lOOOK. It is known that the laser beam is 
essentially monochromatic at a wavelength of 10.6/zm with a Gaus-
sian power distribution. Thus, the intensity falling onto the medium 
is 

Laser 
irradiation 

7(0) oc e-^'l^^'' I{60. 6T]), 0 < r < 00; 

Ii0)dA6O6j], '-L 
where r is distance from beam center, R = 100//m is the "effective radius" of the laser beam, 
(5n = 5 X 10"-̂  sr is the range of solid angles over which the laser beam outputs intensity (assumed 
uniform over SO), and Srj is the range of wavenumbers over which the intensity is distributed (also 
assumed uniform). At 10.6//m the medium is known to have an absorption coefficient KJJ = 0.15 cm~ .̂ 
Assuming that the medium has nonreflecting boundaries, determine the exiting total intensity in the 
normal direction (transmitted laser radiation plus emission, assuming the medium to be gray). Is the 
emission contribution important? How thick would the medium have to be to make transmission and 
emission equally important? 

9.12 Repeat Problem 9.11 for a medium with refractive index « = 2, bounded by vacuum (i.e., a slab with 
reflecting surfaces). Hint: (1) Part of the laser beam will be reflected when first hitting the slab, part 
will penetrate into the slab. Part of this energy will be absorbed by the layer, part will hit the rear face, 
where again a fraction will be reflected back into the slab, and the rest will emerge from the slab, etc. 
Similar multiple internal reflections will take place with the emitted energy before emerging from the 
slab. (2) To calculate the slab-surroundings reflectance, show that the value of the absorptive index 
is negligible. 

9.13 A thin column of gas of cross-section 6A and length L contains a uniform suspension of small particles 
that absorb and scatter radiation. The scattering is according to the phase function (a) O = 1 (isotropic 
scattering), (^) <l> = \ + A\ cos0 (linear anisotropic scattering, A\ is a constant), and (c) O = | ( l + 
cos^ 0 ) (Rayleigh scattering), where 0 is the angle between incoming and scattered directions. A 
laser beam hits the column normal to 6A. What is the transmitted fraction of the laser power? What 
fraction of the laser flux goes through an infmite plane at L normal to the gas column? What fraction 
goes back through a plane at 0? What happens to the rest? 
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9.14 Repeat Example 9.2 for (a) O = I -^ Ai cos0 (linear anisotropic scattering, A^ is a constant), and 
(6) O = | (1 + cos^ 0) (Rayleigh scattering), where 0 is the angle between incoming and scattered 
directions. 

9.15 Show that, by setting /̂ ^̂  = 0 and /«, = J/n, the radiosity integral equation (5.25) can be recovered 
from equation (9.63) for a nonparticipating medium surrounded by diffusely reflecting walls. 
Hint: Break up the heat flux in equation (9.63) into two parts, incoming radiation H and exiting 
radiation / . For the latter assume r to be an infinitesimal distance above the surface and evaluate the 
integral in equation (9.63). 



CHAPTER 

10 
RADIATIVE 

PROPERTIES OF 
MOLECULAR GASES 

10.1 FUNDAMENTAL PRINCIPLES 

Radiative transfer characteristics of an opaque wall can often be described with good accuracy 
by the very simple model of gray and diffuse emission, absorption, and reflection. The radiative 
properties of a molecular gas, on the other hand, vary so strongly and rapidly across the spectrum 
that the assumption of a "gray" gas is almost never a good one [1]. In the present chapter a short 
development of the radiative properties of molecular gases is given. A more elaborate discussion 
can be foxmd, for example, in the book by Goody and Yung [2], in the monograph by Tien [3], 
and in the very recent treatise of Taine and Soufiani [4]. 

Most of the earlier work was not in the area of heat transfer but rather was carried out by 
astronomers, who had to deal with light absorption within Earth's atmosphere, and by astrophysi-
cists, who studied the spectra of stars. The study of atmospheric radiation was apparently initiated 
by Lord Rayleigh [5] and Langley [6] in the late nineteenth century. The radiation spectra of stars 
started to receive attention in the early twentieth century, for example by Eddington [7] and Chan-
drasekhar [8,9]. The eariiest measurements of radiation from hot gases were reported by Paschen, 
a physicist, in 1894 [10], but his work was apparently ignored by heat transfer engineers for many 
years [11]. 

The last few decades have seen much progress in the understanding of molecular gas radiation, 
in particular the radiation from water vapor and carbon dioxide, which is of great importance in 
the combustion of hydrocarbon fiiels, and which also dominates atmospheric radiation with its 
thermodynamic implications on Earth's atmosphere. Much of the pioneering work since the late 
1920s was done by Hottel and coworkers [12-19] (measurements and practical calculations) and 
by Penner [20] and Plass [21,22] (theoretical basis). 

288 
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When a photon (or an electromagnetic wave) interacts with a gas molecule, it may be either 
absorbed, raising the molecule's energy level, or scattered, changing the direction of travel of the 
photon. Conversely, a gas molecule may spontaneously lower its energy level by the emission 
of an appropriate photon. As will be seen in the next chapter on particle properties (since every 
molecule is, of course, a very small particle), the scattering of photons by molecules is always 
negligible for heat transfer applications. There are three different types of radiative transitions that 
lead to a change of molecular energy level by emission or absorption of a photon: (i) Transitions 
between nondissociated ("bound") atomic or molecular states, called bound-bound transitions, 
(ii) transitions from a "bound" state to a "free" (dissociated) one (absorption) or from "free" 
to "bound" (emission), called bound-free transitions, and (///) transitions between two different 
"free" staXQS, free-free transitions. 

The intemal energy of every atom and molecule depends on a number of factors, primar-
ily on the energies associated with electrons spinning at varying distances around the nucleus, 
atoms within a molecule spinning around one another, and atoms within a molecule vibrating 
against each other. Quantum mechanics postulates that the energy levels for atomic or molecu-
lar electron orbit as well as the energy levels for molecular rotation and vibration are quantized; 
i.e., electron orbits and rotational and vibrational frequencies can only change by certain discrete 
amounts. Since the energy contained in a photon or electromagnetic wave is directly proportional 
to frequency, quantization means that, in bound-bound transitions, photons must have a certain 
frequency (or wavelength) in order to be captured or released, resulting in discrete spectral lines 
for absorption and emission. Since, according to Heisenberg's uncertainty principle, the energy 
level of an atom or molecule cannot be fixed precisely, this phenomenon (and, as we shall see, 
some others as well) results in a sUght broadening of these spectral Unes. 

Changing the orbit of an electron requires a relatively large amount of energy, or a high-
frequency photon, resulting in absorption-emission lines at short wavelengths between the ultra-
violet and the near-infrared (between 10"^/zm and 1.5/im). Vibrational energy level changes 
require somewhat less energy, so that their spectral lines are found in the infrared (between 1.5 fim 
and 10//m), while changes in rotational energy levels call for the least amount of energy and, thus, 
rotational lines are found in the far infrared (beyond lO/zm). Changes in vibrational energy levels 
may (and often must) be accompanied by rotational transitions, leading to closely spaced groups 
of spectral lines that, as a result of line broadening, may partly overlap and lead to so-called 
vibration-rotation bands in the infrared. 

If the initial energy level of a molecule is very high (e.g., in very high-temperature gases), then 
the absorption of a photon may cause the breaking-away of an electron or the breakup of the entire 
molecule because of too strong vibration, i.e., a bound-free transition. The postabsorption energy 
level of the molecule depends on the kinetic energy of the separated part, which is essentially 
not quantized. Therefore, bound-free transitions result in a continuous absorption spectrum over 
all wavelengths or frequencies for which the photon energy exceeds the required ionization or 
dissociation energy. The same is true for the reverse process, emission of a photon in a free-
bound transition (often called radiative combination). 

In an ionized gas free electrons can interact with the electric field of ions resulting in SL free-
free transition (also known as Bremsstrahlung, which is German for brake radiation); i.e., the 
release of a photon lowers the kinetic energy of the electron (decelerates it), or the capture of 
a photon accelerates it (inverse Bremsstrahlung), Since kinetic energy levels of electrons are 
essentially not quantized, these photons may have any frequency or wavelength. 

Bound-free and free-free transitions generally occur at very high temperatures (when dis-
sociation and ionization become substantial). The continuum radiation associated with them is 
usually found at short wavelengths (ultraviolet to visible). Therefore, these effects are of im-
portance only in extremely high-temperature situations. Most engineering applications occur at 
moderate temperature levels, with Httle ionization and dissociation, making bound-bound tran-
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sitions most important. At combustion temperatures the emissive power has its maximum in the 
infrared (between 1 fim and 6//m), giving special importance to vibration-rotation bands. In this 
book we will limit our discussion to the most important case of bound-bound transitions. 

10.2 EMISSION AND ABSORPTION 
PROBABILITIES 

There are three different processes leading to the release or capture of a photon, namely, spon-
taneous emission, induced emission (or negative absorption), and induced absorption. The ab-
sorption and emission coefficients associated with these transitions may, at least theoretically, 
be calculated from quantum mechanics. Complete descriptions of the microscopic phenomena 
may be found in books on statistical mechanics [23,24] or spectroscopy [25,26]. An informative 
(rather than precise) synopsis has been given by Tien [3] that we shall essentially follow here. 

Let there be nu atoms or molecules (per unit volume) at a higher energy state u and ni at 
a lower energy state /. The difference of energy between the two states is hv. The number of 
transitions from state u to state / by release of a photon with energy hv (spontaneous emission) 
must be proportional to the nxmiber of atoms or molecules at that level. Thus 

^ 1 =-Ainu. (10.1) 

where the proportionality constant Aui is known as the Einstein coefficient for spontaneous emis-
sion. Spontaneous emission is isotropic, meaning that the direction of the emitted photon is 
random, resuhing in equal emission intensity in all directions. Quantum mechanics postulates 
that, in addition to spontaneous emission, incoming radiative intensity (or photon streams) with 
the appropriate frequency may induce the molecule to emit photons into the same direction as the 
incoming intensity (induced emission). Therefore, the total number of transitions from state u to 
state / may be written as 

where ly is the incoming intensity, which must be integrated over all directions to account for 
all possible transitions, and Bui is the Einstein coefficient for induced emission. Finally, part of 
the incoming radiative intensity may be absorbed by molecules at energy state /. Obviously, the 
absorption rate will be proportional to the strength of incoming radiation as well as the number 
of molecules that are at energy state /, leading to 

l ^ j = niBn, j ^ lydQ, (10.3) 

where J5/y is the Einstein coefficient for absorption. The three Einstein coefficients may be related 
to one another by considering the special case of equilibrium radiation. Equilibrium radiation 
occurs in an isothermal black enclosure, where the radiative intensity is everywhere equal to the 
blackbody intensity hv and where the average number of molecules at any given energy level is 
constant at any given time, i.e., the number of transitions from energy level w to / is equal to the 
ones from / to u, or 

^ ) ^ ( ^ ) =~ '^«U/ + ^"/J^ hvdayniBiuj^ hyda = 0. (10.4) 

At equilibrium the number of particles at any energy level is governed by Boltzmann's distribution 
law [23], leading to 

n,/n^ = g, e-''"% e'^''^ = ^ e'^''^ (10.5) 
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where £„ and £/ are the energy levels associated with states u and /, respectively, and the gi and gu 
are the degeneracies, i.e., the number of different arrangements with which a molecule can obtain 
these energy levels. Thus, the blackbody intensity may be evaluated from equation (10.4) as 

'''^4n(gMguBu!)e^^f''-V ^'^'^^ 

Comparison with Planck's law, equation (1.9), shows that all three Einstein coefficients are de-
pendent upon another, namely, 

Aui = —r^Buh OuBui = giBiu. (10.7) 

The one remaining independent Einstein coefficient is clearly an indicator of how strongly a gas is 
able to absorb radiation. This is most easily seen by examining the number of induced transitions 
(by absorption and emission) in a single direction (or within a thin pencil of rays). If 

is the net number of photons removed from the pencil of rays per unit time and per unit volume, 
then—since each photon carries the energy hv—^the change of radiative energy per unit time, per 
unit area and distance, and per unit solid angle is 

This relation is equivalent to equation (9.3), except that in reality the spectral line associated 
with a transition between an upper energy state u and a lower energy state / is "broadened," 
i.e., transitions occur across a (very small) small range of frequencies (see Section 10.4), and 
equation (10.9) captures all of these transitions. Therefore, equation (10.9) is related to the line-
integrated (linear) absorption coefficient, usually called the line strength or line intensity, Sy\ 

Sy= I Kydv = {niBiu-n^Bui)hv, (10.10) 

so that, across Av, 
dly 
-r = -KyIy, (10.11) 
as 

which is, of course, identical to equation (9.3). The absorption coefficient as defined here is often 
termed the effective absorption coefficient since it incorporates induced emission (or negative 
absorption). Sometimes a true absorption coefficient is defined from 

J A V 
Kydv = niBiuhy, (10.12) 

Since induced emission and induced absorption always occur together and cannot be separated, 
it is general practice to incorporate induced emission into the absorption coefficient, so that only 
the effective absorption coefficient needs to be considered.^ Examination of equation (10.10) 

* Since it is experimentally impossible to distinguish induced emission from induced absorption, its existence had 
initially been questioned. Equation (10.6) is generally accepted as proof that induced emission does indeed exist: Without 
it Bui -> 0 and the blackbody intensity would be governed by Wien's distribution, equation (1.18), which is known to be 
incorrect. 
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shows that the absorption coefficient is proportional to molecular niimber density. Therefore, as 
mentioned earHer, a number of researchers take the number density out of the definition for Ky 
either in the form of density or pressure, by defining a mass absorption coefficient or di pressure 
absorption coefficient, respectively, as 

V=—' V="~ ' (10.13) 
p p 

and similarly for Sy. If a mass or pressure absorption coefficient is used, then a p or /? must, of 
course, be added to equation (10.11).^ 

The negative of equation (10.1) gives the rate at which molecules emit photons of strength hv 
randomly into all directions (into a solid angle of 4;r) and per unit volume. Thus, multiplying this 
equation by -hv and dividing by 4n gives isotropic energy emitted per unit time, per unit solid 
angle, per unit area and distance along a pencil of rays or, in short, the change of intensity per 
unit distance due to spontaneous emission: 

Using equations (10.5), (10.7) and (10.10) in equation (10.14) leads to 

r lydV = Sy^ f - ^ ^ ] = Syky, (10.15) 
JAV C^ \ni-nul Ts 

or 
^ = J < y I h y , (10.16) 

as 

which represents the augmentation of directional intensity due to spontaneous emission. 

10.3 ATOMIC AND MOLECULAR SPECTRA 

We have already seen that the emission or absorption of a photon goes hand in hand with the 
change of rotational and/or vibrational energy levels in molecules, or with the change of elec-
tron orbits (in atoms and molecules). This change, in turn, causes a change in radiative intensity 
resulting in spectral lines. In this section we discuss briefly how the position of spectral lines 
within a vibration-rotation band can be calculated, since it is these bands that are of great impor-
tance to the heat transfer engineer. More detailed information as well as discussion of electronic 
spectra, bound-free and free-free transitions may be found in more specialized books on quan-
tum mechanics [24,25,27] or spectroscopy [26,28-30], in the book on atmospheric radiation by 
Goody and Yung [2], or in the monographs on gas radiation properties by Tien [3] and Taine and 
Soufiani [4]. 

Since every particle moves in three-dimensional space, it has three degrees of freedom: It can 
move in the forward-backward, left-right and/or upward-downward directions. If two or more 
particles are connected with each other (diatomic and polyatomic molecules), then each of the 
atoms making up the molecule has three degrees of freedom. However, it is more convenient 
to say that a molecule consisting of N atoms has three degrees of freedom for translation, and 
3iV - 3 degrees of freedom for relative motion between atoms. These 3N-3 degrees of internal 
freedom may be further separated into rotational and vibrational degrees of freedom. This fact is 

^Thus, depending on what spectral variable is employed (wavelength A, wavenumber 77, or frequency v), a spectrally 
integrated absorption coefficient may appear in nine different variations. Often the only way to determine which definition 
has been used is to carefully check the units given. 
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FIGURE 10-1 
Rotational and vibrational degrees of freedom for (a) diatomic, (Z)) linear triatomic, and (c) nonlinear triatomic molecules. 

illustrated in Fig. 10-1 for a diatomic molecule and for linear and nonlinear triatomic molecules. 
The diatomic molecule has three internal degrees of freedom. Obviously, it can rotate around its 
center of gravity within the plane of the paper or, similarly, perpendicularly to the paper (with the 
rotation axis lying in the paper). It could also rotate around its own axis; however, neither one of 
the atoms would move (except for rotating around itself). Thus, the last degree of freedom must 
be used for vibrational motion between the two atoms as indicated in the figure. The situation gets 
rapidly more complicated for molecules with increasing number of atoms. For hnear triatomic 
molecules (e.g., CO2, N2O, HCN) there are, again, only two rotational modes. Since there are six 
internal degrees of freedom, there are four vibrational modes, as indicated in Fig. 10-1. However, 
two of these vibrational modes are identical, or degenerate (except for taking place in perpendic-
ular planes). In contrast, a nonlinear triatomic molecule has three rotational modes: In this case 
rotation around the horizontal axis in the plane of the paper is legitimate, so that there are only 
three vibrational degrees of freedom. Depending on the axis of rotation, a polyatomic molecule 
may have different moments of inertia for each of the three rotational modes. If symmetry is such 
that all three moments of inertia are the same, the molecule is classified as a spherical top (e.g., 
CH4). It is called a symmetric top, if two are the same (e.g., NH3, CH3CI, C2Hi, SF5), and an 
asymmetric top, if all three are difl'erent (e.g., H2O, O3, SO2, NO2, H2S, H2O2). 

Rotational Transitions 
To calculate the allowed rotational energy level from quantum mechanics using Schrodinger's 
wave equation (see, for example, [23,24]), we generally assume that the molecule consists of 
point masses connected by rigid massless rods, the so-called rigid rotator model. The solution to 
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FIGURE 10-2 
Spectral position and energy levels for a rigid 
rotator. 

this wave equation dictates that possible energy levels for a linear molecule are limited to 

If 
Ej = YJJV + 1) = hcoBj'U +1), 7 = 0,1,2, . . . 0* integer), (10.17) 

where h = h/2n is the modified Planck's constant, / is the moment of inertia of the molecule, 
j is the rotational quantum number, and the abbreviation B has been introduced for later conve-
nience. Allowed transitions are Ay = ±1 and 0 (the latter being of importance for a simultaneous 
vibrational transition); this expression is known as the selection rule. In the case of the absorption 
of a photon (J -^ j -^ \ transition) the wavenumbers of the resulting spectral lines can then be 
determined^ as 

77 = {Ej^x - Ej)lhco = BU + 1)0' + 2) ^ BjU + D 
= 25(7+1), 7 = 0,1,2,.. (10.18) 

The results of this equation produce a number of equidistant spectral lines (in units of wavenumber 
or frequency), as shown in the sketch of Fig. 10-2. 

The rigid rotator model turns out to be surprisingly accurate, although for high rotation rates 
(/ » 0) a small correction factor due to the centrifugal contribution (stretching of the "rod") may 
be considered. Not all linear molecules exhibit rotational lines, since an electric dipole moment 
is required for a transition to occur. Thus, diatomic molecules such as O2 and N2 never undergo 
rotational transitions, while symmetric molecules such as CO2 show a rotational spectrum only 
if accompanied by a vibrational transition [3]. Evaluation of the spectral lines of nonlinear poly-
atomic molecules is always rather complicated and the reader is referred to specialized treatises 
such as the one by Herzberg [29]. 

Vibrational Transitions 

The simplest model of a vibrating diatomic molecule assumes two point masses connected by a 
perfectly elastic massless spring. Such a model leads to a harmonic oscillation and is, therefore. 

•̂ In our discussion of surface radiative transport we have used wavelength A as the spectral variable throughout, largely 
to conform with the majority of other publications. However, for gases frequency v or wavenumber 77 are considerably 
more convenient to use [see, for example, equation (10.18)]. Again, to conform with the majority of the literature, we 
shall use wavenumber throughout this part. 
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FIGURE 10-3 
Spectral position and energy levels for a harmonic oscillator. 

called the harmonic oscillator. For this case the solution to Schrodinger's wave equation for the 
determination of possible vibrational energy levels is readily found to be 

Ev = hve{v + ^), y = 0,1,2, . . . (y integer), (10.19) 

where Ve is the equilibrium frequency of harmonic oscillation or eigenfrequency, and v is the 
vibrational quantum number. The selection rule for a harmonic oscillator is Ay = ±1 and, thus, 
one would expect a single spectral line at the same frequency as the harmonic oscillation, or at a 
wavenumber 

Tj = {E,^x - E,)/hco = (Ve/coXv + 1 ~ y) = VJCQ, (10.20) 

as indicated in Fig. 10-3. Unfortunately, the assumption of a harmonic oscillator leads to consider-
ably less accurate results than the one of a rigid rotator. This fact is easily appreciated by looking 
at Fig. 10-4, which depicts the molecular energy level of a diatomic molecule vs, interatomic dis-
tance: When atoms move toward each other repulsive forces grow more and more rapidly, while 
the opposite is true when the atoms move apart. The heavy line in Fig. 10-4 shows the minimum 
and maximum distances between atoms for any given vibrational energy state (showing also that 
the molecule may dissociate if the energy level becomes too high). In a perfectly elastic spring, 
force increases linearly with displacement, leading to a symmetric quadratic polynomial for the 
displacement limits as also indicated in the figure. If a more complicated spring constant is in-
cluded in the analysis, this resuhs in additional terms in equation (10.19); and the selection rule 
changes to Ay = ±1, ±2, ±3 , . . . , producing several approximately equally spaced spectral lines. 
The transition corresponding to Ay = ±1 is called tho fundamental, or the.^r^r harmonic, and 
usually is by far the strongest one. The transition corresponding to Ay = ±2 is called the first 
overtone or second harmonic, and so on. For example, CO has a strong fiuidamental band at 
T/Q = 2143 cm~* and a much weaker first overtone band at TJQ = 4260 cm~* (see the data in Table 
10.3 in Section 10.8). 

In the literature the vibrational state of a molecule is identified by the values of the vibrational 
quantum numbers. For example, the vibrational state of a nonlinear, triatomic molecule, such as 
H2O, with its three different vibrational modes, is identified as (v\ y^yj). The case is a little bit more 
complicated for molecules with degeneracies. For example, the linear CO2 molecule has three dif-
ferent vibrational modes, the second one being doubly degenerate (see Fig. 10-1); its vibrational 
state is defined by \v\V2^^vs) or (vivzhv}), where 0 < /2 < y2 is an angular momentum quantum 
number, describing the rotation of the molecule caused by diff'erent vibrations in perpendicular 
planes. More details on these issues are given by Taine and Soufiani [4] and by Herzberg [29]. 
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Energy level vs. interatomic distance. 

Combined Transitions 
Since the energy required to change the vibrational energy is so much larger than that needed 
for rotational changes, and since both transitions can (and indeed often must) occur simultane-
ously, this requirement leads to many closely spaced Hnes, also called a vibration-rotation band, 
centered around the wavenumber 77 = v^/co, which is known as the band origin or hand center. 

For the simplest model of a rigid rotator combined with a harmonic oscillator, assuming both 
modes to be independent, the combined energy level at quantum numbers y, v is given by 

E^j = hve{v + 0 + B^){J +1), £;, y = 0,1,2,.. (10.21) 

Since the small error due to the assumption of a totally rigid rotator can result in appreciable 
total error when a large collection of simultaneous vibration-rotation transition is considered, 
allowance has been made in the above expression for the fact that 5„ (or the molecular moment of 
inertia) may depend on the vibrational energy level. The allowed transitions (Ai; = ±1 combined 
with Ay = ±1,0) lead to three separate branches of the band, namely P (Aj = -I), Q (Ay = 0) 
and R (Ay = +1) branches, with spectral lines at wavenumbers 

T], = 7]Q - {B,+i + B,)J + (B,^x - B,)f, 

77. = 770 + (^.+1 - B,)J + (B,^i - B,)f, 

7 = 1 , 2 , 3 , . . . 

7 = 1 , 2 , 3 , . . . 

7 = 0,1,2, . . . 

(10.22a) 

(10.226) 

(10.22c) VR-VO + 2 î,+i + (35y+i - Bv)j "f- (Bv+i - Bv)j , 

where y is the rotational state before the transition. It is seen that there is no line at the band origin. 
If 5i,+i = Bii = const, then the g-branch vanishes and the two remaining branches yield equally 
spaced lines on both sides of the band center. If iB'y+i < ^^ (larger moment of inertia / at higher 
vibrational level), then the /^-branch will, for sufficiently large y, fold back toward and beyond 
the band origin. In that case all lines within the band are on one side of a limiting wavenumber. 
Those bands, where this occurs close to the band center (i.e., for small y where the line strength is 
strong), are known as bands with a head, A sketch of a typical vibration-rotation band spectrum 
is shown in Fig. 10-5. Note that in linear molecules the g-branch often does not occur as a result 
of forbidden transitions [3]. Many more complicated combined transitions are possible, since 
every molecule has a number of rotational and vibrational energy modes, any number of which 
could undergo a transition simultaneously. 
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FIGURE 10-5 
Typical spectrum of vibration-rotation bands. 

10.4 LINE RADIATION 

In the previous two sections we have seen that quantum mechanics postulates that a molecular 
gas can emit or absorb photons at an infinite set of distinct wavenumbers or frequencies. We 
already observed that no spectral line can be truly monochromatic; rather, absorption or emission 
occurs over a tiny but finite range of wavenumbers. The results are broadened spectral lines that 
have their maxima at the wavenumber predicted by quantum mechanics. In this section we will 
briefly look at the causes of line broadening and at line shapes, i.e., the variation of line strength 
with wavenumber for an isolated line. More detailed accounts may be found in more specialized 
works [2,3,20,26]. The effects of line overlap, which usually occurs in vibration-rotation bands 
in the infrared, will be discussed in the following section on "Narrow Band Models." 

Numerous phenomena cause broadening of spectral lines. The three most important ones are 
natural line broadening, collision broadening,eind Doppler broadening. 

Natural Line Broadening 

Every excited molecule will have its energy levels decay spontaneously to a lower state by emit-
ting a photon, even if the molecule is completely undisturbed. According to Heisenberg's uncer-
tainty principle no energy transition can occur with precisely the same amount of energy, thus 
causing the energy of emitted photons to vary slightly and the spectral lines to be broadened. The 
mechanism of decay for that of spontaneous emission is the same as that for collision broadening 
as discussed in the next section, resulting in identical line shapes. However, the average time for 
spontaneous decay is much larger than the average time between molecular collisions. Therefore, 
natural line broadening is generally not important from an engineering point of view, and its effect 
is invariably small compared to collision broadening. Its small effect may be accounted for by 
adding a line half-width bf, to the collision line half-width be discussed below. 
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FIGURE 10-6 
Spectral line shape for Lorentz (collision), 
Doppler and Voigt broadening (for equal line 
strength and half-width). 

Collision Broadening 
As the name indicates, collision broadening of spectral lines is attributable to the frequency of 
collisions between gas molecules. The shape of such a Hne can be calculated from the electron 
theory of Lorentz* or from quantum mechanics [31,32] as 

be 

^(^-"^())^ + *c' 
= I KrjdTJ, 

JAtj 
(10.23) 

where S is the line-integrated absorption coefficient or line strength, be is the so-called line half-
width in units of wavenumber (half the line width at half the maximum absorption coefficient), and 
77o is the wavenumber at the line center. The shape of a collision-broadened line is identical to that 
of natural line broadening, and the combined effect is generally termed Lorentz broadening with a 
line half-width b^. The spectral distribution of a Lorentz Hne is shown in Fig. 10-6 (together with 
the shape of Doppler- and Voigt-broadened lines). Since molecular collisions are proportional to 
the number density of molecules (n oc p oc p/T) and to the average molecular speed (̂ av ^ V^), 
it is not surprising that the half-width can be calculated from kinetic theory [32] as 

k = 
d^p 

yJncoylmkT -A^- (10.24) 

where D is the effective diameter of the molecule, m is its mass, p is total gas pressure, T is ab-
solute temperature, and the subscript "0" denotes a reference state. If the absorbing-emitting gas 
is part of a mixture, the fact that collisions involving only nonradiating gases do not cause broad-
ening, and that the nonradiating gases have different molecular diameters, must be accounted for 

* A biographical footnote for Hendrik A. Lorentz may be found in Section 2,6. 
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empirically by using an effective pressure [33] 

Pe = FaPa^Yj^kPk. (10.25) 
k 

where Fa and pa are the self-broadening coefficient and partial pressure of the absorbing gas, 
while the i> and p^ are broadening coefficients and partial pressures of the kth nonradiating gas, 
respectively. Temperature-dependent broadening coefficients for some absorbing gases have been 
tabulated by Rosenmann et al [34] (CO2), Delaye et al [35] (H2O), and Hartmann et al [36], all 
for mixtures containing N2, O2, CO2, and H2O. 

Doppler Broadening 

According to the Doppler effect a wave traveling toward an observer appears slightly compressed 
(shorter wavelength or higher frequency) if the emitter is also moving toward the observer, and 
slightly expanded (longer wavelength or lower frequency) if the emitter is moving away. This is 
true whether the wave is a sound wave (for example, the pitch of a whistle of a train passing an 
observer) or an electromagnetic wave. Thus, 

^obs = ^em(l + ^ J . (10.26) 

where v is the velocity of the emitter and s is a unit vector pointing from the emitter to the 
observer. Assuming local thermodynamic equilibrium, so that Maxwell's velocity distribution 
applies, the probability for a relative velocity y = v • s between an emitting/absorbing molecule 
and an observer is 

where m is the mass of the radiating molecule. For small v this leads to a Doppler shift in observed 
wavenumber of 

77-% = %^- (10.28) 

Substituting equation (10.28) into (10.27) one can calculate the line profile as [20] 

\21 

Kn = f(l)-|-""^'('?) 
where ba is the Doppler line half-width, given by 

(10.29) 

b.^'^J^lnZ (10.30) 
Co V m 

Note that, unlike during coUision and natural line broadening, the Doppler line width depends 
on its spectral position. The different line shapes are compared in Fig. 10-6. For equal overall 
strength, the Doppler line is much more concentrated near the line center. 

Combined Effects 
In most engineering apphcations coUision broadening, which is proportional to p/^/f, is by far 
the most important broadening mechanism. Only at very high temperatures (when, owing to the 
distribution of the Planck fijnction, transitions at large 77 are most important; and through the 
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FIGURE 10-7 
Lorentz and Doppler line half-widths for the 2.7pm bands of CO2 and H2O. 

opposing temperature dependencies oibi and 60) and/or low pressures may Doppler broadening, 
with its proportionality to / /VT, become dominant. Figure 10-7 shows typical line half-widths 
for CO2 and water vapor in their 2,1 jum bands as a function of temperature. It is seen that at 
low pressures (p = 0.1 bar) Doppler broadening always dominates. At higher pressures (p > 
1 bar) collision broadening dominates, unless extremely high temperatures (T > 2000 K) are 
encountered. Even then the lines retain their Lorentz shape in the all-important line wings (since 
in gas columns line centers tend to be opaque, regardless of line shape, radiative behavior is 
usually governed by the strengths of the line wings). 

If combined effects need to be considered, it is customary to assume collision and Doppler 
broadening to be independent of one another (which is not strictly correct). In that case a collision-
broadened line would be displaced by the Doppler shift, equation (10.28), and averaged over its 
probability, equation (10.27). This leads to the Voigtprofile [2], 

nv2 f 
J -o 

dx 

\ Vln2/ 

^ ' ^ ' 
(10.31) 

No closed-form solution exists for the Voigt profile. It has been tabulated in the meteorological 
literature in terms of the parameter 2b J bo. How the shape of the Voigt profile changes fi'om pure 
Doppler broadening (bi^/bo = 0) to pure collision broadening (bjbo —> 00) is also shown in 
Fig. 10-6 (for constant line half-widths). Several fast algorithms for the calculation of the Voigt 
profile have also been reported [37-40]. A Fortran subroutine voigt is given in Appendix F, that 
calculates the Voigt KJJ as a function of 5, h, bn and \ri - T/QI based on the Humlicek algorithm [40]. 

Example 10.1. The half-width of a certain spectral line of a certain gas has been measured to be 
0.05 cm"̂  at room temperature (300 K) and 1 atm. When the line half-width is measured at 1 atm and 
3000 K, it turns out that the width has remained unchanged. Estimate the contributions of Doppler and 
collision broadening in both cases. 

Solution 
As a first approximation we assume that the widths of both contributions may be added to give the total 
line half-width (this is a fairly good approximation if one makes a substantially larger contribution than 
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the Other). Therefore, we may estimate 

bc\ -^bo] ^ b\ = bi ^ bc2 + boi 

and, from equations (10.24) and (10.30), 

Eliminating the Doppler widths from these equations we obtain 

^ = A L + VlÔ D, = - ^ + Vl0(6i -6a) , 
VIo VTo 

bi 9 \ bi 
and 

hi 9\ 
Vl0 |^ -11 = 0.24. 

We see that at room temperature, collision broadening is about three times stronger than Doppler broad-
ening, while exactly the reverse is true at 3000 K. 

Radiation from Isolated Lines 
Combining equations (10.11) and (10.16) gives the complete equation of transfer for an absorbing-
emitting (but not scattering) medium, 

dL 
-JL=K,(h,-I,l (10.32) 

where the first term of the right-hand side represents augmentation due to emission and the sec-
ond term is attenuation due to absorption. Let us assume we have a layer of an isothermal and 
homogeneous gas of thickness L. Then neither Ibtj nor KJJ is a function of location and the solution 
to the equation of transfer is 

I,(X) = /,(0)e-'^"^ + 4 , ( l -e-'^^^^), (10.33) 

where the optical path length X is equal to L if a linear absorption coefficient is used {geometric 
path length), or equal to L multiplied by partial density (density path length) or pressure (pressure 
path length) of the radiating gas if either mass or pressure absorption coefficient is used. Thus, 
the difference between entering and exiting intensity, integrated over the entire spectral line, is 

I(X) -1(0) = r [I,(X) - I,(0)]dT] « [Itrj -1,(0)] r (l - e-''^'')drj, (10.34) 

where the assumption has been used that neither incoming nor blackbody intensity can vary ap-
preciably over the width of a single spectral line. The integrand of the factor 

= r [l-e~''^^)dT] (10.35) 
J An 

w 
/A;? 

is the fraction of incoming radiation absorbed by the gas layer at any given wavenumber, and it 
is also the fraction of the total emitted radiation that escapes from the layer (not undergoing self-
absorption). W is commonly called the equivalent line width since a line of width W with infinite 
absorption coefficient would have the identical eff̂ ect on absorption and emission; the dependence 
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of the increase of W with increasing optical path X is sometimes called the curve of growth. The 
equivalent line width for a Lorentz hne may be evaluated by substituting equation (10.23) into 
equation (10.35) to yield 

W = 2nb,xe-'[k(x) + hix)] = 2nb,L(xl (10.36) 

where 
b.^bc + b,, x = SX/2nb,, (10.37) 

the k and I\ are modified Bessel functions, and L(x) is called the Ladenburg-Reiche function, 
after the authors who originally developed it [41]. For simpler evaluation, equation (10.36) may 
be approximated as reported by [2] as 

L(x)^xh^[-j , (10.38) 

with a maximum error of approximately 1% near jc = 1. Asymptotic values for W are easily 
obtained as 

W=:SX, j c « l , (10.39a) 

W = 2^lsXb,, j c » l . (10.3%) 

Comparing equation (10,37) with equation (10.23), evaluated at half-height Qrj - T/QI = bi), shows 
that X is the nondimensional optical thickness of the gas layer, KJJX, at that location. Therefore, 
the parameter x gives an indication of the strength of the Une. For a weak line (jc «: 1) little 
absorption takes place so that every position in the gas layer receives the full irradiation, resulting 
in a linear absorption rate (with distance). In the case of a strong line (;c » 1) the radiation 
intensity has been appreciably weakened before exiting the gas layer, resulting in locally lesser 
absorption and causing the square-root dependence of equation (10.39Z>). 

Strength of Spectral Lines within a Band 
In equation (10.10) we related the spectral absorption coefficient to the Einstein coefficients 
Biu and Bui before knowing how such a transition takes place. We now want to develop equa-
tion (10.10) a little further to learn how the strength of individual lines (and, through it, the 
absorption coefficient) varies across vibration-rotation bands, and how they are affected by vari-
ations in temperature and pressure. 

For a combined vibrational (from vibrational quantum number i; to y ± 1) and rotational (from 
rotational quantum number j to j or j ± 1) transition, the Hne intensity or line strength may be 
rewritten in terms of wavenumber (i.e., after division by c) as 

Sr^ = (niBiu-nuBui)hri, (10.40) 

where 77 is the associated transition wavenumber from equations (10.22). Using equations (10.5) 
and (10.7) this becomes 

n | ^ / ^ / j _ ^ - f e „ / m . (10.41) 
%ncri^ gi ^ ' 

The number of molecules at the lower energy state, /i/, may be related to the total number of 
particles per unit volume, AI, through [23] 

^ = ^ ^ e - ^ ' / ^ ^ « = - ^ (10 42) 
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/;, cm 

FIGURE 10-8 
Pressure-based spectral absorption coefficient for small amounts of CO2 in nitrogen; 4.3/im band at p = l.Obar, T -

where Q(T) is the rovibrational partition function (a summation over all the possible rotational 
and vibrational energy levels of the molecule). Substituting this into equation (10.41) and relating 
the Einstein coefficient to matrix elements of the molecule's electric dipole moment [20], 5l„/, 
leads to 

The rovibrational partition function Q{T) and dipole elements |5l„/p can, at least in principle, be 
calculated from quantum mechanics through very lengthy and complex calculations. For example, 
much of Penner's book [20] is devoted to this subject. 

Line strengths within a band To gain some insight into the relative strengths of lines within 
a vibration-rotation band, we will look at the case of a rigid rotator-harmonic oscillator, with the 
additional assumptions that the bandwidth is small compared with the wavenumber at the band 
center and that only the P and R branches are important. For such a case the evaluation of the 
|5l„/p is relatively straightforward [20], and equation (10.43) may be restated as 

Spj^Cje-'^^'^^^^'^f'^ y = 1,2,3,... 
SKJ = aj+ i)e-«A/>i)M^, j = 0,1,2, . . . 

(10.44a) 

(10.446) 

where E^j = hcBJ(J + 1) is the rotational contribution to the lower energy state from equa-
tion (10.17) (i.e., before transition for absorption of a photon; after transition for emission), and 
C collects the coefficients in equation (10.43), as well as the vibrational contribution to the lower 
energy state. Examination of equations (10.44) shows that line strength first increases linearly 
with increasing j (as long as hcBJ(j + l)/kT «: 1), levels off around j ^ yjkTIhcB^, then drops 
off exponentially with large values of y. It is apparent that the band widens with temperature, 
and lines farther away from the band center become most important. An example is given in 
Fig. 10-8, which shows a calculated spectrum of the 4.3//m €02 band (a collection of many dif-
ferent vibrational transitions together with their rotational lines), generated from the HITRAN96 
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database [42]. At room temperature the 4.3/im band is dominated by the 00^0 ^ 00^1 vibra-
tional transition, centered at 2349 cm"^ It is clear that this band has no g-branch, and that the 
line strengths of the P- and i^-branches closely follow equation (10.44). 

Temperature and pressure dependence As seen from equation (10.43) the linear line strength 
iS";; is directly proportional to the pressure of the absorbing/emitting gas; therefore, pressure-based 
line strength Spr^ and density-based line strength Spr^ are fimctions of temperature only. The tem-
perature dependence comes from three contributions: (i) from the partition function Q{T\ (ii) 
from the stimulated emission term, Qxp{-hcoT]/kT), and (Hi) from the lower energy state £/. As 
indicated earlier, evaluation of the partition function is extremely difficult, and approximations 
need to be made. To a good degree of accuracy rotational and vibrational contributions can be 
separated, i.e., Q(T) ^ Qv(T)Qr(T). The vibrational partition fimction can then be determined, 
assuming a harmonic oscillator, as [29] 

Qv(T) =Y]{^^ e-''^o//,7^^p , (10.45) 
k 

where the product is over all the different vibrational modes with their harmonic oscillation 
wavenumbers % [= Ve/co in equation (10.19)], and gk is the degeneracy of the vibrational mode. 
The rotational partition function depends on the symmetry of the molecule and on the moments of 
inertia for rotation around two (linear molecule) or three (nonlinear molecule) axes. For moderate 
to high temperatures, i.e., when llkTIfp- » 1 [23,29], 

Linear molecules (Jx = L = ̂ ' Qr{T) = -z— oc r , (10.46a) 
or n^ 

Nonlinear molecules: ^C^) = - f ] \ f e2~ ^^T^'^^ (10.466) 

where a* is a symmetry number, or the number of distinguishable rotational modes. Examining 
the separate contributions to the temperature dependence we note that, at moderate temperatures, 
the rotational partition function causes the Hne strength to decrease with temperature as \/T or 
1/j3/2^ while the influences of the vibrational partition function and of induced emission are very 
minor (but may become important for T > 1000 K). The influence of the lower energy state £"/ 
can be negligible or dramatic, depending on the size of £"/: for small values of £*/ (low vibrational 
levels) Qxp{-Ei/kT) ^ 1 and further raising the temperature will not change this value. On the 
other hand, large values of £/ (associated with high vibrational levels) make line strengths very 
small at low temperatures, but produce sharply increasing Hne strengths at elevated temperatures 
(when more molecules populate the higher vibrational levels), giving rise to so-called "hot lines" 
and "hot bands." An example of the temperature dependence of the spectral absorption coefficient 
(including effects of line broadening and spacing) will be given in the next section, in Fig. 10-9. 

10.5 SPECTRAL IMODELS FOR RADIATIVE 
TRANSFER CALCULATIONS 

A single spectral line at a certain spectral position is fully characterized by its strength (the inten-
sity, or integrated absorption coefficient) and its line half-width (plus knowledge of the broadening 
mechanism, i.e., collision and/or Doppler broadening). However, a vibration-rotation band has 
many closely spaced spectral lines that may overlap considerably. While the absorption coeffi-
cients for individual lines may simply be added to give the absorption coefficient of an entire band 
at any spectral position, 

Krj = YjK,j, (10.47) 
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the resulting function tends to gyrate violently across the band (as seen in Fig. 10-8), unless the 
lines overlap very strongly. This tendency, plus the fact that there may be literally tens of thou-
sands of spectral lines, makes radiative transfer calculations extremely difficult to carry out, if 
the exact relationship is to be used in the spectral integration for total intensity [equation (9.29)], 
total radiative heat flux [equation (9.46)], or the divergence of the heat flux [equation (9.53)]. An 
example is given in Fig. 10-9, which shows a small part of the artificial spectrum of the 4.3//m 
CO2 band, also generated from the HITRAN96 database [42], and containing almost 900 spectral 
lines. The top frame of Fig. 10-9 shows the pressure-based absorption coefficient of CO2 at low 
partial pressure in air at a total pressure of lOmbar. Because of the relatively low total pressure, 
the lines are fairly narrow, resulting in little overlap. If the total pressure is raised to 1 bar, shown 
in the center frame, lines become strongly broadened, leading to substantial line overlap, and 
a smoother variation in the absorption coefficient (with considerably lower maxima and higher 
minima). At the high temperatures usually encountered during combustion the spectral Hues nar-
row considerably [see equation (10.24)], decreasing line overlap; at the same time the strengths 
of the lines that were most important at low temperature decrease according to equation (10.46) 
and finally, at high temperatures "hot lines," that were negligible at room temperature, become 
more and more important. The result is a fairly erratic looking absorption coefficient as depicted 
in the bottom frame of Fig. 10-9. If high temperatures are combined with low total pressures (not 
shown), the spectral behavior of the absorption coefficient resembles high-frequency electronic 
noise. Fortunately, heat transfer calculations in media at low total pressure are rare (they are im-
portant, though, in meteorological applications deaUng with the low-pressure upper atmosphere). 
Still, even for larger pressures calculations involving the entire spectrum are a truly formidable 
task, which has prompted the development of a number of approximate spectral models. These 
approximate methods may be loosely put into four groups (in order of decreasing complexity and 
accuracy): (1) line-by-line calculations, (2) narrow band calculations, (3) wide band calculations, 
and (4) global models. 

Line-By-Line Calculations Recently, with the advent of powerful computers, a number 
of line-by-line calculations have been performed, particularly by the group around J. Taine in 
France [43,44], Such calculations rely on very detailed knowledge of every single spectral line, 
usually taken from the HITRAN database [42,45]. Because of strongly varying values of the 
absorption coefficient (see Fig. 10-9), the spectral radiative transfer problem must be solved for 
several hundred thousand wavenumbers, followed by integration over the spectrum. While such 
calculations may be the most accurate to date, they require vast amounts of computer resources. 
This is and will remain undesirable, even with the availability of powerful computers, since ra-
diative calculations are usually only a small part of a sophisticated, overall fire/combustion code. 
Even more importantly, high-resolution gas property data (resolution of better than 0.01 cm~^), 
which are required for accurate line-by-line calculations, are simply not available and will not 
be available in the foreseeable future: the HITRAN96 database is the culmination of many man-
years of work and is more or less limited to atmospheric conditions (low partial pressures and 
ambient temperature). Temperature and pressure dependence of spectral line broadening is very 
complicated and simply not well enough understood to extrapolate room temperature data to the 
high temperatures important in combustion environments, as was done in the above mentioned 
line-by-line calculations. Very recently, a high-temperature version of HITRAN96 has become 
available for carbon dioxide and water vapor, called HITEMP [46], which includes about 1 mil-
lion lines for CO2 and 1.2 milUon lines for H2O. This new database relies on extrapolation, rather 
than experimental data. Its accuracy is, therefore, unproven to date. For these reasons it is fair to 
assume that, for the foreseeable future, line-by-line calculations will only be used as benchmarks 
for the validation of more approximate spectral models. 

Narrow Band Models When calculating spectral radiative fluxes from a molecular gas one 
finds that the gas absorption coefficient (and with it, the radiative intensity) varies much more 
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FIGURE 10-9 
Spectral absorption coefficient for small amounts of CO2 in nitrogen, across a small portion of the CO2 4.3 )um band; top 
frame: p=\0mbar, T = 300 K; center frame: /? = 1 bar. T = 300 K; bottom frame: /? = I bar, T = 1000 K. 
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rapidly across the spectrum than other quantities, such as blackbody intensity, etc. It is, therefore, 
in principle possible to replace the actual absorption coefficient (and intensity) by smoothened 
values appropriately averaged over a narrow spectral range. A number of such "narrow band 
models" have been developed some 40-50 years ago, which will be examined in the following 
section. In principle, narrow band calculations can be as accurate as line-by-line calculations, 
provided an "exact" narrow band average can be found. The primary disadvantages of such 
narrow band models are that they are difficult to apply to nonhomogeneous gases and the fact 
that heat transfer calculations, based on narrow band data and using general solution methods, are 
limited to nonscattering media within a black-walled enclosure. 

An altemative to the "traditional" narrow band models is the so-called "correlated /:-distribu-
tion." In this method it is observed that, over a narrow spectral range, the rapidly oscillating 
absorption coefficient KJJ attains the same value many times (at sUghtly different wavenumbers 77), 
each time resulting in identical intensity /̂  and radiative flux (provided the medixmi is homoge-
neous, i.e., has an absorption coefficient independent of position). Since the actual wavenumbers 
are irrelevant (across the small spectral range), in the correlated ^-distribution method the ab-
sorption coefficient is reordered, resulting in a smooth dependence of absorption coefficient vs, 
artificial wavenumber (varying across the given narrow range). This, in turn, makes spectral in-
tegration very straightforward. ^-Distributions are relatively new, and still require development. 
While attractive, they also are difficult to apply to nonhomogeneous media. 

Wide Band Models Wide band models make use of the fact that, even across an entire 
vibration-rotation band, blackbody intensity does not vary substantially. In principle, wide band 
correlations are found by integrating narrow band results across an entire band, resuking in only 
slightly lesser accuracy. Wide band model calculations have been very popular in the past, due 
to the facts that the necessary calculations are relatively simple and that much better spectral data 
are not available. However, it is well recognized that wide band correlations have a typical cor-
relational accuracy of ±30%, and in some cases may be in error by as much as 70%; substantial 
additional but unquantified errors may be expected due to experimental inaccuracies. One of 
the attractions of the correlated ^-distributions is that they can be readily adapted to wide band 
calculations. 

Global Models In heat transfer calculations it is generally only the (spectrally-integrated) to-
tal radiative heat flux or its divergence that are of interest. Global models attempt to calculate these 
total fluxes directly, using spectrally integrated radiative properties. Most early global methods 
employ the total emissivities and absorptivities of gas columns, but more recently full-spectrum 
correlated ^-distributions have also been developed. 

During the remainder of this chapter we will discuss the smoothing of spectral radiative prop-
erties of molecular gases over narrow bands and wide bands, as well as the evaluation of total 
properties. Actual heat transfer calculations using these data will be deferred until Chapter 19 
(i.e., until after the discussion of particulate properties and of solution methods for the radiative 
transfer equation). 

10.6 N A R R O W B A N D M O D E L S 

Examination of the formal solution to the equation of radiative transfer, equation (9.29) shows 
that all spectral integrations may be reduced to four cases, namely, 

J i<ril(b)n drj and J /(/,),; 11 - exp ̂ - J^ Kr, dXjj drj, (10.48) 

where I(b)Tj denotes that either 4,, or 7̂ , can occur, and X is the optical path length introduced in 
equation (10.33). It is clear from inspection of Fig. 1-5 that the Planck function will never vary 
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appreciably over the spectral range of a few lines, considering that adjacent lines are very closely 
spaced (measured in fractions of cm"^). Local radiation intensity 7,̂  on the other hand, may vary 
just as strongly as the absorption coefficient, since emission within the gas takes place at those 
wavenumbers where Kjf is large [see equation (9.11)]. However, if we limit our consideration to 
nonscattering media bounded by black (or no) walls, the formal solution of the radiative equation 
of transfer, equation (9.30), shows that all spectral integrations involve only the Planck function, 
and not the local intensity. For such a restricted scenario"* we may simplify expressions (10.48), 
with extremely good accuracy, to 

Jo IA77J,_ 

11+All/2 

tl-A,,/2 
K„dr]'\dr] (10.49a) 

The expressions within the large braces are local averages of the spectral absorption coefficient 
and of the spectral emittance, respectively, indicated by an overbar:^ 

'^n(n) = i r '<ndr]\ (10.50) 
^ ^ Jjl-Ati/l 

One can expect that the spectral variation of ^ and 6 is relatively smooth over the band, making 
spectral integration of radiative heat fluxes feasible. 

To find spectrally averaged or "narrow band" values of the absorption coefficient and the emis-
sivity, some information must be available on the spacing of individual lines within the group and 
on their relative strengths. A number of models have been proposed to this purpose, of which the 
two extreme ones are the Elsasser model, in which equally spaced lines of equal intensity are con-
sidered, and the statistical models, in which the spectral Hnes are assumed to have random spacing 
and/or intensity. A typical spectral line arrangement for these two extreme models is shown in 
Fig. 10-10. The main distinction between the two models is the difference in line overlap. Both 
models will predict the same narrow band parameters for optically thin situations or nonoverlap 
conditions (since overlap has no effect), as well as for optically very strong situations (since no 
beam can penetrate through the gas, regardless of the overlapping characteristics). Under inter-
mediate conditions the Elsasser model will always predict a higher emissivity/absorptivity than 
the statistical models, since regular spacing always results in less overlap (for the same average 
absorption coefficient) [3]. The deviation between the models is never more than 20%. In the fol-
lowing we will limit our discussion to lines of Lorentz shape, since collision broadening generally 
dominates at the relatively high pressures encountered in heat transfer applications. Discussion on 
models for Doppler and Voigt line shapes can be found in the meteorological literature, e.g. [2]. 

The Elsasser Model 
We saw earlier in this chapter that diatomic molecules and linear polyatomic molecules have 
only two, identical rotational modes, resulting in a single set of lines (consisting of two or three 

'*lf the Monte Carlo method is employed as the solution method, this restriction is not necessary, since integration over 
local intensity is avoided even for reflecting walls/scattering media; see Section 20.8. 

'̂ It should be understood that the definition of/? in equation (10.50) is not sufficient since ? t̂ I - oxpi-Hs). This fact 
will be demonstrated in Example 10.2. 
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FIGURE 10-10 
Typical spectral line arrangement for (a) Elsasser and (h) statistical model. 

branches, as shown in Fig. 10-2 and Fig. 10-5). For these gases one may expect spectral lines with 
nearly constant spacing and slowly varying intensity, in particular if the g-branch is unimportant 
(or "forbidden") and if the folding-back of the /^-branch gives also only a small contribution. 

Summing up the contributions from infinitely many Lorentz lines on both sides of an arbitrary 
line with center at %, we get 

S b. E ^ Oi (10.52) 

where d is the (constant) spacing between spectral lines.^ This series may be evaluated in closed 
form, as was first done by Elsasser, resulting in [47] 

sinh2j0 

where 
'̂ d cosh ip - cos(2 -- zo)' 

P = nbild, z = 270]/d. 

From equation (10.50), the average absorption coefficient is simply 

_ S 

(10.53) 

(10.54) 

(10.55) 

This also follows without integration fi-om the fact that S is each line's contribution to the inte-
grated absorption coefficient [see equation (10.23)], and that the Unes are spaced d wavenumbers 
apart, i.e., for every d wavenumbers S is added to the integrated absorption coefficient. The spec-
trally averaged emissivity may be evaluated fi*om equation (10.51) as 

'^^ = '-hLA-2/5xsinh2^ 
cosh2/?~cosz 

dz. (10.56) 

where, since the absorption coefficient is a periodic fiinction, one full period was chosen for the 
averaging wavenumber range and, thus, the arbitrary location ZQ could be eliminated. As one may 
see from its definition, equation (10.54),/? is the line overlap parameter: /3 gives an indication of 
how much the individual lines overlap each other, and x, already defined in equation (10.37), is 
the line strength parameter. At this point we may also define another nondimensional parameter, 

^Since we are using wavenumber here, the value for d is measured in units of wavenumbers, cm"'. If we were to use 
frequency or wavelength, the definition and units ofd would correspondingly change. 
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the narrow band optical thickness r = IcX, so that we now have three characterizing parameters, 
namely, 

x=:r-r. J3 = n^, T = -X=2px, (10.57) 
iTCOi a a 

Equation (10.56) cannot be solved in closed form, but an accurate approximate expression, known 
as the Godson approximation, has been given [32]: 

e, = erf ( ^ ^ ) = crfi^^Xe'Voix) + /i(:c)]J = CTf{yf^pL(x)) (10.58) 

where erf is the error function and is tabulated in standard mathematical texts [48]. The Godson 
approximation is reasonably accurate for small-to-moderate line overlap (fi <\). For larger values 
of ̂ , and for hand calculations it is desirable to have sunpler expressions. We can distinguish 
among three different limiting regimes: 

weak lines (x«: 1): _ , / *̂ v-\ i -r /mcnx 
strong overlap (^>1): ^. = 1 ~exp(->-X) = 1-- . ^ (10.59a) 

strong lines (jc » 1) : ?;; = erf Jn- -jx\ = orf [^|r^, (10.596) 

W 
no overlap 0̂  <̂  1): €rj = — = 2/3L{x), (10.59c) 

where the W/d in equation (10.59c) can possibly be further simpUfied using equations (10.39a) 
and (10.396). These relations are summarized in Table 10.1. 

The Statistical Models 
In the statistical models it is assumed that the spectral lines are not equally spaced and of equal 
strength but, rather, are of random strength and are randomly distributed across the narrow band. 
This assumption can be expected to be an accurate representation for complex molecules for 
which lines from different rotational modes overlap in an irregular fashion. In several early studies 
Goody [49] and Godson [50] have shown that any narrow band model with randomly placed 
spectral lines, with arbitrary strengths and line shape (i.e., Lorentzian or other) leads to the same 
expression for the spectrally averaged emissivity, 

6,= l - e x p f - ^ j , (10.60) 

where Ŵ  is an average over the N lines contained in the spectral interval, 

and d is the average line spacing, defined as 

d=^, (10.62) 

A number of statistical models have been developed, in which lines are placed at random 
across ATJ with random strengths picked from different probability distributions. We will limit 



10.6 NARROW BAND MODELS 3 1 1 

OUT brief discussion to three different models, which excel due to their simplicity and/or their 
success to model actual spectral distributions. 

The simplest statistical model is the uniform statistical model, in which all lines have equal 
strengths, or 

Uniform statistical model: S- S = const. (10.63) 

A more realistic representation must allow for varying lines strengths, given by a probability 
density function p{S), The properties of the narrow band are then found by averaging line prop-
erties with the probability density function. A frequently used such probability distribution is the 
exponential form proposed by Goody [49] 

Goody model: j!?(5) = z: exp (~= j , 0 < 5 < oo, (10.64) 

which is popular due to its simplicity. However, Malkmus [51] recognized that in many cases 
this exponential intensity distribution severely underpredicts the number of low-strength lines. 
He modified the physically plausible 1/5 distribution proposed by Godson [50] to obtain an 
exponential-tailed 1/S distribution, now known as the Malkmus model: 

r'^pH)' Malkmus model: p(S) = - exp - = , 0 < 5 < oo. (10.65) 

All three distribution functions, equations (10.63), (10.64), and (10.65) have identical average 
line strengths 5. 

Finding the average equivalent line width W for the uniform statistical model is trivial, since 
every equivalent line width from equation (10.63) is identical, and W = W (single line). For the 
Goody and Malkmus model the sum in equation (10.61) can, for a large statistical sample, be 
replaced by an integral 

/^oo /-•oo /^+oo 

W —> I p(S)W(S)dS= I p(S) I (l'-e~'^'^^^)dTjdS. (10.66) 
^-»«J0 Jo J-oo ^ ^ 

Substituting equations (10.64) and (10.65) and carrying out the integrations leads to, for Lorentz 
lines, 

W ~b ( ^X \ 
Uniform statistical model: - - = 2n-^ L - ^ = 2fiL(x) = 2pL(T/2/3), (10.67) 

d d {2nbJ 
1/2 

Goody model: 7 " i W l ^ "̂  ^ I ='^/(l+^/>S)'^^ (10-68) 

[l + ^ p i | = f [ ( l + 4r/y3)'/^-ll, (10. Malkmus model: —• = —-
d 2d 

69) 

where L(x) is the Ladenburg-Reiche function given by equation (10.36). In these models the 
narrow band parameters bjd and S/d are either found by fitting experimental data, or from high-
resolution spectral data, such as the HITRAN database [42]. In the latter case, it is desirable to 
have the models yield exact results in the limits of weak lines (x «: 1) as well as strong lines 
(x » 1). In the weak line limit we have, for all three models, 

W 5 
weak lines (x <K I): — -» - X = 2j3x = r, (10.70) 

d d 
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TABLE 10.1 

Summary of effective line widths and narrow band emissivities for Lorentz lines. 

Weak line Strong line No overlap All regimes 

X <^ I ;c» I y3« I 

Single line, W 

W_ 

d 

SX lyJSXbi 

Elsasser Model 
W 
d 

€n 

Statistical Models 
W 
- - (5 = const) 
d 

W 
-J (Goody) 

-J (Malkmus) 

^n 

T 

I - e--" 

T 

T 

T 

\-e-' 

2 V ^ 

erf(V?^) 

2 V ^ 

V^ 

V^ 

l-exp(~TF/^) 

w_ 
7 

d 

Definitions: 

2fiL(T/2p) 

m(r/2p) 

f|Vn:47^-i] 

l-exp(-F/f/) 

SX 
Ar=-:^; P = n^; T=-X=:2fix; L(x)^x\\+[ — ) 

Inh « « 1 ^ 2 / 

5/41-2/5 

while the models lead to slightly different strong line limits, i.e., 

strong lines (x » 1): 

Uniform statistical: — -
a 

Goody/Malkmus: 
W 

d 
= 2p(2x/ny^^ = 2(Tfi/nf\ 

= p{2xf'^ =(rp)^'^. 
d d 

Satisfying these two conditions requires [2] 

(10.71a) 

(10.716) 

(10.72) 

with Ch = 1 for the uniform statistical model, and Q = Ajn for the Goody and Malkmus^models; 
the latter two models will always have some weak lines, resulting in a smaller value for Wjd, even 
in the strong line limit (based on average line strength). The results from the statistical models 
have also been summarized in Table 10.1. 

The narrow band emissivities from all four models are compared in Fig. 10-1_1 as^ function of 
the optical path of an average spectral line (i.e., average absorption coefficient S/2nbL multiplied 
by distance X). Note that all predictions are relatively close to each other, although the statistical 
models may predict up to 20% lower emissivities for optically thick situations. The Goody and 
Malkmus models more or less coincide for small values of jS, giving somewhat lower emissivities 
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FIGURE 10-11 
Mean spectral emissivities as function of average optical depth {S/d)X. 

than the uniform statistical model because of their different strong line behavior. For optically 
thin situations (x < 1) the uniform statistical and Goody's model move toward the Elsasser model, 
with lower emissivities predicted by the Malkmus model. Note that the Elsasser lines were drawn 
from numerical evaluations of equation (10.56), not from equation (10.58), which would show 
serious error for the^S = 1 line. 

Example 10.2. The following data are known at a certain spectral location for a pure gas at 300 K and 
0.75 atm: The mean line spacing is 0.6 cm"^ the mean line half-width is 0.03 cm~\ and the mean line 
strength (or integrated absorption coefficient) is 0.08 cm~^ atm~'. What is the mean spectral emissivity 
for geometric path lengths of 1 cm and 1 m, if the gas is diatomic (such as CO), or if the gas is polyatomic 
(such as water vapor)? 

Solution 
Since the units of the given line strength tell us that a pressure absorption coefficient has been used, 
we need to employ a pressure path length X = ps. For a path length of 1 cm we get X = 0.75 atm x 
1cm = 0.75 cm atm and A: = SX/lnb = 0.08 cm"^ atm"^ x 0.75cmatm/(2;r0.03cm-0 = \/n, while 
the overlapping parameter turns out to be yS = nb/d - nx 0.03 cm"^ /0.6 cm"' = n/lO, and r = Ifix = 
2{n/20)(l/7t) = 0.1. For a diatomic gas for which the Elsasser model should be more accurate, we 
can use either equation (10.58) or (since y? «: 1) equation (10.59c). Evaluating the Ladenburg-Reiche 
function from (10.38) gives 

z ( i j . i [ l^0 .5^V4J-^^^ = 0.2766, 

5, = erf (V^^O.2766) = erf (0.0770) = 0.0867 =^ 2^0.2766 = 0.0869 = 8.7%. 

If the gas is polyatomic we may want to use one of the statistical models. Choosing the Malkmus model, 
equation (10.69), we obtain 

and 

1 J 1 ^ ' 4xo.n'^' 
^ •" (n/20)j 

= 0.0670. 

If the path length is a full meter, we have A' = 75 cm atm and x = 100/;r while fi is still fi = jr/20 
and now T = 10. Thus we are in the strong-line region. For the diatomic gas, from equation (10.59ft) 
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Irj = erf[VlO(;r/20)] = erf(1.2533) = 0.924. For the polyatomic gas, again using equation (10.69), we 
get?;; = 0.692. 

In the first two cases, using the simple relation ? = 1 - exp(-ĵ 5) actually would have given fairly 
good results (0.095) because the gas is optically thin resulting in essentially linear absorption at every 
wavenumber. For the larger path we would have gotten 1 ~e"*^ » 1. Thus, using an average value for the 
absorption coefficient makes the gas opaque at all wavenumbers rather than only near the line centers. 

Example 10.3. For a certain polyatomic gas the line-width-to-spacing ratio and the average absorption 
coefficient for a vibration-rotation band in the infrared are known as 

( s I M s V * * - (3l = '»™-'- «•»•"> Jrj '^ W / 0 

-I b 6t> = 50 cm , - «0.1 » const. 
a 

Find an expression for the averaged spectral emissivity and for the total band absorptance, defined by 

Jband Jo 

for a path length of 20 cm. 

Solution 
Calculating the optical thickness TQ = iS/d)oX = 10 x 20 = 200, the overlap parameter's = ;r/10, 
and the line strength XQ - To/lfi = 1000/;r, we find that this band falls into the "strong-line" regime 
everywhere except in the (unimportant) far band wings. Since we have a polyatomic molecule with 
exponential decay of intensity, one of the statistical models should provide the best answer. As seen 
from Fig. 10-11, all three statistical models give very similar results, and the (more appropriate) Goody 
and Malkmus models go to the same strong line limit, equation (10.71Z?), or 

6;; = l " - e - ^ / ^ « l ~ e x p ( - V ^ , 

since r/fi » 1. Substituting yields the spectral emissivity, 

?̂  = 1 - exp(-V^^"'''"*''^'')-

Integrating this equation over the entire band gives the total band absorptance, 

A=: I [l-exp(-V^e-'''-'*>'''^)]^//. 

Realizing that this integral has two symmetric parts and setting Inz = -(;/ - T]Q)/OJ, we have 

A=^2CJJ I [1 ~ exp(~V^^)] —• 

This integral may be solved in terms of exponential integrals^ as given, for example, in Abramowitz and 
Stegun [48]. This leads to 

A^loj [E^ ( VT^) + Hyfrofi) + Tf) = 264.7 cm~̂ , 

where ŷ  = 0.57721... is Ruler's constant. 

Most available narrow band property data, such as the RADCAL database [52,53], have been 
correlated with the Goody model. The correlation by Malkmus is a relative late comer, but is 
today recognized as the best model for polyatomic molecules. While commonly used in the 
atmospheric sciences this correlation has, until recently, been widely ignored by the heat transfer 

'̂ Exponential integrals are discussed in some detail in Appendix E. 
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community. Taine and coworkers [43,44,54] have generated artificial narrow band properties 
from HITRAN92 line-by-line data. Employing the Malkmus model with a resolution of 25 cm"^ 
they observed a maximum 10% error between line-by-Une and narrow band absorptivities. Using 
two narrow spectral ranges of H2O and CO2 Lacis and Oinas [55] showed that (for a resolution 
of 10 cm"^, and for total gas pressures above 0.1 atm) the correlational accuracy of the Malkmus 
model can be improved to better than 1% if the model parameters are found through least square 
fits of the HITRAN92 line-by-line data. Recently, Soufiani and Taine [56] have assembled the 
Malkmus-correlated EM2C narrow band database (25 cm~^ resolution) for various gases, using 
the HITRAN92 database together with some proprietary French high-temperature extensions. 
However, to date very few experimental narrow band data have been correlated with the Malkmus 
model: PhiUips has measured and correlated the 2.7/zm H2O band [57] and the 4.3 jum CO2 band, 
both between room temperature and 1000 K. Modest and Bharadwaj [58] have measured the 
2.0, 2.7 and 4.3//m bands of CO2, showing excellent agreement with data generated from the 
HITRAN96 database up to 1000 K. Both the RADCAL and the EM2C databases are included in 
Appendix F. 

Gas JMixtures 

Experimental data for narrow band properties, such as line overlap (b/d) and average absorption 
coefficient (S/d), are usually given fi-om correlations of measurements performed on a homo-
geneous column involving a single absorbing gas specie. In practical applications, on the other 
hand, radiative properties of mixtures are generally required, that contain several absorbing gas 
species, such as CO2, H2O, CO, etc. Over large portions of the spectrum spectral lines fi"om dif-
ferent species do not overlap each other, and the expressions given in Table 10.1 remain valid. 
However, there are regions of the spectrum where spectral line overlap is substantial and must 
be accounted for. For example, the two most important combustion gases, water vapor and CO2, 
both have strong bands in the vicinity of 2.7/zm. Mixture values for (b/d) and (S/d) are found 
from their definitions, equation (10.72), by setting 

i n i / n i 

where the subscript n identifies the gas specie. Comparing equation (10.72) for the mixture and 
its individual components readily leads to 

Expressions in Table 10.1 together with equation (10.75) can then be used to evaluate the trans-
missivity of a gas mixture. Other expressions for mixture values of (b/d) and (S/d) have been 
discussed by Liu and coworkers [59]. 

Taine and Soufiani [4] pointed out that there is no physical reason why there should be any 
significant correlation between the spectral variation of absorption coefficients of diff'erent gas 
species. If one treats the absorption coefficients of the M species as statistically independent 
random variables, the transmissivity of a mixture can be evaluated as the product of the individual 
species' transmissivities, 

= l-i;7.mix = Y\rrj,m' (10.76) 

For example, comparing the mixture transmissivity of a room temperature water vapor-carbon 
dioxide mixture for the overlapping 2.7 fxm region, calculated directly from the HITRAN database 
and from equation (10.76), they found them to be virtually indistinguishable. 
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Nonhomogeneous Gases 

Up to this point in calculating narrow band emissivities we have tacitly assumed that the gas is 
isothermal, and has constant total and partial pressure of the absorbing gas everywhere, i.e., we 
replaced the integral J^ KdX in equation (10.51) by KX, We now want to expand our results to in-
clude nonhomogeneous gases. For the Elsasser model the solution to equation (10.56) is possible, 
but too cumbersome to allow a straightforward solution if properties are path-dependent. For the 
more important statistical models the same is true, especially if not only line strength, 5, but also 
the line overlap parameter, p, varies along the path. Instead, one resorts to approximations. The 
best known and most widely used approximation is known as the Curtis-Godson two parame-
ter scaling approximation [2,60], which has been fairly successful. Other scaling approximations 
have been developed, e.g., the one by Lindquist and Simmons [61]. In the Curtis-Godson approx-
imation the values of r andyS used in equation (10.56), or (10.58) (Elsasser model) and equations 
(10.60) plus (10.67) through (10.69) (statistical models) are replaced by path-averaged values? 
and)S. The proper values (scaling) forTandyS are found by satisfying both the optically thin and 
optically thick limits. Thus, we find fi"om equations (10.39a) and (10.39Z>), for a single line "/": 

jc « 1 : Wi^ { Si{X)dX, (10.77) 
Jo 

jc » 1 : ^ = 2^/ I Si(X)bLi{X)dX. (10.78) 

For many lines, fi*om equation (10.61), 

x « l : W^\-y \ SmdX^ f S(X)dX. (10.79) 
^irfJo Jo 

Now, from equation (10.59a) or (10.70), 

For strong lines we obtain 

x»\: ^ = ^ > , A / I S,iX)bu(X)dX (10.81) 

If one assumes 5, and bu to be separable, i.e., they can be written as, e.g., 5, (X) = Siofs{X), where 
Sio is a different constant for each Hne, and fs(X) is a function of the path (but the same for each 
line), one can—after some manipulation—^rewrite equation (10.81) as [4] 

-i2 

dX, (10.82) F'̂ dJfgVsWMA) jc» 1 : 

Comparing with equation (10.39ft) [or (10.71)], and utiHzing equation (10.72) we obtain 

or 
-A' 

(7) "^"^^"^X ^^^'^^^'^^ ^̂ -̂̂̂ ^ 

J=Lf ^pdX. (10.84) 
T Jo a 
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Equations (10.58) and (10.67) through (10.69) may now be used with7and)8 to calculate narrow 
band emissivities for nonhomogeneous paths. 

The accuracy of various scaUng approximations was tested by Hartmann and coworkers [44, 
54] for various nonhomogeneous conditions in CO2-N2 and H2O-N2 mixtures. It was found that 
the Malkmus model together with the Curtis-Oodson scaling approximation generally gave the 
most accurate results, except in the presence of strong (total) pressure gradients. 

10.7 NARROW BAND Jt-DISTRIBUTIONS 

As in the case of "traditional" narrow band models (i.e., Elsasser and statistical models), we will 
start by looking at a homogeneous medium (constant temperature, pressure and concentrations), 
i.e., a medium whose absorption coefficient is a function of wavenumber alone. In such a medium 
the spectral intensity depends on geometry, the Planck function, 4,^, emittance of bounding sur-
faces, €rj, the absorption and scattering coefficients of suspended particles, Kprj and CTSJJ, and finally 
the absorption coefficient of any absorbing gas. Over a small spectral interval, such as a few 
tens of wavenumbers, the Planck function and nongaseous radiation properties remain essentially 
constant. Thus, across such a small spectral interval the intensity varies with gas absorption 
coefficient alone. On the other hand. Fig. 10-9 shows that the gas absorption coefficient varies 
wildly even across a very narrow spectrum, attaining the same value for KJJ many times, each time 
producing the identical intensity field within the medium. Thus, carrying out line-by-line cal-
culations across such a spectrum would be rather wasteful, repeating the same calculation again 
and again. It would, therefore, be advantageous to reorder the absorption coefficient field into a 
smooth, monotonously increasing function, assuring that each intensity field calculation is carried 
out only once. 

This reordering idea was first reported in the Western literature by Arking and Grossman [62], 
but who give credit to Kondratyev [63], who in tum credits a 1939 Russian paper. Other early 
publications on A:-distributions are by Goody and coworkers [64], Lacis and Oinas [55], and Fu 
and Liou [65], all in the field of meteorology (atmospheric radiation). In the heat transfer area 
most of the work on ^-distributions again is due to the group around Taine in France [56,66-68]. 

The narrow band averageof any spectral quantity that depends only on the gaseous absorption 
coefficient, such as intensity 7;;, transmissivity T̂ ;, etc., can be rewritten in terms of a A:-distribution 
f{k) as follows (here expressed for transmissivity frj): 

fn(X)=^ f e-'^^^'dri^ f e^^y(k)dk, (10.85) 

Inspection of Fig. 10-12 (which depicts a small part of the CO2 15//m band at 1 bar and 296 K) 
shows that the absorption coefficient goes through a number of minima and maxima; between any 
two of these the integral may be rewritten as 

^-K,,X dri 
dKrj 

dKrf. 

The absolute value sign comes from the fact that, where dKjj/drj < 0, we have changed the direc-
tion of integration (always fi*om 

'O/̂min to /0;,max)' Therefore, integration over the entire range Aij 
gives f(k) as a weighted sum of the number of points where KJJ = k. 

^«=i;? 
drj 

dK^ 
(10.86) 

Mathematically, this can be put into a more elegant form as 
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FIGURE 10-12 
Extraction of ^-distributions from spectral absorption coefficient data (here for small amounts of 002 in nitrogen, across 
a small portion of the 002 15//m band; p - 1.0 bar, T = 296 K). 

(10.87) 

where 6(k - KJ^) is the Dirac-delta function defined by 

rO, \x\>6e, 
6(x) = l im < 1 I I ^ c 

or 

/ • 
J - 0 

6{x)dx=\. 

(10.88a) 

(10.886) 

In actual reordering schemes values of A: are grouped over small ranges kj <k < kj+5kj = ̂ +i, 
as depicted in Fig. 10-12, so that 

m)^k, ^I_Y\^\ [̂ (̂ +̂ ^ - "'>) - "^^ - •''A. 

where H{k) is Heaviside's unit step function, 

0, jc < 0, 
j c>0 , 

(10.89) 

(10.90) 

and the summation over / collects all the occurrences where ^ < /o, < ^+i. If the absorption 
coefficient is known from line-by-line data, the A:-distribution is readily calculated from equation 
(10.89), On the other hand, the /:-distribution can be found much more easily if accurate narrow 
band transmissivity data are available: inspection of equation (10.85) shows that frj is the Laplace 
transform of/(A:), i.e., 

f(k)=^-'{frj(X)l (10.91) 
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FIGURE 10-13 
A:-Distributions for the three cases depicted in Fig. 10-9. 
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where ̂  ^ indicates inverse Laplace transform. This was first recognized by Domoto [69], who 
also found an analytical expression for the A:-distribution based on the Malkmus model, equa-
tion (10.71): 

(10.92) 

The A;-distributions for the three cases in Fig. 10-9 are shown in Fig. 10-13. These functions 
still show rather erratic behavior, and are time-consuming to evaluate.^ However, their integrals 
do not, and we write 

Jo 
r „ W = e-'^^'^'^dg; g{k) 

Jo 
f{k)dK (10.93) 

with k{g) being the inverse function of the cumulative k-distribution g{k). g{k) represents the 
fraction of the spectrum whose absorption coefficient lies below the value of A: and, therefore, 0 < 
g < 1 [this can also be seen by setting Â  = 0 in equations (10.85) or (10.93), leading to frj = 1]. 
The k(g) for the three cases in Fig. 10-9 are shown in Fig. 10-14: ^ acts here as a nondimensional 
wavenumber (normalized by A//), and k{g) is a smoothly increasing function of this artificial 
wavenumber g. Inaccurate evaluation of f(k) (such as its peaks) has little influence on k(g), 
which is much easier to determine accurately. This, and the fact that g(k) represents the fraction 
of wavenumbers with kjj < k, suggests a very simple method to evaluate fik)Ak and g(k): the 
wavenumber range A77 is broken up into Â  intervals ST] of equal width. The absorption coefficient 
at the center of each interval is evaluated and, if ̂ - < KJJ < ^+1, the value of/(^)A^' is incremented 
by \/N, After all intervals have been tallied/(^)A^ contains the fraction of wavenumbers with 
kj <Krj< kj+\, and 

gi^^i) = YJ / ( ^ • ' ) ^ ' = ^(^) + /(^v)A^- (10.94) 
/=! 

** Indeed, as seen from equation (10.87), f(k) - • 00 for each maximum and minimum of the absorption coefficient. 
Using the numerical formula for f{k) only produces sharp, but finite, peaks whose maximum values depend on the 
implementation of equation (10.89). 
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FIGURE 10-14 
^-Values as a function of cumulative ^-distribution g for the three cases depicted in Fig. 10-9. 

Program nbkdist in Appendix F is a Fortran code that calculates such a g{k) distribution directly 
from a spectroscopic database or from a given array of wavenumber-absorption coefficient pairs. 
As an example for the determination of ^-distributions, the instructions to nbkdis t show how to 
obtain the distributions of Figs. 10-13 and 10-14. 

For a A:-distribution based on the Malkmus model, equation (10.92), the cumulative A:-distri-
bution can be determined analytically as 

g(k) = - erfc # [V^^V^J + -eP erfc 
2 

^ 
+ M (10.95) 

where erfc is the complementary error function [48] and, by convention, erfc(-oo) = 2. 
Comparing equation (10.93) with the first expression in equation (10.85), we note that the 

integration in equation (10.93) is equivalent in difficulty to the integration over a single line. 
Given that a narrow spectral range can contain thousands of little-overlapping lines, we conclude 
that the cpu time savings over line-by-line calculations can be enormous! 

Nonhomogeneous Gases 
Correlated-Ar Like the statistical models the A:-distribution is not straightforward to apply to non-
homogeneous paths. However, it was foxmd that for many important situations the ^-distributions 
are essentially "correlated," i.e., if A:-distributions k{g) are known at two locations in a nonhomo-
geneous medium, then the absorption coefficient can essentially be mapped from one location to 
the other (documented to some extent by Lacis and Oinas [55]). This implies that all the values 
of ?7 that correspond to one value of AC and g at one location, more or less map to the same value of 
g (but a different K) at another location [55,65]: pressure changes affect all lines equally (causing 
more or less broadening by higher/lower total pressure /?, increasing line strengths uniformly by 
changes in partial pressure of the absorbing gas, /?«)• We may then write, with good accuracy, 

T,(0-̂ JO = ^ J ^ cxp{-f^\,dx)dTj^J^ CKp[-f^^kiX,g)dx)dg. (10.96) 
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This assumption of a correlated Jt-distribution has proven very successfiil in the atmospheric sci-
ences, where temperatures change only from about 200 K to 320 K, but pressure changes can be 
very substantial [55,64,65], 

Scaled-A A more restrictive, but mathematically precise condition for correlation of d i s t r i -
butions is to assume the dependence on wavenumber and location in the absorption coefficient to 
be separable, i.e., 

Kr,{TJ, T,p,pa) = kjiriHT, f,Pa% (10.97) 

where kri(rj) is the absorption coefficient at some reference condition, and u(T,p,pa) is a non-
dimensional function depending on local conditions of the gas, but not on wavenumber. This is 
commonly known as the scaling approximation. Substituting this into equation (10.96) gives 

r,{O^X) = -^J^ Qxp{^k,i7])f^\dXyrj = ^ J^ Qxp(-kix)dj], (10.98) 

where X is now a path-integrated value for X. Comparing with equation (10.85), we find that in 
this case there is only a single ^-distribution, based on the reference absorption coefficient kfj, and 

T;;(0-^X>= f e-^^^^dg; X= f udX. 
Jo Jo 

(10.99) 

As for homogeneous media equations (10.96) and (10.99) provide reordered absorption coef-
ficients, which can be used in arbitrary radiation solvers without restrictions. At first glance, 
equation (10.96) looks superior to equation (10.99), since the assumption of a scaled absorption 
coefficient is more restrictive. However, in practice one needs to approximate an actual absorption 
coefficient, which is neither scaled nor correlated: if the scaling method is employed, the scaling 
function u(T,p,pa) and its reference state for Â  can be freely chosen and, thus, optimized for a 
problem at hand. On the other hand, if the correlated-A: method is used, the absorption coefficient 
is simply assumed to be correlated (even though it is not), and the inherent error cannot be min-
imized. Following Modest and Zhang [70] and assuming constant total pressure, reference state 
temperature TQ and partial pressure pao may be chosen from 

PaO = ̂ [ PadK (10.100) 

l<;;(To,xo)Itrj(To) = y J ir^{T,x)h,{T)dV, (10.101) 

where ̂  = J^ Ky^ drj/Ar/ is the average absorption coefficient, i.e., volume-averaged partial pres-
sure and a mean temperature based on average emission from the volume. For the scaling function 
Modest and Zhang suggest equating exact and approximate radiation leaving from a homogeneous 
slab of the length under consideration, or 

I exp[-k(T,pa,g)L]dg= f cxp[-'k(To,pao,g)u(T,p,pa)L]dg. (10.102) 
Jo Jo 

Correlated-A: and scaled-^ are about equally efficient numerically: both require evaluation of 
the local ^-distribution k(T,pa,g) everywhere along the path. As an illustration a simple (yet 
severe) example is shown in Fig. 10-15, showing transmissivity through, and emissivity from, 
a slab of hot gas at lOOOK adjacent to a cold slab at 300 K. Both layers are at the same total 
and partial pressures, and are of equal width [71]. The transmissivity for a blackbody beam 
hni^h = 1000 K), through such a double layer is, from Chapter 9, 

_ UL),r 1 r 
^^ = TTF\ = T- ^^V[-'<n(Th.x)Lh - Krj(Tc,x)Lc]drj, (10.103) 
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FIGURE 10-15 
Narrow band transmissivities and emissivities for two-temperature slab, as calculated by the LBL, scaled-A: and correlated-
k methods; (a) IJ^im band of CO2 with pco2 = 0.1 bar, (b) 6.3 fim band of H2O with pHjO = 0.2 bar. 

while the emissivity is defined here as the intensity of emitted radiation exiting the cold layer, as 
compared to the Planck function of the hot layer, or 

^-KrfiZ^XJL, __ ^-Krj{T,,x)U-K,,{Th,x)Lh ^ -Kr,{7:.,X)Lc d7], (10.104) 

Note that, while transmissivities are more regularly shown in the narrow band literature, the 
emissivity is generally more descriptive of heat transfer problems. Figure 10-15a shows these 
narrow band transmissivities and emissivities for the 2.7/im band of CO2 for a partial pressure of 
PCO2 = 0-1 bar, as calculated by the LBL, scaled-/: and correlated-^ methods, using the HITEMP 
database [46], and all for a resolution of A77 = 5cm"^ (lines) and 25cm~^ (symbols). Both 
correlated and scaled ^-distributions predict transmissivity very accurately with the exception of 
small discrepancies near the minima at 3600 cm~^ and 3700 cm"^ Similar errors also show up 
in the emissivity, but are somewhat amplified. This amplification was observed for all bands 
studied (i.e., the effect is not limited to regions of small emissivities, as in this figure). For both, 
transmissivity and emissivity, results from the two A:-distributions are virtually identical, although 
correlated-^ performs slightly better for the 2.7/zm band (in the case of the 4.3/im band, not 
shown, roles are reversed and scaled-A: slightly outperforms correlated-^). Figure 10-156 shows 
transmissivities and emissivities for the wide 6.3 //m water vapor band. Conditions are the same 
as for Fig. 10-15a, except that pn^o = 0.2 bar and only a A77 = 25cm~^ resolution is shown 
(a resolution of 5 cm~^ results in a very irregular shape which, while the A:-distributions follow 
this behavior accurately, makes them diflicult to compare). Again, both ^-distributions predict 
transmissivities rather accurately, and the slight errors are somewhat amplified in the emissivities. 
And, again, both A:-distributions give virtually the same results, with scaled-/: being a little more 
accurate for this band. In summary, one may say that both models perform about equally well; 
this implies that—for narrow bands and for temperatures not exceeding lOOOK—the absorption 
coefficients for water vapor and carbon dioxide are relatively well correlated. Note also that the 
present case, with a sharp step in temperature, is rather extreme; accuracy can be expected to be 
significantly better in more realistic combustion systems. 

Unfortunately, for nonhomogeneous media with even more extreme temperature gradients 
the correlation between A:-distributions at different temperatures breaks down. The reason for this 
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is that different lines can have vastly different temperature dependence through the exponential 
term in equations (10.43): at low temperatures lines near the band center are strongest (with 
largest /C;;), while at high temperatures lines away from the band center exhibit the largest Krj, 
Since the correlated /:-distribution pairs values of equal absorption coefficients, this results in 
pairing wrong spectral values in hot and cold regions. This is not only true for wide spectral 
ranges, but also on a narrow band level, since a vibration-rotation band consists of many slightly 
displaced sub-bands, generated by different levels of vibrational energies (different B )̂, some of 
which undergo transitions only at elevated temperatures [large values for £*/ in equation (10.43)], 
known as "hot lines." For more detail the reader may want to consult the monograph by Taine 
and Soufiani [4]. The lack of correlation in nonisothermal media was first recognized by Riviere 
and coworkers [66-68], who devised the so-called "fictitious gas technique:" starting with a 
high-resolution database, they grouped lines according to the values of their lower energy levels, 
Ej = hcBJ(J + 1) (i.e., according to their temperature dependence), found the /^-distribution for 
each of the fictitious gases and, in a further approximation, estimated the gas transmissivity as the 
product of the transmissivities of the fictitious gases, 

r, = Y\J exp[- / /A, . (^ ,^rfx] dg. (10.105) 

where rig is the number of fictitious gases. Unfortunately, this method can only supply the mean 
transmissivity for a gas layer, i.e., it loses all the advantages of the ^-distributions, and is Hmited 
in its application in the same way as the statistical narrow band models. 

Comparison of A:-Distribution$ and Statistical 
JModels 
The A;-distribution method has a number of important advantages over the statistical narrow band 
models, although the statistical models, in particular the Malkmus model combined with the 
Curtis-Godson scaling approximation, outperform ^-distributions in a couple of respects: 

1. Perhaps the greatest advantage that ^-distributions have is that they formulate radiative 
properties in terms of a (reordered) absorption coefficient. This implies that radiative heat 
transfer rates may be calculated using any desired solution method for the radiative transfer 
equation. If based on exact line-by-line property data, the method is essentially exact (for 
a homogeneous medium). Statistical narrow band models, on the other hand, calculate 
gas column transmissivity and heat transfer rates can only be determined in terms of these 
transmissivities. 

2. Statistical narrow band models are, due to the transmissivity approach, limited to ap-
pHcation in black enclosures without scattering. No such restriction is necessary for k-
distributions (as long as wall reflectance and scattering properties remain constant across 
the narrow band). 

3. The ^-distribution method is valid for spectral lines of any shape; statistical narrow band 
models, on the other hand, are generally limited to Lorentz lines (although some formula-
tions for Doppler and Voigt profiles exist). This is not unimportant, since in combustion 
appHcations the lines often have Voigt profiles as seen from Fig. 10-7. 

4. Statistical narrow band models return an explicit expression for averaged transmissivity, 
while the /^-distribution requires integration (quadrature) over the (reordered) narrow spec-
trum. On the other hand, the narrow band is limited to several tens of wavenumbers for 
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FIGURE 10-16 
- • The box model for the approximation of total band 

absorptance. 

Statistical models (to avoid significant changes in statistical parameters, such as S and d); 
but can span several hundreds of wavenumbers for ^-distributions (only limited by changes 
in Planck function and, if present, spectral variations of wall emittances and scattering 
properties). 

Neither method treats nonhomogeneous paths to complete satisfaction. In fields with mod-
erate temperature gradients and moderate-to-strong pressure variations the correlated-^ ap-
proach performs extremely well, while the Curtis-Godson approximation loses accuracy in 
the presence of strong pressure variations. On the other hand, in fields with extreme temper-
ature fields all methods have some problems; under such conditions only the correlated-A:, 
fictitious-gas approach performs well. However, the fictitious-gas approach calculates gas 
layer transmissivities only, i.e., it is under the same limitations as the statistical methods. 

10.8 WIDE BAND MODELS 

The heat transfer engineer is usually only interested in obtaining heat fluxes or divergences of 
heat fluxes integrated over the entire spectrum. Therefore, it is desirable to have models that can 
more readily predict the total absorption or emission fi*om an entire band as was done in Example 
10.3. These models are known as wide band models since they treat the spectral range of the 
entire band. 

It is theoretically possible to use quantum mechanical relations, such as equations (10.44) to 
accurately predict the radiative behavior of entire bands. This has been attempted by Greif and 
coworkers [72,73] in a series of papers. While such calculations are more accurate, they tend to 
be too involved, so simpler methods are sought for practical applications. 

The Box Model 
In this very simple model the band is approximated by a rectangular box of width ATJ^ (the eff'ec-
tive band width) and height if as shown in Fig. 10-16. With these assumptions we can calculate 
the total band absorptance for a homogeneous gas layer as 

A^ f er,dTi= f (l-e-'^"^)j77 = A;7,( l~e^^) , (10.106) 
Jband Jo 

where both ATJ^ and K may be functions of temperature and pressure. The box model was devel-
oped by Penner [20] and successfully applied to diatomic gases. However, the determination of 
the eifective band width is something of a "black art." Once AT]^ has been found (by using the 
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somewhat arbitrary criterion given by Penner [20] or some other means), K may be related to the 
band intensity or, defined as 

leading to 
K = a/AT],, (10.108) 

If the molecular gas layer forms a radiation barrier between two surfaces of unequal temperature, 
then a suitable choice for the effective band width can give quite reasonable results. However, 
if emission from a hot gas is considered, then the results become very sensitive to the correct 
choice of A77̂ . Nevertheless, the box model—^because of its great simplicity—enjoys considerable 
popularity for use in heat transfer models (see Chapter 19). 

Example 10.4. Calculate the effective band width Arj^ for which the box model predicts the correct 
total band absorptance for Example 10.3. 

Solution 
Integrating equation (10.73) over the entire band gives a = iS/d)Q x o) = 500 cm~̂  and KX = aXIAr}^ = 
10,000cm'VA;;^. Equation (10.106) then, with A = 264.7cm"', results in AT/̂  = 264.7cm"^ by trial 
and error. A;;̂  is seen to be substantially larger than u) and essentially equal to A, because the band in 
this example is optically very thick. Even in the band wings far away from the band center the band 
is optically opaque (T » 1). This result must be accounted for in the choice of Ar/̂ . For optically 
thick gases finding the correct A;;̂  is equivalent to finding A itself Drawing a box seemingly best 
approximating the actual band shape can lead to large errors! 

The Exponential Wide Band Model 

The exponential wide band model, first developed by Edwards and Menard [74], is by far the 
most successful of the wide band models. The original model has been further developed in a 
series of papers by Edwards and coworkers [75-78]. The word "successful" here implies that 
the model is able to correlate experimental data for band absorptances with an average error of 
approximately ±20% (but with maximum errors as high as 50% to 80%). We present here the 
latest version of Edwards, together with its terminology (based on Goody's narrow band model), 
followed by a short discussion of newer models by Felske and Tien [79] (Goody's model) and 
Wang [80] (Malkmus' model). For a more exhaustive discussion on Edwards' model the reader 
may want to consult Edwards' monograph on gas radiation [1]. 

Since it is known from quantum mechanics that the line strength decreases exponentially in 
the band wings far away from the band center,^ Edwards assumed that the smoothed absorption 
coefficient Sid has one of the following three shapes, as shown in Fig. 10-17: 

with upper limit head 

3 = ^e-^^-'/)/<^, (10.109a) 
d (jj 

symmetric band 
^ = ^^-2l7c-W^^ (10.1096) 
d (x) 

with lower limit head 
^ = i^^-(v-//)/-^ (10.109c) 

^This fact is easily seen by letting j » 1 in equations (10.22a) and (10.44a) for the P-branch, and in equations (10.22c) 
and (10.446) for the /?-branch. 
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FIGURE 10-17 
Band shapes for exponential wide band model. 

where a is the integrated absorption coefficient or the band strength parameter (or area under the 
curves in Fig. 10-17), which was defined in equation (10.107), and oj is the band width param-
eter,^^ giving the width of the band at Ije of maximum intensity. The band can be expected to 
be fairly symmetric if, during rotational energy changes, the B does not change too much [recall 
equations (10.22a) through (10.22c)]. vf^ is then the wavenumber connected with the vibrational 
transition. On the other hand, if the change in B is substantial, then either the R or the P branch 
may fold back, leading to bands with upper or lower head. Thus, the wavenumbers //„ and 77/ are 
the wavenumbers where this folding back occurs, and not the band center. The sharp exponential 
apex is, of course, not very reaHstic. The rationale is that, if the band center is optically thick, then 
it is opaque no matter what the shape, while if it is thin, then only the total a is of importance. 
Edwards and Menard [74] proceeded to evaluate the band absorptance using the general statistical 
model by substituting expressions (10.109) into equation (10.68) and carrying out the integration 
in an approximate fashion. Since equation (10.68) contains the line overlap parameter^ and the 
optical thickness r, the authors were able to describe the total band absorptance as a function of 
three parameters, namely, 

A* = Alio = ^*(a,y0,To), (10.110) 

where TQ is the optical thickness at the band center (symmetric band) or the band head. Their 
results are summarized in Table 10.2.̂ ^ 

Example 10.5. Detemiine the total band absorptance of the previous two examples by the exponential 
wide band model. 

Solution 
From Example 10.3 we have TQ = 200 andjS = ;r/10. Thus, since TQ > IIP, we find from Table 10,2 
A* = In(ro)S) + 2 - ^ = ln(200 x ;r/10) + 2 - ;^/l0 = 5.826 and^ = /l*(j = 5.826 x 50 = 291.3 cm'^ 
The difference between the two results is primarily due to the fact that in Example 10.3 we treated the 
optically thin band wings as optically thick. 

The parameters a, /?, and io are functions of temperature and must be determined exper-
imentally. Values for the most important combustion gases—H2O, CO2, CO, CH4, NO, and 

^^The band width parameter u, as used here, applies only to the wide band correlation. If equations (10.109) are used 
for spectral (i.e., narrow band) calculations, Edwards [ 1] suggests increasing the value of a; by 20% for better agreement 
between wide band model and band-integrated narrow band model calculations. 

^Mn the original version the parameters C\ - a, C3 = w, and Ci - ypC[Cyy were used, where 7 is the value offi for a 
gas mixture at a total pressure of I atm with zero partial pressure of the absorbing gas. Also, limits between regimes were 
slightly different, using A itself rather than TQ. 



10.8 WIDE BAND MODELS 327 

TABLE 10.2 
Exponential wide band correlation for an isothermal gas. 

J8<1 

y3>l 

a, p, and 

0<ro<)^ 

P<r^<llP 

l/P<ro <oo 

0 < To < 1 

I < To < 00 

A*=ro 

A*=^ly[^-p 

A* = \n{roP)^2-0 

A* = ro 

yi* = lnTo + l 

Linear regime 

Square root regime 

Logarithmic regime 

Linear regime 

Logarithmic regime 

cj from Table 10.3 and equations (10.111) through (10.118), TQ = aX/u). 

SO2—for a reference temperature of To = 100 K are given in Table 10.3. Most of these cor-
relation data are based on work by Edwards and coworkers and are summarized in [1]. Data for 
the purely rotational band of H2O have been taken from the more modem work of Modak [81]. 
Values for other bands and other gases may be found in the literature, e.g., for H2O, CO2, and 
CH4 [1,75,78,82-86], for CO [1,75,78,87-89], for SO2 [1,78,90], for NH3 [91], for NO [92], 
for N2O [93], and for C2H2 [94] (in the older of these references the parameters for the slightly 
different original model are given; in a number of papers a pressure path length has been used 
instead of a density path length). The temperature dependence of the band correlation parameters 
for vibration-rotation bands is given by Edwards [1] as 

where 

I - -

k=^i 

^^(7) 

l-Qxp\-J^uo,A\W(To) 
k^\ 

,(r) = .P. = J g ^ P . 
T O(7o) 

co(T) = ̂ VI' 

4'(r) = 
HE fa + gk + m - 1)! 

(gk-iy.v,i 

nz 
k=\ n=0 

(vk + gk-iy. 
(.gk-iy.vkl 

g-um 

(10.111) 

(10.112) 

(10.113) 

(10.114) 

<^{T). 
n y /(% + gk +14 

\k-\ Vk-vo,k 

I - 1)! 
Vk\ 

e~ukVk' 

nz 
k=\ ii=mjf 

(1̂ ^ + gk +141 - i)! 
{gk-\)\vk\ 

g-"ti» 

(10.115) 
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TABLE 10.3 

Wide band model correlation parameters for various gases. 

Band Location Pressure Parameters Correlation Parameters 
A (Sk) n b oro ro ojo 

\m\ [cm-V(g/m2)] [cm-^] 

H2O w = 3,7/1 = 3652cm-^ 7/2 = 1̂ 95 cm'^ 773 = 3756cm-\ gu = (1,1,1) 

71/im^ 77̂ = 140cm-' 1 8 . 6 ^ + 0.5 5.455 0.143 69.3 
(Rotational) 

(0,0,0) 

6.3//m 77,, = 1600cm-' 1 8 . 6 ^ + 0 . 5 41.2 0.094 56.4 

(0,1,0) 

2.7//m 77̂, = 3760 cm -I 

(0,2,0) 0.2 

(1,0,0) 1 8 . 6 ^ + 0.5 2.3 0.132*'̂  60.0^ 
(0,0,1) 23.4 

1.87//m 77̂  = 5350cm-' 1 8 . 6 ^ + 0.5 3.0 0.082 43.1 

(0,1,1) 

1.38//m 77, = 7250cm-' 1 8 . 6 ^ + 0.5 2.5 0.116 32.0 

(1,0,1) 

CO2 m = 3,77i = 1351 cm-^ 772 = 666cm-^773 = 2396cm-', ^̂  = (1,2,1) 

15/im 77̂  = 667 cm"' 0.7 
(0,1,0) 

10.4/im '̂ 77̂  = 960 cm-' 0.8 
(-1,0,1) 

9.4//m^ 77,, = 1060 cm-' 0.8 
(0,-2,1) 

4.3//m ?7̂ = 2410 cm-' 0.8 
(0,0,1) 

2.7/im 77,. = 3660 cm"' 0.65 
(1,0,1) 

2.0/im 77̂  = 5200 cm-' 0.65 
(2,0,1) 

^ For the rotational band a = a^ exp (-9(V%77' ~ 1)). r = JQ'WT, 

^ Combination of three bands, all but weak (0,2,0) band are fundamental bands, ao = 25.9 cm~̂ . 
^ Line overlap for overlapping bands from equation (10.122). 
^ Note that these are "hot bands," i.e., bands whose lines are very weak at room temperature, but that 

grow exponentially in strength at elevated temperatures [a = ^{1 cm~V(g/m )̂} at 2000 K]. 

*• from equations (10.111) and (10.114), a> from equation (10.115), TJ = 100 K, /jft = 1 atm. 

1.3 

1.3 

1.3 

1.3 

1.3 

1.3 

19.0 

2.47x10-' 

2.48x10-' 

110.0 

4.0 

0.060 

0.062 

0.040 

0.119 

0.247 

0.133 

0.393 

12.7 

13.4 

10.1 

11.2 

23.5 

34.5 
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TABLE 103 (cont'd) 

Wide band model correlation parameters for various gases. 

Band Location 
^ (4) 

Dum] 

CO m= 1,7/1 =2143 cm-

4.7//m 77̂  = 2143 cm"^ 

(1) 
2.35/im ?j, = 4260cm"^ 

(2) 

Pressure Parameters 
n 

•',^1 = 1 

0.8 

0.8 

b 
[cm 

1.1 

1.0 

Correlation Parameters 

«-o To 
-V(g/m2)] 

20.9 0.075 

0.14 0.168 

OJO 

[cm-'] 

25.5 

20.0 

CH) /n = 4, ?/, = 2914cm-', % = 1526cm-', % = 3020cm"', 774 = 1306cm-', 
9i = (1,2,3,3) 

7.7/im 

3.3/im 

2.4//m 

1.7//m 

77̂  = 1310 cm-' 
(0,0,0,1) 

77̂  = 3020 cm-' 
(0,0,1,0) 

?/<, = 4220 cm-' 
(1,0,0,1) 

7̂ . = 5861 cm-' 
(1,1,0,1) 

0.8 

0.8 

0.8 

0.8 

1.3 

1.3 

1.3 

1.3 

28.0 

46.0 

2.9 

0.42 

0.087 

0.070 

0.354 

0.686 

21.0 

56.0 

60.0 

45.0 

NO m = 1,77, = 1876cm-', 01 = 1 

5.3yum 77̂ = 1876cm-' 0.65 1.0 9.0 0.181 20.0 

(1) 

SO2 m = 3,77, = 1151 cm"', 772 = 519cm-', ?73 = 1361cm-',0t = (1,1,1) 
19.3//m 77̂  = 519 cm-' 0.7 

(0,1,0) 

8.7 A/m 77̂ = 1151cm-' 0.7 
(1,0,0) 

7.3/im 77̂  = 1361 cm-' 0.65 
(0,0,1) 

4.3//m 77̂  = 2350 cm-' 0.6 
(2,0,0) 

4.0^m 77̂  = 2512 cm-' 0.6 
(1,0,1) 

1.28 

1.28 

1.28 

1.28 

1.28 

4.22 

3.67 

29.97 

0.423 

0.346 

0.053 

0.060 

0.493 

0.475 

0.589 

33.1 

24.8 

8.8 

16.5 

10.9 

» = <^p, OJ ' = ^ S ' ^ = yPe = yoS^Pe, P e = ^ ( l + ( f t - l ) f ) " . 

'P* from equations (10.111) and (10.114), <£> from equation (10.115), TQ = lOOK, po = I atm. 
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and 
Uk = hcrjJkT, u^^k = hcTjJkTo (TQ = 100 K), 

«a,it = 
0 for 4 > 0 
m for 4 < 0 ' 

Pe = 
Pi) \ P 

(PQ = 1 atm). 

(10.116) 

(10.117) 

(10.118) 

In these rather complicated expressions the Vk is the vibrational quantum number, 4 is the change 
in vibrational quantum number during transition (±1 for a fundamental band, etc.), and the gk 
are statistical weights for the transition (degeneracy = number of ways the transition can take 
place). Values for the 77̂ , 4 , and g^ are given in Table 10.3. The effective pressure P^ gives 
the pressure dependence of line broadening due to collisions of absorbing molecules with other 
absorbing molecules and with nonabsorbing molecules that may be present (for example, nitrogen 
and other inert gases contained in a mixture). Note that the definition for Pe is slightly different 
here from equation (10.25) (this was done for empirical reasons, to achieve better agreement with 
experimental data). For the case of nonnegative 4 or vo^k = 0 (the majority of gas bands listed in 
Table 10.3), the series in the expression for ^ and the denominator of O may be simplified [48] 
to 

(gk-l)lvk\ 
111 ^-im - (9k-^Sk-\)\ ^ ukygk-6k (10.119) 

lfvo,k ^ 0, then vo,k terms need to be subtracted from the above result. 
Because of the low reference temperature of TJ = 100 K, the values for uo^k are relatively large, 

so both Oo and % are very simple to evaluate and, for vo,k = 0, 

(gk-i)i ' 
(Do^l. (10.120) 

If only one of the vibrational modes undergoes a transition (only one 4 ^ 0), then all other modes 
cancel out of the expression for ^ ; and if the transition results in a fundamental band (single 
transition with 4 = 1), then ^* = 1. This implies that, for a fundamental band, a(T) = ao = 
const. Unfortunately, the temperature dependence of the broadening mechanism is always more 
complicated, and O must generally be evaluated from equation (10.115). 

If several bands overlap each other (e.g., the three H2O bands situated around 2.7//m), then 
also the individual lines overlap lines from other bands, resulting in an effective overlap parameter 
fi that is larger than for any of the individual bands. The band strength and overlap parameter for 
overlapping bands are calculated [1] from 

a = 2^y' 
./=i 

fi = 
a Ly=i 

(10.121) 

(10.122) 

where J is the number of overlapping bands. 
When the exponential wide band model was first presented by Edwards and Menard, the 

temperature dependence for the broadening parameter was not calculated by quantum statistics 
but was rather correlated from experimental data that, because of their scatter, generally resulted 
in fairly simple formulae; but extrapolation to higher temperatures tended to be very inaccurate. 
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FIGURE 10-18 
Temperature dependence of the line overlap parameter, y, and band strength parameter, a, for water vapor. 

Most of the bands listed in Table 10.3 are fundamental bands, not because calculations for these 
bands are simpler, but because fundamental bands tend to be much stronger than overtones or 
combined-mode bands, often making them the only important ones for heat transfer calculations. 

To facilitate hand calculations, the temperature dependence of band strength parameters a (for 
nonfundamental bands) and overlap parameters y are shown in graphical form in Fig. 10-18 for 
water vapor. A similar plot is given in Fig. 10-19 for the important bands of carbon dioxide, and 
Fig. 10-20 shows the temperature dependence of the line overlap parameter for the fundamental 
bands of methane and carbon monoxide (with a = ao = const). For more accurate computer 
calculations the subroutines wbinh2o, wbmco2, wbmch4, wbmco, wbmno, and wbmso2 are given in 
Appendix F. Alternatively, very accurate polynomial fits for these functions have been given by 
Lallemant and Weber [95]. 

Example 10.6. Consider a water vapor-air mixture at 3atm and 600 K, with 5% water vapor by 
volume. What is the most important H2O band and what is its total band absorptance for a path of 
10 cm? 

Solution 
At 600 K the Planck function has its maximum around Sfim. Since total emission will depend on 
the blackbody intensity [see equation (10.48)], we seek a band with large a in the vicinity of 5/i/m. 
Inspection of Table 10.3 shows that the strongest vibration-rotation band for water vapor lies at 6.3/im 
and is, therefore, the band we are interested in. From the table we find a = ao = 41.2cm"V(g/ni^), 
fi = roV^7r(0/a)o)/^, withro == 0.094,ando; = (JO^^ITT% = 56.4V600/100 = 138.15cm-^ Toevaluate 
the effective broadening pressure we find n = 1 and b = 8.6V100/600 + 0.5 = 4.01 and with a volume 
fraction y = Pa/p the effective pressure becomes Fe = (p/1 atm)[l +(b- l)yY = 3[1 + 3.01 x 0.05] = 
3.452. Estimating the temperature dependence of the line overlap parameter from Fig. 10-18 leads to 
r/ro ~ 0.65 and/? = 0.094 x 0.65 x 3.452 = 0.211. Since all values for a in Table 10.3 are based 
on a mass absorption coefficient, we must calculate X as Z = p^s, where p̂  is the partial density of 
the absorbing gas (not the density of the gas mixture). For our water vapor with a partial pressure of 
Pa = 0.05 X 3 = 0.15 atm and a molecular weight ofJ^ = 18 g/mol, we get from the ideal gas law 

P. = 
J^Pa 18g/molx 0.15 atm 1 .0132x lO^W 
RuT " 8.3145 J/molK x 600K 1 atm 

= 54.84 g/m^ 
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FIGURE 10-19 
Temperature dependence of line overlap parameter, y, and band strength parameter,«, for carbon dioxide. 

and X = 54.84 x 0.1 = 5.48 g/m^ Finally, from To = aX/o) we get TQ = 41.2 x 5.48/138.15 = 
Since the value of TQ lies between the values of)S and l/fi we are in the square-root regime and 

1.634. 

or A 

A* = 2yfr^ -/3 = 2VL634X 0.211-0.211 = 0.964 

: 0.964x138.15 = 133 cm-^ 

The calculation of exact values for <!> and H' for nonfundamental bands is rather tedious and is 
best left to computer calculations v îth the subroutines given in Appendix F. 

While the correlation in Table 10.2 is simple and straightforward (aside from the temperature 
dependence of a and /9), it is often preferable to have a single continuous correlation formula. 
A simple analytical expression can be obtained for the high-pressure limit, i.e., when the lines 
become very wide from broadening resulting in very strong overlap, or/3 -^ oo, leading to KJJ = 
(S/d)ri and 

A* = £I(TO) + Inro + y, = Ein(ro), )S --> oo, (10.123) 

where E\{r) is known as an exponential integral function, which is discussed in some detail in 
Appendix E. Felske and Tien [79] have given a formula for all ranges of ̂ 5, based on results from 
the numerical quadrature of equation (10.68): 

A* = lEx 
ro/3 

l+/?/To, 
+ ^1 

ro/fi 
2\l-^/S/To^ 

•E, 
1+2)8 To/p 

[ 2 \ll+p/ro) 

or, more compactly, 

r = 2 E i n ( . ) . E i n ( ^ ) - E i n ( [ l . l ] . ) , . = ( ^ ) ^ 
To 

.Goody V^ + *̂ o//? 
(10.125) 

A previous, somewhat simpler expression by Tien and Lowder [96] is known today to be seriously 
in error for small values of/? [79,97], and is not recommended. 
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FIGURE 10-20 
Temperature dependence of the line overlap parameter, y, for the fundamental bands of methane and carbon monoxide. 

Edwards' wide band model, given in Table 10.2, as well as the continuous correlation by 
Felske and Tien, are based on equation (10.60) together with Goody's statistical model, equa-
tion (10.68), the best narrow band model available at the time of Edwards and Menard's [74] 
original paper. Since then it has been foxind that the Malkmus model introduced in 1967, equa-
tion (10.69), describes the radiative behavior of most gases better than Goody's model [54]. It was 
shown by Wang [80] that an exact closed-form solution for the band absorptance can be found, if 
equation (10.109) is combined with Malkmus' narrow band model, leading to 

A^^^lExip + w)-- Exifi)] + ln(l + wjp) + Ein(a;), w =(?). 0, Malkmus 
= f[Vl+4ro/)S-l]. 

(10.126) 

Results from Wang's model, equation (10.126), are compared in Fig. 10-21 with those of Edwards 
and Menard, Table 10.2, and Felske and Tien, equation (10.124). The agreement between all three 
models is good. However, the band absorptance based on Malkmus' model, equation (10.126), is 
always slightly below that predicted by Goody's model, equation (10.124). Both the Felske and 
Tien and the Wang models go to the correct strong-overlap limit (fi -» oo), equation (10.123), 
while the older Edwards and Menard model shows its more approximate character, substantially 
overpredicting band absorptances for large/?, particularly for intermediate values of To. 

A considerable number of other band correlations are available in the literature, based on 
numerous variations of the Elsasser and statistical models. An exhaustive discussion of the older 
(up to 1978) correlations and their accuracies (as compared with numerical quadrature results 
based on the plain Elsasser and the general statistical models) has been given by Tiwari [98]. 

Example 10.7. Repeat Example 10.6, using the Felske and Tien and the Wang models. 

Solution 
All relations developed for Edwards and Menard's model, equations (10.111) through (10.118), are 
equally valid for these two models, as are the data in Table 10.3. Thus, we have again To = 1.634 and 
p - 0.211. Sticking these numbers into equations (10.124) and (10.126) (or, rather, using the Fortran 
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FIGURE 10-21 
Comparison of various band absorptance correlations. 

functions f twbm and wangwbm, or the stand-alone program wbmodels, all supplied in Appendix F) gives 

A^j = 0.6916, /̂ w, Wang : 0.6427. 

As expected, the results are fairly close to each other, with the Malkmus-based Wang correlation pre-
dicting an about 7% lower band absorptance. Both values are significantly lower than those predicted by 
Edwards and Menard's model, which— âs inspection of Fig. 10-21 shows—considerably overpredicts 
band absorptances for strong line overlap (large )6f) at intermediate optical thicknesses TQ. 

Wide Band Model for Nonhomogeneous Gases 

As indicated in the previous section on narrow band models, the spectral emissivity for a non-
homogeneous path (with varying temperature and/or gas pressures) [cf. equation (10.51)] is 

e,= \ exp {-i''''ix 
• ) • 

from which we may calculate the total band absorptance as 

A = J erjdr]=:J [1 ~ e x p ( - / / / ^ ^ ^ Z j drj. 

(10.127) 

(10.128) 

Here we have replaced the geometric path s by X in case a linear absorption coefficient is not 
used, but rather one based on density (as was done for the correlation parameters in Table 10.3) or 
pressure. Since we would still like to use the simple wide band model, appropriate path-averaged 
values for the correlation parameters a, p, and o) must be found. Attempts at such scaling were 
made by Chan and Tien [99], Cess and Wang [100], and Edwards and Morizumi [101], and are 
summarized by Edwards [1]. The average value for a follows readily from the weak Hne limit 
(linear regime in Table 10.2) as 
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The definition of an average value for o) is 

c5= J - I ioadX, (10.130) 

while the averaged value for j5 is found by comparison with the square root regime in Table 10.2 
as 

^ = = i - - f PioadX, (10.131) 
ijjaX JQ 

There is little theoretical justification for the choice of S and)^,^^ but comparison with spectral 
calculations using equations (10.80), (10.84), and (10.68) showed that they give excellent results 
[101]. 

Example 10.8. Reconsider Example 10.6, but assume that the water vapor~air mixture temperature 
varies linearly between 400K and BOOK over its path of 10cm. How does this affect the total band 
absorptance for the 6.3 ^m band? 

Solution 
We may express the temperature variation as T = 400 K(l + s' ls\ where s' is distance along path 5, and 
the density variation as 

600 K _ To __ iP6oo 

Pa -Peoo-j- - ^p6ooY - YTTT^' 

Thus, 

X= J\,ds' = ̂ P60of(j) ds' = \pms^^ Y^ = K60()ln2 = 1.040^oo = 5.702g/m^ 

The path-averaged band strength becomes 

^ 1 r* 1 
ct= - I ap^ds^ -aoX = ao = 41.2cm"^/(g/m^), 

-̂  Jo ^ 

since the 6.3 ^m band is a fundamental band and a is independent of temperature. For the averaged S 
we get, from o) = OJO^T/TQ = cJoV4Vl + s'/s, 

(xX JQ X JO yi TO T X JO J\Te 

3oJoXe{ lOO 

A b ^ ^ X I In 2 

= 134.8 cm-V 

And, finally, the overlap parameter is obtained from 

Inspection of Fig. 10-18 reveals that the integrand varies between 0.59/V4 ^ 0.30 (at 400 K), to 
0.66/V6 ^ 0.27 (at 600 K), back to 0.80/\^ ^ 0.29 (at 500 K); i.e., the integrand is relatively constant. 

^^Note that there are two different definitions for jS, one for narrow band calculations and the present one for the wide 
band model. 
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Keeping in mind the inherent inaccuracies of the wide band model, the integral may be approximated 
by using an average value of 0.28. Then 

P ̂  0.28 X by^Pe— -rr = —r— r- = = 0.220. 

^ ^ 6(V2-l) V2-1 

The effective optical thickness at the band center is now 

To = aZ/S = 41.2 X 5.702/134.8 = 1.743. 

Again we are in the square root regime and 

A* = 2A/Tĵ -~is = 2Vl7743x0220 ~ 0.220 = 1.018 and^ = 137 cm'^ 

Thus, although the temperature varied considerably over the path (by a factor of two) values for a, fi, 
and 0) changed only slightly, and the final value for the band absorptance changed by less than 3%. In 
view of the accuracy of the wide band correlation, the assumption of an isothermal gas can often lead to 
satisfactory results. This has been corroborated by Felske and Tien [102], who suggested a linear average 
for temperature, and a second independent linear average for density (as opposed to density evaluated at 
average temperature). They found negligible discrepancy for a large number of nonisothermal examples. 

Wide Band ̂ -Distributions 
Wide band models allow us to determine the radiative emission (or the absorption of incoming 
radiation) from a volume of gas over an entire vibration-rotation band with a single calculation; 
but they are inherently less accurate than narrow band models, and they have the same limita-
tions, i.e., they are difficult to apply to nonhomogeneous gases, and they cannot be used at all in 
enclosures that have nonblack walls and/or in the presence of scattering particles. 

The /:-distribution method, on the other hand, smoothes the spectrum by simply reordering 
it, rather than supplying an effective transmissivity, and, therefore, it can readily be applied to 
nonblack walls as well as to scattering media. For a homogeneous medium the method is essen-
tially exact, even for an entire vibration-rotation band, except for the assumption that the Planck 
function, Ibrj, is invariable across the band. This has prompted a number of researchers to gen-
erate wide band ^-distributions based on exponential wide band correlation data. The first such 
^-distribution was generated by Wang and Shi [103], using the Malkmus narrow band model 
together with exponentially decaying average line strength. In order to obtain a finite-range re-
ordered wavenumber, 0 < ^ < 1, as was done for narrow band A:-distributions, they truncated the 
exponentially decaying band wings [see Fig. 10-17 and equation (I0.\09b)]. This resulted in an 
analytical expression for the wide band /c-distribution, F(k), However, evaluation of the reordered 
wavenumber, g(k) = JFdk, and its inversion to k(g) required numerical integration. Marin and 
Buckius [104] took a very similar approach but used the exponential wide band model together 
with both the Malkmus model and also the Goody model; they also provided approximate, ex-
plicit expressions for water vapor and carbon dioxide [105-107]. Lee et al [108,109] were able 
to find the ^-distribution directly from wide band correlations, using a rather obscure version of 
Edwards' model. This approach was further refined by Parthasarathy et al [110], using Wang's 
wide band model [80]. Denison and Fiveland [111] also provided closed-form approximations 
for the cumulative /:-distribution, based on Edwards' original wide band model given in Table 
10.2. Comparison with narrow band calculations has shown that results from this model have 
very respectable accuracy [112]. 

The band absorptance for a vibration-rotation band is given by equation (10.106). Assuming 
a symmetric band, such as given by equation (10.109Z>), and reordering according to Section 10.7 
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leads to 
pcx) r»oo r*oo 

A = 2 j {\-e^'''^)d\ri-Tj,\ = 2 I (l - e"'^)F(K)dK = 2 I (\-e'''^'^^)dg, (10.132) 

where the reordered band can also be regarded as symmetrical, if desired (with g going into both 
directions away from 77̂ ). Nondimensionalizing equation (10.132) gives 

^* = 1 = 2 I (1 ~ e-"*'') F*(K') dK*= j (1 - e-'̂ '̂ ^^o) dg\ 

r o = - Z , /̂ * = — , ^ = 2 ^ . (10.133) 
a> a CO 

Differentiating equation (10.133) with respect to TQ, and using Wang's expression for band ab-
sorptance, equation (10.126), yields 

X co 

e-''''''K*F*iK*)dK\ (10.134) 
dA* 1 I 
—- = — a - exp 
dro To 

1 + 
470 

/3 

Comparing both sides of this equation it is apparent that F*(K*) is related to the inverse Laplace 
transform of dA*/dro, 

2K*F\K*) = ^-^ I ^ Y (10.135) 

Using Wang's model an analytical expression can be obtained for the inverse [110]: 

W = 5 i , ( e r f o [ | ( v ? - ^ ) ] - / e , f c [ | ( v ? . - L ) ] } . (.0,136, 

/ ; 

The cumulative /:-distribution g*, or reordered wavenumber, must be found and inverted numeri-
cally from 

F\K*)dK*=:]-g* = - . (10.137) 
2 oj 

Figure 10-22 shows the resulting reordered, nondimensional absorption coefficient K* VS. artifi-
cial, normalized wavenumber g*. For large values of)8 there is strong line overlap and KJJ ^ {S/d)rj, 
and essentially no reordering is necessary. For that case F* approaches F* -> 1/2/c* for K* < 1 
and F* --> 0 for K* > 1, leading to K* ~» e~^\ g* ^ 0.1.̂ -̂  For smaller values of yS, or less line 
overlap, but with identical average absorption coefficient the maximum value of the spectral ab-
sorption coefficient increases, and fewer spectral positions will have intermediate values, making 
the distribution more and more compressed toward small g*, with larger values near g* = 0. 

Example 10.9. The water vapor-air mixture of Example 10.6 is contained in a nonblack fumace of 
varied dimensions mixed with soot and scattering particles. In order to make accurate predictions of 
the radiative heat flux possible across the 6.3/im water vapor band, determine a reordered correlated 
^-distribution for this mixture. 

Solution 
For the water vapor~air mixture of Example 9.6 we have a = 41.2cm""V(g/nî )> oj = 138.15cm"^/? = 
0.211 andpy = 54.84 g/m-̂ . Obtaining a reordered, nondimensional absorption coefficient K* = K*(g*) 
from equation (10.137) [by utilizing the Fortran subroutine wbmkvsg given in Appendix F], we get from 
equation (10.133) 

(O \0J I OJ \ (jj I 

^^By convention erfcCx) = 0 for x - • +oo, and erfc(x) = 2 for jc - • -oo [48]. 
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FIGURE 10-22 
Nondimensional reordered absorption coefficient A:* for an exponential wide band vs. nondimensional cumulative ^-
distribution^*. 
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FIGURE 10-23 
1700 Reordered absorption coefficient for Example 

10.9. 

where we have replaced the a in equation (10.133) by p^a in order to obtain a linear, rather than density-
based, absorption coefficient [see equation (10.13)], which is generally preferred for spectral calcu-
lations. This equivalent spectral absorption coefficient for the 6.3//m water vapor band, centered at 
T]^ = 1600 cm" ̂  is shown in Fig. 10-23, and is compared with the spectral narrow band average ab-
sorption coefficient, (S/d)j) for the same conditions. Since, for̂ S = 0.211, there is relatively little line 
overlap, average values iS/d)jj must come from strongly varying K,J with values much larger and much 
smaller than the average; thus the abundance of large K (near r; = 77̂.) with a quick drop-off away from 
the band center. 

Figure 10-23 makes the band appear less wide than indicated by the band width parameter co. 
This was done for mathematical convenience: as Fig. 10-9 shows, a band with small ft contains 
many strong lines separated by small K; we have simply chosen to collect all the large values of AC 
near the band center. 

The wide band ̂ -distribution presented here requu-es numerical integration of equation (10.137) 
and its inversion to obtain the reordered absorption coefficient k(g); the reordered absorption coef-
ficient recovers the total band absorptance as defined by exponential wide band model parameters. 
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On the other hand, in the work of Marin and Buckius [105-107] explicit (albeit cumbersome) ex-
pressions are given for k(g), which approximate the wide band A:-distributions obtained from the 
HITEMP database [46]. While probably more accurate below 1000 K (the limit of applicability 
of HITEMP), the Marin and Buckius formulation depends strongly on the arbitrary and non-
physical choice for the cut-off wavenumber (chosen to find a best fit with HITEMP-generated 
^-distributions). 

10.9 TOTAL EMISSIVITY AND IMEAN 
ABSORPTION COEFFICffiNT 

Total Emissivity 

In less sophisticated, more practical engineering treatment it is usually sufficient to evaluate the 
emission from a hot gas (usually considered isothermal) that reaches a wall. The total emissivity 
is defined as the portion of total emitted radiation over a path X that is not attenuated by self-
absorption divided by the maximum possible emission or, from equation (10.33) and considering 
only emission within the gas, 

J^ hrjdj] JQ 4,^/7 t l ^V^^ //-'Hand t\\^T li 
(10.138) 

where two simplifying assumptions have been made: (/) The spectral width of each of the N 
bands is so narrow that the Planck function varies only negligibly over this range, and (//) the 
bands do not overlap. While the first assumption is generally very good (with the exception of 
pure rotational bands such as the one for water vapor Hsted in Table 10.3), bands do sometimes 
overlap (for example, the 2.7/zm bands in a water vapor-C02 mixture). 

If two or more bands of the species contained in a gas mixture overlap, the emission from 
the mixture will be smaller than the sum of the individual contributions (because of increased 
self-absorption). This problem has been dealt with, in an approximate fashion, by Hottel and 
Sarofim [11]. They argued that the transmissivities of species a and b over the overlapping region 
A77 are independent from one another, that is, 

Ta^b = ^ f e-'^^ e-'""^^d7] ^ 4- f e'^'^^dT] -^ f e'"'^'^drj =fan, (10.139) 
AT/JA;; A77JA,; AT/JA;; 

If we define the total emissivity for a single band as 

e , - ( ^ ) 4 , (10.140) 

then this expression leads to the total emissivity of two overlapping bands, or 

€a+h = ea-^ €t - €a€h. (10.141) 

This equation is only accurate if both bands fiiUy overlap. If the overlap is only partial, then the 
correction term, €a€h, should be calculated based on the fractions of band emissivity that pertain 
to the overlap region (i.e., a quantity that is not available from wide band correlations). An 
approximate way of dealing with this problem has been suggested by Felske and Tien [102]. 

A total absorptivity for the gas may be defined in the same way as equation (10.138). However, 
as for surfaces, in the absorptivity the absorption coefficient must be evaluated at the temperature 



340 10 RADIATIVE PROPERTlES OF MOLECULAR GASES 

of the gas, while the Planck function is based on the blackbody temperature of the radiation 
source. 

It is clear from equation (10.138) that the total emissivity is equal to the sum of band ab-
sorptances multiplied by the weight factor (nlbjjo/(rT^). Since the band absorptance is roughly 
proportional to the band strength parameter a (exactly proportional for small values of optical 
path X), comparison of the factors [a{nIbrio/o'T'^)]i gives an idea of which bands need to be con-
sidered for the calculation of the total emissivity. 

Example 10.10, What is the total emissivity of a 20 cm thick layer of pure CO at 800 K and 1 atm? 

Solution 
For these conditions CO has a single important absorption band in the infrared. Comparing alhrjo for the 
4.7yum and 2.35/im bands (see Table 10.3) we find with (T]J7)43 = 2143 cm'VSOOK = 2.679 cm" VK 
and (770/7̂ )2.35 = 4260 cm"' /800 K = 5.325 cm'VK, 

loEbrjo] llaEhrA ^ 20.9x1.5563 ^ 
I T' U \ T' L 0.14x0.2659 

Therefore, since the 4.7/xm band is much stronger {a^jlai^s ^ 150) and located in a more important 
part of the spectrum [Ehrj4j/Etjn235 - 6], the influence of the 2.35//m band can be neglected. We first 
need to calculate the band absorptance for the 4.7//m band. Since values in Table 10.3 are based on the 
mass absorption coefficient, we need to calculate the density of the CO from the ideal gas law, as we did 
in Example 10.6: 

_ J^pa _ 28 g/mol X 1 atm 1.0132 x 10̂  W _ .^^ (: 3 
^'^^ R,J " 8.3145J/molKx800K 1 atm "" * ^'^ 

andJr = p^5 = 85.32g/m^ We also find from Table 10.3« = 0.8and^ = l.l,sothatPe = Ll"'̂  = 1.079 
and yoPe = 0.075 x 1.079 = 0.081. Further we find a = 20.9cm-V(g/m2), ca = 25.5V800/100 = 
72.125 cm-', and TQ = aX/oj - 20.9 x 85.32/72.125 = 24.72. From Fig. 10-20 or subroutine wbmco we 
obtain y/y^ = 0.529 andp = (y/yo)yoPe = 0.529 x 0.081 = 0.043. Thus, TQ > l/fi and we are in the 
logarithmic regime, and 

A* = \n(Tofi) + 2-fi = 2.018 and^ = 145.6cm-^ 

Sticking this into equation (10.138), 

A ^.(800K,latm) = ( % ) x^ = fe) 
%=2143cm-' \ ^ /7jb=2l43cm-l ^ ^ 

. rr.. .^ « W 145.6cm-' 
1.5563x10 m2 cm-i K3 5.670x10-8x800 W/m^ K̂  

= 0.0500. 

If only total emissivities are desired, it would be very convenient to have correlations, tables 
or charts from which the total emissivity can be read directly, rather than having to go through 
the algebra of the wide band correlations plus equation (10.138). A number of investigators have 
included total emissivity charts with their wide band correlation data; for example, Brosmer and 
Tien [85,94] compiled data on CH4 and C2H2, and Tien and coworkers [93] did the same for N2O. 
However, by far the most monumental work has been collected by Hottel [18] and Hottel and 
Sarofim [11]. They considered primarily combustion gases, but they also presented charts for a 
number of other gases. Their data for total emissivity and absorptivity are presented in the form 

e = e{paL.p.Tg\ (10,142) 

a = a ( p , I , / ; , r „ r , ) « | | J eUl'^.pjX (10.143) 
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FIGURE 10-24 
Total emissivity of water vapor at a total 
gas pressure of 1 bar and zero partial pres-
sure, from Hottel [18] (solid lines) and 
Leckner [113] (dashed lines). 

where Tg is the gas temperature and j ; . is the temperature of an external blackbody (or gray) source 
such as a hot surface. Originally, the power foT Tg/Ts recommended by Hottel was 0.65 for CO2 
and 0.45 for water vapor, but with greater theoretical understanding the single value of 0.5 has 
become accepted [11]. In equation (10.143) pa is the partial pressure of the absorbing gas and p 
is the total pressure. (Hottel and Sarofim preferred a pressure path length over the density path 
length used by Edwards.) The emissivities were given in chart form v .̂ temperature, with pres-
sure path length as parameter, and for an overall pressure of 1 atm. Later worlc by Leckner [113], 
Ludwig and coworkers [114,115], Sarofim and coworkers [116] and others has shown that the 
original charts by Hottel [11,18], while accurate for many conditions (in particular, over the 
ranges covered by experimental data of the times), are seriously in error for some conditions (pri-
marily those based on extrapolation of experimental data). New charts, based on the integration 
of spectral data, have been prepared by Leclcner [113] and Ludwig and coworkers [114,115], and 
show good agreement among each other. Emissivity charts, comparing the newly calculated data 
by Leckner [113] with Hottel's [18], are shown in Fig. 10-24 for water vapor and in Fig. 10-25 
for carbon dioxide. These charts give the emissivities for the limiting case of vanishing partial 
pressure of the absorbing gas (pa ~> 0). 

The original charts by Hottel also included pressure correction charts for the evaluation of 
cases with Pa "^ 0 and p t̂ 1 bar, as well as charts for the overlap parameter Ae. Again, these 
factors were found to be somewhat inaccurate under extreme conditions and have been improved 
upon in later work. Particularly useful for calculations are the correlations given by Leckner [113], 
which (for temperatures above 400 K) have a maximum error of 5% for water vapor and 10% for 
CO2, respectively, compared to his spectrally integrated emissivities (i.e., the dashed lines in 
Figs. 10-24 and 10-25). In his correlation the zero-partial-pressure emissivity is given by 

€Q(jpaL,p=\ bar, Tg) = exp tpm^-'iki 36 = 1000 K, (paLh = 1 bar cm, 

(10.144) 
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FIGURE 10-25 
Total emissivity of carbon dioxide at a to-
tal gas pressure of 1 bar and zero partial 
pressure, from Hottel [18] (solid lines) and 
Leckner [113] (dashed lines). 

and tlie Cji are correlation constants given in Table 10.4 for water vapor and in Table 10.5 for 
carbon dioxide. The emissivity for different pressure conditions is then found from 

€(paL,p,Tg) 

€o(paL, 1 bar, Ty) = 1 1 1 p exp - c log] 
(PaL)m 

10" 
PaJ-

(10.145) 

where PE is an effective pressure, and a, b, c, and (pa^m are correlation parameters, also given in 
Tables 10.4 and 10.5. 

As noted before, in a mixture that contains both carbon dioxide and water vapor, the bands 
partially overlap and another correction factor must be introduced, which is found from 

A6 = 
10.7+ 10U 

- 0.0089^ 10.4 

with 
^ = 

Piho 

PhO "̂  PC02 

(10.146) 

(10.147) 

This factor is directly applicable to emissivity and absorptivity. 
To summarize, the total emissivity and absorptivity of gases containing CO2, water vapor, or 

both, may be calculated from: 

6/(/7/L,/?, Tg) = €oi(piL, 1 bar, 7̂ ) I —j (p/L, p, Tg\ 

ai(piL,p, Tg, Ts) = ( ^ j 6/ [piLj^p, TA, 

j = C02orH20, (10.148a) 

t = C02orH20, (10.1486) 

(10.148c) 
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TABLE 10.4 
Correlation constants for the determination of the total emissivity for water vapor [113]. 

M,N 

Coo • • • ^NH 

COM ' ' ' Cf4M 

PE 

(PaL)m/iPaL)o 

a 

b 

c 

To = lOOOK, po 

2,2 

-2.2118 -1.1987 0.035596 
0.85667 0.93048 -0.14391 

-0.10838 -0.17156 0.045915 

{p + 2.56puKi)lpo 

\2.2f-

2.144, r<0.75 
1.888-2.053 log,o^ r > 0.75 

1.10/?'" 

0.5 

= 1 bar, t = T/To, (pMo = 1 bar cm 

(10.148^0 

For the convenience of the reader Appendix F contains the Fortran routines totemiss and 
totabsor , which calculate the total emissivity or absorptivity of a CC)2-water vapor mixture 
from Leckner's correlation, and which can also be called from the stand-alone program Leckner 
through user prompts. 

Example 10.11. Consider a 1 m thick layer of a gas mixture at 1000 K and 5 bar that consists of 10% 
carbon dioxide, 20% water vapor, and 70% nitrogen. What is the total normal intensity escaping from 
this layer? 

Solution 
From equations (10.33) and (10.138) we see that the exiting total intensity is 

' = J 4,(l~e-̂ '̂ )j;7= J V,^;/ = 6crr 

where € is the total emissivity of the water vapor-carbon dioxide mixture. First we calculate the emis-
sivity of CO2 at a total pressure of 1 bar from Table 10.5: With pc^^L = 0.1 x 5 mbar = 50 bar cm and 
Tg = 1000 K we find ecch.oCl bar) = 0.157 (which may also be estimated from Fig. 10-25); for a total 
pressure of 5 bar we find from Table 10.4 the effective pressure is P̂  = 5.14, a = 1.1, ^ = 0.23, c = 1.47 
and (PaL)ni = 0.225 bar cm. Thus, from equation (10.145) 

( - ) = 
\ ^ / C 0 2 

1 -
0.1 X (-4.14) 
0.33 + 5.14 exp -1.47 X (log, 

0.225 
' 50 

2l 

« 1.00, 

and 
ecc)̂  - 0.157. 

Similarly, for water vapor with AISO^ = 0.2 x 5mbar = 100 bar cm we find 6H20.O(1 bar) » 0.359 and 
the pressure correction factor becomes, with PE = 7.56, a = 1.88, 6 = 1.1, c = 0.5 and (paL)^ = 
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TABLE 10.5 

Correlation constants for the determination of the total emissivity for carbon dioxide [113], 

M,N 

C(K) . . . C^rj 

QiM • • • CVA'/ 

PE 

iPaL)m/{PaL)o 

a 

b 

c 

2,3 

-3.9893 2.7669 -2.1081 0.39163 
1.2710 -1.1090 1.0195 -0.21897 

-0.23678 0.19731 -0.19544 0.044644 

(p + 0.2Spa)/po 

0.054A^ /<0 .7 
0.225f^ f > 0.7 

I+O.IA'-''^ 

0.23 

1.47 

% = 1000 K, /)o = 1 bar, r = TjTa, (pMo = 1 bar cm 

13.2 bar cm, 

and 

( - ) 
0.888 X (-6.56) 

1.988 + 7.56 "̂"̂  

[ / 13 2\^1 
[-O.5x^log.o-Joo)] = 1.414, 

€î 20 ^ 0.359 X 1.414 = 0.508. 

Finally, since we have a mixture of carbon dioxide and water vapor, we need to deduct for the band 
overlaps: From equation (10.146), with ^̂̂  = | , A€ = 0.072. Thus, the total emissivity is e = 0.157 + 
0.508 - 0.072 = 0.593. Alternatively, and more easily, using subroutine totemiss with ph2o = 1., 
pco2 = .5, p to t = 5, L = 100, and Tg = 1000 returns the same numbers. 

The total normal intensity is then 

/ = 0.593 X 5.670X 10"^ W/(m^ K^) x (500 K)V^ sr = 669 W/m^ sr. 

It is obvious from this example that the calculation of total emissivities is far from an exact sci-
ence and carries a good deal of uncertainty. Carrying along three digits in the above calculations 
is optimistic at best. The reader should understand that accurate emissivity values are difficult 
to measure, and that too many parameters are involved to make simple and accurate correlations 
possible. 

Mean Absorption Coefficients 
We noted in the previous chapter that the emission term in the equation of transfer, equation (9.22), 
and in the divergence of the radiative heat flux, equation (9.53), is proportional to Kjjlbjj. Thus, 
for the evaluation of total intensity or heat flux divergence it is convenient to define the follovving 
total absorption coefficient, knovm as the Planck-mean absorption coefficient: 

fo^hrfdr] 
=—r kvKjj drj. (10.149) 
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FIGURE 10-26 
Planck-mean absorption coefficients for carbon dioxide, and water vapor [117]. 

Using narrow band averaged values for the absorption coefficient, and making again the assump-
tion that the Planck function varies little across each band, equation (10.149) may be restated 
as 

imL(->-im- (10.150) 

where the sum is over all N bands, and the Ibjjo are evaluated at the center of each band. It is 
interesting to note that the Planck-mean absorption coefficient depends only on the band strength 
parameter a and, therefore, on temperature (but not on pressure). Values for a have been mea-
sured and tabulated by a number of investigators for various gases and, using them, Planck-mean 
absorption coefficients have been presented by Tien [3], but these values are today known to be 
seriously in error. Alternatively, the Planck-mean absorption coefficient can be calculated directly 
from high-resolution databases such as HITRAN96 [42] and HITEMP [46] as 

'^=^J, ^'"'Z'^-^''=E(^).X --•^'?=E( (10.151) 

where the summation is now over all the spectral lines of the gas, and the Ibrjo are evaluated at 
the center of each line. Figures 10-26 through 10-28 show Planck-mean absorption coefficients 
calculated from the HITEMP (CO2, H2O and CO) and HITRAN96 databases (all other gases) 
[117]. HITRAN96 can be expected to be accurate for temperatures of up to about 600 K, and 
HITEMP up to 1000 K. Beyond that the databases are known to be missing many "hot lines," and 
the values given in the figures are probably too low. 

Sometimes the Planck-mean absorption coefficient is required for absorption (rather than 
emission), for example, when gas and radiation source are at different temperatures. This ex-
pression is known as the modified Planck-mean absorption coefficient, and is defined as 

Jo hn(Ts)dT} 
(10.152) 
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FIGURE 10-27 
Planck-mean absorption coefficients for ammonia, nitrous oxide, and sulfur dioxide [117]. 

An approximate expression relating K^ to Kp has been given by Cess and Mighdoll [118] as 

a^,7io = ^.(7;)(y). (10.153) 

In later chapters we shall see that in optically thick situations the radiative heat flux becomes 
proportional to 

1 1 dibn 
-V// . ; = - - ^ V r . (10.154) 
Krj Krj dT 

This has led to the definition of an optically thick or Rosseland-mean absorption coefficient as 

1 n 1 dh, / r- dhr, . ;r r - 1 dh, 
KR JO Krj dT / J o dT 4 ( rP Jo Kn dT 

Even though they noted the difficulty of integrating equation (10.155) over the entire spectrum 
(with zero absorption coefficient between bands), Abu-Romia and Tien [89] and Tien [3] at-
tempted to evaluate the Rosseland-mean absorption coefficient for pure gases. Since the results 
are, at least by this author, regarded as very dubious they will not be reproduced here. We shall 
return to the Rosseland absorption coefficient when its use is warranted, i.e., when a medium is 
optically thick over the entire spectrum (for example, an optically thick particle background with 
or without molecular gases). 

10.10 EXPERIMENTAL METHODS 

Before going on to employ the above concepts of radiation properties of molecular gases in the 
solution of the radiative equation of transfer and the calculation of radiative heat fluxes, we want to 
briefly look at some of the more common experimental methods of determining these properties. 
While light sources, monochromators, detectors, and optical components are similar to the ones 
used for surface property measurements, as discussed in Section 3.10, gas property measurements 
result in transmission studies (as opposed to reflection measurements for surfaces). 
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FIGURE 10-28 
Planck-mean absorption coefficients for carbon monoxide, nitric oxide, and methane [117]. 

All transmission measurements resemble one another to a certain extent: They consist of 
a light source, a monochromator or FTIR spectrometer (unless, for measurements over a nar-
row spectral range, a tunable laser is used as source), a chopper, a test cell with the (approxi-
mately isothermal) gas whose properties are to be measured, a detector, associated optics and an 
amplifier-recorder device. The chopper often serves two purposes: (0 A pyroelectric detector 
cannot measure radiative intensity, rather, it measures changes in intensity; and (//) if the beam 
is chopped before going through the sample gas then, by measuring the difference in intensity 
between chopper open and closed conditions, indeed only transmission of the incident light beam 
is measured. That is, any emission from the (possibly very hot) test gas and/or stray radiation will 
not be part of the signal. A typical set-up is shown in Fig. 10-29, depicting an apparatus used 
by Tien and Giedt [119]. A chopper is not required if an FTIR spectrometer is used, since the 
light is modulated inside the unit. However, for high test gas temperatures care must be taken to 
eliminate sample emission from the signal [120,121]. Usually, gas temperatures are measured 
independently, and knowledge of gas absorption coefficients is acquired. But it is also possible 
to radiatively determine the gas temperature, if accurate knowledge of the absorption coefl[icient 
is given, such as detailed line structure of diatomic molecules together with FTIR spectrome-
try [122-124]. 

Measurements of radiative properties of gases may be characterized by the nature of the test 
gas containment and by the spectral width of the measurements. As indicated by Edwards [1], we 
distinguish among (1) hot window cell, (2) cold window cell, (3) nozzle seal cell, and (4) free jet 
devices; these may be used to make (a) narrow band measurements, (b) total band absorptance 
measurements, or (c) total emissivity/absorptivity measurements. 

The hot window cell uses an isothermal gas within a container that is closed off at both ends 
by windows that are kept at the same temperature as the gas. While this set-up is the most nearly 
ideal situation for measurements, it is generally very difficult to find window material that (/) can 
withstand the high temperatures at which gas properties are often measiired, (ii) are transparent 
in the spectral regions where measurements are desired (usually near-infrared to infrared) and do 
not experience "thermal runaway" (strong increase in absorptivity at a certain temperature level), 
and (Hi) do not succumb to chemical attack fi-om the test gas and other gases. Such cells have 
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FIGURE 10-29 
General set-up of gas radiation measurement apparatus [119]. 

been used, for example, by Penner [20], Goldstein [125], and Oppenheim and Goldman [126]. 
The cold window cell, as the name implies, lets the probing beam enter and exit the test 

cell through water-cooled windows. This method has the advantage that the problems in a hot 
window cell are nearly nonexistent. However, if the geometric path of the gas is relatively 
short, this method introduces serious temperature and density variations along the path. Tien and 
Giedt [119] designed a high-temperature furnace, consisting of a zirconia tube surrounded by a 
graphite heater, that allowed temperatures up to 2000 K. The fumace was fitted with water-cooled, 
movable zinc selenide windows, which are transmissive between 0.5 fim and 20fim and stay inert 
to reactions with water vapor and carbon oxides for temperatures below 550 K. A schematic of 
their furnace is shown in Fig. 10-30. While allowing high temperatures, it is impossible to obtain 
truly isothermal gas columns with such a device. For example, for a nominal cell at 1750 K of 
30 cm length, they found that tlie temperature gradually varied by a rather substantial 350 K over 
the central 2/3 of the cell, and then rapidly dropped to 330 K over the outer 1/3. This apparatus 
was used by Tien and coworkers to measure the properties of various gases [88,90-93,127]. 

Nozzle seal cells are open flow cells in which the absorbing gas is contained within the cell 
by layers on each end of inert gases such as argon or nitrogen. This system eliminates some of 
the problems with windows, but may also cause density and temperature gradients near the seal; 
in addition, some scattering may be introduced by the turbulent eddies of the mixing flows [128]. 
This type of apparatus has been used by Hottel and Mangelsdorf [13] and Eckert [129] for total 
emissivity measurements of water vapor and carbon dioxide. Most of the measurements made by 
Edwards and coworkers also used nozzle seal cells [75,76,78,87,128,130,131]. A schematic of 
the apparatus used by Bevans and coworkers [130] is shown in Fig. 10-31. Using a burner and jet 
for gas radiation measurements eliminates the window problems, and is in many ways similar to 
the nozzle seal cell. Free jet devices can be used for extremely high temperatures, but they also 
introduce considerable uncertainty with respect to gas temperature and density distribution and 
to path length. Ferriso and Ludwig [132] used such a device for spectral measurements of the 
2.7/im water vapor band. 

Recently, Modest has constructed a high-temperature gas transmissometer, shown schemati-



10.10 EXPERIMENTAL METHODS 349 

Water in 

Test gas 
supply 

u 
J L 

T 
^ 

^ 

^ 

^ 

Water out 

Radiation shield 
Graphite heater -
Zirconia tube 

(ZrOa) 

^ Inert gas 
exhaust 

Window (Irtran 4) 
Moly radiation shield 

9" Diameter 

Pyrometer viewing tube^ 
I Graphite heater inert 

gas supply 

Window 

Test gas 
exhaust 

Water 
out 

FIGURE 10-30 
Schematic of the high-temperature gas furnace used by Tien and Giedt [119]. 
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FIGURE 10-31 
Schematic of nozzle seal gas con-
tainment system by Bevans and 

Cooling coils coworkers [130]. 

cally in Fig. 10-32 and used by Modest and Bharadwaj [58] to measure transmissivities of carbon 
dioxide. Ttie device is based on the infrared emissometer [133-135] shown in Fig. 3-44 and com-
bines the advantages of hot-window and cold-window absorption cells. In essence, the apparatus 
consists of a hermetically sealed high-temperature furnace, a motorized tube fitted with an optical 
window, a sealed optical path, an infrared light source, and an FTIR spectrometer. Light from the 
source is imaged onto a platinum mirror inside the furnace; the reflected light, in turn, is imaged 
into the FTIR spectrometer. The cold drop-tube with an optical window is placed into position and 
retracted by a high-speed motor. The gas column between platinum mirror and optical window 
forms an isothermal absorption cell and, since the optical window resides within the furnace's 
hot zone for only a few seconds at a time, this device is able to measure transmissivities of truly 
isothermal high-temperature gas columns. 
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FIGURE 10-32 
Schematic of a drop-tube transmissometer [58]. 

Data Correlation 
The half-width of a typical spectral line in the infrared is on the order of 0.1 cm~^. To get a strong 
enough signal with a monochromator, any spectral measurement is by experimental necessity an 
average over several wavenumbers and, therefore, dozens or even hundreds of lines, unless an 
extremely monochromatic laser beam is employed. Thus, the measured transmissivity or (after 
subtracting from unity) absorptivity/emissivity is of the narrow band average type. Most FTIR 
measurements also fall into this category, although they generally have much better resolution 
than monochromators; resolutions better than 0.1 cm"*̂  are possible with high-end spectrometers. 
A correlation for the average absorption coefficient may be found by inverting equation (10.58) 
or equation (10.60), depending on whether the Elsasser or one of the statistical models is to be 
used, in either case yielding 

^ = ^(6,,Z,6/rf), (10.156) 
a a 

where the Irj and X (density or pressure path length) are measured quantities, and the width-
to-spacing ratio must be determined independently. Most early measurements have assumed a 
constant bjd for the entire band, in which case the width-to-spacing ratio can be obtained in a 
number of ways: (0 Direct prediction of b and d, (ii) using an independently determined band 
intensity, a, as the closing parameter, or (///) finding a best fit for̂ S (which is directly related to 
b/d) in the exponential wide band model. With the recent advent of high-resolution databases it 
has been recognized that hne spacing can vary dramatically across a band. The first narrow band 
correlation with variable ^ was done by Brosmer and Tien [136] for propylene, using Goody's 
model and least-mean-square-error fits. 

In very recent medium-resolution measurements of CO2 Modest and Bharadwaj [58] corre-
lated their experimental transmissivities to the Malkmus model through a least-mean-square-error 



10.10 EXPERIMENTAL METHODS 351 

HTTRAN eq. (10.72) 
HITRAN avg. K (300K) 
HITRAN/FTIR avg. 
Experiment 300K 
Experiment lOOOK 

= 25 cm-^ 
D EM2C database 300K 
A EM2C database 1OOOK 

HO.35 

HO.25 

g»0.5 
C 

St 
CO 

Wavenumber r], cm" 

FIGURE 10-33 
Narrow band correlation for the 2.7/im band of carbon dioxide; experimental data from [58]. 

fit. As an example the 2.7/im bands of CO2 at 300 and 1000K are shown in Fig. 10-33 and com-
pared with data obtained from the HITRAN96 [42] and EM2C databases [56]. CO2 is seen to 
have two bands around 2.7//m, one centered at 3615 cm"'^ the other at 3715 cm~^ Agreement 
between experiment-based correlation and HITRAN96 is seen to be excellent except near the 
four S/d peaks, where the absorption coefficient is dominated by a few widely-spaced strong 
lines (about 1.8 cm"^ apart). This leads to a jagged appearance if the statistical definition for S/d 
is used, equation (10.72), and even if straight averaging over 4cm~^ (equal to the experimental 
resolution) is carried out. The line labeled "HITRAN/FTIR avg." was obtained by averaging the 
absorption coefficient with the FTIR's instrument response function [137] as weight factor, which 
comes close to simulating the actual experiment. Results from the EM2C database are also shown 
for comparison. Because of its relatively low resolution of 25 cm"^ this database cannot capture 
the dual peaks, but agreement with experiment is excellent if the lower resolution is accounted 
for. In fact, the EM2C database was found to agree better with experiment than the HITEMP 
database for temperatures above 1000 K [58]. 

Measured spectral absorptivities may be integrated to determine total band absorptances. Plot-
ting those band absorptances that fall into the logarithmic regime v̂ -. XPe on semilog paper gives 
a straight line whose slope is the band width parameter (cf Table 10.2). Preparing a linear plot of 
A/Pe VS. ^X/Pe for data in the square root regime gives again a straight line, this time with y/aary 
as the slope (where y = /3/Pe = nb/d is the width-to-spacing ratio for a dilute mixture, cf Tables 
10.2 and 10.3). 

Finally, total emissivity values may be calculated by substituting the measured total band 
absorptances into equation (10.138). 

Experimental Errors 

Most of the earlier gas property measurements were subject to considerable experimental errors, 
as listed by Edwards [128]: (1) inhomogeneity and uncertainty in the values of temperature, pres-
sure, and composition, (2) scattering by mixing zones in nozzle seals and free jets, (3) reflection 
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and scattering by optical windows, and/or (4) deterioration of the window material due to adsorp-
tion or "thermal runaway." In addition, essentially all data until the 1980s were poorly correlated, 
using fixed values for bjd (across an entire vibration-rotation band), with a resulting correlational 
accuracy of ±20% at best. Only the more modem measurements by Phillips [57,138] and Mod-
est and Bharadwaj [58] apparently have experimental accuracies better than 5% and have been 
accurately correlated. 
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Problems 

10.1 Estimate the eigenfrequency for vibration, v̂ ,, for a CO molecule. 
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10.2 A certain gas at 1 bar pressure has a molecular mass of m = 10"̂ ^ g and a diameter of D = 5x10"^ cm. 
At what temperature would Doppler and collision broadening result in identical broadening widths 
for a line at a wavenumber of 4000 cm"^ ? 

10.3 Water vapor is known to have spectral lines in the vicinity of A = 1.38/im. Consider a single, 
broadened spectral line centered at /̂ ) = 1.33//m. If the water vapor is at a pressure of 0.1 atm and a 
temperature of 1000 K, what would you expect to be the main cause for broadening? Over what range 
of wavenumbers would you expect the line to be appreciable, i.e., over what range is the absorption 
coefficient at least 1% of its value at the line center? 

10.4 Compute the half-width for a spectral Ime of CO2 at 2.8 ;um for both Doppler and collision broadening 
as a function of pressure and temperature. Find the temperature as a function of pressure for which 
both broadening phenomena result in the same half-width. (Note: The effective diameter of the CO2 
molecule is 4.0x 10~^ cm.) 

10.5 Repeat Problem 10.4 for CO at a spectral location of 4.8//m (Note: The effective diameter of the CO 
molecule is 3.4x 10~̂  cm.) 

10.6 A certain gas has two important vibration-rotation bands centered at 4^m and lO^m. Measurements 
of spectral lines in the 4^m band (taken at 300 K and 1 bar = 10^ N/m^) indicate a half-width of 
brj = 0.5 cm"'. Predict the half-width in the 10//m band for the gas at 500 K, 3 bar. (The diameter of 
the gas molecules is known to be between 5 A < D < 40 A.) 

10.7 A polyatomic gas has an absorption band in the infrared. For a certain small wavelength range the 
following is known: 

Average line half-width: OMcm~\ 
Average integrated absorption coefficient: 2.0 x lO"'* cm"'/(g/m^), 
Average line spacing: 0.25 cm"^ 
The density of the gas at STP is 3 x 10"^ g/cm\ 

For a 50 cm thick gas layer at 500 K and 1 atm calculate the local mean spectral emissivity using 

(a) the Elsasser model, 
(b) the statistical model. 

Which result can be expected to be more accurate? 

10.8 Consider a gas for which the semistatistical model is applicable, i.e., e^- I- exp(~ Wrj/d). To predict 
?,, for arbitrary situations, a band-averaged (or constant) value for bjj/d must be known. Experimen-
tally available are values for ct = J^ (Srj/d)dT] and ?,; = 6̂ (77) (for optically thick situations) for given 
Pe and T. It is also known that 

Outline how an average value for (bjj/d)o can be found. 

10.9 The following is known for a gas mixture at 600 K and 2 atm total pressure and in the vicinity of a 
certain spectral position: The gas consists of 80% (by volume) N2 and 20% of a diatomic absorbing 
gas with a molecular weight of 20g/mol, a mean line half-width b = 0.01 cm"^ a mean line spacing 
of c/ = 0.1 cm"', and a mean line strength of 5 = 8 x 10"^ cm"^/(g/m^). (a) For a gas column 10 cm 
thick determine the mean spectral emissivity of the gas. (b) What happens if the pressure is increased 
to 20 atm? (Since no broadening parameters are known you may assume the effective broadening 
pressure to be equal to the total pressure.) 

10.10 1 kg of a gas mixture at 2000 K and 1 atm occupies a container of 1 m height. The gas consists of 
70% nitrogen (by volume) and 30% of an absorbing species. It is known that, at a certain spectral 
location, the line half-width is b == 300 MHz, the mean line spacing is d = 2000 MHz, and the line 
strength isS= 100 cm"' MHz. (a) Calculate the mean spectral emissivity under these conditions, (b) 
What will happen to the emissivity if the sealed container is cooled to 300 K? 
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10.11 A 50 cm thick layer of a pure gas is maintained at lOOOK and 1 atm. It is known that, at a certain 
spectral location, the mean line half-width is Z> = 0.1 nm, the mean line spacing is ̂  = 2 nm, and the 
mean line strength is 5 = 0.002 cm"' nm atm"' = 2x10"'̂  atm"'. What is the mean spectral emissivity 
under these conditions? (1 nm = lO"'̂  m) 

10.12 The following data for a diatomic gas at 300 K and 1 atm are known: The mean line spacing is 
0.6 cm"' and the mean line half-width is 0.03 cm"'; the mean line strength (= integrated absorption 
coefficient) is 0.8 cm""̂  atm"̂  (based on a pressm*e absorption coefficient). Calculate the mean spectral 
emissivity for a path length of 1 cm. In what band approximation is the optical condition? 

10.13 Consider again the gas of Problem 10.12, but replace the line intensity by 

Spn = Sprj^ e-'''-'* '̂/̂ , Sprf^ = 0.02 cm"̂  atm"', CJ = 20 cm"'. 

In what regime is this optical condition? What is the total band absorptance? 

10.14 A mixture of nitrogen and sulfur dioxide (with 0.05 volume-% SO2) is at 1 atm and 300 K. For the 
strong V3 band of SO2, centered at 7/3 = 1361 cm"', it is known that 

hjj Sr 
0.06, % = 17 cm"' atm"' exp [- ( 4 ^ ) 1 • 

d ^[ \25cm-'/ J 

For a 10 cm thick gas-mixture layer: 

(a) Develop an expression for the average spectral emissivity. What regime(s) apply? 
(b) Calculate the total band absorptance. 
(c) For comparison, calculate the total band absorptance from the wide band model. (Hint: For 

300Kr/ro>i.) 

Note: Under these conditions collision broadening is the predominant broadening mechanism. 

10.15 A certain gas is known to behave almost according to the rigid-rotor/harmonic-oscillator model, re-
sulting in gradually changing line strengths (with wavenumber) and somewhat irregular line spac-
ing. Calculate the local mean emissivity for a i m thick layer of the gas at 0.1 atm pressure. In 
the wavelength range of interest, it is known that the integrated absorption coefficient is equal to 
0.80cm~^ atm"', the line half-width is 0.04 cm"' and the average line spacing is 0.40 cm"'. 

10.16 A gas mixture at 1500 K and 1 atm is known to contain a small amount of CO2. To remotely determine 
the partial pressure of CO2 the band absorptance of the CO2 4.3 ^m band is measured and is found 
to be 100 cm"̂  for a path length of 1 m. Assuming that the gas may be treated as a nitrogen-C02 
mixture, determine the partial pressure of the CO2. 

10.17 Nitrogen at 2000 K and 1 atm contains a small amount of water vapor. To remotely determine the 
water vapor concentration the contribution of the 6.3 fim band toward the total emissivity is measured, 
and is found to be 66.3 =0.012 for a 1 m thick isothermal gas layer. Determine the mole fraction of 
water vapor. 

10.18 A mixture of nitrogen and sulfur dioxide is at 1 atm total pressure. To measure the partial pres-
sure of the sulfur dioxide in a furnace environment, an instrument is used that measures total band 
absorptance for the strong SO2 band centered at TJ^ = 1361 cm"'. For that band it is known that 
a = 2340(ro/7')cm-2 atm"', p = Q357y/TTlhPe, o) = S.SyfTJJhcm~\ b = 1.28 and w = 0.65. 
What is the partial pressure of the sulfur dioxide if the total band absorptance has been measured as 
142 cm"' for a 1 m thick gas layer at T = 1600 K? 

10.19 An optical device to determine NOx content in the combustion products powering a gas turbine mea-
sures the transmissivity of NO for its 5.3//m band. The device consists of a blackbody source (5/, = 
2000 K), two ports, a filter/detector combination (with flat response 1750 cm"' <T]< 2000 cm"', and 
zero response elsewhere), and a chopper (such that the detector registers radiation from the blackbody 
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source, but not the emission from the combustion gases). Two measurements are taken: one with an 
inert gas in the turbine (signal SQ\ and another with combustion gases present (assume Tg = 1600 K 
= const, Pg = 5 bar = const, light path through gas I = 1 m; signal S). 

(a) Show that the measured transmissivity, t, is 

A/; = 250 cm" 

assuming that the Planck function is constant across A77. 
(b) If the transmissivity is measured as r = 0.7, what is the NO volumetric concentration, XNO? 
Note: for NO at 1600Ky/ro = 0.827. 

10.20 It is desired to predict the fraction of the sunlight absorbed by the nitrous oxide (N2O) contained in 
the atmosphere. You may assume that the atmosphere is a 20 km high layer of N2-N2O mixture, that 
the atmosphere is isothermal with a linear pressure variation from 1 atm at the ground to zero at the 
top of the atmosphere, and that N2O makes up 10""̂ % by volume of the mixture everywhere. 

N2O has two vibration-rotation bands with the following wide band coefficients (at the temperature 
of the atmosphere): 

4.5 fitn band 
7.8/zm band 

a 
2035 cm-2 atm-' 
161 cm"^ atm'^ 

r 
0.145 
0.377 

(0 

22 cm-' 
18.5 cm-' 

n 
0.6 
0.6 

b 
1.12 
1.12 

(a) Show that the influence of the 7.8 yum band is negligible. 

(b) Calculate the total absorptivity for this atmosphere assuming a constant average pressure of 
0.5 atm. 

(c) Show that the absorptivity is the same as in (b) if the linear pressure variation is taken into ac-
count. Hint: You may assume that the pressure-based absorption coefficient, Kprj, is independent 
of pressure. 

10.21 Nitrous oxide (N2O) is contained in the Earth's atmosphere with a partial pressure of 10"^ atm. 
While N2O causes pollution, it may also be employed for remote sensing applications. N2O has 
two vibration-rotation bands with the wide band coefficients (at the temperature of the atmosphere) 
given in Problem 10.20. 

(a) It is known that, for a distance of Li = 1 km through the atmosphere, the 4.5 ^m band has a 
certain total band absorptance A\. What length through the atmosphere, L2, is required to obtain 
the same band absorptance with the 7.8 ^m band, A2 = A]? 

(b) Would this ratio Li/Li increase, decrease, or stay the same if Li was decreased? 

10.22 A 1 m thick layer of a mixture of nitrogen and methane (CH4) at T = 300 K and p = 1 atm has 
a measured total emissivity of 6 = 0.010. Estimate the partial pressure of the methane (Rciu = 
5.128 X 10-^ atm mVgK). It is known that p^u <̂  P-

10.23 A mixture of water vapor and nitrogen at a total pressure of 1 atm and a temperature of 300 K is found 
to have a total band absorptance of 100 cm"' for the 6.3 //m band for a geometric path length of 50 cm. 
Determine the partial pressure of the water vapor. 

10.24 One method of measuring the temperature of a high-temperature gas is to determine the total band 
absorptance of a vibration-rotation band of the gas under the prevailing conditions. Consider a 20 cm 
thick layer of pure methane, CH4, at 1 atm pressure. If the total band absorptance of the 33 pm band 
is 587 cm"', what is the temperature of the CH4? 
Note: Such instruments are generally used only for T > 1000°C. 

10.25 Estimate the total band absorptance of the 2.1pm CO2 band at 833 K, a total pressure of 10 atm, a 
partial pressure of 1 atm, and a mass-path length of p^^Z, = 2440 g/m^, from Fig. 1-15. Compare 
with the result from the exponential wide band model. 
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10.26 A mixture of nitrogen and sulfur dioxide (with 5% SO2 by volume) is at 1 atm total pressure. To 
measure the temperature of the mixture in a furnace environment {T > 1000 K), an instrument is used 
that measures total band absorptance for the strong SO2 band centered at r/̂ . = 1361 cm"^ For that 
band it is known that a = 2340(ro/r)cm-^ atm-\p = 0351iT/ToPe, io - S.S^fTJ%cm-\ h = 1.28 
and n - 0.65. What is the temperature of the mixture if the total band absorptance has been measured 
as 142 cm"̂  for a 1 m thick gas layer? 

10.27 To determine the average atmospheric temperature on a distant planet, the total band absorptance for 
the 3.3)um CH4 band has been measured as /Is.3 = 100cm"'. It is known from other measurements 
that methane is a trace element in the atmosphere (which contains mostly nitrogen and whose total 
pressure is 2 atm), and that the absorption path length for methane on that planet, for which .43.3 was 
measured, is 4.14g/m'^. What is the temperature? 

10.28 Using the exponential wide band model, evaluate the total emissivity of a Im thick layer of a 
nitrogen-water vapor mixture at 2 atm and 400 K if the water vapor content by volume is {a) 0.01%, 
{h) 1%, or (c) 100%. Compare with Leckner's model using subroutine totemiss. 

10.29 Using the exponential wide band model, evaluate the total emissivity of a 1 m thick layer of a 
nitrogen-C02 mixture at 0.75 atm and 600 K if the CO2 content by volume is (a) 0.01%, {b) 1%, 
or (c) 100%. Compare with Leckner's model using subroutine totemiss. 

10.30 Evaluate the Planck-mean absorption coefficients for the two gases in Problems 10.28 and 10.29, 
based on the data given in Table 10.3. Compare the results with Fig. 10-26. 

10.31 Write a small computer program that calculates the total emissivity of a C02-inert gas mixture, based 
on wide band property data from Table 10.3, as a function of temperature, pressure, CO2 volume 
fraction, and path length. For a given set of pressure, volume fraction and length, compare with values 
obtained from Leckner's model using subroutine totemiss and plot the emissivity as a function of 
temperature. 

10.32 Repeat Problem 10.28 for a path with a temperature profile given by T = 300 K[l + As(L - s)/L^l 
where s is distance across the gas layer. 

10.33 Develop a simple box model for the evaluation of the effective band width, i.e., A = f^ e,; di] = €,j A77, 
based on an average emissivity (rather than absorption coefficient). You may assume that the line 
spacing and line intensity are constant across the band. Calculate the total band absorptance of water 
vapor at 0.1 atm and 400 K for path lengths of 1 mm and 1 m, assuming that Ar; ^ ca, where oj is the 
band width parameter from the exponential wide band model. Compare with results from that model. 

10.34 Two black plates at 500 K are separated by 1 m of a mixture consisting of 10% carbon dioxide, 10% 
water vapor, and 80% nitrogen at a temperature of 1200K and a total pressure of 1 atm. Estimate the 
heat gain of each plate (you may carry out a numerical quadrature by looking at, say, three different 
angles). 



CHAPTER 

11 
RADIATIVE 
PROPERTIES OF 
PARTICULATE MEDIA 

11.1 INTRODUCTION 

When an electromagnetic wave or a photon interacts with a medium containing small particles, 
the radiative intensity may be changed by absorption and/or scattering. Common examples of 
this interaction are sunlight being absorbed by a cloud of smoke (which is nothing but a multi-
tude of fine particles suspended in air), scattering of sunshine by the atmosphere (the atmosphere 
consisting of molecules which are, in fact, tiny particles) resulting in blue skies and red sunsets, 
and the colors of the rainbow. Radiation scattering by particles was first dealt with by astrophysi-
cists, who were interested in the scattering of starlight by interstellar dust. Scientists fi-om many 
other disciplines are concerned with the scattering of electromagnetic waves: Meteorologists are 
concerned with scattering within the Earth's atmosphere (scattering of sunlight as well as scat-
tering of radar waves for observation of precipitation); electrical engineers and physicists deal 
with the propagation of radio waves through the atmosphere; physicists, chemists, and engineers 
today use light scattering as diagnostic tools for nonintrusive and nondestructive measurements 
in gases, liquids, and solids. A review of thermal radiation phenomena in particulate media has 
been given by Tien and Drolen [1]. 

How much and into which direction a particle scatters an electromagnetic wave passing 
through its vicinity depends on (/) the shape of the particle, (//) the material of the particle (i.e., the 
complex index of refraction, m = n- ik), (Hi) its relative size, and (zv) the clearance between par-
ticles. In radiative analyses the shape of particles is usually assumed to be spherical (for spherical 
and irregularly shaped objects) or cylindrical (for long fibrous materials). These simplifying as-
sumptions give generally excellent results, since averaging over many millions of irregular shapes 
tends to smoothen the irregularities [1]. In the following discussion we shall primarily consider 
absorption and scattering by spherical particles, as shown in Fig. 11-1. 

361 
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Refracted 

t^ 
Diffracted 

Reflected 

FIGURE 11-1 
Interaction between electromagnetic waves and 
spherical particles. 

An electromagnetic wave or photon passing through the immediate vicinity of spherical par-
ticles will be absorbed or scattered. The scattering is due to three separate phenomena, namely, 
(0 diffraction (waves never come into contact with the particle, but their direction of propagation 
is altered by the presence of the particle), (//) reflection by a particle (waves reflected from the sur-
face of the sphere), and (///) refraction in a particle (waves that penetrate into the sphere and, after 
partial absorption, reemerge traveling into a difl'erent direction). The vast majority of photons 
are scattered elastically, i.e., their wavelength (and energy) remain unchanged. A tiny fraction 
undergo inelastic or Raman scattering (the photons reemerge with a difl'erent wavelength). While 
very important for optical diagnostics, the Raman effect is unimportant for the evaluation of ra-
diative heat transfer rates, and we shall treat only elastic scattering in this book. If scattering by 
one particle is not afl'ected by the presence of surrounding particles, we speak of independent 
scattering, otherwise we have dependent scattering. Thus, the radiative properties of a cloud 
of spherical particles of radius a, interacting with an electromagnetic wave of wavelength A, are 
govemed by three independent nondimensional parameters: 

complex index of refraction: m^n-ik, (11 • 1) 

size parameter: x = InajX, (11.2) 

clearance-to-wavelength ratio: c/A. (11.3) 

If scattering is independent (c//l » 1), then only the first two parameters are needed. For the 
classification of dependent scattering, the clearance-to-wavelength ratio is often replaced by a 
purely geometric parameter, c/a, which in turn may be related to the volume fraction of particles, 
ft). While in earlier works, for example that by van de Hulst [2], it was assumed that dependent 
effects were a function of particle separation only, it is now known that wavelength effects also 
play a role. This was first recognized by Hottel and coworkers [3]. Since then, a number of inves-
tigators, notably Tien and coworkers [1,4-8], have established limits for when dependent effects 
must be considered. Their results, summarized in Fig. 11-2, show that dependent scattering ef-
fects may be ignored as long as / . < 0.006 or cjX > 0.5. Since these values include nearly all heat 
transfer applications, only independent scattering is discussed in the present chapter. The reader 
interested in the prediction of dependent scattering properties should consult the monograph by 
Tien and Drolen [1]. 

11.2 ABSORPTION AND SCATTERING 
FROM A SINGLE SPHERE 

The scattering and absorption of radiation by single spheres was first discussed during the later 
part of the nineteenth century by Lord Rayleigh [9,10], who obtained a simple solution for spheres 
whose diameters are much smaller than the wavelength of radiation (small size parameter, x «: 1). 
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Particle volume fraction, /^ 

FIGURE 11-2 
Scattering regime map for independent and dependent scattering [1], 

This work was followed in the 1890s by the work of Lorenz, a Danish physicist [11,12], in 1908 
by the classical paper of Gustav Mie* [13], and in 1909 by a similar treatment of Debye [14]. 
Lorenz' work was based on his own theory of electromagnetism rather than Maxwell's, while Mie 
developed an equivalent solution to Maxwell's equations [cf equations (2.1) through (2.5)] for 
an electromagnetic wave train traveling through a medium with an imbedded sphere. Although 
the work of Lorenz predates that of Mie, the general theory describing radiative scattering by 
absorbing spheres is generally referred to as the "Mie Theory." More recently, in recognition 
of Lorenz' contributions, the terminology "Lorenz-Mie theory" has also become popular. An 
exhaustive review of the history of the development of particle scattering theory has been given 
byKerker[15]. 

The complicated Mie scattering theory must generally be used if the size of the sphere is such 
that it is too large to apply the Rayleigh theory, but too small to employ geometric optics (which 
requires x » 1 as well as kx » 1). We shall ^YQ here a very brief discussion of the Mie theory 
and some representative results. Detailed derivations may be found in the books on the subject by 
van de Hulst [2], Kerker [15], Deirmendjian [16], and Bohren and Huifman [17]. 

The amoimt of scattering and absorption by a particle is usually expressed in terms of the 
scattering cross-section, Csca, and absorption cross-section, Cabs- The total amount of absorption 
and scattering, or extinction, is expressed in terms of the extinction cross-section, 

^ext ~ ^abs "^ Lsca* (1 L4) 

Often efficiency factors Q are used instead of cross-sections, being nondimensionalized with the 

*Gustav Mie (186a-1957) 
German physicist. After studying at the universities of Rostock and Heidelberg, he served 
as professor of physics at various German universities. 
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projected surface area of the sphere, or 

/-< 
absorption efficiency factor: gabs = —^» (11-5) 

C 
scattering efficiency factor: gsca = - ^ , (11-6) 

na^ 
(2 

extinction efficiency factor: 2ext = ~^^ (11-7) 
na^ 

and 
gext = 2abs + ftca. (11.8) 

Radiation interacting with a spherical particle may be scattered away from its original direction 
by an angle 0 , i.e., the propagation vector of the electric and magnetic fields may be redirected 
by the scattering angle (Fig. 11-1). This deflection from the incident direction is described by the 
angle 0 alone because, for a spherical particle, there can be no azimuthal variation. The intensity 
of the wave scattered by the angle 0 [i.e., the magnitude of the Poynting vector, equation (2.42)] 
is proportional to two complex amplitude functions S\{&) and 52(0), where the subscripts denote 
two perpendicular polarizations. Once these amplitude functions have been determined, the in-
tensity of radiation /sea, scattered by an angle 0 from the incident unpolarized beam of strength 
/in may be calculated [2,15,16] from 

^ l ! L ± ^ , (11.9) 

where /] and ii are the nondimensional polarized intensities calculated from 

/i(x,m,0) = |5iP, /2(jc,AW,0) = |52p. (11.10) 

From equation (11.9) it follows that the total amount of energy scattered by one sphere into all 
directions [2] is 

a , , = % = ̂  r ^ , / a = 1 H / i +/2) s in0^0 . (11.11) 
na^ na^ J4j, 1^ x^ Jo 

The fraction of this energy that is scattered into any given direction is denoted by the scattering 
phase function O(0), which is normalized such that 

- f <t)(§„§)<fQH 1. (11.12) 
Ax 

Thus, together with equation (11.9), the scattering phase function may be expressed as 

iKm- , J'*''— = 2 ^ . (11.13) 

4;r J4;r 
i\ + /2) dO. X^Qsc 

Finally, total extinction by a single particle (absorption within the particle, plus scattering into all 
directions) is related to the real part of the amplitude functions by 

a.i = ^'y^{S{0)l (11.14) 

where the amplitude function S is without a subscript because 51(0) = ^2(0). 
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The major difficulty in the evaluation of scattering properties Hes in the calculation of the 
complex amplitude functions Si(&) and iS2(0). For the general case of arbitrary values for the 
complex mdex of refraction m and the size parameter x, the full Mie equations as expressed by 
van de Hulst [2] must be employed, 

9 4-1 

^'(®) = YJ -7—^^ K'f«(cos0) + b„r„{cos@)], (11.15) 

Z 2w + 1 
[b„n„icos@) + a„T„(cos©)], (11.16) 

, nin + 1) 

where the direction-dependent functions ;r„ and T„ are related to Legendre polynomials /J, (for a 
description of these polynomials, see, e.g., WyHe [18]) by 

;r„(cos0) = —, j — , (11.17) 
a cost) 

T„(cos0) = cos0;r„(cos0) - sin^ 0 ^^"^^^^®\ (11.18) 
a c o s 0 

and the Mie scattering coefficients a« and bn are complex functions of jc and y = AWJC, 

" rniy)a^)-rnuy)a^y ^ ' ^ 

" mrMUx)-Uy)ax)' ^ ' ^ 
The functions i//„ and f„ are known as Riccati-Bessel functions, and are related to Bessel and 
Hankel functions [18,19] by 

y ) J„,M2{Z), 4(--) = ( y ) H„.,/2(Z). (11.21) 

Equations (11.15) and (11.16) may be substituted into equations (11.11) and (11.14). Using 
the fact that—hke Legendre polynomials—the functions nn and T„ constitute sets of orthogonal 
functions leads to 

2 *̂  
ftca = - Y}<2n + l ) (kP + %\\ (11.22) 

2 °° 
Sex, = ^ YP-" + )̂̂ f''« + «̂'- (̂  -̂2̂ ) 

Once all Mie scattering coefficients a« and bn have been determined, the phase function O may 
also be evaluated from equation (11.13), but this calculation tends to be extremely tedious because 
of the nature of equation (11.10), and because the calculations must be carried out anew for 
every scattering angle 0 . To facilitate the calculations Chu and Churchill [20,21] expressed the 
scattering phase function as a series in Legendre polynomials, 

00 

<D(0)=1+J]^ i^ , (cos0) , (11.24) 

where the coefficients An are directly related to the Mie scattering coefficients a„ and bn through 
some rather complicated formulae not reproduced here. The great advantage of this formulation 



366 11 RADIATIVE PROPERTIES OF PARTICULATE MEDIA 

is that, once the An have been determined, the value of the phase function 0 is determined quickly 
for any or all scattering directions. 

In many applications the use of the complicated scattering phase function described by equa-
tion (11.24) is too involved. For a simpler analysis the directional scattering behavior may be 
described by the average cosine of the scattering angle, known as asymmetry factor, and related 
to the phase function by 

^ = cos0 = — f <D(0)cos0c/a (11.25) 

For the case of isotropic scattering (i.e., equal amounts are scattered into all directions, and <l> = 1) 
the asymmetry factor vanishes; g also vanishes if scattering is symmetrical about the plane per-
pendicular to beam propagation. If the particle scatters more radiation into the forward directions 
(0 < /r/2), g is positive; if more radiation is scattered into the backward direction (0 > ;r/2), g is 
negative. For spherical particles the asymmetry factor is readily calculated [17] as 

— 4 Y^rn(rt + 2 ) ^ , ^ , ,* , 2 « + l ^ , ,^, 

n=l 

(11.26) 

The calculation of the scattering Mie coefficients a^, and b„ is no trivial matter even in these days 
of supercomputers: The relationships leading to their determination are involved and require the 
frequent evaluation of complicated functions with complex arguments. For large size parameters 
X many terms need to be calculated (wmax ^ 2x). Recursion formulae for the functions 7T„, Tn, 
if/^ and („ have been given by Deirmendjian [16] and others, which evaluate these functions for 
increasing values ofn in temis of previously calculated functions. Deirmendjian observed that the 
accuracy of calculations decreases for increasing n, causing complete failure of the calculations 
for large values of the size parameter x (for which many terms are required in the series for the 
amplitude functions), even if double-precision arithmetic is employed. This problem was over-
come by Kattawar and Plass [22] who showed that all four functions may be reduced to functions 
each belonging to one of two sets: One set has stable recursion formulae for increasing n (i.e., 
round-off error decreases with growing «), and the other set is stable for decreasing values of n 
(setting the function to zero for a larger n than required in the series results in very accurate values 
for slightly smaller n). Wiscombe [23] compared the accuracy and stability of several Mie scat-
tering computer solution routines and discussed the efficiency of different calculation methods 
(whether to use upward or downward recursion, what recursion formulae to use, etc.). Some rep-
resentative results of Mie calculations are shown in Figs. 11-3 through 11-5. Figure 11-3 shows 
typical behavior of efficiency factors, demonstrated with the extinction efficiency of a dielectric 
(k = 0) for a number of different refractive indices n. Observe that there is a primary oscillation 
in the variation of gext with size parameter, upon which secondary oscillations are superimposed 
(stronger for larger refractive indices). Note also that the oscillations become smaller for larger 
size parameters, and gext -^ 2 as x ~» oo (for dielectrics as well as metals). Figure 11-4 shows the 
qualitative behavior of efficiency factors for absorption, gabŝ  and scattering, Q^ca, respectively, 
for a fixed value of the size parameter (x = 1), as a function of absorptive index k. The absorp-
tion efficiency factors may vary by many orders of magnitude over the range of absorptive index 
k, while the scattering efficiency remains constant over great changes of/:. Finally, Fig. 11-5 
shows some representative scattering phase functions, <I)(0). Figure 1 l-5a shows the scattering 
behavior of very small particles (known as Rayleigh scattering): The scattering is symmetric to 
the plane perpendicular to the incident beam, and is nearly isotropic with slight forward- and 
backward-scattering peaks and somewhat lesser scattering to the sides. Figure 11-5Z? demon-
strates the behavior of particles with refractive indices close to unity (known as Rayleigh-Gans 
scattering): Nearly all of the scattered energy is scattered into forward directions with some scat-
tering into a few preferred other directions. This behavior becomes more extreme as the size 
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FIGURE 11-3 
Extinction efficiency factors for dielectric 
spheres for several refractive indices [2]. 
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FIGURE 11-4 
Efficiency factors as functions of complex index of refraction, m = n-ik, for a size parameter of .x = 1 [22]; (a) absorption 
efficiency fector, (b) scattering efficiency factor. 
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(c) (d) 

FIGURE 11-5 
Polar plot of scattering phase functions for single spherical particles, (a) small sphere with jc = 0.001, (h) dielectric with 
X = 5 and m = 1.0001, (c) dielectric sphere with .v = 10 and m = 2, (d) metallic sphere (aluminum) with A: = 10 and 
w = 4.46-31.5/. 

parameter increases. Figure 1 l-5c shows the phase ftinction of a typical dielectric: The scattering 
has a strong forward component; otherwise the scattering behavior demonstrates rapid maxima 
and minima at varying scattering angles, with much stronger amplitudes than for Rayleigh-Gans 
scattering (note the change in scale). The variations are not quite so extreme as in Fig. ll-5fc 
owing to the large value for n. The behavior of a typical metal (aluminum at 3.1 /im) is shown in 
Fig. 11-5J: Besides a strong forward-scattering peak these particles display lesser-degree oscil-
lations than dielectrics. These phase functions have been calculated with the author's own code, 
irnnmie, which is included in Appendix F for the convenience of the reader. 

11.3 RADIATIVE PROPERTIES OF A 
PARTICLE CLOUD 

In all problems of radiative heat transfer with particulate scattering and absorption, we have to 
deal with a large collection of particles. If the scattering is independent, as is assumed in this 
chapter, then the effects of large numbers of particles are simply additive. For simplicity, it is 
often assumed that particle clouds consist of spheres that are all equally large. More accurate 
analyses take into account that particles of many different sizes may occur within a single cloud, 
and that these sizes often vary by orders of magnitude. We shall briefly describe both approaches 
in the following paragraphs. 

Clouds of Uniform Size Particles 

The fraction of energy scattered by all particles per unit length along the direction of the incoming 
beam is called the scattering coefficient [as defined by equation (9.8)] and is equal to the scattering 
cross-section summed over all particles. \i NT is the number of particles per unit volume, all of 
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uniform radius a, then 
o-sA = Â rCsca = na^NrQ,,^, (11.27) 

and, similarly, for absorption and extinction, 

KA = iVrCabs = na^Nra^s. (11.28) 

13A = KA + (TsA = ÂT-Cext = na^NrQ,^,, (11.29) 

Since the scattering phase function (or the directional distribution of scattered energy) in a cloud 
of xmiform particles is the same for each particle, it is also the same for the particle cloud, or 

% , ( e ) = <D(0), (1130) 

and similarly for the asymmetry factor, 

gTA = (cos 6)7̂ ^ = cos 0 . (11.31) 

In both cases we have temporarily added the subscript T (to distinguish the total cloud of particles 
from a single particle) and X to emphasize the fact that both quantities are spectral quantities that 
may vary with wavelength. 

If total (i.e., spectrally integrated) properties are desired, equations (11.27) through (11.29) 
may be integrated to obtain Planck-mean or Rosseland-mean coefficients (for absorption, scatter-
ing, and/or extinction), as defined by equations (10.149) and (10.155), or 

yp = —f4 I ^bA yA dA, y = K,o's, oxp, (11.32) 

- = T - ^ I —-pfdA, y = K, (Ts, 0TJ3. (11.33) 
y, 4crP Jo yA dT 

Similarly, total emissivities and absorptivities may be obtained from equation (10.138). Since the 
efficiency factors Q may vary rapidly across the spectrum, these integrations generally need to be 
done numerically. 

Clouds of Nonuniform Size Particles 

For clouds of particles of nonuniform size it is customary to describe the number of particles as a 
function of radius in the form of a particle distribution function, A number of different forms for 
the distribution function have been used by various researchers. We introduce here the so-called 
modified gamma distribution [16], 

n(a) = Aa^ exp(-5a^), 0 < a < oo, (11.34) 

which vanishes at a = 0 and a ~» oo. This distribution function reduces to the gamma distribution 
if J = 1. The four constants A, B, y, and S are positive and real, and y and S are usually chosen 
to be integers. They must be determined from measurable quantities such as total number of 
particles (per unit volume), 

roo poo Arm^) 
Nr = j ^ nia)da = AJ^^ aro^pi^Ba')da = ^ ^ . (11.35) 

Here T is the gamma function, 
poo 

T{z)= I e-'f-^dt, (11.36) 
Jo 
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and has been tabulated, e.g., by Abramowitz and Stegim [19]. Equation (11.35) shows that the 
constant A is essentially given by A^. The total volume of particles per unit volume, or volume 
fraction, is given by 

/ . = J^ inaMa)da=^^^. (11.37) 

Assuming that all particles have the same optical properties, we may again determine the scat-
tering coefficient for a particle cloud by adding the scattering cross-section over all particles but, 
because of the particle size distribution, this is now an integral rather than a simple sum, 

r*00 r*oo 

cfsA= I Cscaw(̂ )<̂ « = ^ I Q^c^a^n{a)da, (11.38) 
Jo Jo 

and, similarly, for absorption and extinction, 

KA^" I Cabs«(«)^« = ^ I Qabsa^n{a)da, (11.39) 
Jo Jo 

13A = Qxt«(a) da = n I QcWn(a) da, (11.40) 
Jo Jo 

For nonuniform particles the scattering phase function is not the same for all particles. From the 
definition of the phase function, it follows that the scattered energies into a given direction must 
be summed over all particles and then normahzed, or 

I (i\ + h) n(a) da \ Csca(o) <E>(a, 0) n(a) da 
Or.i(0) = ^^ - -̂ ^ 

and, similarly, 

1~ I I {i\^h)n{a)da\da I QQ^{d)n{a)da 

— r Csca(a)O(a,0)«(a)rfa, (11.41) 
CTsA J o 

1 r°^ 
gxA = (cos 0)7.^ = — Csca(«) gia) n(a) da. (11.42) 

CTsA J o 

Again, if total properties are needed, equations (11.38) through (11.40) may be integrated over 
the entire spectrum. 

Figures 11-6 and 11-7 show a few typical scattering phase functions for absorbing and non-
absorbing particle clouds, calculated with program mitimie of Appendix F. Two types of particles 
are considered, one nonabsorbing with an index of refraction m = 2, the other one absorbing with 
m = 2 - i. The particles are either in clouds of constant radius a = 5/im, or in clouds with a 
distribution function 

n(a) = 27,230a^ exp(~-l .7594a), (11.43) 

which has its maximum at a = 5//m. All the particle clouds have a number density of 10^ 
particles/cm-^, and the Mie calculations have been carried out for a typical wavelength of /I = 
3.1416)um, resulting in a size parameter ofx = 2na/A = 10 for the constant-radius clouds, and a 
range of significant size parameters of 0 < JC < 20 for clouds with particle size distribution. The 
radiative properties for the four different particle clouds are summarized in Table 11.1. Absorption 
and scattering coefficients for constant-radius and particle distribution clouds differ considerably, 
primarily because the average particle size in equation (11.43) is less than 5//m, being 233 fim 
for the volume- or mass-averaged radius, and 1.52//m for the number-averaged radius. Observe 
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FIGURE 11-6 
Mie scattering phase function for clouds of absorbing particles [24], 
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FIGURE 11-7 
Mie scattering phase function for clouds of dielectric particles [24]. 
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TABLE l U 

Radiative properties of typical particle clouds (NT = IC^/cm ,̂ A = 3.1416/iin). 

Cloud#l Cloud#2 Cloud#3 Cloud#4 

Const. Radius Size Distr. Const. Radius Size Distr. 

a = 5fim n{a) a = 5fim n(a) 

m = 2-i m = 2-i m = 2 m = 2 

Absorption 

coefficient /f[cm-^] 8.307 x 10"^ 1.524 x 10"^ 0 0 

Scattering 

coefficient o;^ [cm-^] 1.073 x lO'^ 1.674 x 10"^ 6.420 x 10"' 3.363 x 10"^ 

Extinction 

coefficient )S[cm-^] 1.904 x 10"^ 3.198 x 10"^ 6.420 x lO'^ 3.363 x 10"^ 

Scattering albedo 0.5634 0.5235 1 I 

Terms needed for 

phase fiinction 26 35 27 33 

8 12 16 20 24 26 30 

Size parameter .X 

FIGURE 11-8 
The effect of size dispersion on the extinction efficiency 
for water droplets and visible light (<T = standard devi-
ation in Gaussian distribution function) [17]. 

that the phase functions for uniform particle size clouds display strong oscillations due to diffrac-
tion peaks, because the phase function is identical to the one of single particles (cf. Fig. 11-5). 
Since the diffraction peaks shift slightly with changing size parameters, these peaks and valleys 
are smoothed out for clouds with varying particle sizes. For these types of clouds the phase func-
tion becomes very smooth with only a strong forward-scattering peak remaining (plus a weaker 
backward-scattering peak for dielectric particles). Thus, the analysis of scattering phenomena 
may actually be simpler if there is a particle size distribution! 

Bohren and Huffman [17] have shown that this smoothing effect occurs for the efficiency fac-
tors as well as for the phase function, requiring only a small deviation from uniform-size particles 
to be present. Figure 11-8 shows the extinction efficiency for clouds of water droplets, which 
are assumed to have a Gaussian distribution function centered around a mean particle size with 
standard deviation cr. Small deviations from uniform size blur out the high-frequency variation 
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(called the ripple structure), while slightly larger deviations also dampen out the low-frequency 
variations of the extinction efficiency (called the interference structure). Similar smoothing ef-
fects occur in a cloud of uniform-size particles of irregular shape as shown by Hodkinson [25] for 
aqueous suspensions of irregular quartz particles. 

11.4 RADIATIVE PROPERTIES OF SMALL 
SPHERES (RAYLEIGH SCATTERING) 

Radiative scattering by spheres that are small compared with wavelength was first described by 
Lord Rayleigh [9,10] long before the development of Mie's theory [13]. However, results for 
small particles are here most easily obtained by taking the appropriate limits in the general solu-
tion to Mie's equations. 

If the scattering particles are extremely small, then the size parameter x = InajX becomes 
very small. Such behavior is primarily observed with gas molecules (which are, in fact, very tiny 
particles). There are, however, also some multimolecule solid particles that fall into the Rayleigh 
scattering regime, e.g., soot particles (whose diameters are often smaller than lOnm and which, 
in combustion applications, are irradiated by Ught of approximately 3//m, resulting in x « 0.01). 

In the limit of x -^ 0 it is relatively straightforward to show that only the a\ in equa-
tions (11.19) and (11.20) is nonzero, or 

nP" — 1 
^2(0) = Sx (0) COS 0 = i-T-^^^ ^^s 0 , (11.44) 

that is, the amplitude function for one polarization is independent of scattering angle 0 . Substi-
tution into equations (11.11) and (11.14) then gives the efficiency factors as 

^sca — ^ 
m^-[ 

2 

x\ (11.45) 

Qm = - 4 3 { ^ 2 ^ } ^ « a*s, (11.46) 

where the last equality in equation (11.46) is due to the fact that x^ « x, so that scattering may be 
neglected as compared with absorption. We observe the wavelength dependence of the scattering 
efficiency to be 

ficaCC^C^V^ (11.47) 
A 

We note in passing that this fact explains the colors of the sky: During most of the day, when the 
sun's rays travel a relatively short distance through Earth's atmosphere (cf Fig. 11-9), only the 
shortest wavelengths are scattered away in any appreciable amounts from the sun's direct path, 
scattered again and again by the molecules in the atmosphere, providing us with a blue sky (blue 
light having the shortest wavelength within the visible spectrum). Close to sunset, however, the 
sun's rays travel at a grazing angle through the atmosphere to the observer, so that all but the 
very longest wavelengths (of the visible spectrum) have been scattered away from the direct path, 
giving the sun a red appearance. Without the atmosphere the sky would appear black to us, as 
witnessed by the astronauts visiting the (atmosphereless) moon. 

The wavelength dependence of the absorption efficiency, on the other hand, is 

gabsoc-ocv, (11.48) 

which describes the spectral behavior of small particles such as soot reasonably well. 
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FIGURE 11-9 
Distance traveled through Earth's atmosphere by solar rays. 

The phase function for Rayleigh scattering follows from equations (11.44) and (11.13) as 

<D(0) = | ( l+cos2 0), (11.49) 

where the two terms are the contributions from the two perpendicular polarizations, as shown in 
Fig. 11-10. It is observed that the phase function is symmetric as far as forward and backward 
scattering is concerned, and does not deviate too strongly from isotropic scattering. 

The absorption coefficient for a cloud of nonuniform-size small particles follows from equa-
tions (11.39) and (11.46) as 

The integral in this equation may be related to the volume fraction /., 

fv= \ [-naAn{a)da, 

so that the absorption coefficient for small particles reduces to 

or, expanding the complex index of refraction, m = n- ik, 

36nnk f^ 

(11.50) 

(11.51) 

(11.52) 

K\ = ( « 2 - F + 2)2+4/j2Fi* 
(11.53) 

Therefore, for particles small enough that Rayleigh scattering holds, the absorption coefficient 
does not depend on particle size distribution, but only on the total volume occupied by all particles 
(per unit system volume). 

Example ILL During the burning of propane it is observed that the products contain a volume fraction 
of 10""̂ % of soot with complex index of refraction w = 2.21 -1.23/ (measured at a wavelength of 3 //m). 
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FIGURE 11-10 
Polar diagram of Rayleigh phase function: 1, 
polarized with electric vector in plane per-
pendicular to paper; 2, polarized in plane of 
paper; 1 +2, unpolarized. 

Assuming a mean particle diameter of 0.05//m, determine the absorption and scattering efficiency of 
this soot cloud as well as its absorption coefficient, all at a wavelength of 3/im. 

Solution 
For the given diameter and wavelength the particle size parameter is x = /rxO.OS /im/3 //m = 0.0524 «: 1 
and we assume Rayleigh scattering to hold for all particles. For all three properties we need to evaluate 
the complex ratio (w^ - l)/(w^ + 2): 

nP- - 1 2.21^ - 2 X 2.21 x 1.23/ - 1.23̂  - 1 
m2 + 2 2.212 ̂  2 X 2.21 x 1.23/ - MV + 2 

_ 2.3712-5.4366/ 5.3712 + 5.4366/ 
"" 5.3712 >- 5.4366/ ^ 5.3712 + 5.4366/ 

42.2928 - 16.3098/ 
58.4064 = 0.7241 - 0.2792/. 

Thus, the efficiencies can be evaluated as 

8. fica = ||0.7241 - 0.2792/p x (0.0524)"̂  = 1.21 x W\ 

and 
gabs = -4 X (-0.2792) X 0.0524 = 5.85 x 10 -2 

showing that scattering may indeed be neglected compared with absorption. The absorption coefficient 
follows from equation (11.53) as 

/̂ , =-(-0.2792) X 
6;rxl0-Vl00 
3x10-^ cm :0.01754 cm-

that is, any radiation (at 3//m) penetrating into such a soot cloud would be attenuated to Xje of its 
original intensity over a distance of IIK^ = 57 cm. 

11.5 RAYLEIGH-GANS SCATTERING 

A near-dielectric sphere with k ^ 0 and with a refractive index close to unity, i.e., |m - 1| <c 1, 
has negligible reflectivity and, thus, lets light pass into the sphere unattenuated and unrefracted. 
If also x\m - 1| «: 1, then the light will exit the sphere again essentially unattenuated. However, 
since the phase velocity of light is slightly less inside the particle, light traveling through the 
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sphere will display a small phase lag as opposed to the incident light. This phenomenon is known 
as Rayleigh-Gans scattering. 

As described by van de Hulst [2], taking the appropriate limits reduces equations (11.15) and 
(11.16) to 

Sii®) = 5i(0)cos0 = ix\m- l)G(t/)cos0, (11.54) 

where 
2 , 

G(w) = —(sinw - wcosw), ^ = 2xsin ^0 . (11.55) 

The absorption and extinction efficiencies are identical to the ones for Rayleigh scattering, that is, 

gext = - 4 3 j ^ ^ L « abs, (11.56) 
\m^ + 2J 

while the scattering efficiency turns out to be 

aca = N - l | V I GV)(l+cos^0)sin0fi?0. (11.57) 
Jo 

Finally, the phase function for Rayleigh-Gans scattering is now easily determined as 

lG^(ii)(\ + cos^0) 
0(0) = -^^ ^-^ —^ . (11.58) 

V G\u 
Jo 

)(l + cos^0)sin0c/0 

An example of this phase function is included in Fig. 11-5Z7 for jc = 5 and m = 1.0001. The 
phase function displays a strong forward-scattering peak (which increases with increasing size 
parameter), with very rapid oscillations of varying amplitude into the other directions. 

11.6 ANOMALOUS DIFFRACTION 

Simple relations for near-dielectric spheres, |m - 1| ̂  1, can also be obtained for arbitrary values 
of jc|m - 1|, provided the particles are large, x » 1. This allows separation of (approximately 
straight) transmission and diffraction, and is called anomalous diffraction by van de Hulst [2]. 
For this limiting case the efficiency factors are found from 

axt = 4!R{^(2x(m~l)/)} 

, 4 
= 2 cos q 

P 
e'P'^^'Asmip-q) + ^ ^ cos{p-2q)\ ~ ^ ^ cos2^ 

\ P I P . 
(11.59) 

abs = 2K(2ptmql (11.60) 

where 

K(w)=^---^[\-(l^w)e-^], (11.61) 

1 k 
p = 2x(n - 1), q = tan"^ ——; ptsinq = 2xk. (11.62) 

Physically, p represents the phase lag experienced by a ray that passes through the center of the 
sphere. Similar to Rayleigh-Gans scattering, many nonmetallic particles present during combus-
tion come reasonably close to satisfying the |/w - l| «c 1 conditions. 
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11.7 RADIATIVE PROPERTIES OF LARGE 
SPHERES 
If the spheres are very large (x » 1), very many terms are required in the evaluation of equa-
tions (11.15) and (11.16). Hov^ever, in this case it is sufficient to resort to geometric optics, and 
one may separate diffraction from reflection and refraction. For very large spheres it is always 
true that 

eext = 2. (11.63) 

This relationship is sometimes called the extinction paradox since it states that a large particle re-
moves exactly twice the amount of hght from the beam as it can intercept, and has been discussed 
by van de Hulst [2]. Since, for geometric optics, the projected area of a particle for reflection 
and absorption is na^, this means that half of the extinction efficiency is due to diffraction. How 
much of the rest is due to absorption, and how much due to reflection, depends on the value of 
the complex index of refraction m, or the reflectivity of the sphere's surface. 

In the following we shall determine the scattering properties of large opaque spheres, i.e., 
such spheres for which any ray refracted into the particle will be totally absorbed within, without 
exiting the sphere at another location. This requires the additional assumption that kx » 1 (say, 
2 or 3). Thus, k may be fairly small as long as JC » 1. A consequence of this is that, for a metal, 
"large particle" may mean x > 10, while for a near-dielectric it may mean x > 10,000. 

While electromagnetic wave theory always assumes optically smooth surfaces, resulting in 
specular reflection, very large spheres (as compared with wavelength) may have roughness levels 
at the sphere's surface that are also large as compared with wavelength, resulting in nonspecu-
lar reflection. Treatment of very irregular directional behavior for the reflectance is, of course, 
extremely difficult (as it was for surface transport, cf. Chapter 7). However, the extreme case 
of perfectly diffuse reflection lends itself to straightforward analysis (similar to the treatment of 
surface transport in Chapter 5), and is, therefore, also included in the present section. 

Diffraction from Large Spheres 

The diffraction pattern of light passing through the vicinity of a large sphere is, by Babinet's 
principle, equal to that of a circular hole with the same diameter [2]. As a consequence the 
directional behavior of the diffracted light consists of altemating bright and dark rings. The 
amplitude functions for diffraction have been given by van de Hulst [2] as 

sm = sm = x'-^^^, (11.64) 
where Ji is a Bessel function [18]. Therefore, the phase function for diflfraction over a large sphere 
follows from equation (11.13) (noting that gsca = 1 for diff'raction) as 

(D(0) = 2 - ^ = 4 - ^ ^ ^ -, (11.65) 
x^ sin^e 

This phase function, depicted in Fig. 11-11, demonstrates that almost all energy is scattered for-
ward within a narrow cone of 0 < (150/:c)° from the direction of transmission. Thus, in heat 
transfer apphcations we may usually neglect diffraction and treat it as transmission. Then, for 
large particles without diffraction, 

a x t = l . (11.66) 
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1 1 1 1 1 1 1 1 q 

FIGURE 11-11 
Phase function for diffraction over a large sphere. 

Large Specularly Reflecting Spheres 
Consider a specularly reflecting opaque sphere irradiated by an intensity Ii distributed over a thin 
pencil of rays of solid angle dQ.i as shown in Fig. 11-12. Under these conditions the infinitesi-
mal band at an angle p from the incident direction (indicated by shading in the figure) receives 
radiation from a direction which is off-normal (from its surface) by an angle p. Recalling the 
definition of intensity as "heat rate per unit area normal to the rays, per unit soHd angle, and per 
unit wavelength," the energy intercepted by the band over a wavelength range ofdA is 

(fQi = li dQi dA (t/.4band cos)3) = It dQi dX 2na sm/3 a dJ3 cos^. (11.67) 

Of that, the fraction p'̂ ^S) is reflected into the direction 2fi as measured from the incoming pencil 
of rays. The total heat rate intercepted by the sphere is 

dQi = I h dQi dA Ina^ smp cosp d/3 = 7- dQi dA na^, 
Jo 

while the total reflected (or scattered) heat rate is 

dQs= p'(/3)IidnidA2na^ sin/S cos/3dfi 
Jo 

rn/2 
= I, dQi dA na^l p'{p) smjB cos p dp = p'L, dQi dA na^, 

Jo 

wherep^ is the hemispherical reflectance, averaged over all incoming directions [cf equation (3.5)]: 

rn/2 

p ' = 2 p'(J3)smpcospdp. (11.70) 
Jo 

Thus, the scattering efficiency for a large, opaque, specularly reflecting particle is simply 

(11.68) 

(11.69) 

0 " ^ = p ^ (11.71) 
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FIGURE 11-12 
Scattering of incident radiation by a large specu-
larly reflecting sphere. 

and the absorption efficiency follows as 

2abs = 2ext - Q$cd = 1 -p' = O:, (11.72) 

that is, the hemispherical absorptivity. 
To evaluate the scattering phase function we consider the amount of energy scattered into 

any given direction 0, where 0 is measured from the transmission direction §, as also indicated 
in Fig. 11-12. It is clear that, for a homogeneous sphere, the scattered intensity can only vary 
with the polar angle 0 (and not azimuthally). Furthermore, for a specularly reflecting sphere the 
outgoing intensity in a certain direction 0 can only come from a single position on the sphere's 
surface. For example, radiation scattered into the direction ® = n -2fi comes from the shaded 
band in Fig. 11-12. Recalling that the scattering phase function is defined as 4n x scattered 
intensity/total scattered heat flux [cf. equation (9.16)] we get, foT& = n-2pOT/3 = {n- 0)/2, 

(D(0) = 4n' 
dQs 

n-<d \ li dQi dX Ina^ smp cos J3 d/3/dQ.r 
-MT) p^IidQidAna^ 

(11.73) 

The solid angle for the reflection is best visualized by letting the reflected intensity fall upon a 
concentric (and very large) sphere of radius R, The solid angle is then the area of the illuminated 
band divided by R^, or 

dQr = 2nsm2^d{2J3l (11.74) 

leading to 

0(0) =p^ (?)/' (11.75) 

Altematively, we could use the fact that the scattering phase function is proportional to intensity 
into any given direction, and then normalize the resulting expression with equation (9.18). The 
actual directional scattering behavior (or the behavior of the phase function) depends on the ma-
terial of which the particles are made. Figure 11-13 shows a comparison of the phase function 
between a "typical" metal (aluminum at 3.1 jjm with an index of refraction of w = 4.46 - 31.50 
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m=l.5-0.1/ 

-0.5 0.0 
Cosine of scattering angle, // = 

FIGURE 11-13 
Scattering phase functions for large spheres of various materials. 

and a "typical" dielectric (m = 2).^ These two phase functions should be compared with Fig. 11-
5c,d, which are for identical materials but for a smaller size parameter (and are shown in a polar 
rather than a Cartesian plot). Since the size parameter in Fig. ll-5c,fif is fairly large (x = 10), 
the major difference between Fig. W-Scd and Fig. 11-13 lies in the omission of diffraction in 
Fig. 11-13. For large particles all materials have their maximum scattering into the forward direc-
tion, 0 = 0, since p^(n/2) = 1 always. However, this peak is considerably more pronounced for 
dielectrics, and is hardly noticeable for the metal because of the dip in reflectance at near-grazing 
angles (compare also Fig. 2-11, which shows the directional variation of the reflectance of alu-
minum). Because of their relatively high reflectance at all directions, large metallic particles tend 
to be almost isotropic scatterers. 

Example 11.2. Consider glass particles with a complex index of refraction w = 1.5 - 0. Iz and a density 
of pgiass = 2 g/cw?, suspended in an inert gas, with a particle loading ratio of 1 kg of particles per m̂  of 
suspension volume. Particle sizes range between lOO^m and 1000/̂ m, with an equal distribution over 
all sizes by weight-%. Determine the absorption coefficient, the scattering coefficient, and the phase 
function for the infrared (3^m < A< lO ûm). 

Solution 
First, we need to determine the particle distribution function by number (rather than mass). Since the 
mass distribution function is a constant we get 

^^'^ = (100o''(oO)^m = t - V s ' ^ W ^ 100;.m < . < iOOO;.m, 

n{a): 
3mia) 

Ana^p 
= 1.3226 X 10-Vm"V«^ 100/xm <a< 1000//m. 

glass 

Next we need to determine the range of the size parameter x to see whether Rayleigh scattering, Mie 
scattering or large-particle scattering must be considered. The minimum value for x will occur for the 

*Note that in the case of a dielectric the absorptive index k is assumed negligible as compared with the refractive index 
n, but k is assumed large enough to make the spheres opaque. 
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smallest particle at the longest wavelength, or 

2;ramin 27rl00 .^ Q^ ^ . 

(^x)„in = 6.283 » 1 , 

that is, the large-particle assiimption will be acceptable for all conditions encountered in this example. 
Thus, the absorption and scattering coefficients may be related to the hemispherical emissivity of the 
glass. Since for this glass / : « : « , the material behaves essentially like a dielectric, and the hemispherical 
emissivity may be found from Fig. 3-19 or equation (3.82). Either method leads to 6 = a = 1 - p = 0.91. 
The absorption and scattering coefficients may then be calculated from equations (11.39) and (11.38) as 

r ~ , _ piooo/im ^ 13226x10-'^ , 
K;i=7[ \ aa''n{a) da-na I a" — r da 

Jo JlOO;ini lJ^(i^ 

= 1.3226 X 10"Vm"V»ln — - = 9.60 x lO'^acm'^ 

= 8.74 X 10"-̂  cm- \ 

(Tsx = 9.60 X lO'Vcm"^ = 0.86 x 10"^ cm'^ 

The scattering phase function must be evaluated from equation (11.75) and is also included in Fig. 11-13. 
Because of the small value for k, the directional behavior is very similar to that of the perfect dielectric 
{m = 2), but the forward-scattering peak is more pronounced because of the smaller refractive index. 

Large Diffusely Reflecting Spheres 
In equations (11.67) through (11.72) the directional characteristics of the sphere reflectance did 
not enter the development. Thus, for a diffusely reflecting sphere the amount of incident radiation 
on a surface element, as well as the expression for the heat flux reflected into all directions, is the 
same as for a specularly reflecting sphere. Therefore, equations (11.67) through (11.72) also hold 
for the diffusely reflecting sphere, or 

abs = ^, (11.76) 

a c a = p . (11.77) 

However, while for a specularly reflecting sphere the energy scattered into any given direction 
resulted from reflection from a single location on the sphere's surface, this is not true for a dif-
fusely reflecting sphere. This complicates the development for the scattering phase function a bit. 
Consider Fig. 11-14: Incident radiation traveling into the direction of the unit vector §/ illuminates 
one half of the diffusely reflecting sphere. An observer, located far away from the sphere in the 
direction of §o> sees a different half of the sphere, part of which is illuminated by the incident 
radiation (shovm by shadowing), part of which is in the shade. This illuminated region seen by 
the observer has the shape of a circular wedge similar to a slice of lemon. To describe the surface 
in polar coordinates it is most convenient to define the plane formed by the two unit vectors % 
and % to be the A:-i/-plane with polar angle p measured from the z-axis and the azimuthal angle 
ifj measured from the negative jc-axis as indicated in Fig. 11-14. With this coordinate system the 
normal to a surface element in the illuminated region may be expressed as 

n(^, ^) = - siny^cos^i + sin/? sin ̂ j + cos^k, (11.78) 

and also 
§,. = i, So = cose i + s in0j . (11.79) 
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FIGURE 11-14 
Scattering of incident radiation by a large diffusely reflecting sphere. 

The energy reflected from an infinitesimal surface area is, as developed in equation (11.67), 

cfQs = Ph dCli dX [dA{--n • §,)], (11.80) 

where dA is two-dimensionally infinitesimal as indicated in Fig. 11-14 (i.e., not a ring as in the 
previous section, Fig. 11-12). Thus, the radiosity at that location, because of difl'use reflection of 
incident radiation, is 

dJ = plidQ.idXi'-ti' s/). (11.81) 

Some of the reflected radiation will travel toward the observer into the direction of §o- If we 
assume the observer stands on a large sphere with radius 7? » a, then the heat flux through a 
surface element dAR on the large sphere due to reflection from the small sphere is 

J dIsdQ= I dJdFdA-dAndA, 
•^shaded 

where 
n'%odAR 1 . . ,^ 

dFciA-dAR = -^— = -nsodil 

(11.82) 

(11.83) 

is the view factor between dA and dAj^, ii • ^ is the cosine of the angle between the surface normal 
at dA and the line to dAR, while the surface normal at dAR points directly to the particle. Thus, 

dL = - f dJn 
^ ^ A h a d c d 

%>dA, (11.84) 

and, again recalling that the scattering phase function is equal to 4;r x scattered intensity/total 
scattered heat flux, we get 

^{%iJo) = ̂ ndIJdQs = 4 f (pIidQidA)(-'n'Si)(n'So)dA/pIidQidAna^ 
^ '^shaded 
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scattered beam 

incoming beam 

FIGURE 11-15 
Scattering of incident radiation by a long cylinder. 

^ ^shaded ^ ^ -'Shaded 

= —- I I sinyS cos ^ sm/?(sin i/r sin 0 - cos if/ cos 0 ) a sin^S dp dij/, 
na^ J | - e J o 

which may readily be integrated to yield 

<D(0) = — ( s i n 0 - 0 COS©). 
3n 

(11.85) 

The phase function for diffuse spheres, equation (11.85), is also depicted in Fig. 11-13. Unlike 
for specularly reflecting spheres, the phase function for diffusely reflecting spheres displays a 
strong backward-scattering peak, and it is independent of the reflectance (or the complex index 
of refraction) of the materials. 

11.8 A B S O R P T I O N A N D SCATTERING B Y 
L O N G CYLINDERS 

Scattering from cylinders has been studied for almost as long as that from spheres, starting with 
Lord Rayleigh looking at infinitely long cylinders at normal incidence. In the area of radiative 
heat transfer scattering fi*om cylinders has become of interest only very recently, to predict transfer 
rates through optical fibers and fibrous insulation. 

Consider a cylinder of length L and radius a, with its axis pointed into the direction of §/, is 
irradiated obliquely by electromagnetic waves propagating into direction s as indicated in Fig. 11-
15. For cylinders it is common to define the angle of incidence with respect to the normal to the 
cyUnder axis, i.e., s • §/ = sin0 as shown. Similar to waves impinging obliquely on flat surfaces 
(see Chapter 2), we need to distinguish between two polarization components: the transverse 
magnetic (TM, or "Case F'; no magnetic vector component in the S/-direction) mode, and the 
transverse electric (TE, or "Case IF'; no electric vector component in the S/-direction) mode. For 
short cylinders the scattering behavior is very similar to that of spheres, but with increasing L/a-
ratio scattering becomes more and more confined to a conical surface (rather than being spread 
out over all 4n solid angles). 
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For infinitely long cylinders {Lja --> oo) all scattering is confined to the conical surface de-
scribed by §/ and § as indicated in Fig. 11-15. The nondimensional polarized scattering intensities 
can be calculated for this case as [15] 

in{m,x,<}),e) = \Txxf = 

k2{m,x,(l),9) = \Tn^ = 

i2i(m,x,4,,e) = \T2x\^ = 

h2{m,x,(l>,e) = \T22^ = 

oo 1 

bn\ COS nO\ 

oo 1 

2 Va„is in«^ 
n=l 1 

00 

2^i«iisin«6l 

00 

^11 + 2 2_^ QnW 
«=1 

2 

|2 

cos«6 

2 

(11.86a) 

(11.866) 

(11.86c) 

|2 

\ . (11.86^ 

As for spheres the a„ and bn can be expressed in terms of Bessel and Hankel fiinctions, and are 
given by Kerker [15]. For unpolarized incident radiation the nondimensional intensity is evaluated 
as 

/(m, X, 0,0) = - ( / i i + /i2 + ill + /22); ''i2 = h\. 

and extinction and scattering cross-sections and efficiencies are evaluated from 

(11.87) 

C I i f '̂  I 
axt = ^ = - 5 l ( r ( ^ = 0)) = - Z^i+001+ 2 2 ( * „ , + a , u ) (11.88) 

trsca — (m,x,</>,e)de 

=^ Il^il^ + Niil' + YJ(I^'^^I' ^ 1̂ ""!' ^ l"""̂ !' ^ ki l l ' ) ! , (11-89) 

where, as for spheres, JC = 2na/A, but cross-sections are per unit length of cylinder (i.e., have 
units of length). The phase function for a single, infinite cylinder is given by [26] 

a)(0,0) = KM)^(0 00^ ^^g ^ ^ ^^^g Q _̂  g.̂ 2 ^ , ) / Q̂g2 .̂̂  

///(^,0)rf^ 
(11.90) 

where (5(0 •- 0') is the Dirac-delta function,^ and 0 is again the scattering angle away from the 
S-direction, which is related to polar angle 0' and azimuthal angle 6 as given. 

The behavior of infinitely long fibers has been investigated by several researchers, notably the 
group around Tong [27-32] and by Lee [26,33-39] and others [40-43]. Some of these investiga-
tions have concentrated on scattering by single fibers [30,31,33], others on eff'ects of dependent 
scattering [36-38,40], but most deal with the effects of various fiber arrangements. For a ran-
dom arrangement of infinitely long fibers with size distribution n{a), extinction and scattering 
properties can be determined from [33]: 

^^(AW) = I I Cext('W,JC,0) c o s 0 C / 0 / 2 ( a ) t /a , 

Jo Jo 
(11.91) 

^First defined in Section 10.7, equation (10.88). 
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A»oo nnjl 
crs,\{m)= I I Csai(m,x,</>) cos (f>d<t>n{a) da, (11.92) 

Jo Jo 

<D,(m,0)= J . y Mn{a)da, 
o-sx TT Jo Jo sm^cos^ 

COS e = (cos 0 - sin^ (p)l cos^ 0. (11.93) 

11.9 APPROXIMATE SCATTERING PHASE 
FUNCTIONS 

It is clear from Figs. 11-3 and 11-8 that radiative properties of particles may display strong oscil-
latory behavior v îth size parameter and, therefore, wavelength, particularly for the case of large, 
monodisperse, dielectric particles. Even more bothersome is the fact that the scattering phase 
function may undergo strong angular oscillations at any given single wavelength, again particu-
larly for the case of large, monodisperse, dielectric particles (cf. Figs. 11-5, 11-6, 11-7). Since 
radiative calculations for media with spectrally varying properties are generally carried out on a 
spectral basis with subsequent integration over all relevant wavelengths, this fact means that these 
spectral oscillations are somewhat inconvenient, but they do not make the analysis intractable. 
Strong angular oscillations in the scattering phase function, on the other hand, will enormously 
complicate the analysis for any given wavelength. Indeed, most solution methods described in the 
following chapters cannot accept highly oscillatory phase functions, or else they must be carried 
to unacceptably high orders or node numbers. It is, therefore, common practice to approximate 
oscillatory phase functions by simpler expressions with more regular behavior. 

It is observed that large particles generally have strong forward-scattering peaks (due to 
diffraction, cf. Figs. 11-6 and 11-7). Indeed, if ;c -» oo, half of the total extinction is due to diffrac-
tion into near-forward directions, as described in Section 11.7. Since diffraction was neglected 
(i.e., treated as transmission) in that section, the phase functions for large particles are in fact sim-
plified. If either geometric optics cannot be used or diffraction effects must be retained for other 
reasons, then the approximate phase function must accommodate the strong forward-scattering 
peak. To this purpose many investigators have used the Henyey-Greenstein phase function, 

[1 +g^ -zgcosSyf^ 

where g is the asymmetry factor. Sometimes the Henyey-Greenstein function is written in the 
form of a Legendre polynomial series, or 

oo 

<bHG(@) = 1 + 2 ( 2 n + 1 VP„(cos0). (11.95) 

Thus, this expression is equivalent to equation (11.24) with approximate values for the A,, be-
ing related to the asymmetry factor. A representative comparison between Mie and Henyey-
Greenstein phase functions is given in Fig. 11-16 for a dielectric with index of refraction m = 
n = 1.33 and size parameter x = 300 (water droplets). Both van de Hulst [44] and Hansen [45] 
have shown that the Henyey-Greenstein formulation gives very accurate results for radiative heat 
fluxes as long as the particles are nondielectric: Dielectric particles may have a relatively strong 
backward-scattering peak besides a strong forward-scattering peak. This situation cannot be de-
scribed by the asymmetry factor alone, and the Henyey-Greenstein formulation must fail. That 
neglect of backward-scattering peaks can cause considerable error in heat flux calculations has 
been shown by Modest and Azad [24]. 
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FIGURE 11-16 
Comparison of Mie, Henyey-Greenstein, linear-anisotropic and isotropic phase functions for water droplets {m = 
1.33, .t= 100). 

For many calculations the Henyey-Greenstein phase function is still too complicated. As 
mentioned earlier, in heat transfer applications forward scattering may usually be treated as trans-
mission. This fact has led a number of researchers to the use of so-called Dirac-delta or Delta-
Eddington approximations, where the forward-scattering peak is separated from the rest of the 
scattering phase function by 

cD(e) ̂  2f6{\ -cos 0) + (1 - / ) a)*(e). (11.96) 

where O* is the new approximate phase function, / is a forward scattering fraction to be deter-
mined, and 6 is the Dirac-delta function? Substitution of equation (11.96) into equation (9.18) 
shows that the approximate phase function is properly normalized, that is, 

X(d)dQ.= 1. (11.97) 

Different authors have used different approaches to define / and <1>*. Potter [46] was one of the 
first to use the following scheme for his work on atmospheric scattering. He truncated the peak 
by extrapolating the phase function from directions outside the peak into the forward direction; 
otherwise he left the phase function unchanged. Not surprisingly, his method produced excellent 
results, but it still leaves the approximate phase function in a rather complex form. 

It appears more promising to express the approximate phase function as a truncated Legendre 
series, 

A/ 

O*(0)=1 + J].4:P„(COS0), (11.98) 

where the constant M is the chosen order of approximation, mostly taken as M = 1 (linear-
anisotropic scattering) [24,47-49], A/ = 0 (isotropic scattering) [48], while higher-order approxi-
mations have been carried out by Crosbie and Davidson [48]. There is considerable disagreement 

^Defined in equation (10.88). 
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among authors about the criteria to be used to determine the forward fraction / as well as the 
coefficients A*. Both Joseph and coworkers [47] and Crosbie and Davidson [48] agreed that at 
least one of the moments of equation (11.96) should be satisfied: Multiplying equation (11.96) by 
Pm(®) and integrating over all © results in 

I 0(@)P,n(cose)d&= 2fS(l'-cose)P,n(cos®)d@ 
Jo Jo 

+ (1 ^ / ) V A:P„(COS 0) P,(cos 0) J 0 , (11.99) 

or, using the fact that Legendre polynomials are orthogonal functions over the interval (0, n) [18], 

(\^f)A:,=An,-(2m+\)f, m=l,2 (11.100) 

If the approximate phase function is to be isotropic, equation (11.100) yields, with A* = 0, 

/ = y = ̂ , (11.101) 

and 
<D(0) « 2^J(l-cos0) + (1 - g). (11.102) 

Joseph and colleagues [47] developed an approximate linear-anisotropic phase function. They 
employed equation (11.100) for the first two moments to find / and A\, using an approximate 
value of ^2 ^ ^9^ (from the Henyey-Greenstein phase function). However, their approximate 
phase function may turn out to be negative for some backscattering directions, which is physically 
impossible. Crosbie and Davidson [48] overcame this difficulty by applying the second moment 
only conditionally. From the first moment it follows that 

^* = 3^—4:. (11.103) 

Requiring the phase function to be positive for all angles is equivalent to Î Ĵ I < 1, or 

i ( 3 ^ ~ l ) < / < ^ . (11.104) 

Instead of using the second moment directly, i.e., / = A2IS, they require \f - AiJSl to be a 
minimum without violating equation (11.104). Obviously, this method is readily extended to 
arbitrarily high orders. Their linear-anisotropic and order-10 phase function approximations are 
also included in Fig. 11-16 for water droplets. It should be noted that this method will work 
only for positive asymmetry factors. In the case of ^ < 0 the method breaks down and / = 0 
should be used. Even then one may find A*^ < - 1 , in which case one has to force .4* = -1 to 
avoid negative forward scattering. Obviously the method will break down completely for strong 
backward-scattering peaks. 

None of the above approximations allows for simultaneous forward- and backward-scattering 
peaks. Modest and Azad [24] have shown that neglecting the backward-scattering peaks that 
may appear in dielectrics may cause considerable error in heat flux calculations. Thus, they 
proposed a double Dimc-delta phase function approximation. In this model, both the forward-
and backward-scattered peaks are removed by letting 

<D(0) ^ 2/(5(1 ~ COS©) + 2bS(l + COS©) + (1 - / - ft)<D*(0), (11.105) 
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where b is the backward-scattering peak to be removed. Noting that the approximate phase func-
tion of Joseph and coworkers [47] often becomes negative over backward angles, Modest and 
Azad did not choose to evaluate / , b and A^ through moments. Rather, they selected visually 
(0 the slope A'l of the approximate linear-anisotropic phase function <E)*, (//) a cutoff angle for 
forward scattering, 0 / , and (///) a cutoff angle for backward scattering, 0/,. [In practice, rather 
than by selecting a forward angle 0 / , the forward fraction / is determined by the choice of 
(1 - / - 6) O*(0 = n/2) = \ - f-b,] The peak fractions and/or forward-scattering cutoff angle 
are determined from 

f = \ J 'm@)-(l-f-b)<!>\@)]smed®, 

b=l f [<D(0) - ( l - / -Z?)O*(0) ]s in0J0 . (11.106) 

This subjective method also makes it possible to keep the phase function approximation as simple 
as possible if backward- (or forward-) scattering peaks are not very pronounced, by setting b 
(or / ) equal to zero. Examples for their choice of phase function approximation are included in 
Figs. 11 -6 and 11 -7. If a mathematical rather than a visual determination of the factors / and A* 
is desired, a least-mean-square-error fit may be used over the midrange of the phase function, or 

r 
J© 

or 

Jet 

[a)(0) - (1 - / - b)^\®)f sined® = minimum, (11.107) 

[4)(0)-( l - / - b)<b*(e)]cos"@sm@d@ = 0, « = 0,1. (11.108) 

While this method still necessitates a subjective choice for 0 / and 0/,, the resuhs for / and A* are 
rather insensitive to this choice as long as the range defined by 0 / and 0 ,̂ is outside of any strong 
forward- and/or backward-scattering peaks. 

Substitution of equation (11.105) into the equation of transfer, equation (9.22), yields, for the 
terms describing attenuation and augmentation due to scattering, 

-- asm + 7^ r AS') ^(S • s') dQ' 

^-^(l~/)c^./(s) + i?cr,/(--s) + ( l - / - * ) T - f m^*(^'^')dn'. (11.109) 

If there is no appreciable backscattering (b « 0), then the fraction / of the scattered energy 
is treated as transmitted, and the original equation of transfer may be used with an effective 
scattering coefficient of cr* = (1 - /)c7j and a linear-anisotropic phase function. If there is an 
appreciable backward-scattering peaJc {b ^ 0), the equation of transfer will become a little more 
complicated and may indeed become too complex for some of the solution methods discussed in 
the following chapters. 

Example 11.3. Calculate approximate phase functions for monodisperse suspensions of large specular 
dielectric spheres (m = 2) and diffusely reflecting spheres, using the Henyey-Greenstein function, the 
Crosbie and Davidson model, and the Modest and Azad model. 

Solution 
The Henyey-Greenstein function requires the calculation of the asymmetry factor 

3 2 J .1 

I 

<!>(n)tidfi. 
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FIGURE 11-17 
Scattering phase function approximations for Example 11.3. 

where /A is the cosine of the scattering angle. The Crosbie and Davidson approximation requires the 
calculation ofg as well as the calculation of 

5 2J.1 <!>(M)Pi(M)dfi. 

For the Modest and Azad approximation the parameters are normally found by eye-fitting plots of the 
phase functions, in this case from Fig. 11-13. 

Numerical integration of the phase function yields for the specular dielectric spheres g = 0.229 and 
A2/5 = 0.138. Since ̂ 2/5 < ^ it follows for the Crosbie and Davidson model that / = ^42/5 = 0.138 and, 
from equation (11.103),^!* ~ 0.315. For the Modest and Azad model we fit a straight line in Fig. 11-13 
that best approximates the dielectric phase function for, say, jj. < 0.6. The value at ^ = 0 corresponds 
to 1 - / , while the slope of the line corresponds to ^ p this approach yields / = 0.2 and A*^ = 0.15. 
All three approximate phase functions are shown in Fig. 11-17 together with the exact expression. The 
Henyey-Greenstein function does not try to remove the forward-scattering peak, but is unable to follow 
the sharp peak for large //. The Crosbie-Davidson and Modest-Azad models follow the actual function 
well, except for the forward peak that has been removed. They would actually more or less coincide if 
fif « 0.7 had been chosen for the Modest-Azad model. 

The integration for the diffuse-sphere phase function could be carried out analytically but is rather 
tedious. Numerical integration of the phase function yields for the diffuse spheres g = -0.444 and 
A2/5 = 0.062. Since ^ < 0, the scattering is predominantly backward and the Crosbie and Davidson 
model cannot be applied. Thus, for this model, we force / = 0 and, from equation (11.103), A* = 
-1.333; since this would result in negative values for forward directions we also force A^ = - 1 . For 
the Modest and Azad model we again fit a straight line in Fig. 11-13 that best approximates the diffuse 
phase function for, say, fi > -0.6. Two different fits are shown in Fig. 11-17: (/) To avoid the extra 
complication of a back-scattered fraction ^ we set ^ = 0 and ^[ = -1 (to force zero forward scattering), 
which is the same as the "forced" Crosbie-Davidson fimction; (n) we set 6 = 0.1 and again A^ = - 1 . 
It is seen that the Henyey-Greenstein function does not work very well for back scattering, while the 
other two models give acceptable results. Note that the Modest-Azad model is easier to use, but leaves 
one with the "pain" of having to make a subjective choice (unless one wants to employ least-mean-
square-error fits). Note also that this phase function has no distinct backward-scattering peak so that the 
Crosbie-Davidson model could be forced to give reasonable results. In the case of a strong backward-
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Detector 

Sample cell 

FIGURE 11-18 
Schematic for measurement of ex-
tinction coefficient and absorption 
coefficient [17]. 

scattering peak (with or without simultaneous forward peak) only the Modest-Azad model will give 
acceptable results. 

11.10 EXPERIMENTAL DETERMINATION 
OF RADIATIVE PROPERTIES OF 
PARTICLES 

Experimental measurements of radiative properties of particles and clouds of particles are use-
ful to verify the Mie theory, to ascertain the applicability of the Mie theory (for nonspherical 
particles, for nonisotropic particles, for closely-spaced particles, etc.), or simply to determine 
the radiative properties of particles for which no theory exists. A comprehensive review of such 
experiments up to 1991 has been given by Agarwal and Mengiig [50]. Properties that can be 
measured are extinction coefficient, absorption coefficient, and scattered intensity. The easiest 
property to measure is the extinction coefficient. In principle, a standard spectrometer can be used 
for this measurement. The results, however, may be unreliable unless the detector is modified 
to eliminate forward-scattered light, which may account for the majority of total extinction [17] 
(in particular for large particle sizes, cf Figs. 11-6 and 11-7). A schematic of such an apparatus 
is shown in Fig. 11-18. Light from a point source is collimated by a lens, transmitted through 
the sample cell (with its suspension of particles), and then focused onto a detector by a second 
lens. In order to reject forward-scattered light, the detector is covered by a guard plate with a 
small pinhole located at the focal point of the second lens. The diameter of the pinhole must be 
carefully optimized: If the hole is too small then the signal from the transmitted light may become 
too weak, while a hole too large will admit an unacceptable amount of forward-scattered energy 
to the detector. Normally the light beam is chopped by a rotating blade since most detectors only 
respond to changes in irradiation. 

To distinguish between absorption and scattering, either the absorption coefficient or total 
scattering must be measured independently. To measure scattering over all (forward and back-
ward) directions is very difficult, requiring a spectrometer capable of collecting radiation going 
into all directions (usually accomplished with an integrating sphere technique described in Chap-
ter 3; cf, for example, Bryant et al [51]). Absorption can also be detected fairiy easily with 
a method usually referred to ?is photoacoustic [17]. Particles irradiated by a chopped beam are 
heated periodically, causing periodic changes in the particle temperature, which in turn cause 
slight pressure oscillations that may be detected by a sensitive microphone. These signals are 
then amplified by a lock-in ampHfier synchronized with the light chopper. Since only absorbed 
light causes a temperature change in the particles, the acoustic signal must be proportional to the 
absorption coefficient of the suspension. Details may be found in the papers by Roessler and 
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Mie scattering intensities i\ and 12 for 0.106 ̂ m diameter spheres; 
data points experimental, solid lines theoretical [55]. 

Faxvog [52] and Faxvog and Roessler [53], who measured the absorption coefficients of acety-
lene smoke and diesel emissions using this method. An ingenious way to separate transmitted 
and scattered radiation in the visible has been developed by Hard and Nilsson [54], who utilized 
the Doppler effect that occurs when an electromagnetic wave is scattered by a moving particle. 

Angular scattering measurements are carried out with a scattering photometer (sometimes 
called a nephelometer). We distinguish between measurements with single scattering (i.e., the 
cell contains a dilute particle mixture which is optically thin, cr^L «: 1, so that every light beam is 
scattered at most once before exiting the particle layer) and multiple scattering, between monodis-
perse suspensions (i.e., all particles are exactly the same size) mxdpolydisperse suspensions (i.e., 
the particle sizes obey a certain distribution function), between near-forward scattering (to mea-
sure the strong forward-scattering peak, but separating it from transmission) and scattering into 
all directions. Angular light scattering measurements are sometimes classified as either absolute 
or relative. In an absolute measurement the ratio between intercepted and scattered radiation, 
6Isi®)/li, is measured directly, while in a relative measurement the scattered intensity is related to 
intensity scattered into a reference direction, 6Isi<^)/SIsi&ref). Thus neither measurement is truly 
^'absolute"; in both cases a relative (i.e., nondimensional) intensity is recorded [17]. Since relative 
measurements are considerably easier to make, this method is employed by most experimentalists. 

Single scattering experiments have been carried out primarily to verify the Mie theory, or to 
assess the accuracy of a device to be used for other scattering measurements. Hottel and cowork-
ers [55] described such an experiment, in which they measured the nondimensional polarized 
intensities given by equation (11.10) for monodisperse polystyrene latex spheres (it appears that 
polystyrene spheres are favored by most experimenters, since it is relatively easy to manufacture 
spheres of constant diameter and of known index of refraction in the visible, m = 1.60, i.e., the 
spheres scatter but do not absorb). Their equipment consisted of a mercury arc and optics to 
produce an unpolarized near-parallel beam, a polarizer, a test cell manufactured from parallel mi-
croscope slides, and optics to confine the received beam to a small divergence angle. Their results 
for single scattering of small {2a = 0.106//m) spheres are shown in Fig. 11-19. It is seen that 
the agreement between experiment and Mie theory is excellent. Hottel and coworkers attribute 
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FIGURE 11-20 
Schematic for angular scattering experiment [60]: A, Hg arc; B, monochromatic filter; C, lens; D, E, H, light stops; F, test 
section; G, jacket with Nujol; I, analyzer; J, photomultiplier. 

the small discrepancies primarily to the unavoidable spread in particle sizes. A more modem de-
vice to measure the scattering phase function for (almost) single scattering, as well as extinction 
and scattering coefficients, has been reported by Menart and colleagues [56]. Their apparatus 
employed a globar light source and an open gas-particle column, both mounted on a rotatable ta-
ble, together with collection optics and a highly sensitive dual element (InSb-HgCdTe) detector. 
Measurements taken for soda-lime glass beads and aluminum oxide particles in the wavelength 
range between 2.5 and 11 fim showed good agreement with Mie theory. 

Multiple scattering experiments were reported by Woodward [57,58], also on polystyrene 
spheres, using dispersions with narrow size distribution. Woodward found good agreement be-
tween his data and the multiple-scattering theory of Hartel [59], a somewhat dated approximate 
solution of the equation of transfer for a purely scattering medium. However, as Smart and 
coworkers [60] pointed out, Woodward did not correct for the reflection of the emergent beam 
at the water-glass-air interfaces of the test cell, nor did he account for the change in scattering 
path length for larger angles. To compensate for these errors, Smart and coworkers [60] devised 
an apparatus whose schematic is shown in Fig. 11-20. Employing a standard Brice-Phoenix 
spectrometer, they placed the simple parallel-microscope slide test section inside a special cell 
filled with Nujol (a liquid paraffin). Nujol has the same refractive index as the glass bounding 
the test section as well as the outer jacket of the cell. Thus, the Nujol serves two purposes: Re-
flections at the interfaces are almost ehminated and—from Snell's law—all scattering angles up 
to 90° are contained in experimental angles below 65°, making otherwise impossible-to-measure 
scattering angles measurable. Some representative results of their multiple-scattering measure-
ments for varying optical thicknesses of the particle suspension are shovm in Fig. 11-21. Agree-
ment between experiment and theory is excellent except for very small and very large optical 
thicknesses. For small thicknesses the experiment could not regenerate the maxima and min-
ima, probably as a result of uncertainty in the particle size distribution. Disagreement for large 
thicknesses stems from the fact that Smart and coworkers also used Hartel's approximate theory. 
Orchard [61] pointed out that using Hartel's approximation leads to a transmissivity of 0.5 for a 
medium of infinite optical thickness (rather than the correct value of zero). Therefore, Hottel and 
coworkers [55] used the method of discrete ordinates, which may be made arbitrarily accurate 
for sufficient numbers of '̂ ordinates,'"* to calculate bidirectional reflectance and transmissivity 
for a particle layer. Some representative data in Fig. 11-22 show the excellent agreement be-
tween theory and experiment for optical thicknesses up to 775. Very similar experiments, also 
using the method of discrete ordinates for theoretical calculations, were carried out by Brewster 

'̂ This method for the solution of the radiative transport equation is described in detail in Chapter 16. 
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FIGURE 11-21 
Relative scattered intensity vs. angle of observation (a) for relatively low concentration, (h) for relatively high concentra-
tion; data points experimental, solid lines theoretical [60]. 
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FIGURE 11-22 
Bidirectional reflectance and transmissiv-
ity of an aqueous solution of 0.530//m 
polystyrene spheres, for varying concentra-
tions; data points experimental, solid lines 
theoretical [55]. 
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and Tien [4] and Yamada, Cartigny and Tien [5] for large polydivinyl spheres in air, resulting in 
equally good agreement between experiment and theory. A different approach to avoiding reflec-
tion and refraction losses, and to measuring scattering intensities at oblique angles, was taken by 
Daniel and coworkers [62], who measured the phase function for aqueous suspensions of unicel-
lular algae. They used a rotatable fiber-optic detector immersed inside the large dish filled with a 
dilute algae suspension. 

Other, more recent measurements of scattering media include properties of titanium dioxide 
powders, for which Kuhn and coworkers [63] used a loose layer of a powder (20 nm to 3/zm in 
diameter) supported on a film, while Cabrera and colleagues [64] suspended the Ti02 particles in 
water; both used an integrating sphere to capture directional-hemispherical values of the layer's 
transmissivity and reflectivity. A similar experiment was used by Yaroslavsky et al [65] to cap-
ture the radiative properties of biological turbid media. Brewster and Yamada [66] discussed how 
properties of turbid media can be deduced from time-resolved measurements (using ps pulses), 
overcoming some of the difficulties of traditional methods; they applied the new scheme to solu-
tions of latex particles. Measurements on nonspherical particles were done by Kuhn and cowork-
ers [67] (polystyrene and polyurethane foam insulation), Sacadura et al [68-71] (fiberglass and 
carbon foam), Mital and colleagues [72] and Hendricks and Howell [73] (reticulated ceramics). 
Cunnington and coworkers [31] measured the scattering from individual, coated silica fibers, and 
found qualitative agreement with a theoretical model. Cunnington and Lee measured direct trans-
missivity and hemispherical reflectivity of randomly packed, high-porosity fibrous material (tiles 
from the Space Shuttle) [74], and for aerogel-reinforced fibrous material [39]; comparison with 
Lee's models [26,33-35] showed excellent agreement for both materials. 

The measurement of scattered intensity into the near-forward direction poses a unique set 
of problems, because the signal may vary by several orders of magnitude over a few degrees 
of scattering angle, and because separating the transmitted radiation from forward scattering is 
difficult. Although sometimes employed for particle sizing and the determination of the index of 
refraction, near-forward scattering is of importance primarily in applications with large geometric 
paths, such as atmospheric scattering, scattering effects on visibiUty in the seas, astrophysical 
applications, and so on. In heat transfer applications forward scattering is generally of small 
importance, since treating it as transmitted radiation usually results in negligible errors. The 
reader interested in such experiments is referred to the papers by Spinrad and coworkers [75]. 

1 LI 1 RADIATION PROPERTIES OF 
COMBUSTION PARTICLES 

Undoubtedly, some of the most important engineering applications of thermal radiation are in the 
areas of the combustion of gaseous, liquid (usually in droplet form) or solid (often pulverized) 
fuels, be it for power production or for propulsion. During combustion thermal radiation will 
carry energy directly from the combustion products to the burner walls, often at rates higher than 
for convection. In the case of liquid and solid fuels thermal radiation also plays an important role 
in the preheating of the fuel and its ignition. Nearly all flames are visible to the human eye and are, 
therefore, called luminous (sending out light). Apparently, there is some radiative emission from 
within the flame at wavelengths where there are no vibration-rotation bands for any combustion 
gases. This luminous emission is today known to come from tiny char (almost pure carbon) 
particles, called soot, which are generated during the combustion process. The "dirtier" the flame 
is (i.e., the higher the soot content), the more luminous it is. A review of the importance of 
radiative heat transfer in combustion systems has been given by Sarofim and Hottel [76]. 

All combustion processes are very complicated. Usually there are many intermediate chem-
ical reactions in sequence and/or parallel, intermittent generation of a variety of intermediate 
species, generation of soot, agglomeration of soot particles, and subsequent partial burning of 
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TABLE 11.2 

Representative values for the complex index of refraction in the near infrared for different 
coals and ashes [84]. 

Particle Type 

carbon 

anthracite 

bituminous 

lignite 

fly ash 

m = n- ik 

2.20-lAli 

2.05--0.54/ 

1.85--0.22/ 

1.70-0.066/ 

1.50-0.020/ 

the soot. Since thermal radiation contributes strongly to the heat transfer mechanism of the com-
bustion, any understanding and modeling of the process must include knowledge of the radiation 
properties of the combustion gases as well as any particulates that are present. The most impor-
tant particles are the relatively large coal and fly ash particles during the combustion of pulverized 
coal as well as the very small soot particles. Because of their great importance, these suspensions 
will be treated in some detail below. 

Pulverized Coal and Fly Ash Dispersions 

To calculate the radiative properties of arbitrary size distributions of coal and ash particles, one 
must have knowledge of their complex index of refraction as a function of wavelength and tem-
perature. Data for carbon and difl'erent types of coal indicate that its real part, «, varies little over 
the infrared and is relatively insensitive to the type of coal (e.g., anthracite, lignite, bituminous), 
while the absorptive index, k, may vary strongly over the spectrum and from coal to coal [77-79]. 
The composition of fly ash and, therefore, its optical properties may vary greatly from coal to coal. 
The few data in the literature [80-83] report consistent values for the refractive index (n » 1.5) 
and widely varying values for the absorptive index. Wall and coworkers [82] calculated the ab-
sorptive index for a number of Australian coals (based on their ash composition), and found that 
k varied between 0.008 and 0.020. Nothing at all appears to be known about the temperature de-
pendence of these optical properties. A summary of representative values for the optical constants 
of coals and ashes has been reported by Viskanta and colleagues [84] and is reproduced in Table 
11.2. 

A first attempt to establish formulae for extinction by carbon particles was made by Tien 
and coworkers [85], who looked at a single index of refraction (m = 1.5 - 0.5/) for a gamma 
size distribution of particles [cf equation (11.34)]. They found a relatively simple (but not very 
accurate) smooth correlation for the extinction coefficient p. Buckius and Hwang [86] carried 
out a large number of Mie calculations for a variety of complex indices of refraction (simulating 
diff'erent coals) and a variety of difi'erent particle distribution functions [gamma distributions and 
"rectangular" distributions, i.e., n(a) = const over a certain range of radii]. They found that, when 
normalized with the Rayleigh small-particle limit, absorption coefficient and extinction coefficient 
as well as asymmetry factor are virtually independent of the particle size distribution function, 
and only depend on a mean particle diameter. Employing the range for m given by Foster and 
Howarth [77] for different coals, they found a similar insensitivity of the index of refraction, at 
least in the limits of small and large particles; in the intermediate size range, deviations of up to 
nearly ±50% were reported as shown in a sample of their calculations. Fig. 11-23. The spectral 
results were also wavelength-integrated to yield Planck-mean and Rosseland-mean absorption 
and extinction coefficients. Considering a temperature range of 750 K to 2500 K they found that 
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FIGURE 11-23 
Extinction and absorption properties of pulverized coal 
[86,87]. 

their data could be correlated to within 30% for the different coals. Based on their numerical 
data for different types of coals they developed correlations for a number of nondimensional 
radiation properties. Spectral properties correlated were absorption and extinction coefficients 
and the asymmetry factor, with nondimensional K and^S defined by 

K\X:m) = K(A,m.NT)/fA, l3*(A,m)= p(A.m,NT)/fA. 

where 

/A 
Jo 

na n{a) da 

(11.110) 

(11.111) 

is the total projected area of the particles per unit volume. Thus, these nondimensional val-
ues are essentially size-averaged absorption and extinction efficiencies [cf. equations (11.39) and 
(11.40)]. For extremely small particles K* ^ p* may be calculated from Rayleigh scattering theory, 
equation (11.53), as 

^2 ^\ fi^f (^2 

where i is a mean size parameter based on a mean particle radius defined by 

r = 
4/i J^a^n(a)da 

(11.112) 

(11.113) 

Since )0Q is linear in x it may also be regarded as a weighted (by a function of m) size parameter. 
The asymmetry factor for Rayleigh scattering is zero (because of its symmetric phase function) 
and go for the small particle limit must be found from a higher-order expansion given by [86], 
which may be simplified to 

1 ^ ((m'+2){m^ + 3)\(2nHo"'a'nia)da 

9o(A,m) = -%l^ 2« ,2 .3 H T J J^a^nia)da 
(11.114) 
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TABLE 11.3 

Correlation parameters for the prediction of nondimensional coal properties from y"^ 

y 

n^,m) 
K*{X, m) 

g(A,m) 

Pp 

^R 

Xp 

4 
<P = r T / l 

Jto 

y^(l+6.78;^^) 

Pl{\+23W^) 
90 

O.OO320[1 + i<f>/355f-^] 

0.0032^[1 + (^/485)'''5] 

0.0032^[1 + (^/725)'-^^] 

O.OO320[l+(^/65O)"] 

^m K, p and K nondimensionalized 

J/CX, 

3.09/̂ 80*"' 

IM/pf'' 
0.9 

10.99//' '2 

10.99//"2 

13.75/0»'3 

15.65//-"'3 

by /A from equation (11. 

P^ from equation (11.112), go from equation (11.114), r from equation (1 

z 

1.2 

1.6 

1.0 

1.2 

1.2 

1.5 

1.15 

111); 

.1.113). 

In a similar fashion, they defined nondimensional Planck-mean and Rosseland-mean absorption 
and extinction coefficients, all normalized by /A. All correlations obey the same basic formula, 

4 = -4 + ̂ , (11.115) 
If iTo JToo 

where y stands for one of the above nondimensional properties, yo is that property for small aver-
age particle sizes, and yoo the one for large average particle sizes. The correlation parameters yo, 
yoo and z for the various properties are summarized in Table 11.3, and results of this correlation are 
included in Fig. 11-23. A somewhat simpler set of formulae to calculate the radiative properties 
in pulverized-coal reactors has been given by Kim and Lior [88]. 

The results of Buckius and Hwang were essentially corroborated by Viskanta and cowork-
ers [84]. They too found that variations with particle distribution functions are relatively minor, 
and that the different indices of refraction made a difference only for midsized particles. However, 
they felt that these differences were too large to use a single correlation and presented individual 
graphs for different coals. Table 11.3 indicates that—according to Buckius and Hwang [86]— 
Planck-mean and Rosseland-mean coefficients do not depend on the optical properties of the coal 
and are very close to one another. Again, this observation was corroborated by Viskanta and 
coworkers [84] for carbon, anthracite and bituminous coal, as well as for lignite at high temper-
ature (above 1000 K). For fly ash and for lower temperature lignite mean absorption coefficients 
were considerably lower due to the significantly lower absorptive indices of these materials. Thus, 
Table 11.3 should be regarded as a relatively crude approximation, which should be replaced when 
more accurate data for different coals and ashes become available (optical properties varying with 
wavelength and temperature, particle size distributions). 

Mengiig and Viskanta [87] applied the approximate theory of equations (11.59) to two very 
different particle size distributions and several different complex indices of refraction (simulating 
carbon particles, several coals, and fly ash). They foimd the approximate solutions to agree very 
well with full Lorenz-Mie calculations, even for carbon particles [which, with m = 2.20 - 1.12/, 
significantly violate the limitations on equations (11.59)]. Like Buckius and Hwang [86] they 
noticed that the particle size distribution has only a very small effect on radiative properties. 
For comparison, results from equation (11.59) for particles of uniform size are also included in 
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Fig. 11-23, showing good agreement with Buckius and Hwang's correlation for large particle 
sizes. Equations (11.59) predict the index of refraction effects more accurately but must fail 
for small size parameters. Liu and Swithenbank [89] used the same simplified theory, together 
with the comprehensive experimental data of Goodwin [83], to predict radiative properties of 
fly ash dispersions. They found that wavelength dependence of the complex index of refraction 
cannot be ignored: while n remains relatively constant, the absorptive index k of fly ash varies by 
orders of magnitude across the spectrum, causing large changes in radiative properties. Im and 
Ahluwalia [90], also using Goodwin's [83] data, have given a correlation of the complex index of 
refraction for fly ash, as a function of wavelength and mineral composition. Manickavasagam and 
Mengu9 [91] gave direct correlations for the absorption coefficient of two coals (as a function of 
wavelength), again finding that particle size distributions did not change K appreciably. A slightly 
different approach was taken by Caldas and Semiao [92], who used four curve fits to the Lorenz-
Mie results for ^ext and 2sca> covering different ranges of effective particle sizes. They applied 
this method to several distributions typical of fly ash and carbon particles. Small Fortran routines 
for the models of Buckius and Hwang and of Mengu9 and Viskanta are included in Appendix F. 

Radiative Properties of Soot 
Soot particles are produced in fuel-rich flames, or fuel-rich parts of flames, as a result of in-
complete combustion of hydrocarbon fuels. As shown by electron microscopy, soot particles are 
generally small and spherical, ranging in size between approximately 50 A and 800 A (5 nm to 
80 nm), and up to about 3000 A in extreme cases [93,94]. While mostly spherical in shape, soot 
particles may also appear in agglomerated chunks and even as long agglomerated filaments. It has 
been determined experimentally in typical diffusion flames of hydrocarbon fiiels that the volume 
percentage of soot generally Hes in the range between 10""'*% to 10~^% [76,95,96], 

Since soot particles are very small, they are generally at the same temperature as the flame 
and, therefore, strongly emit thermal radiation in a continuous spectrum over the infrared region. 
Experiments have shown that soot emission often is considerably stronger than the emission from 
the combustion gases. In order to predict the radiative properties of a soot cloud, it is necessary 
to determine the amount, shape and distribution of soot particles, as well as their optical prop-
erties, which depend on chemical composition and particle porosity. It is known today that key 
steps in soot formation and destruction (oxidation) are [97-105]: formation of gas-phase pre-
cursors (polycyclic aromatic hydrocarbons - PAH's) in fuel-rich regions; soot particle inception 
( - 1 nm particle size); particle surface growth involving acetylene (C2H2) and/or PAH's; par-
ticle coagulation/agglomeration (up to tens of fim particle size); and oxidation in oxygen-rich 
regions. High-level soot models often employ concentration moments of the soot distribution 
function [106-108]: this "method-of-moments" has the advantage that it allows the distribution 
of soot particles to be computed using essentially the same approach that is used for gas-phase 
chemical species. 

Early work on soot radiation properties concentrated on predicting the absorption coefficient 
K^i for a given flame as a function of wavelength. For all but the largest soot particles the size 
parameter x = Ina/A is very small for all but the shortest wavelengths in the infrared, so one may 
expect that Rayleigh's theory for small particles will, at least approximately, hold. This condition 
would, according to equation (11.53), lead to negligible scattering and an absorption coefficient 
of 

Experiments have confirmed that scattering may indeed be neglected [109]. The form of equa-
tion (11.116) would lead one to expect that the absorption coefficient should vary with wavelength 
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H/C atom ratio 

FIGURE 11-24 
Dispersion exponent a of soot deposits vs. hydrogen-to-
carbon ratio: 1, pure carbon (arc evaporated); 2, acety-
lene/oxygen flame; 3, ethylene/oxygen flame; 4, 5, 6, ethy-
lene/air flames [110]. 

as 1//1. However, this assumption is only approximately correct, since the complex index of re-
fraction m (and, in particular, the absorptive index k) can vary significantly across the spectrum. 
It is customary to write 

^•^ (11.117) Ki = 
r ' 

where C and a are empirical constants. Many different values for the dispersion exponent a 
have been measured by investigators for many different flame conditions, ranging from as low 
as 0.7 to as high as 2.2. Earlier theories explained this deviation from Rayleigh theory to be 
a consequence of particle size. While it is true that Mie theory predicts a growing value for 
a for increasing particle size, it is easy to show that this alone cannot explain the large values 
for the dispersion exponent in some flames. Rather, this increase in a must be due to spectral 
variations of the effective complex index of refraction, resulting from the chemical composition 
and the porosity of the soot particles. Millikan [110,111] investigated the dependence between 
dispersion exponent and chemical composition. While for many years soot was assumed to be 
amorphous carbon, he found the particles contained considerable amounts of hydrogen (up to 
40 atom-%), and he determined that a was approximately directly proportional to the hydrogen-
carbon ratio of the soot material as shown in Fig. 11-24. He further showed that the radiative 
properties of the soot were the same for in situ flame measurements as for soot collected from the 
flame, suggesting that the optical properties are fairly independent of temperature. Unfortunately, 
his experimental setup did not allow for the determination of the constant C in equation (11.117), 
so that quantitative evaluation of the extinction coefficient is not possible. 

The optical properties of soot material, i.e., the complex index of refraction /w, have received a 
very considerable amount of attention during the last thirty years, using different forms of carbon 
and various experimental methods. Foster and Howarth [77] were the first to report experimental 
measurements for the complex index of refraction of hydrocarbon soot, based on various carbon 
black powders. This work was followed shortly thereafter with measurements by Dalzell and 
Sarofim [112] on soot collected on cooled brass plates from laminar diffusion flames burning 
either acetylene or propane. In both cases pellets with very smooth, quasi-specular surfaces were 
formed by compressing small soot samples between optically flat surfaces with pressures up to 
2760 bar. The index of refraction was then deduced from reflectance measurements employing 
Fresnel's relations for specular reflectors. They found the optical properties of the two different 
soots to be fairly similar, with values for acetylene soot somewhat higher than for propane soot, 
apparently because of the higher H/C ratio in propane soot. Comparing their results with values 
reported by Stull and Plass [113] (based on amorphous carbon) and by Howarth, Foster and 
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FIGURE 11-25 
Complex index of refraction for soot based on different studies: I, Lee and Tien [119] (polystyrene and Plexiglas soot); 2, 
Stull and Plass [113] (amorphous carbon); 3, Dalzell and Sarofim [112] (propane soot); 4, Howarth and coworkers [114] 
(pyrographite at 300 K); 5, Chang and Charalampopoulos [123] (propane soot); 6, Felske and coworkers [126] (propane 
soot). 

Thring [114] (based on pyrographite) they note that optical properties of amorphous or graphitic 
carbon are not equal to those of soot, primarily because of the different H/C ratios. 

The data of Dalzell and Sarofim [112] have been employed in many subsequent studies (and 
continue to be used today). For example, Hubbard and Tien [115] used them to evaluate Planck-
mean and Rosseland-mean absorption coefficients for soot clouds and soot-gas mixtures. How-
ever, the accuracy of Dalzell and Sarofim's data has been questioned by a number of researchers. 
All ex situ measurements suffer from the fact that during the analysis the soot is not in the same 
state as in the flame. The soot particles are at a different temperature, and they may have dif-
ferent morphologies because of agglomeration during the sampling process. The severest crit-
icism concerns the pellet-reflection technique. Medaha and Richards [116], Graham [117] and 
Janzen [118] have pointed out that the pellets must contain a considerable amount of void (33% 
even after compression to 2760 bar, according to Medalia and Richards [ 116]), since the sample is 
made by compressing a powder. This technique leads to two serious sources for errors: (/) Since 
the pellets are actually a two-phase dispersion of soot and air, the inferred index of refraction is 
the one of the dispersion and not the one of the soot particles themselves, and (//) at least at short 
wavelengths the pellet cannot be assumed to be optically smooth and Fresnel's relations become 
invalid. 

These problems prompted Lee and Tien [119] to obtain soot optical properties from in situ 
flame transmission data together with apphcation of the dispersion theory [17,120] (i.e., the the-
ory that predicts the wavenumber dependence of the optical constants n and k by relating them 
to bound- and free-electron densities). Their results for polystyrene and Plexiglas flame soot, 
based on data by Buckius and Tien [121] and Bard and Pagni [122], are shown in Fig. 11-25 
together with the data of Stull and Plass [113], Howarth and coworkers [114], and the propane 
soot results of Dalzell and Sarofim [112] and Chang and Charalampopoulos [123]. Lee and 
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Tien's data agree fairly well with those of Dalzell and Sarofim, except for the visible where the 
pellet-reflection technique is particularly suspect. In contrast to Dalzell and Sarofim as well as 
Millikan [110, 111], Tien and Lee noted that the optical properties varied little fi-om flame to 
flame despite their diff'erent fuel (not necessarily soot) H/C ratios. Conceivably the soot of their 
diff'erent flames had similar H/C ratios. They also appHed the dispersion theory to determine the 
temperature dependence of the optical properties, observing that m = n- ik is very insensitive 
to temperature changes at high temperature levels. This would imply negligible eff̂ ect of spatial 
temperature variation on soot properties, as is commonly assumed. It should be noted that, like 
the pellet-reflection technique, the spectral transmission technique has its own set of difficulties: 
For its data reduction, a scattering theory and a theory describing the spectral variation of the 
refractive index (the dispersion theory) must be used. Usually the Mie scattering theory based on 
monodisperse spherical soot particles is employed. Thus, only when the particles are spherical 
with a single diameter can these results be used with confidence. The more recent data of Chang 
and Charalampopoulos show similar values for the refractive index, but somewhat lower absorp-
tive indices. Their data have been confirmed in even more recent studies covering diverse flame 
conditions [124]. Chang and Charalampopoulos [125] also provided a polynomial expression, 
valid for the wavelength range 

0.4/im </^ <30^m : 

« = 1.811+.1263 ln/^ + .0270 ln^l+.04171n^/I, (11.118a) 

A:=.5821 + .12131n/l + .23091n2/l-.01001n^^, i in/ im. (11.118fc) 

In another investigation Felske and coworkers [ 126] returned to the pellet-reflection technique, 
arguing that—for a carefully prepared pellet— t̂he data in the infrared do obey Fresnel's relations. 
They also measured the void fraction over the first few layers of particles (where all absorption 
occurs) and found that the proportion of voids in these layers is significantly lower (18%) than in 
the bulk of the material (33%). For their data evaluation they first determined the appUcability of 
Fresnel's relations by measuring the specularity index defined as 

-A[^m. (••.»') 
where p^ and p|j are the perpendicular and parallel polarized components of the pellet reflectance, 
respectively. For a surface obeying Fresnel's relations s = \ always, regardless of the complex 
index of refraction of the material [cf. equations (3.52) and (3.53)]. They determined that their 
surfaces could be considered specular reflectors for wavelengths A>2.Q pm. They then proceeded 
to correct their data for the measured void fraction using a number of difi'erent models. Their data 
for the refractive index of propane soot are also included in Fig. 11-25. It is seen that their data, 
even after correction for voidage (which raises the value for n by approximately 0.3, and for k 
by approximately 0.15), diff'er significantly from those of other investigations and depend only 
weakly on wavelength. 

It is well known today that in most flames soot particles agglomerate into large chunks or 
long chains, making the use of the spherical-particle assumption very questionable. A number of 
textbooks have considered scattering by nonspherical particles [2,15,17]. Approximating chunks 
of soot as prolate spheroids, Jones [127] found their absorption behavior to be considerably dif-
ferent from that of spheres of identical volumes. Lee and Tien [128] investigated the extreme 
case of long chains approximated by infinite cylinders. They found that the extinction coefficient 
for spheres drops oflf in the infrared much faster than the one for cylinders of the same radius. 
However, the wavelength-integrated extinction coefficient is rather insensitive to particle shape at 
elevated temperatures, say T > 1000 K (i.e., at flame temperatures where soot emission may be 
important) [128]. Similar results were found by Mackowski and coworkers [129], who looked at 
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infinite soot cylinders also using Lee and Tien's optical properties. Investigating the behavior of 
polydisperse cylindrical soot particles, they found the behavior to be similar to that observed by 
Buekius and Hwang [86] for polydisperse coal particles. While they generated correlations for 
absorption and extinction coefficients according to equation (11.115), unfortunately their correla-
tion is rather cumbersome to use since different sets of parameters apply to each of a large number 
of wavelengths. 

In more modem measurements Dobbins and Megaridis [130] built a thermophoretic probe 
that made it possible to sample soot aggregates from flames for electron microscope studies. 
They showed that near the start of soot formation small aggregates form (on the order of lOnm), 
while clusters up to 1 fim in length can be found in turbulent flames, i.e., sizes clearly too large 
for the Rayleigh theory to hold. Experiments have further shown that soot aggregates resemble 
mass fractals, and the number of soot particles in an aggregate is given by 

N = kf(Rg/2af^, (11.120) 

where a is the radius of the individual soot particles, Rg is the radius of gyration, and Df and kf are 
mass fractal dimension and fi-actal prefactor, respectively [131,132]. Various soot aggregates of 
different size and shape have been found to have universal morphology with 1.6 < D/ < 1.9 and 
1 < kf < 9, almost independent of fuel or position within a flame [133,134]; suggested average 
values are Df= 1.8 and kf = 8. For monodisperse particles the radius of gyration is found from 

where n is the distance from the center of each particle to the center of gravity of the soot aggre-
gate. 

Accordingly, more recent theoretical studies have modeled agglomerated soot as long chains 
of spherical particles [134-153]. Three different fundamental approaches have been pursued, 
most using Jones' formulation [154, 155], which in turn is based on Saxon's integral equa-
tion [156]. In this method primary soot particles are assumed to obey Rayleigh scattering and 
the electric field inside them is taken as uniform, while the field outside the particles is deter-
mined from the integral representation of Maxwell's equations [135-140]. In the discrete dipole 
approximation (DDA) of Purcell and Pennypecker [157] the soot aggregate is modeled as an 
array of Â  polarizable elements ("dipoles") in vacuum, leading to a set of linear algebraic equa-
tions [141-144]. In the model of Iskander and coworkers [158] the aggregate is divided into cu-
bical or spherical cells with uniform electromagnetic fields. A control volume analysis converts 
the governing equations to a set of hnear algebraic ones [145-147], Results from these aggre-
gate models show that approximating agglomerated soot as infinitely long cyUnders [128,129] 
leads to significant errors. There appears to be consensus today that the model of Iskander and 
coworkers [158] (I-C-P) provides the most reliable and accurate predictions. Good reviews of 
the different methods to calculate scattering properties of agglomerated soot have been given by 
Koylii and Faeth [149], and by Manickavasagam and Mengiig [152], the former also assessing a 
number of more approximate theories, such as regular Rayleigh scattering (treating particles as 
independent), equivalent-sphere Mie scattering (replacing the agglomerate by a single sphere of 
equal volume), and Rayleigh-Debye-Gans (R-D-G) scattering (valid for |m - 1| «c 1) for both 
assumed shapes (such as straight chains) as well as fractal aggregates. While Rayleigh scattering 
always underpredicts scattering, equivalent-sphere Mie scattering can give acceptable results un-
der certain conditions, in particular for small aggregates, but must also be regarded as unreliable, 
in general. The R-D-G scattering theory tends to give relatively good results, especially if fractal 
aggregates are considered (i.e., conforming to experimental observations). However, the R-D-G 
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FIGURE 11-26 
Absorption and scattering cross-sections of soot aggregates ( C is cross-section for single particle, C" for an aggregate, 
Â  is the number of soot particles in the aggregate) [149]. 

scattering theory assumes a complex index of refraction near unity, which is clearly not very ac-
curate for soot, especially at larger wavelengths (see Fig. 11-25). Koylii and Faeth [159] pointed 
out and corrected inconsistencies in the fractal R-D-G model of Dobbins and Megaridis [148], as 
reported in [149], and revised results have been given by Farias and coworkers [150]. 

Resxilts from equivalent-sphere Mie calculations and R-D-G calculations are compared with 
approximate I-C-P calculations of Nelson [145] (assuming a mean scalar field) in Fig. 11-26 
[149]. Figure 11-26a shows that the absorption cross-section of a soot aggregate, C^^^, is essen-
tially the same as that of iV independent soot particles. This result is also obtained by the R-D-G 
theory (for assumed or fractal aggregates), while the equivalent sphere calculations become to-
tally unreliable for iV > 10. Figure 11-26&, on the other hand, indicates that the relative scattering 
cross-section, C^^JNC^^^, strongly increases with particle number—first linearly (for small ag-
gregates with negligible multiple scattering and self-interaction), then tending toward a saturation 
value for large N. Again, the equivalent sphere predictions become unreliable iox N > 10 or so, 
while the R-D-G model gives plausible results, especially if the same fractal distribution as that 
of Nelson is used. The fi^ctal R-D-G results in Fig. 11-266 reflect the corrections made by Koylii 
and colleagues [150,159], which leads to a large-agglomerate limit for the scattering cross-section 
of 

I /oo 

Kf 

(4JC)^/ 

12 

2-Df 
(11.122) 

jf (6 -D/ ) (4~D/ ) J 

while for intermediate values of iV the data of Farias and coworkers [150] are accurately correlated 
by a simple power law, 

vl~iV-'/^ 

(11.123) 

Agreement between R-D-G results and Nelson's I-C-P model is good except for large clusters, 
for which Nelson's results have been shown to underpredict the relative scattering cross-section 
by the more complete I-C-P calculations of Farias and coworkers [150]. While no approximate 
method has yet been established as a completely reUable tool, it is generally agreed today that 
the fractal R-D-G theory provides simple and reliable estimates of the radiative properties of 
agglomerated soot. 
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All of the above models assimie soot aggregates to consist of single size and spherical primary 
particles. Extensive measurements by Dobbins and Megaridis [130] and by Koylii and colleagues 
[133,160] have shown that soot primary particles generally vary in size between 15 and 50 nm, 
depending on fuel and on flame location, but that their local size distribution has indeed a very 
small standard deviation (almost uniform). The number of particles comprising an aggregate, N, 
on the other hand, shows strong local and global variations, following a log-normal distribution 
with geometric standard deviations ranging from 2 to 3.5. 

For a simplified heat transfer analysis it is generally desirable to use suitably defined mean 
absorption and extinction coefficients such as the Planck-mean and Rosseland-mean. If the soot 
particles are very small so that the Rayleigh theory applies for all particles and relevant wave-
lengths, then the extinction coefficient is described by equation (11.116). By choosing appropri-
ate spectral average values for the refractive index n and absorptive index k one may approximate 
the extinction coefficient by 

p nf' r 36;r«^ / n IO/IN 
. . = A . = a ^ , C o = ( „ 2 ^ ^ 2 ^ 2 ) 2 + 4 . 2 F ' (^^-^^"^ 

where Q is now a constant depending only on the soot index of refraction. With this simple 
1IX wavelength dependence, Planck-mean and Rosseland-mean extinction coefficients are readily 
calculated as 

K, =/3, = 3.83/,Cor/C2, K, =13, = 3.60/„Cbr/C2, (11.125) 

where Cj = 1.4388 cmK is the second Planck function constant. It is interesting to note that the 
Planck-mean coefficient (appropriate for optically thin situations) difl'ers by only 6% from the 
Rosseland-mean (appropriate for optically thick situations). Thus, Felske and Tien [161] have 
suggested using an average value of 

Krr,=P,, = 3J2f,CoT/C2 (11.126) 

for all optical regimes. It is important to keep in mind that the above formulae apply only to very 
small soot particles, and that the extinction coefficient will increase for aggregates, as indicated 
in Fig. 11-26, or if primary particle sizes are encountered that exceed Rayleigh scattering limits. 

Example 11.4. Propane is bumed with air under fiiel-rich conditions, resulting in a volume fraction of 
soot of ̂  = 10"*''. Determine the extinction coefficient for very small particles at a wavelength of 3/im 
using the refractive index data of (/) Lee and Tien, (//) StuU and Plass, (///) Dalzell and Sarofim, (iv) 
Chang and Charalampopoulos, (v) Felske and coworkers. If the soot consisted of long fractal aggregates 
with 100 soot particles each (a = 50 nm), how would the extinction coefficient change? 

Solution 
To determine the extinction coefficient for small spherical soot particles we use equation (11.116) to-
gether with optical property data from Fig. 11-25: 

Lee and Tien: 
StuU and Plass: 
Dalzell and Sarofim: 
Chang and Charalampopoulos 
Felske and coworkers: 

« = 2.21, 
n = 2.63, 
« = 2.19, 
/j=1.89, 
« = 2.31, 

A: =1.23, 
A: =1.95, 
A: =1.30, 
A: =0.92, 
A: = 0.71, 

KA 

KA 

Ki 

Kx 
KA 

= 0.1754cm-̂  
= 0.1472cm-̂  
= 0.1835 cm-' 
= 0.1904 cm-' 
= 0.1077 cm-' 

Thus, the values found from the data of Lee and Tien, Dalzell and Sarofim, and Chang and Charalam-
popoulos are fairly consistent, while the absorptive index based on StuU and Plass' data is considerably 
higher, probably because amorphous carbon simply does not represent soot well. The absorptive index 
based on data of Felske and coworkers is by far the lowest. The extinction coefficient for soot aggregates 
can be estimated from equation (11.123). Reworking Example 11.1, we find jc = 2;r x 0.05/3 = 0.1048, 
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g^j^ = 1.17 X \0~\ and Q^^ = 1.94 x 10""̂ . For an aggregate, the absorption coefficient remains 
unchanged, while the scattering coefficient becomes (using the fractal parameters of Fig. 11-26) 

6.5 
(4x0.1048)1-8 

3 12 
0.2 4.2 X 2.2 

: 425.9 

^ « - ^425.9i - ioo- ' /^^52.8 
NCL 

and 
3 X 10"^ 

o;i ^ 62.8 X 1.94 x 10"^ x - — - — — - . — ^ 1.83 x 10"^ c m ' ^ 
''̂  4 x 5 x 1 0 - 6 cm 

Adding together we find)S| = i<ĉ  + CTJA = 0.1754 + .0018 = 0.1772 c m ' ^ i.e., while scattering from 
aggregates is 63 times larger than that from individual particles, and may not be negligible (depending 
on the physical size of the soot cloud), its impact on the extinction coefficient is rather small. 
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Problems 

11.1 A mass of m (kg) of coal is ground into particles of equal size a Qum), which may be assumed to be 
"large" and black. Determine the optical thickness (based on radius R) of the resulting particle cloud, 
assuming that the particles are uniformly distributed throughout the volume. 

11.2 One way to determine the number of particles in a gas is to measure the absorption coefficient for the 
cloud. For a cloud of large, diflfuse particles (jc » 1, €A - 0.4), the particle distribution function is 
known to be of the form 

{ C = const, lOQfumKa < 500//m, 

0, elsewhere. 

lfK,i is measiu*ed as I cm"' , determine C and the total number of particles per cm-'. 
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1 1 3 Consider a particle cloud of fixed-size particles (radius a) contained between parallel plates 0 < 
.Y < L = 1 m. The volume fraction of particles is fv(x) ^ fo + Af(x/L\ and their temperature is 
T(x) = 7J + AT{x/L\ where Af/fo = AT/To = 1, i = 1%, % = 500 K. Assuming the particle size 
to be flf = 500//m, and made of a material with a gray hemispherical emittance of 6̂  = 0,7, show that 
the large-particle approximation may be used for the infi-ared. Calculate the local, spectral absorption 
and scattering coefficients. Determine the local Planck-mean extinction coefficient as well as the total 
optical thickness of the slab (based on the Planck-mean). 

11.4 The distribution function of a particle cloud may be approximated by an exponential function such as 
n{a) = Ca^ e~^\ where a is particle radius and b and C are constants. It is proposed to determine the 
distribution function of a set of particles by suspending a measured mass of particles between parallel 
plates, followed by measuring extinction across the particle layer. Given that m" = 0.05 g/cm^ of 
particles are present between the plates, which are 10 cm apart, and that the optical thickness based 
on extinction has been measured as t?) = 2: 

(a) Determine the distribution function above (i.e., h and Q . 

(b) If a single particle size were to be used to achieve the same extinction with the same mass of 
particles, what would the particle radius be? 

You may assume all particles to be "large" and diffuse spheres with an emittance of 0.7 and a density 
ofp = 2g/cm*^. 

11.5 Consider a particle cloud with a distribution function oi n{a) = Ca^ e~^, where a is particle radius 
and b and C are constants. The particles are coal (e = 1), and measurements show the particles 
occupy a volume fraction of 1%, while the number density has been measured as A^ = 10^/cm^. 
Calculate the extinction, absorption, and scattering coefficients of the cloud for the wavelength range 
Ifim < /I < 4//m. 

11.6 A LIDAR laser beam (operating in the green at yi = 0.6//m) is shot into the sky. At a height of 1 km 
the laser encounters a 200 m thick cloud consisting of water droplets of varying size (IQOfxm <a< 
200 jum), but constant particle distribution function everywhere (n = 500//Limm-^). What fraction of 
the laser beam will be transmitted through the cloud? How much will be absorbed? Very approxi-
mately, how much would you expect to get scattered back to the Earth's surface? Carefully justify 
your statements about absorption and scattering, using estimates, graphs and/or physical arguments 
for support. Qualitatively, how would your explanation change, if you take into account that k- lO"'̂  
(i.e., droplets are not opaque)? 

Note: Water at 0.6//m has an index of refraction of w ^ 1.35 - 10"''/. For the sake of this problem 
you may assume the droplets to be opaque (not really true). 

11.7 In a coal-burning plant, pulverized coal is used that is known to have a particle size distribution 
function of 

n{a) oc a- e"^"', y4 = 3 X 10-* ̂  /^m-^ 

The coal may be approximated as diffuse spheres with a gray emittance of 6 = 0.3. What is the 
effective minimum size parameter, Xmin (i-e., 90% by weight of all particles have a size parameter 
larger than that)? You may assume a combustion temperature of « 2000 K, i.e., the relevant wave-
lengths range from about Ijum to about 10//m. If the furnace is loaded with 10 kg coal particles 
per cubic meter, what are the spectral absorption and scattering coefficients? (Density of the coal = 
2000 kg/m^.) 

11.8 Consider nitrogen mixed with spherical particles at a rate of 10^ particles/m\ The particles have a 
radius of 300//m and are diffuse-gray with 6 = 0.5. 

{a) Determine absorption and scattering coefficients, and the scattering phase function. 

{b) Show how the phase function can be approximated by a Henyey-Greenstein function. 

(c) Show qualitatively how the phase function may be approximated with the Modest and Azad 
model by 
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ii)A,^-h / = 6 = 0; 
0 7 ) ^ , = - 1 , / = 0 , 6 = i . 

(d) Can the Crosbie-Davidson model be used for this mixture? 

{e) Compare the different versions of the phase function in a O V5. cos 0 plot. 

11.9 Redo Problem 11.3 for propane soot with a single mean radius of Om - 0.1//m in a flame with 
fo = 10"^ and TJ = 1500K. Show that the small particle limit is appropriate for, say, A > 3fim. 
For hand calculations you may approximate the index of refraction by a single average value (say, at 
3 )um), and the emissive power by Wien's law. 

11.10 Redo Problem 11.9 for the case that the soot has agglomerated into mass fractal aggregates of 1000 
soot particles each (Df = 1.77 and kf = 8.1). 

11.11 Consider a particle cloud with a distribution function of n{a) = Ca^ e"''", where a is particle radius 
and h and C are constants. The particles are soot (m ^ 1.5 - 0.5/), and measurements show the soot 
occupies a volume fraction of 10"^, while the number density has been measured as NT = W^/crn^. 
Calculate the extinction, absorption, and scattering coefficients of the cloud for the wavelength range 
lfim< A <4/L/m. 



CHAPTER 

12 
RADIATIVE 
PROPERTIES OF 
SEMITRANSPARENT 
MEDIA 

12.1 INTRODUCTION 

Any solid or liquid that allows electromagnetic waves to penetrate an appreciable distance into it 
is known as a semitransparent medium. What constitutes an "appreciable distance" depends, of 
course, on the physical system at hand. If a thick film on top of a substrate allows a substantial 
amount of photons to propagate, say, 100/im into it, the film material would be considered semi-
transparent. On the other hand, if heat transfer within a large vat of liquid glass is of interest, the 
glass cannot be considered semitransparent for those wavelengths that cannot penetrate several 
centimeters through the glass. 

Pure solids with perfect crystalline or very regular amorphous structures, as well as pure 
liquids, gradually absorb radiation as it travels through the medium, but they do not scatter it 
appreciably within that part of the spectrum that is of interest to the heat transfer engineer. If a 
solid crystal has defects, or if a sohd or liquid contains inclusions (foreign molecules or particles, 
bubbles, etc.), the material may scatter as well as absorb. In some instances semitransparent media 
are inhomogeneous and tend to scatter radiation as a result of their inhomogeneities. An example 
of such material is aerogel [1], a highly transparent, low heat-loss window material made of tiny 
hollow glass spheres pressed together. 

A number of theoretical models exist to predict the absorption and scattering characteristics 
of semitransparent media. As for opaque surfaces, the applicability of theories is limited, and 
they must be used in conjunction with experimental data. In this chapter we shall limit ourselves 
to absorption within semitransparent media. The models describing scattering behavior are the 
same as the ones presented in the previous chapter and will not be further discussed here. In 
particular, scattering from turbid media, insulation, foams, etc., has been summarized near the 
end of Section 11.10. 

413 
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FIGURE 12-1 
Spectral absorption coefficients 
of several ionic crystals at room 
temperature [2]. 

12.2 ABSORPTION BY 
SEMITRANSPARENT SOLIDS 
The absorption behavior of ionic crystals can be rather successfully modeled by the Lorentz 
model, which was discussed in some detail in Chapters 2 and 3. The Lorentz theory predicts 
that an ionic crystal has one or more Reststrahlen bands in the midinfrared (A> ^ 5 fim) (photon 
excitation of lattice vibrations). The wavelength at which strong absorption commences because 
of Reststrahlen bands is often called the long-wavelength absorption edge. The spectral absorp-
tion coefficients and their long-wavelength absorption edges are shown for a number of ionic 
crystals in Fig. 12-1. Note that these crystals are essentially transparent over much of the near 
infrared, and become very rapidly opaque at the onset of Reststrahlen bands. 

The Lorentz model also predicts that the excitation of valence band electrons, across the band 
gap into the conduction band, results in several absorption bands at short wavelengths (usually 
around the ultraviolet). Figure 12-2 shows the absorption coefficient and short-wavelength ab-
sorption edge for several halides: Materials that are essentially opaque in the ultraviolet become 
highly transparent in the visible and beyond. 

Pure solids are generally highly transparent between the two absorption edges. If large 
amounts of localized lattice defects and/or dopants (foreign-material molecules called color cen-
ters) are present, electronic excitations may occur at other wavelengths in between. A number 
of models predict the absorption characteristics of such defects, some sophisticated, some simple 
and semiempirical. For example, Bhattacharyya and Streetman [3] and Blomberg and cowork-
ers [4] developed models predicting the effect of dopants on the absorption coefficient of silicon. 
Figure 12-3 shows a comparison of the model by Blomberg and coworkers with experimental 
data of Siregar and colleagues [5] and Boyd and coworkers [6] for phosphorus-doped silicon at 
10.6 fim (a wavelength of great importance for materials processing with CO2 lasers). The absorp-
tion coefficient increases strongly with dopant concentration and with temperature. According to 
both models, the rise with temperature is due to increases in the number of free electrons and to 
their individual contributions. The same trends were observed by Timans [7] for the wavelength 
range between l.l and 1.6/im. 
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FIGURE 12-4 
Spectral absorption coefficient of clear water (at room temperature) and clear ice (at 
from [14] (thick lines), [18] (medium line), and [17] (thin lines). 

-10°C[14] and -25°C[17]); 

The absorption behavior of amoi*phous, i.e., noncrystalline solids is much more difficult to 
predict, although the general trends are quite similar. By far the most important semitransparent 
amorphous solid is soda-lime glass (ordinary window glass, as opposed to quartz or silicon diox-
ide crystals depicted in Fig. 12-1). A number of investigators measured the absorption behavior 
of window glass, notably Genzel [8], Neuroth [9,10], Grove and Jellyman [11] and Bagley and 
coworkers [12]. Figure 1-17 shows the behavior of the spectral absorption coefficient of window 
glass for a number of different temperatures. As expected from the data for the transmissivity 
of window panes (Figs. 3-28 and 3-29), glass is fairly transparent for wavelengths A < 2.5 jum; 
beyond that it tends to become rather opaque. 

The temperature dependence for quartz has been observed to be similar to that of silicon by 
Beder and coworlcers [13], who reported a fourfold increase of the absorption coefficient between 
room temperature and 1500°C. 

12.3 ABSORPTION BY 
SEMITRANSPARENT LIQUIDS 

The absorption properties of semitransparent liquids are quite similar to those of soHds, while 
they also display some behavior similar to molecular gases. Remnants of intermolecular vibra-
tions (Reststrahlen bands) are observed in many liquids, as are remnants of electronic band gap 
transitions in the ultraviolet. In the wavelengths in between, molecular vibration bands are ob-
served for molecules with permanent dipole moments, similar to the vibration-rotation bands of 
gases. 

Because of its abundance in the world around us (and, indeed, inside our own bodies) the ab-
sorption properties of water (and its solid form as ice) are by far the most important and, therefore, 
have been studied extensively, indeed for centuries. The data of many investigators for clear wa-
ter and clear ice have been collected and interpreted by Irvine and Pollack [14] and by Ray [15]. 
Another review, limited to pure water, has been given by Hale and Querry [16]. More recent 
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measurements have been reported by Kou and colleagues [17] (water and ice for wavelengths be-
low 2,5 fim) and by Marley and coworkers [18] (water between 3.3 /urn and 11 ptm). The spectral 
absorption coefficient of clear water (at room temperature) and of clear ice (at -10°C) is shown 
in Fig. 12-4, based on the tabulations of Irvine and Pollack [14], Kou and colleagues [17] and 
Marley and coworkers [18]. Note the similarity between solid ice and liquid water. The lowest 
points of the absorption spectra of water and ice lie in the visible, making them virtually trans-
parent over short distances. The minimum point lies in the blue part of the visible (A ̂  0.45 /im): 
Large bodies of water (or clear ice) transmit blue light the most, giving them a bluish hue. In 
the near- to midinfrared water and ice display several absorption bands (at 1.45, 1.94, 2.95, 4.7 
and 6.05/im in water, somewhat shifted for ice). These bands are very similar to the water vapor 
bands at 1.38, 1.87, 2.7 and 6.3 jum (see Table 10.3). Agreement between the data of Irvine and 
Pollack, and Kou and colleagues [17] is excellent, while the data of Marley and coworkers in the 
longer wavelength region are considerably lower than those of Irvine and Pollack: measurement 
of such large absorption coefficients is extremely difficult, and the modem measurements of Mar-
ley and coworkers list an average estimated error of better than 3%. The temperature dependence 
of the absorption coefficient of water has been investigated by Goldstein and Penner [19] (up to 
209°C) and by Hale and coworkers [20] (up to 70°C) and was found to be fairly weak. As tem-
perature increases, water becomes somewhat more transparent in relatively transparent regions 
and somewhat more opaque in absorbing regions. A rather detailed discussion of the absorption 
behavior of clean water and ice has been given by Bohren and Huffman [21]. Natural waters 
and ice generally contain significant amounts of particulates (small organisms, detritus) and gas 
bubbles, which tend to increase the absorption rate as well as to scatter radiation. While a number 
of measurements have been made on varieties of natural waters and ice, the results are difficult to 
correlate since the composition of natural waters varies greatly. 

The similarity of absorption behavior between the solid and liquid states of a substance is 
not limited to water. Barker [22] has measured the absorption coefficient of three alkali halides 
(KBr, NaCl, and LiF) for several temperatures between 300 K and temperatures above the melting 
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point. Since Reststrahlen bands tend to widen with increasing temperature (see Section 3.5), the 
long-wavelength absorption edge moves toward shorter wavelengths. No distinct discontinuity 
in absorption coefficient was observed as the material changed phase from solid to liquid. As an 
example, the behavior of lithium fluoride (LiF) is depicted in Fig. 12-5. Semiempirical models 
for the absorption coefficient of alkali halide crystals, resulting in simple formulae, have been 
given by Skettrup [23] and Woodrufl" [24], while a similar formula for alkali halide melts has 
been developed by Senatore and coworkers [25]. 

12.4 EXPERIMENTAL IMETHODS 

The spectral absorption coefficient of a semitransparent solid or liquid can be measured in several 
ways. The simplest and most common method is to measure the transmissivity of a sample of 
known thickness, as described in Section 11.10 for particulate clouds. Since solids and liquids 
reflect energy at the air interfaces, the transmissivity is often detennined by forming a ratio be-
tween the transmitted signals from two samples of difi'erent thickness. However, the transmission 
method is not capable of measuring very small or very large absorption coefficients: For sam-
ples with large transmissivity small errors in the determination of transmissivity, r, lead to very 
large errors for the absorption coefficient, K (since K is proportional to In r). On the other hand, 
for a material with large K sufficient energy for transmission measurements can be passed only 
through extremely thin samples. Such samples are usually prepared as vacuum-deposited thin 
films, which do not have the same properties as the parent material [26]. 

The absorption coefficient may also be determined through a number of diff̂ erent reflection 
techniques. The reflectivity of an optically-smooth interface of a semitransparent medium de-
pends, through the complex index of refraction, on the refractive index n as well as the absorptive 
index k. In turn, k is related to the absorption coefficient through equation (3.79) as /c = Anrikjn, 
where ;/ = l//t is the wavenumber of the radiation inside the medium. Thus, two data points are 
necessary to determine n and k. Noting the directional dependence of reflectivity on m = w - ik, 
some researchers have measured the specular reflectivity at two diff'erent angles. Leupacher and 
Penzkofer [27] showed that this can lead to very substantial errors. Other researchers have mea-
sured the reflectivity at a single angle, using parallel- and perpendicular-polarized light (known 
as ellipsometric technique). However, this may also lead to large errors [27], A new method over-
coming these problems has been proposed by Lu and Penzkofer [28]. Using parallel-polarized 
light they vary the incidence angle until the point of minimum reflectivity at Brewster's angle is 
found (cf. Figs. 2-8 and 2-11). 

Another reflection technique exploits the fact that a causal relationship exists between n and 
k, i.e., they are not independent of one another. This causal relationship is known as the Kramers-
Kronig relation, which may be expressed as 

m i f'^m^v. (12.1, 
where p„(77) is the spectral, normal reflectivity of the sample surface [cf. equation (2.113)], and 
6(T]) is the phase angle of the complex reflection coefficient, equation (2.110), 

^«=V^^' = ^^^4TI- (12-2) 
n- ik+ I 

Thus, if p„ is measured for a large part of the spectrum, the phase angle S may be determined from 
equation (12.1) for wavenumbers well inside the measured spectrum; n and k are then readily 
found from equation (12.2). The method is particularly well suited to experiments employing an 
FTIR (Fourier transform infrared) spectrometer, which can take broad spectrum measurements 
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over very short times, and which often have a built-in Kramers-Kronig analysis capability. More 
detailed discussions on the various Kramers-Kronig relations may be found, for example, in the 
books by Wooten [29] and Bohren and Huffman [21], A description of the numerical evaluation 
of equation (12.1) has been given by Wooten [29]. 

Measurement of physical properties at high temperatures is always difficult, but particularly 
so for semitransparent media since two properties need to be measured (absorption coefficient as 
well as interface reflectivity, or equivalently, n and k), Myers and coworkers [30] have given a 
good review of such methods for solid samples. They also developed a new method to deter-
mine the optical properties of small, semitransparent, solid samples. Their device is essentially 
a compact arrangement of that employed by Stierwalt [31], which takes three different radiance 
measurements in rapid succession. A front and cross-sectional view of their sample heating ar-
rangement is shown in Fig. 12-6. The slab-shaped sample is moimted within an equalizing nickel 
block, which is coupled radiatively to the electrically-heated tube. The nickel block has four 
cavities and holes serving as radiance targets. A water-cooled graphite block (not shown) is po-
sitioned behind the heating tube to provide a room-temperature background for the through-hole 
as well as a reference for the detector. Three radiance measurements are made and compared 
with the reference: (/) The slab sample positioned in front of the blackbody (cavity-hole), (ii) 
the freely radiating sample (through-hole), and (Hi) the blackbody reference. With the relations 
given in Section 3.8 one can use these measurements to deduce the optical properties («, k, and 
K). The method has the advantages that measurements at high temperatures (^ 1000°C) can be 
taken, that only a single sample is necessary, and that no optically smooth sxufaces are required. 
On the other hand, the method suffers from the standard weaknesses of transmission methods (see 
discussion at the beginning of this section), and is restricted to high temperatures (to produce a 
strong enough emission signal). 

Measurements of the optical properties of a high-temperature liquid are even more challeng-
ing. It is more difficult to confine a liquid in a sample holder (which must be horizontal), and 
more difficult to measure the thickness of the liquid layer. In addition, the layer thickness may be 
nonuniform because of (often unknown) surface tension effects. Furthermore, high-temperature 
liquids are often highly reactive, making a sealed chamber necessary. If the vapor pressure be-
comes substantial at high temperatures, the windows of the sealed chamber will be attacked. 
Shvarev and coworkers [32] have measxired the optical properties of liquid silicon in the wave-
length range of 0.4-1.0/^m with such a sealed-chamber furnace apparatus, using an ellipsometric 
technique. Barker [22,33] designed an apparatus to measure the optical properties of semitrans-
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parent solid slabs and corrosive melts. To isolate the specimen he relied on a windowless chamber 
with continuous inert-gas purging. His data evaluation required independent measurements of the 
interface reflectivity, the reflectivity of a platimmi mirror, the sample overall reflectivity, and the 
thickness of the sample. In addition, the reflectivity of the platinum-liquid interface must be 
estimated. As such, Barker's method appears to be very vulnerable to experimental error. 

A more accurate device, limited to absorption coefficients of liquids, has been reported by 
Ebert and Self [34]. A schematic of their apparatus is shown in Fig. 12-7a. The aperture of 
a blackbody source at 1700°C is imaged (by the spherical mirror M3) onto the platinum mir-
ror located in an alumina crucible inside the furnace. The reflected signal is focused onto the 
monochromator and detector via another spherical mirror (M5). The beam is chopped to elimi-
nate emission as well as background radiation from the signal. The transmissivity of the liquid 
is measured by what they called a "submerged reflector method," illustrated in Fig. 12-1 b: A 
platinum mirror, which may be adjusted via three support rods, is submerged below the surface 
of the liquid filling the crucible. The platinum mirror is tilted slightly from the horizontal to al-
low the first surface reflection and multiple internal reflections to be rejected from the collection 
optics. The thickness of the Hquid layer is adjusted by raising and lowering the crucible (leaving 
the platinum mirror in place). As in the transmission technique, signals for two difl'erent layer 
thicknesses (d\ and di) are ratioed, giving the transmissivity for a layer of thickness 2(^4 - d\). 
By rejecting the first reflection, and by being able to produce and measure very thin liquid lay-
ers, they were able to measure absorption coefficients an order of magnitude higher than Barker, 
reporting values as high as 70cm~^ for synthetic molten slags [34]. Similar measurements have 
been carried out by Gupta and Modest [35] (lithium salts), by Makino and coworkers [36] (alkali 
metal carbonates), and by Zhang and colleagues [37] (liquid glasses). 
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Problems 

12.1 The absorption coefficient of a liquid, confined between two parallel and transparent windows, is to 
be measured by the transmission method. The detector signals from transmission measurements with 
varying liquid thickness are to be used. 

(a) Using transmission measurements for two thicknesses, show how the absorption coefficient K 
may be deduced. Determine how errors in the transmissivity value and the liquid layer thickness 
affect the accuracy of/r. 

{h) If transmission measurements are made for many thicknesses, can you devise a method that 
measures small absorption coefficients more accurately? 

12.2 Show how the optical properties (n, k, and K) of a semitransparent solid may be deduced from the 
three measurements taken with the apparatus of Myers and coworkers [30], as depicted in Fig. 12-6. 
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13 
EXACT SOLUTIONS 
FOR 
ONE-DIMENSIONAL 
GRAY MEDIA 

13,1 mXRODUCTION 

The governing equation for radiative transfer of absorbing, emitting and scattering media was 
developed in Chapter 9, resulting in an integro-diiferential equation for radiative intensity in five 
independent variables (three space coordinates and two direction coordinates). The problem be-
comes even more complicated if the medium is nongray (which introduces an additional variable, 
such as wavelength or frequency, and makes the equation nonlinear) and/or if other modes of 
heat transfer are present (which make it necessary to solve simultaneously for overall conserva-
tion of energy, to which intensity is related in a nonlinear way). Consequently, exact analytical 
solutions exist for only a few extremely simple situations. The simplest case arises when one 
considers thermal radiation in a one-dimensional plane-parallel gray medium that is either at ra-
diative equilibrium (i.e., radiation is the only mode of heat transfer) or whose temperature field 
is known. Analytical solutions for such simple problems have been studied extensively, partly 
because of the great importance of one-dimensional plane-parallel media, partly because the sim-
plicity of such solutions allows testing of more general solution methods, and partly because such 
a solution can give qualitative indications for more difiicult situations. 

In the present chapter we develop some analytical solutions for one-dimensional plane-parallel 
media and also include a few solutions for one-dimensional cylindrical and spherical media (with-
out development). In general, we shall assume the medium to be gray, and all radiative intensity-
related quantities are total, i.e., frequency-integrated quantities, for example, k = ^^ kv dv = 
n^crT^/n. Most relations also hold, on a spectral basis, for nongray media, except for those that 
utilize the statement of radiative equilibrium, V • q = 0 (since this relation does not hold on a 
spectral basis). 

423 
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FIGURE 13-1 
Coordinates for radiative intensities in a one-dimensional plane-parallel medium; {a) upward directions, {b) downward 
directions. 

13.2 GENERAL FORMULATION FOR A 
PLANE-PARALLEL MEDIUM 

The governing equation for the intensity field in an absorbing, emitting, and scattering medium 
is, from equation (9.25), 

S • V/ = Kib -pl+^ f /(§.) 0(§,-, §) dUi, (13.1) 

which describes the change of radiative intensity along a path in the direction of s. The formal 
solution to equation (13.1) is given by equation (9.29) as 

/(r,s) = /„,(§)e~'' + f ^S(T;,S)e-^^-<^dr^, 
Jo 

where S is the radiative source term, equation (9.26), 

5(T;, S) = (1 ~ OJMT:) + I ^ r / « , s/) a)(s, §/) dQi, 

(13.2) 

(13.3) 

and Ts = /Q^ A^O "̂S" is optical thickness or optical depth based on extinction coefficient̂  measiired 
from a point on the wall (r/ = 0) toward the point under consideration (T;' = r .̂), in the direction 
of s. For a plane-parallel medium the change of intensity is illustrated in Fig. 13-la, measuring 
polar angle 9 from the direction perpendicular to the plates (z-direction), and azimuthal angle ij/ in 
a plane parallel to the plates (jc-i/-plane): Radiative intensity of strength 4(s) = 4(^» ^) leaves the 
point on the bottom surface into the direction of 6>, ij/, toward the point under consideration, P. This 
intensity is augmented by the radiative source (by emission and by in-scattering, i.e., scattering 
of intensity from other directions into the direction of P). The amount of energy S{r^,0,if/)dT^ 
is released over the infinitesimal optical depth dr^ and travels toward P. Since this energy also 
undergoes absorption and out-scattering along its path from r/ to TS, only the fraction -̂̂ ^̂ -̂ »> 
actually arrives at P. In general, the intensity leaving the bottom wall may vary across the bottom 
surface, and radiative source and medium properties may vary throughout the medium, i.e., in the 
directions parallel to the plates as well as normal to them. 

We shall now assume that both plates are isothermal and isotropic, i.e., neither temperature 
nor radiative properties vary across each plate and properties may show a directional dependence 

^ We use here the notation r^ to describe optical depth along .v so that we will be able to use the simpler r for optical 
depth perpendicular to the plates, i.e., T = f^fidz. 



13.2 GENERAL FORMULATION FOR A PLANE-PARALLEL MEDIUM 425 

on polar angle 6, but not on azimuthal angle ip. Thus, the intensity leaving the bottom plate at a 
certain location is the same for all azimuthal angles and, indeed, for all positions on that plate; it is 
a function of polar angle 6 alone. We also assume that the temperature field and radiative proper-
ties of the medium vary only in the direction perpendicular to the plates. This assumption implies 
that the radiative source at position g, S{T\0), is identical to the one at position Qs, S(T^,6X or 

any horizontal position with identical z-coordinate r ' = J^ fidz (based on extinction coefficient). 
Therefore, radiative source, 5(T, 6), and radiative intensity, /(r, 0), both depend only on a single 
space coordinate plus a single direction coordinate. The radiative source term may be simplified 
for the one-dimensional case to 

SiT\e) = (1 - u j ) W ) = + ^ f "̂  r /(T',^/)(D(^,(A,ft,JA.)sin^/J^,#,. (13.4) 

For isotropic scattering, 0 = 1 , and we find immediately from the definition for incident radiation, 
G [equation (9.33)], that 

5(T') = ( 1 - 6 ; ) 4 ( T ' ) + ^ G ( T ' ) . (13.5) 

In other words, the source term does not depend on direction, that is, the radiative source due to 
isotropic emission and isotropic in-scattering is also isotropic. 

If the scattering is anisotropic, we may write, from equation (11.98)^ 

M 

(D(s-S/)=l + J]^„P^(s-sO, (13.6) 
m=l 

where it is assumed that the series may be truncated after M terms. Measuring the polar angle 
from the z-axis and the azimuthal angle fi-om the jc-axis (in the x-t/-plane) for both s and S/, we 
get the direction vectors 

s = sin ̂ (cos i//! + sin (̂ j) + cos ̂ k, (13.7) 

%i = sin Oiicos ̂ ,i + sin ̂ j ) + cos ̂ /fe, (13.8) 

and 

<b{e,^A.^d = 1 + ^ AA[cos6/cos6>/ + sin6/sin6^/Cos(^ - ^,0]. (13.9) 

Using a relationship between Legendre polynomials [1], one may separate the directional depen-
dence in the last relationship by 

Pf„[cos 9 cos 9i + sin 6 sin 9i cos(i/̂  - i//^)] = Pm(cos 6)Pm(cos 9i) 

^y.7^r7^Cicos0)P;:'{cos0i)cosm(,J, - ,^,), (13.10) 
^-"f itn -r n)i 

where the P^ are associated Legendre polynomials. Thus, the scattering phase function may be 
rewritten as 

M 
a)(^, l/f, 9i, lIJi) = 1 + 2 PrniOOS 9)P,,(C0S 9i) 

+ 2 2 2 ^ „ J^^C(cos0)C(cose,)cos/n(^ - f̂r,). (13.11) 
M m 

Mn Chapter 11 we used 0 to denote the angle between incoming and scattered ray and, therefore, c o s 0 = s • §/. 
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For a one-dimensional plane-parallel geometry, the intensity does not depend on azimuthal angle, 
and we may carry out the ^^-integration in equation (13.4). This integration leads to a one-
dimensional scattering phase function of 

<i>ie, 9i) = — J ^(s- §,) # , . = 1 + 2 ^'"^-(cos 0)P„(cos Oi), (13.12) •z 

since J^ cos m{il/ - ^/) dil/i = 0. The radiative source then becomes 

s(T\e) = {i-oj)ih(T') + ^ f i{r\ei)(b{eA)s\neidOi, (13.13) 

2 Jo 

For linear-anisotroplc scattering, with 
0(§ • §/) = 1 + ^iPi(s • §,) = 1 + v4is • S/, M = 1, (13.14) 

and, using the definitions for incident radiation and radiative heat flux, equations (9.33) and (9.46), 
respectively equation (13.13) reduces to 

5(T' ,^) = (1 ~ io)h{T') + ^ [G{T') + ^I^(T')COS^] . (13.15) 
4;r 

We may now simplify the equation of radiative transfer, equation (13.1), using the geometric 
relations TS = r / cosQ and r^ ^r"/ cos9 (see Fig. 13-It?), 

= cos6/^ = ( l - a ; ) 4 - / + ~ f /(T,6>/)0(6/,6//)sin<9,t/6>/. (13.16) 
Jo 

Idl dl dl ^^ ^j r "^ 
-— = -— =cos6/— = (1 -(x))It,-I-h ~ 
^ds dTs dr ^ 2 JO 

Similarly, the expression for intensity, equation (13.2), may be simplified to 

rir^O) = k{e)e-'"''''' + rS{T\e)e-^'-''^"''''—^, 0 < ^ < ^, (13.17) 
Jo cosw 2 

where the intensity is denoted by /^ since equation (13.17) is limited to directions with wall 
intensities emanating from the lower wall, at r = 0 ("positive" directions). Here the radiative 
source S{r\ 6) is given by equation (13.5) for isotropic scattering (or no scattering with cj = 0), 
by equation (13.15) for linear-anisotropic scattering, and by equations (13.12) and (13.13) for 
general anisotropic scattering. 

A similar relationship is readily developed for intensity emanating from the top wall (traveling 
into "negative" directions). With T;f = ~ (r̂  - r ' ) / cos 0 and T; = - {TI - r ) / cos 6 (keeping in mind 
that cos^ < 0 for "negative" directions, 6 > n/2) we obtain (see Fig. 13-1ft) 

JT, 

)/co&0_zI__ 
Tj^ COS 9 

= l2{9)^''''^l''''^- {'S{T\9)e^''-'^'''''^—, %<9<n, (13.18) 
J J cosy 2 

where l2{9) is the intensity leaving the wall dXr = TL (Wall 2). It is customary (and somewhat more 
compact) to rewrite equations (13.16) through (13.18) in terms of the direction cosine // = cos^, 
or 
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nr.fi) = h{fi)e^'l^ + rS{r\fi)e-^'-''^f^ — , 0 < /i < 1, (13.20a) 
Jo /̂  

r{T,ii) = l2(M)e^"--'^^'' - S(T',M)e^''~"^"' —, - 1 < ^ < 0. (U.lOb) 

For heat transfer purposes the incident radiation, G, and radiative heat flux, q, are of interest. 
From the definition of incident radiation, equation (9.33), it follows that 

pin nn n+\ 
G ( T ) = I I I(r,e)smed0di// = 27r I I(r,fx)dfx 

Jo Jo J-\ 

= 27r[J^ r{r,fi)dfi^£ r(r.fi)dfi 

\f r(T,-fi)dfi+ f r(T,fi)dfx 
[Jo Jo 

= 2;r 

= 2 ; r | r h(pt)e~'^^dfx^ f hi-fi)e'^''^'^^^dpi 

+ nrS{r\fi)e<'-^^f^dT'^rSir\-fi)e^<^^^^^^ 

Similarly, for the radiative heat flux for a plane-parallel medium, equation (9.46), 

r*2jT pn p + i 

q(T)= I I I(r,e)cosesmededif/ = 2n l I(T,fi)fidfi 
Jo Jo J-\ 

= 2;r| r h(4i)e-'l^fidfi- f hi-fi)e-^'^^'^^^fidfi 

+ r \rSiT\fi)e^^'-''^^^dT'- nSir\-fi)e-^''-'^^^dAdfi\. 

(13.21) 

(13.22) 

During a large part of this chapter we shall study the solution to equations (13.21) and (13.22) for 
a number of difl'erent situations. We shall assume either that the temperature across the medium 
and, therefore, 4 ( T ) is known or that radiative equilibrium prevails, dq/dr = 0. In either case we 
are interested in the direction-integrated form of the equation of transfer, equation (13.1), which 
has been given by equation (9.53) as 

V . q = <4;r4~G), (13.23) 

or, for the present one-dimensional case after division by extinction coefficient )S (and remember-
ing that/c/;0 = 1 - c^VA 

^=i\^oj)i4nh-G), (13.24) 

We note in passing that, up to this point, all relations, and in particular equations (13.21), (13.22), 
and (13.24), hold on a total basis for a gray medium and on a spectral basis for any medium. If 
radiative equilibrium prevails, then dq/dr = 0 or, in the presence of a heat source,^ 

(13.25) 

'Such heat sources are often used to couple the radiation problem with overall energy conservation. 
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where Q is local heat generation per unit time and volume. Equation (13.25) is valid only for 
total radiative heat flux and may, therefore, in this form be applied only to gray media. For such a 
case we see that the incident radiation is closely related to the blackbody intensity (and, therefore, 
temperature) by 

47r4(T) = G(T)-f^(T) . 
K 

(13.26) 

13.3 RADIATIVE EQUILIBRIUM OF A 
NONSC ATTERING MEDIUM 

Enclosure with Black Bounding Surfaces 

Since this is the most basic of cases, we shall rederive the relationships for this simple problem. 
From equation (13.3), with a> = 0, it follows that S{r\ s) = 4 ( T ' ) ; for black bounding surfaces, 
the intensity leaving the lower plate is /] {&) = 4i and the intensity leaving the top plate is IiiO) = 
//,2. Thus, for this simple case, neither radiative source nor boundary intensities are direction-
dependent. Equations (13.17) and (13.18) may then be rewritten as 

l\T\e) = hxe- ')e -(r-T')/cos^ 

r)/cos6? 

cos 6' 
dr" 

-T/CO.0 ^ r^r^^^/ 

Jo 

JT COS 6 

Making the substitution fi = cos 0 transforms this to 

From the definition for incident radiation it follows, from equation (13.21), that 

C7(r) = 2;r[ r r{T,fi)dp + J r(r,fi)dfi] 

= 2n\k, f e-^'^d^i^hi r e^'^'-'^l^d^ 

J o Jo // J r J o / i 

-<e<n, 
2 

0 < / i < 1, 

-1 < / i < 0 . 

(13.27a) 

(13.27fc) 

(13.28a) 

(13.28fc) 

(13.29) 

Taking advantage of the fact that wall intensities and radiative sources do not depend on direction, 
we have taken these terms out of the direction integrals and reversed the order of integration for 
the terms describing medium emission. 

A similar relationship may be established for radiative heat flux, fi-om equation (13.22), as 

q(T) = 2n\h, r e-'^^fidfi-h2 f e'^'^-'^^^fidfi 
[ Jo Jo 

Ji) Jo JT JO 
(13.30) 
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FIGURE 13-2 
General behavior of exponential integrals En(x). 

We see that none of the important parameters G, q, and 4 depends on direction, and that direction 
jj. enters equations (13.29) and (13.30) only as a dummy integration variable. We may write these 
equations in more compact form by introducing the exponential integral of order n, 

(13.31) 

Since exponential integrals are of great importance in radiative transfer, a sketch of them is shown 
in Fig. 13-2, and a somewhat more detailed discussion is given in Appendix E. For our present 
purposes, we note that exponential integrals behave somewhat like "generalized negative expo-
nentials" and that 

C^ dt 1 

-E„(x) = -En^i(x); or En{x) 

Substituting equation (13.31) into equations (13.29) and (13.30) then leads to 

(13.32) 

(13.33) 

G(T) = In 

q{j) - In 

hiE2(r) + Ih2E2(T, - r) + J 4(T')£i(r - T')dT' + H 4 ( T ' ) £ I ( T ' - T) J r ' 

hxEi(T) - kzEiin - T) + J ' U T ) E 2 ( T - r')dr' - C 4(r')£2(r' - T)rfT'l 

(13.34) 

(13.35) 

We shall now assume that the medium is gray [i.e., equations (13.34) and (13.35) deal with total 
properties, or 4 = n'-crT^ln] and that radiative equilibrium prevails, dqjdr = 0. Thus, we find 
^(T) = const and, from equation (13.26), G = 4;r4 = ^ir^crT^. Equation (13.34) now becomes an 
integral equation governing the temperature distribution within the medium, or 

T\r) = 1 T,'E2iT)+'I^E2(T,-r)+ rT\r')Ei(\T'-T\)dT' 
Jo 

(13.36) 
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Since the heat flux, 

q(T) = In^crT^^E^ir) - In^aTlEiir, - r) 

+ 2 r / zVrV)^2(T-T ' ) t /T ' -2 r 'wVr^(T ' )^2(T ' -T) t / / , (13.37) 

does not vary across the medium, it may be evaluated at any location, conveniently chosen as 
r = 0: 

q = n^o-T^^ - ln^crT^E^(T,) - i f n^(TT\T')E2{r')dr\ (13.38) 
Jo 

The difference between equations (13.38) and (13.37) is that equation (13.38) is only vaHd for 
radiative equilibrium, and equation (13.37) is valid for the more general case of any gray medium 
between black plates. For an overall solution the temperature field is found first by solving the 
integral equation (13.36), after which knowledge of the temperature field is used to determine 
radiative heat flux from equation (13.37). Unfortunately, no closed-form solution exists to in-
tegral equations such as (13.36); a solution has to be found by numerical and/or approximate 
means. Before proceeding to a solution it is advantageous to reduce the number of parameters in 
equations (13.36) and (13.37) to a minimum. We introduce a nondimensional emissive power or 
temperature 

<I>z,(T) = ' ' / , (13.39) 

and a nondimensional radiative heat flux 

"^b = -T 7 T-. (13.40) 

If we substitute these expressions into equations (13.36) and (13.37) and use equations (13.32) 
and (13.33), we find that 

^b{r) = \ 

%(r) = 2 

Jo 

E,(T) + J'(D,(T')^2(T-T')C/T' -- J^'' ^t(r')E2ir'-T)dT' 

EliT)^ O,(T0^l( |T~T' |)t /T' , (13.41) 

(13.42) 

or 
^h=l-2 r %(TyE2(V)dT\ (13.43) 

Jo 
Besides the independent variable r, only one parameter, the medium's optical thickness r̂ , ap-
pears in the governing equations for Ô , and ^^: Once O/, has been determined for a given r̂ , 
the temperature field and radiative heat flux may be determined for any combination of surface 
temperatures. Equation (13.41) is a Fredholm integral equation and is readily solved by any of 
the methods described in Section 5.5. The numerical solution to equations (13.41) and (13.43) 
was first given by Heaslet and Warming [2]. Figure 13-3 shows the nondimensional temperature 
field for a range of optical thicknesses. Some representative nondimensional fluxes are given in 
Table 13.1. 

Examination of Fig. 13-3 shows that, for radiative equilibrium, there may be a temperature 
discontinuity at the walls.'̂  In the limiting case of a transparent medium, TL -~> 0, we have % = \ 
or T^ -^ (7!"* + Ty)l2 = const, with corresponding temperature jumps at the boundaries (strictly 

"̂ This discontinuity must, of course, vanish if heat is transferred by conduction and/or convection in addition to radia-
tion. 
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FIGURE 13-3 
Nondimensional temperature distribution 
for a gray medium at radiative equilibrium 
between isothermal plates. 

Speaking, a transparent or nonparticipating medium, r̂ , = 0, could have any temperature distri-
bution since it would not enter the calculations). The temperature slip decreases as the optical 
thickness increases until it vanishes for TĴ  •-» oo. In that optically thick limit the nondimen-
sional emissive power profile becomes linear. The situation is not unlike conduction in a rarefied 
gas: When the mean fi*ee path for collision (absorption) is very large, molecules (photons) travel 
between plates without interference with an average energy equal to the average of surface tem-
peratures (emissive powers). If the mean fi*ee path becomes very small compared with physical 
dimensions, the conductive flux obeys Fourier's law and the diffiision limit is reached. 

Gray, Diffuse Boundaries 
If the walls are not black, but are gray, diffuse emitters and reflectors, the entire development 
of this section still holds, except that the fluxes leaving the bottom and top plates are no longer 
nlt,{ and nihi, but must be replaced by the radiosities J\ and Ji, respectively. The radiosities, 
accounting for emission as well as difl'use reflection, may be related to the Planck function through 
equation (5.26) as 

q«; n = 
1 ~^«. 

i^hw ~ Jw)» (13.44) 

or 

T = 0 : ^ = —^ (n^crT.^ - J i ) , (UASa) 
1 ~ 6i ^ / 

r = T,: -q = - r ^ - [n^o-T^ - Jt). (13.456) 

Replacing nlhi = n^crT/^ by J/ in equations (13.39) and (13.40) transforms equation (13.43) into 

Ji-Ji 
= ,̂=1^2 r 

Jo 
Q>h(r')E2(T')dT\ 
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TABLE 13.1 

Nondimensional radiative heat flux for radiative equilibrium between parallel black plates, 
^^f, = q/n^(r(T^ - 3^), from Heaslet and Warming [2]. 

Optical 
thickness, T̂  

0.0 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 

^A 

1.0000 
0.9157 
0.8491 
0.7934 
0.7458 
0.7040 
0.6672 

Optical 
thickness, TL 

0.8 
1.0 
1.5 
2.0 
2.5 
3.0 
5.0 

% 
0.6046 
0.5532 
0.4572 
0.3900 
0.3401 
0.3016 
0.2077 

F o r T ^ » l , ¥* = 
4/3 

1.42089+ T; 

and from equation (13.45) 

J^-J,=nMTt-T^)-ll-^+^-2\q. 

Thus, 

or 

q = %(J,-J2) = ^'f, 

^' = 
q "Vh 

nMT^-T,^) , , ^ . ^ ^ ^ _ 2 1 1 
— + — 

Similarly, for the nondimensional temperature distribution one obtains 

<D(T) = 
rV)-r/ ^"^'^^[k-'] "Vb 

\^1 ^2 

(13.46) 

(13.47) 

Example 13.1. A gray, nonscattering medium with refractive index n - 1 and an absorption coefficient 
/c = 0.1 cm"' is contained between two isothermal cylinders. The inner cylinder is hot (7i = 2000 K) and 
highly reflective (e\ = 0.1); the outer cylinder is a strong absorber {aj = 62 = 0.9), and it must be kept 
relatively cool (7̂  < 400 K). The gap between the two cylinders is 25 cm. Assuming that conductive 
and convective heat transfer can be neglected as compared to radiation, and assuming that the cylinders 
have large diameters (D\ » 25 cm), determine the necessary cooling rate for the outer cylinder to avoid 
overheating. 

Solution 
Since the thickness of the medium is small as compared with the diameters of the cylinders, we may 
model the gap as a one-dimensional plane-parallel slab of optical thickness T^ = 0.1 cm"' x 25 cm = 2.5. 
Thus, from Table \3A% = 0.3401 and from equation (13.46) 

^ = 
0.3401 

cr{T' T,') 1+0.3401(^ + ^ - 2 ) 
: 0.0830, 
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and 

= 0.0830 X 5.670 x 10-''(2000^ - 400'*) W/cm^ = 7.52 W/cm^ 

13.4 RADIATIVE EQUILffiRIUM OF A 
SCATTERING MEDIUM 

Isotropic Scattering 
For isotropic scattering the source function is found from equations (13.5) and (13.26) (assuming 
no internal heat generation takes place) as 

CO 
Sir) = (1 ~ aj)It(T) + —G{T) = h(T). (13.48) 

Thus all relations developed in the previous section are equally valid for isotropically scattering 
media with optical thickness r = Cpdz based on extinction coefficient rather than absorption 
coefficient. For a gray medium at radiative equilibrium there is no distinction between absorption 
and isotropic scattering: Any energy absorbed at r must be reemitted isotropically at the same 
location, although at different wavelengths; any isotropically scattered energy is simply redirected 
isotropically (without change of wavelength). Since a gray medium is "colorblind" it cannot 
distinguish between emission and isotropic scattering. However, for the purely scattering case, 
0) -^ 1, there is no emission and, therefore, 4 no longer enters the calculations. For this extreme 
case the T^ij) in equations (13.39) and (13.47) should be replaced by G{T)/4rP'cr. 

Anisotropic Scattering 
For linear-anisotropic scatteringthc source function is given by equation (13.15), which, for ra-
diative equilibrium in a one-dimensional plane-parallel slab, reduces to 

5(r,//) = /A(T)+^<7/i. 

Therefore, equations (13.21) and (13.22) become 

^̂ ""̂  = lh(T)=^E2(T)+^E2iT,-T)+^J'Ur')E,iT-T')dr' 
An In ' 2n 

'l 

q{T) = q = lJx Ei(T) - IJzEiin -T) + 2n 

Ur')E2(T'-T)dT' 

In nondimensional form these relations reduce to 

i: 
\rii,(.T')E2{T-T')dr' 
[Jo 

A\io 
- - £ 4 ( T ) - £ 4 ( r , - r ) 

(13.49) 

£ 4(r')£,(T' - T)dr' + ^ q [E,(n - r) - £ 3 ^ ] , (13.50) 

(13.51) 

%{r) = "^MlLA = ̂  i^E2{T) + £ %{T')Ed\r - T'\)dr' 
J\-Ji 

+ ^T,[£3(t ; , -T) -£3(T)] (13.52) 
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FIGURE 13-4 
(a) Nondimensional temperature profiles, and (b) nondimensionaJ heat flux rates; for a slab at radiative equilibrium. 

** = j f j = 2 UiT) + J ' <D*(T')£2(T - T')dr' - r'4)ft(T')£2(T'-r)dr' 

}• (13.53) 

The problem of radiative equilibrium in a one-dimensional, plane-parallel, anisotropically scatter-
ing medium has been solved by Modest and Azad [3], They considered full Mie-anisotropic scat-
tering for a number of particulate clouds, whose relevant parameters have been given in Chapter 
11, Table 11.1. Figure 13-4 shows representative results for radiative heat fluxes and temperature 
distributions in Clouds 1 and 2. Also included are results for linear-anisotropic scattering (approx-
imating the phase functions as indicated in Fig. 11-6), using the exact relations, equations (13.52) 
and (13.53), as well as the differential approximation (to be discussed in the following two chap-
ters). It was observed that approximating a complicated phase function by a linear-anisotropic 
one (after removing forward- and backward-scattering peaks) always leads to accurate results for 
heat transfer applications. 

13.5 PLANE MEDIUM WITH SPECIFIED 
TEMPERATURE FIELD 
If the medium is not at radiative equilibrium (i.e., radiative heat transfer is not so dominant that 
conduction and/or convection can be neglected), the problem of finding the temperature distribu-
tion and heat fluxes is always nonlinear. For the simplest case of a gray medium with constant 
properties, the incident radiation, as calculated from equation (13.21), is proportional to tem-
perature to the fourth power, while the conductive and/or convective terms are proportional to 
temperature itself. Therefore, the temperature field must always be determined through an it-
erative procedure. In general, this involves guessing a temperature field, which is then used to 
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determine incident radiation G [from equation (13.21)] and divergence of radiative heat flux V • q 
[from equation (13.23)]. This radiative source term is ttien substituted into the equation for overall 
conservation of energy, equation (9.66), from which an improved temperature field is determined. 
This process is then repeated until the temperature field has converged to within specified criteria. 
The treatment of combined radiation together with conduction and/or convection is discussed in 
more detail in Chapter 21. There are also some important industrial applications where outright 
knowledge of the temperature field may be assumed, for example, swirHng combustion chambers 
that are essentially isothermal as a result of very strong convection. 

We start with equations (13.21) and (13.22), which are fairly general expressions for inci-
dent radiation G and radiative heat flux q [the only restrictions are of being limited to (/) one-
dimensional plane-parallel media, and (//) gray media or spectral calculations]. Limiting our-
selves to diff'use surfaces (4 = Jw/^t) and isotropic scattering (i.e., a direction-independent source 
fimction 5), we may rewrite these two equations using the definition of the exponential integrals, 
as 

G(T) = 2JiE2(r) + 2J2E2(T, - T) + 2;r f S(r')Ei{r - r')dr' + 2;r f ' S{r')E^{r' - T)dT\ 

(13.54) 

q{r) = 2J ,£3(T) ~ liE^ir, ~ r) + In T S{r')E2{r ~ T')dr' - In H S(T')E2{T' - r)dT\ 

(13.55) 

Again limiting ourselves to isotropic scattering, we find the radiative source from equation (13.15) 
as 

S(T) = (1 - oj)k(T) + ^G{r), (13.56) 

Since radiative equilibrium may not he assumed if the temperature field is given, the radiative 
heat flux is not constant across the plane layer. In fact, if the temperature field is given, usually 
the divergence of the radiative heat flux is desired, equation (13.24), 

^={\-cS){Anh'-G). (13.57) 

In the absence of scattering we have S(j) = 4 (T) , and the integrals in equations (13.54) and 
(13.55) are readily evaluated; heat flux q, incident radiation G and, therefore, divergence of ra-
diative heat flux dqjdr may be determined explicitly. On the other hand, if the mediimi scatters 
isotropically, equation (13.54) becomes an integral equation for the unknown G(T). Defining a 
general nondimensional function similar to equation (13.39), 

0 ( T ) = ? l f ^ , (13.58) 
J\ ~ J2 

equation (13.54) may be simplified to 

^2(T)+ Pa>(T)£,( |r ' -T|)rfr ' 
Jo 

(13.59) 

Equation (13.59) reduces to equation (13.41) for the case ofco -^ 1 (pxjrely scattering medium). 
For such a medium thermal radiation is decoupled from the temperature field (since there is no 
emission), and radiative equilibrium prevails regardless of the temperature distribution. This 
behavior is also seen from equation (13.24), which states that dqldr = 0 if a> = 1, regardless of 
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Similarly, equation (13.55) may be nondimensionalized as 

qij) 
4^(T) = 

Jx-Ji 
E^(r) + r O ( T 0 ^ 2 ( T - r')dr' - f ' a)(T')^2(r' - r)dr' (13.60) 

Example 13.2. A gray, nonscattering medium with refractive index « = 1 is contained between two 
parallel, gray plates. The medium is isothermal at temperature T„„ with constant absorption coefficient 
K. The two plates are both isothermal at temperature i^, have the same gray-difFuse emittance 6, and are 
spaced a distance L apart. Determine the radiative heat flux between the plates as well as its divergence. 

Solution 
For a nonscattering medium {a; - Ooro) - 0), equation (13.59) becomes superfluous and the flux may 
be determined directly from equations (13.55) or (13.60). From equation (13.56) nS{T) - nlhm = crT^^ = 
const. Therefore, from equation (13.55) with r = KZ, 

q(T) = IJa^r) - IJ^Mn - r) + IcrT^, f £2(7 - T')dT' ~ IcrT^, H £2(7' - r)dr' 

= 2J„E,{r) - IJUMTL - T) + 2(TT,t \E,(T ~ Y)\ + E,(r' - T)\ 
L 10 IT 

= (y„ , -Crt )2[£3(T)-^3(T} . -T) ] , 

where we have made use of the symmetry of the problem, i.e., J\^ J2- Jw The necessary relationship 
between surface flux, temperature, and radiosity has been given by equation (13.44), or for the plane 
slab at r = 0, 

(̂̂ > = TT^^'^^- ~ -̂ "'̂  " ^̂ "' " '̂ -̂̂  f ̂  " ̂ ^̂ "̂"̂ '̂^ • 
Solving for y„„ we find 

and 

J ^ (T7;Xl /6- l ) [ l -2£3( t / J ] rTt 
l - f ( l / 6 ^ 1 ) [ l ~ 2 £ 3 ( r . ) ] ' 

q{T) 2[E^{T)~E,{n-T)] 

O-C^ - TJi) 1 + ( 1 / 6 - 1)[1 -2£3(T.)]* 
The divergence of the flux may be evaluated by first calculating the incident radiation from equa-
tion (13.54) and then using equation (13.57). While this method is preferable for numerical and/or 
multidimensional calculations, it is more convenient here simply to differentiate the above expression 
for the heat flux. Thus, 

^^r ^l . T 4 ^4^ 2[E2(T) + £2(7, - T)] -̂ (T)/cr(r„f-0== 
^^v 7 ^ - - ' l + ( l / £ - l ) [ l - 2 £ 3 ( r . ) ] 

If Tuj > Z„, then dq/dr is always negative: The flux is positive at r = 0 (going into the medium), zero at 
the midplane, and turning more and more negative as the T :=^rL plate is approached. 

13.6 RADIATIVE TRANSFER IN 
SPHERICAL MEDIA 
In a plane-parallel medium, if the temperature field (as well as any radiative property) varies only 
in the direction normal to the plates, the problem is one-dimensional. If the polar angle 6 is mea-
sured from the direction normal to the plates, the radiative intensity depends only on the spatial 
coordinate z and polar angle 6 (but not on azimuthal angle i//, because of symmetry). A similar 
situation exists in a one-dimensional spherical medium. Let the temperature field vary only in the 
radial direction r, but not with polar angle Os or azimuthal angle (//̂  (where the subscripts s have 
been added to emphasize that these angles specify position in a spherical coordinate system, and 
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FIGURE 13-5 
Coordinates for a one-dimensional spherical medium. 

are independent of angles 0 and tfr, which are employed to describe direction). If the polar direc-
tion angle 9 is measured from the radial position vector as shown in Fig. 13-5, then the radiative 
intensity depends only on polar angle 0 and—owing to symmetry—not on azimuthal angle iff. 
However, unlike in the plane layer of Fig. 13-1, in spherical symmetry the polar angle changes as 
a beam travels in the direction of s through the medium (with 6 steadily decreasing with increas-
ing pathlength s). Therefore, with intensity depending on radial location r and direction angle 6, 
the left-hand side of equation (13.1) must be expressed^ as 

s V / = dl 
ds 

mdr aide 
dr ds do ds' 

From inspection of Fig. 13-5, we find that cos^ = drfds. Also, from the law of sines, 

sin^ sin^' . ^ , . ^ 
or r sm ̂  = r sm u = const r'dOs rdOs 

along s. Diiferentiating this relation gives 

dr sinO-^r cose d9 = 0, 
de tan (9 

or — = . 
dr r 

Substituting both relations into equation (13.61) leads to 

dl dT ^, sineai ^, 
- = c o s . - ( . . ) - — - ( . . . ) , 

or, if the shorthand/i = cos 0 is preferred, 

dl dl ^ l-H^dl ^ 

ds dr dfi' 

(13.61) 

(13.62) 

(13.63) 

(13.64) 

(13.65) 

where we have used d/j. = -sin9d0. Substituting equation (13.65) into equations (13.1) and 
(13.3), we obtain, with T = JQ Pdr, 

/ / ^ ( r , / / ) + {T,ix) = S{r,n)-I{T,nX (13.66) 

where the radiative source for linear-anisotropic scattering has been given by equation (13.15). 
The problem of one-dimensional heat transfer through a spherical medium was first consid-

ered by Sparrow and coworkers [4], who investigated radiative equilibrium in a gray nonscattering 

^ While this expression is also valid for a one-dimenijional plane layer (with r replaced by z), the polar angle does not 
change along a path through the slab, or ddjds = 0. 
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medium contained between concentric black spheres. They assumed that there was uniform heat 
generation within the medium and that both surfaces had identical and constant temperatures. 
Ryhming [5] considered the same problem, but without heat generation and with the two surfaces 
at different temperatures 7] and TJ. The condition of black walls was relaxed by Viskanta and 
Crosbie [6], who considered a nonscattering, gray, heat-generating medium between two gray, 
isothermal spheres of radius R\ and R2, respectively (and at temperatures T\ and 72, and with gray 
diffuse emittances 61 and 62)- They found that the temperature field, in terms of emissive power 
Efj, may be calculated from 

E,iT) = Ji + (J2 - Ji)<^{T) + ^ a),(r). (13.67) 

Here J\ and J2 are the radiosities of the two spherical surfaces, and g ' " is the (uniform) heat 
generation within the medium. 0 ( T ) is the nondimensional emissive power for a medium without 
heat generation, determined from 

J2-J1 2T[ Jr, J 

g{r) = T2E2{T2-r)- ,f^^E2[yffri+ yf^) 

Kir J) = [ £ , ( | r - f | ) - £ , ( ^ / ^ f ^ + ^ r ^ - r f ) ] ^ 

(13.68) 

(13.69) 

(13.70) 

3)i.(T) is the nondimensional emissive power for a medium with uniform heat generation, but with 
both surfaces having the same radiosity, Ji, obtained from 

0.(T) = 
Q"'/K 4 ^ 2TJr, 

K(T,t)^,it)dt. (13.71) 

Once the functions 0 ( T ) and/or Oj(r) have been determined, the radiative heat fluxes can be 
calculated from 

Q'" '-' 

where 

T^q(T) = (7, - J2)rf «1'(T) + ^ y - r^ %(T) 

"Vir) = WhiT)+ C' H(T,t)<^it)dt 

^.(r) = [i-r H(T,t)^,it)dt 

(13.72) 

(13.73) 

(13.74) 

hiT) = - Tr2E,(T2 -T)- yl(rl-Tl)(T^-T^)E,(yff^^ + ,JT^ 

+ (r2-T)£4(T2-T) - ( ^ / ^ + > / ^ ) ^ 4 ( A / ^ + ^f^) 

+ Es{T2-T) - Es[ ^f^ + ^T2-rf) , 

H(T,t) - ' sgn(T-0£2(|r-r|) - ^ 1 ^ E2{yl^ + yf^) 

Ei(\T-t\) - E^y^ + y[fi^] t. 

(13.75) 

(13.76) 
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TABLE 13.2 

Values of nondimensional flux functions for radiative equilibrium between concentric 
spheres, from Viskanta and Crosbie [6]. 

T2 
0 
0.1 
0.5 
1.0 
2.0 
5.0 
10.0 
20.0 

J?i/iR2 = 0.1 
1.0000 
0.9970 
0.9844 
0.9680 

0.8316 
0.6839 

»F 
jRi//?2 = 0.5 

1.0000 
0.9900 
0.9488 
0.8976 
0.8006 
0.5797 
0.3834 
0.2250 

Ri/R2 = 0.9 
1.0000 
0.9946 
0.9728 
0.9459 
0.8944 
0.7625 
0.6077 
0.4312 

% 
Ri/R2 = 0.5 

0.0000 
0.0321 
0.1678 
0.3525 
0.7619 
2.1552 

where sgn(/) = t/\t\ = ±1, depending on the sign oft. Solutions to Q>, m, Oy, and ^s have been 
tabulated by Viskanta and Crosbie [6] for a number of radius ratios R\ jRi and optical thicknesses 
T2. Their results for the nondimensional flux functions ^ and ¥5 are given in Table 13.2. As for 
the plane slab, the statement of radiative equilibrium, 

1 ^ , 2 , Q 
T̂  dr K 

(13.77) 

implies that ^ and % are constants, and equations (13.73) and (13.74) may be evaluated for any 
arbitrary value of r. 

It remains to eliminate the radiosities J\ and J2 from equation (13.72) for the case of nonblack 
boundaries. Similar to the development for parallel plates, equations (13.44) through (13.46), we 
have 

T = T\ : (13.78a) 

(13.78fc) 

Performing an energy balance (i.e., stating that energy coming in at Sphere 1, plus energy gener-
ated in the volume between spheres, equals energy going out at Sphere 2), we obtain 

or 

AnR\qx + Q'''-n{Rl - R\) = AnRlq2. 

(13.79) 

Substituting equation (13.79) into (13.78) leads to 

'' \Q"'ri-T\ ^•)-(^•)te^'4 ^ 
- „ 2 nMT^-T^')-(.Jx-J2\ 

or 

(J,-j2)7? = « V ( 7 ; ^ - r , V - -m-¥-'Mh-m^^'-^^-
(13.80) 
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which may be employed to eliminate the radiosities from equation (13.72). 
More recently, a few investigators have considered somewhat more involved situations. The 

governing integral equations for an isotropically scattering spherical medium were first stated by 
Pomraning and Siewert [7]. These equations were used by Thynell and 6zi§ik [8] to investi-
gate the gray isotropically scattering solid sphere with gray, diffusely reflecting boundary. Their 
analysis applied to any given temperature fields or variable internal heat generation. Finally, the 
problem of nondifFuse reflectance at the outer face, obeying Fresnel's laws, was investigated by 
Wu and Wang [9] for an isothermal, isotropically scattering, soUd sphere. 

Example 13J. A gray, nonscattering medium with refractive index n - 1 and an absorption coefficient 
/c = 0.1 cm~̂  is contained between two concentric isothermal spheres with radii Ri = 25 cm and R2 = 
50 cm. The inner sphere is hot (7] = 2000 K) and highly reflective {e\ = 0.1); the outer sphere is a strong 
absorber (̂ 2 = 62 = 0.9), which must be kept relatively cool (^ = 400 K). Assuming that conductive and 
convective heat transfer can be neglected as compared with radiation, determine the necessary cooling 
rate. 

Solution 
We have the situation of one-dimensional radiative equilibrium between concentric spheres, and equa-
tion (13.72) applies with ̂ ' " = 0. With R1/R2 = 25/50 = 0.5 and T2 = KR2 = 0.1 x 50 = 5 we obtain, 
from Table 13.2, ^ = 0.5797. The radiosities are eliminated with equation (13.80) so that 

r'q = cr{T^~T^)7',^^ 
1̂ U2/ U /. 

r'q'V, 

r"^ qi ^ 
rfcr(7;4-r/) CT{T^^-T^) 

1 - 1 . 
^1 m-\ 4̂  

0.5797 
= 0.0930. l ^ [ ( rT- l+0-52(^~ l ) ] 0.5797 

This result should be compared with the value of 0.0830 found in Example 13.1 for the identical situation 
between parallel plates. The flux density at the inner sphere then tums out to be 

q^ = 0.0930cr(r,'̂  - r/) 
= 0.0930 X 5.670 x 10"'' (2000^ - 400̂ )̂ W/cm^ = 8.42 W/cm .̂ 

13J RADIATIVE TRANSFER IN 
CYLINDRICAL MEDIA 

We shall now briefly consider the case of a one-dimensional cylindrical medium, with temperature 
and radiative properties varying only in the radial direction r, but not with axial position z or 
azimuthal angle <Â, (where we have again added the subscript c to emphasize that this angle 
specifies/70J/Y/OA2 in the cylindrical coordinate system, and is independent of azimuthal direction 
angle (//). For this geometry it is advantageous to place the direction coordinate system such that 
polar angle 0 is measured from the positive z-axis, while the azimuthal angle ij/ is measured in 
the r-^^-plane perpendicular to it, as shown in Fig. 13-6. Measuring the azimuthal angle from the 
radial coordinate as indicated in the figure, we recognize that radiative intensity may vary with 
radial position r and both direction angles 9 and ̂ . Therefore, similar to equation (13.61), we 
have 

- V / - — - — — —— — ^ 
ds dr ds dO ds dij/ ds' 
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FIGURE 13-6 
Coordinates for a one-dimensional cylindrical medium. 

From symmetry, it follows that l{r,0,i//) = I{r,6,-{p) = l(nn - 6,il/), Inspecting Fig. 13-6, we 
find 

dr dr 
Qosip = -—r-z , or -— = sin^cos(^, (13.82) 

dssme ds ^ 
where ds sin 6 is the projection of ^5 into the r-i^^-plane. Traveling along a beam in the direction 
of s we see that, similar to the spherical case, the azimuthal angle ij/ steadily decreases (instead of 
0 in the spherical case, see Fig. 13-5). Therefore, replacing ^ by (/r in equation (13.63), we find 

tan^ 
or 

dij/ __ dip dr _ sin^sin^ 
ds dr ds r 

(13.83) 

On the other hand, traveling along §, we see that the angle with the z-axis remains unchanged, or 
dQjds = 0. Sticking these relations into equation (13.81) yields 

dl 
ds 

- sin6> 
dl, ^ ^ sin i]/ dl 

cos ilr—{r, e.ilf) ^ —( r , 6, i/f) 
or r Oil/ 

(13.84) 

The equation of transfer appropriate for the one-dimensional cylindrical medium follows then 
from equations (13.1) and (13.3) as 

sin^ 
dl, ,. , sin0^^/, 

cos ip—{T, e,ip) —(T, e, iif) 
or T at// 

s{T,e.i//)-i(T,e,ip% (13.85) 

where again r = f^ /idr. This relationship can also be found from the left-hand side of equa-
tion (13.81) by recognizing (cf. Fig. 13-6) that 

s = sin^cos^C;. + sin^sin^Ct^^ -hcosOe^, 

0̂  + ^̂ . = const along s, 

(13.86a) 

(13.86ft) 

and using, for cylindrical coordinates, 

dr ^ r d\pr 
V = —er + - ^ r - e^, + ^ e ,̂ 

dz 
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TABLE 13.3 

Nondimensional heat 
q{T,)l{n^(Tp ~ /„,). 

loss from a gray, nonscattering, isothermal cylinder, ^ = 

T« 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 

^ 
0.1770 
0.3172 
0.4299 
0.5213 
0.5960 
0.6573 
0.7080 
0.7500 
0.7850 

T* 
1.0 
1.5 
2.0 
2.5 
3.0 
3.5 
4.0 
4.5 
5.0 

"V 
0.8143 
0.9047 
0.9458 
0.9662 
0.9772 
0.9836 
0.9877 
0.9904 
0.9923 

with dij/^ = -dij/ and dljdz = 0. The general form for the radiative source fimction is given by 
equation (13.3); for linear-anisotropic scattering, equation (13.15) remains valid with ê . • s = cos ̂  
(valid for slab and sphere, cf. Figs. 13-1 and 13-5) replaced by ê  • s = smOcosij/ (valid for the 
cyHnder, cf. Fig. 13-6), or 

CO 
S(T,e,i//) = {l- oj)UT) + — [G(T) + Aiq(T) sin0cos<A]. 

47r 
(13.87) 

The problem of one-dimensional heat transfer through a cylindrical medium was first con-
sidered by Heaslet and Warming [10]. They investigated the case of an isotropically scattering 
medium contained within an isothermal black cylindrical container. Two cases were treated: (/) 
Radiative equilibrium with uniform heat generation within the medium, and (//) an isothermal 
medium. While they displayed a few graphical results, no tabulated results were given. 

The solution for a one-dimensional, gray, linear-anisotropically scattering cylinder with arbi-
trary, but specified, temperature distribution has been given by Azad and Modest [11], using a 
different approach. We list here their solution for the simple case of no scattering (a; = 0), for 
which 

q(T) = [n^(TT\T,)-J^]F(T,T,) 

- f-^ («'̂ '̂) 7 (̂̂ '' ̂ ) ̂ '̂ - £-^ (̂ '̂ '̂) ̂ (̂ ' ̂ ) ̂ '̂ (13 88) 

with 

sin^ 9 cos il/dedi/f, (13.89) 

Equation (13.88) is very similar to the equivalent expression for the one-dimensional slab, equa-
tion (13.37) (after integration by parts): Instead of the relatively simple (and widely tabulated) 
exponential integral £3(7' -- r) we have another, somewhat more complicated geometric function, 
F(T, T'). For an isothermal cylinder equation (13.88) may be evaluated in expUcit form at r = r̂ j, 
with F(T/?, Tji) expressed in terms of modified Bessel functions. Some representative results of 
equation (13.88) for r = rf( have been tabulated in Table 13.3. 

Thermal radiation between concentric cylinders was first treated by Kesten [12], who consid-
ered a nonscattering, gray gas with known temperature distribution. The case of a gray, isotrop-
ically scattering medium at radiative equilibrium between concentric cylinders has been studied 
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TABLE 13.4 

Nondimensional radiative heat transfer between concentric cylinders at radiative equilib-

rium, T = ^ ( T I ) / ( J I ~ / z ) . ). 
Optical 

Thickness 
T2 - Ti 

0.1 
0.5 
1.0 
2.0 
3.0 
4.0 
5.0 
6.0 
7.0 
8.0 
9.0 
10.0 

f 
Radius Ratio 7?i/7J2 

0.1 

0.9893 
0.9464 
0.8937 
0.7956 
0.7105 
0.6377 
0.5763 
0.5250 
0.4810 
0.4429 
0.4102 
0.3821 

0.5 
0.9677 
0.8476 
0.7225 
0.5446 
0.4313 
0.3549 
0.3010 
0.2615 
0.2308 
0.2060 
0.1864 
0.1703 

0.9 
0.9462 
0.7688 
0.6167 
0.4371 
0.3367 
0.2727 
0.2291 
0.1976 
0.1738 
0.1549 
0.1398 
0.1278 

by Pandey and Cogley [13] and Loyalka [14]. The governing equations become rather involved 
and will not be reproduced here. Because of this complexity, both solutions are not quite exact: 
Pandey and Cogley used some approximate geometric functions, while Loyalka used a simple 
variational approach to solve the governing integral equation. Comparison with the "exact" Monte 
Carlo solution^ by Perlmutter and Howell [15] shows that Loyalka's results may essentially be 
taken as exact. Some representative results for the nondimensional radiative heat flux in terms of 
surface radiosities, 

q{rx) 
^ = (13.90) 

Jx-Ji 
are given in Table 13.4. 

For nonblack walls the radiosities may be ehminated from equation (13.90) in precisely the 
same fashion as was done for concentric spheres. From equation (13.80), with ^1/^2 = ^1/^2 = 
T\IT2 andg ' " = 0, 

and 

nM^-T,') j ^ 1 - 1 . n 
61 T2 

f l - i . 
.^1 

a-)l "¥ 

\qu 

(13.91) 

Example 13.4, Repeat Example 13.3 for the case of concentric cylinders. 

Solution 
With T2 = 5 and T\ =2.5 we have TI - T\ = 2.5 and, after interpolating (somewhat nonlinearly) between 
values from Table 13.4 for TJ-TX^ 2.0 and r2 - ri = 3.0, ̂  ^ 0.48. Thus, 

qx 0.48 

cr(7;^-r/) 1 + [or -1^0-5(^-1) ]0 .48 
= 0.0898, 

^For a discussion of the Monte Carlo method, see Chapter 20. 
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and 
1̂ = 0.0898 X 5.670 x lO'̂ ^ (2000^ - 400 )̂ = 8.13 W/cm^ 

We observe that, for identical conditions, the heat loss is greatest between concentric spheres, 
followed by concentric cylinders, and finally by parallel plates. Also, from Tables 13.2 and 13.4 
we see that heat loss increases with decreasing radius ratio R\/R2- This observation may be 
explained by the fact that, per unit area, the surface of an (inner) sphere exchanges heat with 
a larger area on the (outer) sphere (A2/A1 = R^jB^) than is the case for concentric cylinders 
{AiJAx = R2/R\) or parallel plates (̂ 42/̂ 1 = 1). The same argument applies to decreasing radius 
ratios. 

13.8 NUMERICAL SOLUTION OF THE 
GOVERNING INTEGRAL EQUATIONS 

The governing integral equations may be solved with several analytical and/or numerical tech-
niques, which will not be discussed in this text in any detail. 

An example of analytical techniques is the use of Chandrasekhar's X- and Y-functions, based 
on the principle ofinvariance, which is described in some detail in Chandrasekhar's book [16]. 
For example, Heaslet and Warming [2] expressed the nondimensional temperature O^ in equa-
tion (13.41) in terms of moments of these X- and F-functions. The moments are determined by 
numerical quadrature, using tabulated values for Chandrasekhar's X- and y-fimctions. Case's 
normal-mode expansion technique [17, 18] is to linear integral equations what separation-of-
variables is to partial differential equations. The technique was originally developed for neutron 
transport theory, and has been applied to radiative heat transfer by Ferziger and Simmons [19,20] 
and Siewert and 6zi§ik [21-27]. A detailed account may be found in the book by 6zi§ik [28]. 
Siewert and coworkers [29,30] have further developed Case's normal-mode approach, by finding 
solutions in terms of power series. This approach, known as the i^v-niethod, was also originally 
applied to neutron transport, and only later to thermal radiation [31]. 

Numerical solutions to the governing integral equations may be found by a variety of meth-
ods. The simplest such method is the standard numerical quadrature as discussed in Section 5.5. 
Since integrands often contain singularities [cf. equation (13.41)], these must be removed before 
quadrature can be applied [2]. The problem of singularities may also be overcome by approxi-
mating the unknown variable in functional form, which allows the analytical evaluation of such 
integrals. For example, 6zi§ik and coworkers [32-35] solved the governing integral equation 
for several plane-parallel problems with the Galerkin method [36]. In this method, the unknown 
dependent variable [say, <D(T) in equation (13.41)] is approximated by a series of independent 
functions ifiif), that is, 

N 

^{r) = Q ip,(T) + C2 cp2(T) + . . . = 2 C'-^/W' (1^-92) 

where the Q are unknown constants. These are determined by multiplying the governing equa-
tion by each of the functions (Piir), followed by integration over the entire domain, resulting 
in N simultaneous algebraic equations for the unknown constants. Most often the independent 
functions in equation (13.92) are chosen to be powers in the independent variable, for example, 
(p.(j) = r'-^ (/ = 1,2,...), although Legendre polynomials have also been used [37], in order to 
exploit the orthogonality properties of such polynomials. The Galerkin method offers results of 
great accuracy even for series truncated after very few terms, albeit at the price of very tedious 
analytical or numerical integrations. For more general geometries the use of the VQlditQd finite 
element method becomes more practical, as applied by Reddy and Murty [38]. 
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A somewhat simpler method is the point collocation method together with approximating 
the unknown variable by piecewise-continuous spUnes. In this method the unknown dependent 
variable, say 0 ( T ) , is approximated by a spline function involving N + 1 nodal values Q>i = 
O('zj), / = 0,1,2, . . . , N, For example, if standard cubic splines are employed [39], 

(D = (D; + Bi {T-ri) + q (T~7;.)2 + A {r-ri)\ 

ri<r<rM, / = 0 , 1 , . . . , A/' - 1, (13.93) 

where the constants Bi, Q, and A depend on all values of % and are readily found through 
standard software packages resident on most computers. More sophisticated splines, such as B-
splines [40-42] or Chebyshev polynomials [43], result in more complicated expressions. Equa-
tion (13.93) is now substituted into the governing integral equation, and the piecewise integrals 
are evaluated analytically. Applying the governing equation to the A/̂  -f 1 nodal points (point 
collocation) results mN -¥1 simultaneous, linear algebraic equations for the unknown %. 
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Problems 

13.1 The gap between two parallel black plates at 7; and 7 ,̂ respectively, is filled with a particle-laden 
gas. Radiative equilibrium prevails, the particle loading is a fixed volume fraction, with particles 
manufactured from two difl'erent materials (one a specular reflector, the other a diffuse reflector, both 
having the same e). Sketch the nondimensional heat flux ^^ = ql(T{T^ - T^) vs. particle size (but 
keeping volume-fraction constant), 

13.2 Consider radiative equilibrium in a one-dimensional, gray, nonscattering, plane-parallel medium 
bounded by isothermal black plates at temperatures 7] and Ti. To make a simple closed-form solution 
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possible to determine the heat flux between the plates, it has been proposed to replace the radiative-
equilibrium slab by a constant temperature slab, with its temperature evaluated at T^^ = | ( V + T^)-
Under what optical conditions is this a good idea, if ever? 

To determine this compare the different "exact" solutions for various optical thicknesses, say, r̂  = 0, 
1,5. 

13.3 Consider a space enclosed by infinite, diffuse-gray parallel plates filled with a gray nonscattering 
medium. The surfaces are isothermal (both at 7 .̂), and there is uniform and constant heat generation 
within the medium per unit volume, Q". Conduction and convection are negligible so that V-q = g'". 
Set up the integral equations describing temperature and heat flux distribution in the enclosure, i.e., 
show that 

(TT^ - J 1 r̂ ^ 

O 4K ^ Jo Q /4K 

13.4 A semi-infinite, gray, isotropically scattering medium, originally at a temperature of OK, is subjected 
to collimated irradiation with a constant heat flux qo normal to its nonreflecting surface. Set up the 
integral relationships governing steady-state temperature and radiative heat flux within the medium, 
assuming radiative equilibrium. Hint: Collimated irradiation with heat flux qo has the radiative inten-
sity 

f, ^ \ , 0<e<6e,0<il/<2n. 

0, elsewhere. 

13.5 An infinite, black, isothermal plate bounds a semi-infinite space filled with black spheres. At any 
given distance, z, away from the plate the particle number density is identical, namely NT = 6.3662 x 
lO^m"^. However, the radius of the suspended spheres diminishes monotonically away from the 
surface as 

a = OQ e~-'^', OQ = 10""̂  m, 1 = 1 m. 

(a) Determine the absorption coefficient as a fimction of z (you may make the large-particle as-
sumption). 

(h) Determine the optical coordinate as a function of z. What is the total optical thickness of the 
semi-infinite space? 

(c) Assuming that radiative equilibrium prevails, determine the heat loss from the plate. 

13.6 The radiative heat transfer between two isothermal, black plates at temperatures 7] and 7J and sepa-
rated by a nonparticipating gas is to be minimized. Enough of a black material is available to place 
a 1 mm thick radiation shield between the plates. Alternatively, the same amount of material could 
be used in the form of small spheres of 0.1 mm radius to be suspended between the plates. Which 
possibility results in lower heat flux, assuming conduction and convection to be negligible? 

13.7 Two infinite, isothermal plates at temperatures Ti and 2̂  are separated by a cold, gray medium of 
optical thickness n - KL (no scattering). 

(a) Calculate the radiative heat flux at the bottom plate, the top plate, and the net radiative energy 

going into the gray medium, assuming that both plates are black. 

{b) Repeat (a), but assume that both plates have the same temperature T, and that both plates are 
gray with equal emittance e (diffuse emission and reflection). 

13.8 A semi-infinite, absorbing-emitting, nonscattering medium at uniform temperature is in contact with 
a gray-diffuse wall at %, and with emittance 6„,. 
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(a) The medium is gray, and has a constant absorption coefficient. Determine the net radiative heat 
flux at the wall. 

(b) Let the medium be nongray withnonconstant absorption coefficient KA, and the wall be nongray 
and nondifFuse with spectral, directional emittance e'^. How would this affect the wall heat flux? 

13.9 A i m thick, isothermal slab bounded by two cold black plates has a temperature of 3000 K, and a 
nongray absorption coefficient that can be approximated by 

^'^ { 0.20 cm-\ A> 
2/im, 
Ifitn. 

/o, 

Calculate the total heat loss by radiation from the slab (in W/cm^). 

13.10 Consider (a) two parallel plates, (b) two concentric spheres, (c) two concentric cylinders. The 
bottom/inner surface needs to dissipate a heat flux of 30 W/cm^ and has a gray-diff'use emittance 
€\ = 0.5. The top/outer surface is at To = 1000 K with ^ = 0.8. The medium in between the surfaces 
is gray and nonscattering (/c = 0.1 cm"^), has a thickness of L = 5 cm and is at radiative equilibrium. 
Determine the temperature at the bottom/inner surface necessary to dissipate the supplied heat for the 
three different cases (the radii of the inner cylinder and sphere are î i = 5 cm). Discuss the results. 

13.11 Consider a very hot sphere of a nongray gas of radius /? = 1 m in OK surroundings that have been 
evacuated. The gas has a single absorption-emission band in the infrared, with an absorption coeffi-
cient 

?;<3000cm-^ =770, 
^e<n-m)Uo^ 7;>3000cm-^ 

where KQ = 1 cm~\ oj = 200 cm~^ During cool-down the sphere is always isothermal, and remains 
of constant size (i.e., constant density p = 1000 g/m-^). The heat capacity of the gas is ĉ  = 1 kJ/kgK. 
Determine the time required to cool the gas from 7J = 6000 K to JQ = lOOOK. Sketch qualitatively 
the behavior of 4̂  = q/crT^ vs. T. 
Hint: To make an analytical solution possible, you may make the following assumptions: 

(a) Ein(jc) = /(j (1 -e~'^)d^/^ = £|(jc) + Injc + 7^ =s Injc + 7̂ - (for sufficiently large x; see also 
Appendix E). 

(b) Wien's distribution may be used. 

13.12 It is proposed to construct a high-temperature heating element by guiding hot combustion gases 
through a silicon carbide tube. The outside of the SiC tube then radiates heat toward the load. Such 
devices are known as "radiant tubes." For the design of such a radiant tube you may make the follow-
ing assumptions: 

(/) the combustion gas inside the radiant tube is essentially gray and isothermal with K = 0.2 cm~' 
and rgas = 2000 K; 

(//) the silicon carbide tube wall is essentially isothermal and of negligible thickness, with a gray-
diffuse emittance of 0.8 on both sides; 

(///) the long tube is contained in a large furnace with a background temperature of 1000 K. 

Determine the necessary tube diameter to achieve a radiant heating rate of lOOkW per m length of 
tube. 
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Because of their importance and their relative simpHcity, the cases of gray (or spectral), plane-
parallel, or other one-dimensional media bounded by isothermal, gray, diffusely emitting and 
reflecting walls have been studied extensively. Even for the simplest case the exact solution can 
only be cast implicitly in the form of an integral equation, thus prompting the development of 
numerous approximate solution techniques. These approximate methods may roughly be clas-
sified into those apphcable for limiting conditions (cold medium approximation, optically thin 
approximation, optically thick approximation) and those making approximations for the direc-
tional distribution of intensity (two-flux approximation, moment method). In the following we 
shall discuss a few of these methods as applied to the one-dimensional case of a medium con-
tained between isothermal gray surfaces. In principle, all of these methods could also be applied 
to more complicated geometries, although such an extension is not obvious for all of them (and 
may, indeed, be very tedious). We shall assume that the medium is gray and, therefore, not 
carry along any spectral subscripts on intensity and other quantities; however, all of the methods 
discussed here are equally valid on a spectral basis. 

449 
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14.1 THE OPTICALLY THIN 
APPROXIMATION 

The exact integral equations describing incident radiation G and radiative heat flux q for a gray 
(or on a spectral basis) medium confined between two isothermal, gray-difFuse, and parallel plates 
were developed with equations (13.21) and (13.22) as 

G(T) = 2J,E2{r) + 2J2E2in-r) 

+ 2;r r S{T')Ei(r - r')dT' + 2;r f ' SiT')ExiT' -~ T)dr\ (14.1) 

qir) = 2J,E^(T)-2J2E,(r,-r) 

+ 2;r r S{T')E2(r-T')dT'-2n f ' S(r')E2{r'--r)dr\ (14.2) 
Jo JT 

where J\ and J2 are the radiosities at the two surfaces and the radiative source S(T) has been 
assumed to be independent of direction [limiting us to isotropic scattering, see equation (13.5)]. 
We shall now assume that the medium is optically thin, i.e., T/. <c 1. If we want to evaluate q 
accurately up to ^(r) [i.e., neglecting terms of (9{r^) or smaller], we must evaluate the £3 in 
equation (14.2) accurate up to ^(r) ; while it is sufficient to evaluate E2 (and S) accurate up to 
(f (1) [since the integration itself is <f(T)]. Thus, with 

E2ix) = 1 + ^(jc), E^ix) = ^ - jc + <f(x^), 

we get 

q(r) ^ Ji(l - 2T) -- J2(l ~ 2T, + 2T) + 2n 

Evaluating the radiative source, equation (13.5), 

r S(T')dr'- f ' S{r')dr' (14.3) 

S{T) = {\-CO)h(T)^^G{T\ (14.4) 

impUes evaluating G(T) accurate up to (^(1), i.e., from equation (14.1), 

G(T) = 2 Ji + 2 J2 + ^ ( T ) (14.5) 

[keeping in mind that, while \\mx-^QE\{x) -» 00, Ximx-^oxE\{x) -> 0]. Either the blackbody 
intensity, 7/,(T), is "known" (by considering other modes of heat transfer), or we have S = 4 = 
GjAn = (Ji + J2)l2n (radiative equilibrium in a gray medium). Thus, the radiative heat flux for 
an optically thin slab is: 

4 ( T ) specified: 

q=^Jx[\-2{\-oj)T- U)TL] - J2[1 + 2(1 - U})T - (2 - CJ)TJ 

rh{r')dT' - r h{r')dT' (14.6) + 2;r(l -cS) 

Radiative equilibrium: 
^ = (^i-^2)(l~T,) = const. (14.7) 

If the temperature of the medium is specified, we are usually interested in the divergence of 
the radiative heat flux, or dqjdz (the radiative source within the overall energy equation). From 
equation (13.24) 

^ = ( l ~ c ^ ) ( 4 ; r 4 - G ) . (14.8) 
dr 
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In order to predict dqjdz accurate to (^(r), we must specify G accurate to (f (I) [since we are 
using T rather than z as the independent variable in equation (14.8)]. Thus, from equation (14.5) 

^=2(\-oj)(2nIh-Ji-J2y (14.9) 
ar 

Equation (14.6) may be interpreted physically: Intensity leaving the surfaces (radiosities J\ and 
J2) is attenuated by absorption and scattering, but the attenuation is linear since the strength of 
the radiosities is diminished very little (i.e., every point within the medium has essentially the 
same incident radiation and, therefore, attenuation rate). The integral terms describe emission 
within the medium, traveling up (+) and down (-). Emission is virtually unattenuated by self-
absorption since the extinction coefficient is too low. Equation (14.7) shows no dependence on 
scattering albedo OJ: In a gray medium at radiative equilibrium it is not possible to distinguish 
between absorption and isotropic scattering. If a photon is absorbed at a certain location, the same 
amount of energy must immediately be reemitted isotropically. Since the (different) wavelength of 
emission cannot be detected for a gray medium, this process is equivalent to isotropic scattering. 

14.2 THE OPTICALLY THICK 
APPROXIMATION (DIFFUSION 
APPROXIMATION) 

A particularly simple expression for the radiative heat flux can be obtained if the slab is optically 
thick, or 1} ::> 1. We note from equation (14.2) that the radiative source S is accompanied 
by an exponential integral that acts as a weight function. If the medium is optically thick, this 
exponential integral decays very rapidly over a short (geometrical) distance away from r ' = r. 
To exploit this fact we first rewrite equation (14.2) by changing the integration variable r ' to 
T" = | T - T 1 : 

q(T) = 2J,E,iT)-2J2E,(n-T) 

+ 2;r r 5(T-T")i^2(T")^T"-2;r f 5 ( T + T " ) ^ 2 ( T " ) ^ T " . (14.10) 
Jo Jo 

We shall now assume that we are a large optical distance away from either of the surfaces, i.e., 
r » 1 and TĴ  - r » 1. Under these conditions the influence of the boundaries {J] and J2) becomes 
negligible and the integration limit may be replaced by infinity [since £'2(T") ^ 0 beyond the 
actual limits]. Thus, 

q(r) :̂  27t S(T-r'')E2{r'') dr" - 2n I S(TW)E2{r'') dr\ (14.11) 
Jo Jo 

where the arguments in q and S simply denote a physical location between the two plates. Since 
E2{T") is expected to vanish a very short geometrical distance away from r" = 0 (or f = r), 
the radiative source can vary only slightly over this distance. Therefore, we may expand S into a 
Taylor series as 

5 ( T ± 0 = 5 ( r ) ± T ' M ^ ) 4 - ^ ( ^ 1 ± (f)/^(§l 
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Substituting this expression into equation (14.11) leads to 

^ = S(T) £ E2(r")dT" - ^ j\"E2iT")dT" + ^ ^ J'"ir"fE2(r")dT" -• 

Evaluating the integral we get, using the relations for exponential integrals given in Appendix E, 

I xE2{x)dx = -:Jci?3W[̂  + I E^{x)dx = -^4W[ = y 

n 

and 

, W = - f f . (14.12, 

For a nonscattering medium, or a gray medium at radiative equilibrium, S = //,, and equa-
tion (14.12) reduces to 

.(r) = - f f . (14.13) 

For the general case of an isotropically scattering medium the radiative source must be deter-
mined from equation (14.4) by first determining the incident radiation G(r) from equation (14.1). 
Following the same procedure as for ^(r), we get 

p o o 7 0 y^OO 1 »2C poo 

+ + • 

A»CX> 

= 2S(T)J £ I (T" )^T ' + ^ 1 3 | = 2S(T), (14.14) 

or 
—- = 5 = (1 ~ ^)4 -f (jj—-
4n 4n 

and 
5(T) = £ ( T ) = 4(T). (14.15) 

Thus, for an optically thick, isotropically scattering medium equation (14.13) holds, whether the 
medium is at radiative equihbrium or not, and the heat flux, on a spectral basis, is determined 
from 

'" = -W,^' ^''-''^ 
or, after integration over wavenumbers, the total heat flux from 
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where p^ is the Rosseland-mean extinction coefficient as defined in equation (10.155). Equa-
tions (14.16) and (14.17) are commonly known as the Rosseland approximation, since they were 
originally derived by Rosseland [1], or the diffiision approximation, since equation (14.17) is of 
the same type as Fourier's law of heat diffusion and Pick's law of mass diffusion. 

The diffusion approximation is extremely convenient to use. One may even define a "radiative 
conductivity" 

\6n^(TT^ 
k. = ^^ . (14.18) 

so that 
dT 

^ = -k,—, (14.19) 

and the radiation problem reduces to a simple conduction problem with strongly temperature-
dependent conductivity. Similar to Fourier's law, equation (14.16) may be extended to three-
dimensional geometries by writing 

qr, = - ^ ^ K (14.20) 

and 

q^-^V{n^T') = ̂ k,VT, (14.21) 

However, it is important to keep in mind that the diffusion approximation is not valid near a 
boundary, where it often fails quite miserably. In practice, the method is useful only in optically 
extremely thick situations (for example, heat transfer through hot glass and other semitransparent 
materials). 

Example 14.1. Consider a gray, isothermal medium at temperature T, confined between two parallel, 
black, isothermal plates both at temperature T^,. Determine the radiative heat flux as a function of 
distance across the layer, using the diffusion approximation. 

Solution 
From equation (14.17) we find q = 0 everywhere inside the medium, while ^ -> oo at both surfaces 
(because of the temperature jump there). The diffusion approximation is clearly inadequate in the optical 
vicinity of walls, in particular if temperature discontinuities are present. 

Example 14.2. Now consider a gray medium contained between two black, isothermal cylinders. The 
inner cylinder has a radius ofRi and is at temperature T\. The outer cylinder has a radius ofR2 and is at 
temperature T2. The medium absorbs and emits but does not scatter radiation, and radiative equilibrium 
prevails. Determine temperature profile and heat flux across the medium. 

Solution 
From the condition of radiative equilibrium, 

we find rq = C\ = const, or ^ = C\/r = Q/r if the optical coordinate r = /cr is used. Thus, from 
equation (14.13) 

^ ~ T " 3 dT 
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FIGURE 14-1 
Nondimensional radiative heat flux in a medium at radiative equilibrium, confined between isothermal black cylinders. 

(assuming a refractive index of unity). We may integrate this expression to find 

rT' 
4 

(14.22) 

or, using the boundary conditions T = T\dXr - R\ and T - Ti^Xr - Ri, 

T' - rf ln(T/TO 
^4 7*4 

^1 

and 

"¥. 

ln(T2/Ti)' 

4 

(r(Tt-T^) 3Tln(r2/T,)* 
(14.23) 

As seen by comparison with the exact and other approximate solutions in Fig. 14-1, equation (14.23) 
does reasonably well for optically thick situations, but fails for the optically thin limit as /c --> 0, where 
4̂  -> oo [as opposed to the correct limit, ^{R\) = 1]. 

Deissler's Jump Boundary Conditions 
When we derived equation (14.13) we assumed that the medium was optically thick (r̂  » 1) 
and that we were far removed from a botmdary (r » 0, TL- r :^ 0). But in the examples we 
assumed that equation (14.13) holds also at the walls and found the temperature profile by using 
the boundary temperatures (Example 14.2). The examples showed that this assumption is not very 
good. Deissler [2] argued that, while flux must be conserved [and, therefore, equation (14.13) 
must hold at the surface if it holds inside the medium adjacent to it], no radiative principle states 
that the temperature of surface and adjacent medium must be continuous (as already known from 
the exact solution).^ To develop a boundary condition, he used the same principles that were 
applied to equation (14.10) and the development following it, and applied them to a point at the 

^Of course, in the presence of conduction and/or convection, temperature continuity is forced by those other heat 
transfer modes. 
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boundary. For r = 0 equation (14.10) becomes (with r̂  » 1) 

^(0) = Ji-2n \ 5 ( T " ) ^ 2 ( T " ) ^ T " 
Jo 

S(0)j £2(/')<<T" + ^ ( 0 ) J T" Ei{j")dT" 

Using equation (14.15) this expression becomes 

,(0) = J, - .4(0) - f ^ ( 0 ) - ^ § ( 0 ) . ^ ( 1 ) . (14.24) 

Deissler truncated the series after the second derivative since doing so gives the same level of 
approximation as equation (14.13). Substituting equation (14.13) into equation (14.24) leads to 

i,=.4(O)-|f(O) + f0(O). (14.25) 

For radiative equihbrium of a one-dimensional slab this further simplifies to 

J, - ;r4(0) = - f ^ ( 0 ) = ^^(0) = \q, (14.26) 

since q = const and, therefore, (P-lbldr^ = 0. 
The jump boundary condition may be generalized to multidimensional geometries [2]: 

,.,,, , ,«,,) _ | | , , , , . ^(20 . 0 . ̂ )(U, ,,4.7, 

where r^ is, as before, an optical coordinate measured in the direction of the outward surface 
normal, and r̂  and Tjy are optical coordinates tangential to the surface. 

Example 14.3. Repeat Example 14.2 using Deissler's jump boundary conditions. 

Solution 
For a cylindrical coordinate system, equation (14.27) becomes^ 

[r dr ^ dr^ ) 
. . 2 dp or \dP SP\ 
^ 3 dr 4\T dr dr^ 

[the change of sign in the second boundary condition is due to the fact that in equation (14.25) r is 
measured away from the surface, while at T2 it is measured toward the surface], UtiUzing the general 
diffusion solution for a one-dimensional cylinder at radiative equilibrium, equation (14.22), we find 

4 ZTi \6rf 

4 2T2 16r^ 

^The development of these boundary conditions is left as an exercise; see Problem 14.1. 
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From these two equations we obtain 

cr(T*-T^) 

'"?4(ri)" (̂i-i) 
and, with qi = Cj /ri, 

o-(rf-r*) /l 4 T, 2 \ Tj/ 16r, \ T | / 

A plot of this nondimensional flux is also included in Fig. 14-1. 

14.3 THE SCHUSTER-SCHWARZSCHILD 
APPROXIMATION 

A very simple solution method for a one-dimensional, plane-parallel slab was given independently 
by Schuster [3] and Schwarzschild [4]. While they limited their derivation to nonscattering media, 
the method is readily extended to include isotropic scattering, which we will consider here. The 
equation of transfer for a one-dimensional, plane-parallel, isotropically scattering, gray (or on a 
spectral basis) medium is, setting O = 1 in equation (13.19), 

lx^ = il-oj)Ib-I+^ f Idfi, -l<n<+\. (14.28) 
dr ^ 2 -1 

Schuster and Schwarzschild assumed the radiative intensity to be isotropic, but different, over the 
upper and lower hemisphere, that is, 

(I-(T), - l < / y < 0 , 
I(.r,n) = I (14.29) 

\r(Tl 0 < / y < + l . 

Substituting this expression into equation (14.28) leads to 

fi^ = {i- oj)h -1 + ^ ( r + r ) . (14.30) 

Because of the approximation made for /, equation (14.30) can, of course, only be solved in an 
approximate way. Since intensity has been reduced to two unknown functions of space only, 
equation (14.30) must be reduced to two space-dependent equations. Integrating equation (14.30) 
over the upper and lower hemispheres, respectively, achieves this goal and results in 

\^^{\- io)h - r + |(/- + n (14.31a) 

JJL = (1 ^ ^)4 ^ y- + ^(7- + r) , (14.316) 
2 dr 2 

subject to the boundary conditions 

T = 0 : t =Jxln, (14.32a) 

T = 7} : r = J2ln, (14.32Z?) 
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FIGURE 14-2 
Radiative heat flux through a gray, isothermal, isotropically scattering medium bounded by black plates. 

10 

where Ji and J2 are the radiosities of the bounding plates. From the definitions for incident 
radiation and radiative heat flux we find 

and 

G =2n f Idfi = 2 ; r ( r + r ) , 

g =2n f Ifidfi =n{t -F), 

(14.33) 

(14.34) 

F and / are easily eliminated from equations (14.31) and their boundary conditions (by adding 
and subtracting the equations), leading to 

T = 0 : G + 2(7 = 4J,, 

T = 7}̂  : G-2q = AJ2, 

(14.35) 

(14.36) 

(14.37a) 

(14.37Z>) 

Example 14.4. Find an expression for the heat flux within a gray, nonscattering isothermal medium 
(temperature T) confined between two isothermal, parallel, black plates at (the same) temperature T^^ 
Use the Schuster-Schwarzschild approximation. 

Solution 
Differentiating equation (14.35) and using equation (14.36) gives 

d^q dO , 

q = Cxe'' -¥€26 
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subject to the boundary conditions 

r = 0: 4cr7^-^+2<7 = 4crr„t» 

in which G has been eHminated using equation (14.35) and Jx - Jj - crT^,, Substituting the expression 
for heat flux into the boundary condition gives 

(2 - 2)C, + (2 + 2)C2 = 4or{T^^ - J^), 

-(2 + 2)C,r^^-(2-2)C2^-'^^ = 4cr{TyT'l 

and 

\ir - ? - ^-2(rL-r) _ -2T 

This nondimensional flux, evaluated at a wall, is plotted in Fig. 14-2, along with the exact solution and 
another approximate method. 

The Schuster-Schwarzschild approximation always goes to the correct optically thin limit 
(TL -^ 0), since in that case the treatment is exact. Since it breaks up the intensity functions 
into two constant components for two directions, the method is also commonly referred to as the 
two-flux approximation. Obviously, the method is easily generalized to higher order (breaking 
up the 4n directions in more than two components and directions, or discrete ordinates), as well 
as to multidimensional geometries. For example, six-flux methods have been used by Chin and 
Churchill [5] and by Shih and Chen [6]; a review of the six-flux method has been given by 
Chan [7]. The general discrete ordinates method will be discussed in detail in Chapter 16. 

14.4 THE MILNE-EDDINGTON 
APPROXIMATION (MOMENT METHOD) 

Another simple method for the case of a one-dimensional, plane-parallel medium has been devel-
oped independently by Milne [8] and Eddington [9]. The method is also commonly referred to 
as the differential approximation, especially when generalized to more complicated geometries. 
Starting from equation (14.28) they took the zeroth and first moments of the equation, i.e., they 
integrated equation (14.28) over all directions after multiplication with/z^ = 1 (zeroth moment) 
and//* = p (first moment). Defining intensity moments as 

Ik = 2n f Ii/dix, )t = 0 , 1 , . . . (14.38) 

leads to 

dh_ 
dr 
dh 
dr 

= (1 - u))4nh - /o + ^/o = (1 - ^)(4;r4 - h\ (14.39) 

-lu (14.40) 

or two equations in three unknowns, /o,/i and h- To make the system determinate, a closing 
condition must be found, i.e., a relationship between /Q, I\ and h. Milne and Eddington, hke 
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Schuster and Schwarzschild, assumed the intensity to be isotropic over both the upper and lower 
hemisphere. Thus, 

h = 2Jrjydfi + i* J^ /rf^j =_?£_[(_i/r + r], (i4.4i) 
or 

k = i/o. (14.42) 

With G = /o and 9 = I] equation (14.42) transforms (14.39) and (14.40) to 

^ = (l-cj)(4nh-G), (14.43) 

^ = -3q. (14.44) 

The boundary conditions are identical to those of the Schuster-Schwarzschild approximation, 
equation (14.32), again leading to 

T = 0 : G + 2q = 4Ju (14.45a) 

r = T,: G'-2q = 4J2. (UASb) 

In the case of radiative equilibrium we have dq/dr = 0 and, therefore, G = Ank. For this case 
equation (14.44) reduces to 

^ = - T ^ ' (14.46) 

which is the same as for the diffusion approximation (although the boundary conditions are differ-
ent and, for large TI, are carried to one additional order of accuracy in the diffusion approximation). 

Example 14.5. Consider a gray medium with refractive index « = 1, confined between two isothermal, 
black, parallel plates at temperatures T\ and Ti^ respectively. As in Example 14.2 the medium is at 
radiative equilibrium and absorbs and emits, but does not scatter radiation. Determine the heat flux 
between the plates using the differential approximation. 

Solution 
For a gray, nonscattering medium at radiative equilibrium equations (14.43) and (14.44) reduce to 

•4- = AcrT'' - C7 = 0, or q- const, 

^ ^ -3^ , or G = 4crjr̂  = C - Iqr, 
ar 

Applying the boundary conditioas we get 

T = 0: C +2q = 4crTf, 

r = n: C- 3qn -Iq^^ AcrT^, 

or 

and 
C = Aa-Tt - 2q, 

Tf-T"^ 2 + 3r 
T^ -T^ 4 + 3r, * 
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It is easy to show that this result is identical to the one obtained from the diffusion approximation with 
Deissler's jump boundary conditions (for example, by letting T2 = TI+ TL and TI -> oo in Example 14.3). 

Example 14.6. Repeat Example 14.2 using the differential approximation. 

Solution 
For the one-dimensional case of a medium at radiative equilibrium between concentric cylinders the 
divergence of the radiative heat flux is, in cylindrical coordinates, 

-x(^^) = 4c7r^~G = o, 
T dr 

or 

T 

Substituting this expression into equation (14.46) gives 

cr7^ = -~|CilnT4-C2, 

which is, of course, the same as for the diffusion approximation (since we have radiative equilibrium). 
Applying the boundary conditions (with G = AorT"^) gives 

3 C 
r = Ti : - - C , Inr, + C2 + T-^ = crT^^, 

T = T2 : -7C1 In 72 -^Ci--^ = crT2. 
4 2T2 

C, = 
cr(Tt - r^) 

2 \ T I T2/ 4 T, 

and 

V F = ^^ 

(T{Tt - 7?) %[-m^'^'T, 
Results from the differential approximation are also included in Fig. 14-1. Note that the diffusion approx-
imation with jump conditions outperforms the differential approximation over a large range of optical 
depths (since it has a higher order boundary condition), but fails much more severely in optically thin 
cases. 

Like the Schuster-Schwarzschild approximation, the Milne-Eddington approximation may 
be generalized to higher order as well as to more general geometries. It is then known as the 
moment method, in which the radiative intensity is approximated by 

/(r, s) = /o(r) + I\:,{Y)S^ + hy{Y)Sy + IU{Y)S.^ + hxx{r)sl + hxy{r)SxSy + • • • 

= /o(r) + Ii(r) • § + l2(r) :§§ + • • • . (14.47) 

Here the 5v = s-i = s in^cos^ , Sy = s-j = sin ^ s in^ , and ^̂  = §-k = cos ^ are the direction cosines 
of the unit direction vector s. /Q is a scalar to be determined (related to G), l[ is a vector (related 
to q), I2 is a second-rank tensor (which may be related to radiation pressure), and so on. The 
unknowns are determined by taking moments of the equation of transfer, i.e., by integrating it over 
all directions after multiplication by 1, Sx, Sy, s^, s^, s^Sy,.... The method has been shown by Krook 
[10] to be completely equivalent to the method of spherical harmonics (using spherical harmonics, 
which are functions of direction cosines, and exploiting their orthogonality properties). That 
method will be discussed in detail in Chapter 15. 
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14.5 THE EXPONENTIAL KERNEL 
APPROXIMATION 
Another popular way to solve equations (14.1) and (14.2) in an approximate way is known as 
the exponential kernel approximation. In this method the kernels of the integrals [E\ in equa-
tion (14.1), and Ei in equation (14.2)], are approximated by functions of exponentials (e^, cosh jc, 
sinhx, cos jc, sin jc). Since these functions have repetitive derivatives (except for constant factors), 
this fact enables us to eliminate the integrals from equations (14.1) and (14.2) and transform them 
into differential equations. We shall demonstrate the method here by solving equation (14.2) with 
a very simple approximate kernel of the form 

Eiix) ^ ae -bx (14.48) 

More elaborate approximations could consist of a sum of exponentials, for example (as long as 
derivatives with respect to x are repetitive). To determine the "best" values for a and b, one could 
choose either to satisfy equation (14.48) at two selected points, or to satisfy equation (14.48) in 
an integral sense. How exactly the values of a and b are determined is somewhat arbitrary and 
should be decided by studying the problem at hand (is the medium optically thin, thick, covering 
all ranges?). The most common method of finding a and b is to take the zeroth and first moments 
of equation (14.48): 

J^E2(x)dx = -E,(x)\^ = ^=aJ^ 

I xE2(x)dx= T =a I 
Jo ^ Jo 

-hx ax = --e 
b 

hx\ a 
b' 

xe 
'hx dx^-,. 

or 
_ 3 Elix) : -3JC/2 

While E\ {x) and Ei{x) could be found in a similar fashion, it is usually preferred (for consistency, 
and numerical simplicity) to use the recursion formulae for exponential integrals, as given in 
Appendix E. Thus, 

Ei{x) = 
dE2 
dx 

^ 1 p~^xll 

E3(X) = / ; E2{x)dx=^\e-^'''^. 

A plot of these approximations is given in Fig. 14-3. With them equation (14.2) may be rewritten 
as 

Differentiating this equation twice with respect to T results in 

(14.49) 

dT'^ 4 4 dr 
lln \ r Sir') e-3(--')/2 dr' - r S(r')e'^^^-^/^ ^^, 

or, using equation (14.49) to eliminate the integrals, 

d^g 9 dS d 

dr^ 4 dr dr 
(1_^)4 + ̂ G ] . 

(14.50) 

(14.51) 
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FIGURE 14-3 
Approximations for exponential integrals. 

The source function is either known or must be determined by performing a similar procedure on 
equation (14.1). Equation (14.51) is a second-order differential equation and, thus, requires two 
boundary conditions (while an integral equation does not require any boundary conditions). The 
problem is overcome by substituting the solution to equation (14.51) back into equation (14.49). 
Since two boundary conditions are required it is sufficient to do this at two selected locations, say 
T = 0 and T = T,^, 

Example 14.7. Redo Example 14.5 using the exponential kernel approximation. 

Solution 
For a; = 0 we have 5 = 4 = CTT^/TI, and for radiative equilibrium dq/dr = 0 (and, therefore, d^q/dr^ = 
0). Thus, from equation (14.51), we get 

40-dp 
q - —-—— = const, 
^ Z dr 

which is the same as for the diffusion approximation as well as for the differential approximation. Inte-
gration gives 

crr^ = C - \qr. 

Substituting this expression into equation (14.49) leads to 

q = crTte-'^l^-aTU-''''-'^''^ + M f [c-^-qAe-'^'-^'^iUr' - ^ ic-^-qAe-''^'-'^'^ dr' 

= [aTt - C - 1).-̂ /̂̂  -[aTt-C^U J^r,].-^^--)/^ f q. 

Since this equation must hold for all values of r, both expressions within the parentheses must vanish, 

0-7 C+-

^n = -̂f-̂ ^̂ ^ 
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or ^ = 
o-iTf-T^) l + k 

This result is identical to the ones from the diffusion approximation with jump condition, and from the 
differential approximation, Example 14.5. 
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Problems 

14.1 Derive the jump boundary condition for the diffusion approximation, equation (14.27), for the case 
of concentric cylinders. Assume the heat transfer to be one-dimensional (only radial, no azimuthal or 
axial dependence). 
Hint: Introduce a local Cartesian coordinate system at a point at the boundary, express any other 
r-location within the medium in terms oix,y,z, and transform the derivatives in equation (14.27) to 
r-derivatives; finally let x, y,z go to zero (since the derivatives at the boundary are needed). 

14.2 The gap between two parallel black plates at T] and Tj, respectively, is filled with a particle-laden 
gas. Radiative equilibrium prevails, the particle loading is a fixed volume fraction, with particles 
manufactured from two different materials (one a specular reflector, the other a diffuse reflector, both 
having the same e). Sketch nondimensional heat flux ^ = q/cr(Tf - T^) vs, particle size (but keeping 
volume-fraction constant). 

14.3 Consider radiative equilibrium of a gray, absorbing, emitting, and isotropically scattering medium 
contained between two isothermal, gray-diffuse, parallel plates spaced a distance L apart. Determine 
the nondimensional temperature variation within the medium, O = {(TT"^ - J2)I(J\ - Ji) for the 
optically thin case {TL «: 1). 

14.4 Consider a gray, absorbing-emitting, linear-anisotropically scattering medium at radiative equilib-
rium. The medium is confined between two parallel, isothermal, black plates (at temperatures Tx and 
Tl). Determine an expression for the radiative heat flux between the two plates using the diffusion 
approximation with jump boundary conditions. 

14.5 Do Problem 14.4 using the Schuster-Schwarzschild (2-flux) approximation. 

14.6 Do Problem 14.4 using the Milne-Eddington (differential) approximation. 

14.7 Do Problem 14.4 using the exponential kernel approximation method. 

14.8 Do Problem 13.5 using the Milne-Eddington (differential) approximation. 
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14.9 Do Problem 13.9 using the Milne-Eddington (differential) approximation. 

14.10 Consider a space enclosed by infinite, diffuse-gray, parallel plates 1 m apart filled with a gray, non-
scattering medium (/c = 5 m"'). The surfaces are isothermal (both at 7],; = 500 K with emittance 
€u; = 0.6), and there is uniform and constant heat generation within the medium per unit volume, 
Q'" = 10^ W/m^. Conduction and convection are negligible such that V • q = g '" . Determine the 
radiative heat flux to the walls as well as the maximum temperature within the medium, using the 
diffusion approximation with jump boundary conditions. 

14.11 Do Problem 14.10 using the Schuster-Schwarzschild approximation. 

14.12 Do Problem 14.10 using the Milne-Eddington approximation. 

14.13 Do Problem 14.10 using the exponential kernel approximation. 
Note: The necessary exact integral relations have been given in Problem 13.3. 

14.14 Consider {a) two parallel plates, {b) two concentric spheres. The bottom/inner surface needs to dis-
sipate a heat flux of 30 W/cm^ and has a gray-diffuse emittance €\ = 0.5. The top/outer surface 
is at Ti = 1000 K with €2 - 0.8. The medium in between the surfaces is gray and nonscattering 
{K = 0.1 cm"'), has a thickness o f ! = 5 cm and is at radiative equilibrium. Determine the temper-
ature at the bottom/inner surface necessary to dissipate the supplied heat for the two different cases 
(the radius of the inner sphere is i?i = 5 cm) using the Milne-Eddington approximation. Compare 
with the results of Problem 13.10. 

14.15 A material produces an amount of heat that is constant per unit volume, i.e., Q'" = const. This 
heat production needs to be removed by thermal radiation. It is proposed to grind up the (fixed 
volume of) material into small particles, which are to be suspended evenly between two cold plates of 
(identical) emittance e. Since it is important to keep the overall temperature level in the particles as 
low as possible, should the particles be ground as fine as possible, as large as possible, or does some 
optimum radius exist? What is the optimum particle size, and what is the maximum temperature if this 
size is employed? You may assume one-dimensional parallel plates with a constant volume fraction 
of particles, black particles with relatively large size parameters, and you may use the Schuster-
Schwarzschild approximation. 

14.16 Do Problem 14.15 using the Milne-Eddington (differential) approximation. 

14.17 Do Problem 14.15 using the exponential kernel approximation. 

14.18 Consider parallel, black plates, spaced 1 m apart, at constant temperatures T\ and Ti. Due to pressure 
variations, the (gray) absorption coefficient is equal to 

/c = /Co + /fiz; Ko = 0.01 cm'^; KX = 0.0002 cm"^ 

where z is measured from Plate 1. The medium does not scatter radiation. Determine, for radiative 
equilibrium, the nondimensional heat flux ^ = q/cyiTf ~ T}) by (a) the exact method, (h) the regular 
diffusion approximation, (c) the diffusion approximation with jump boundary conditions, (d) the two-
flux method, (e) the differential approximation, and (/) the kernel approximation. 

14.19 An infinite, black, isothermal plate at 1000 K bounds a semi-infinite space filled with black spheres 
of uniform radius a = lOO ûm. The particle number density is maximum adjacent to the surface, and 
decays exponentially away from the surface according to 

NT = No e-^'\ No = 10̂  m-\ C = nm-K 

(a) Determine the absorption and extinction coeflicients as functions of z. 
(b) Determine the optical coordinate as a function of z. What is the total optical thickness of the 

semi-infinite space? 
(c) Assuming that radiative equilibrium prevails and using the Milne-Eddington approximation, 

set up the boundary conditions and solve for heat flux and temperature distribution (as a func-
tion of z). 



CHAPTER 

15 
THE METHOD OF 
SPHERICAL 
HARMONICS 
(Piv-APPROXIMATION) 

15.1 INTRODUCTION 

For a gray medium (or on a spectral basis) with known temperature distribution (or for the case of 
radiative equiUbrium), the general problem of radiative transfer entails determining the radiative 
intensity from an integro-differential equation in five independent variables—^three space coor-
dinates and two direction coordinates—a prohibitive task. The method of spherical harmonics 
provides a vehicle to obtain an approximate solution of arbitrarily high order (i.e., accuracy), by 
transforming the equation of transfer into a set of simultaneous partial differential equations. The 
approach was first proposed by Jeans [1] in his work on radiative transfer in stars. Further de-
scription of the method may be found in the books by Kourganoff [2], Davison [3] and Murray [4] 
(the latter two dealing with the closely related neutron transport theory). The spherical harmonics 
method is identical to the moment method described in Chapter 14, except that moments are taken 
in such a way as to take advantage of the orthogonality of spherical harmonics. 

In this chapter we shall first develop the set of partial differential equations for the general 
P/v-method for one-dimensional plane-parallel media and their boundary conditions.^ Next we 
deal in more detail with the most popular Pi-approximation for arbitrary geometries. Then a brief 
presentation of the P3 and higher-order approximation is given. 

The great advantage of the method of spherical harmonics is the conversion of the govern-
ing equation to relatively simple partial differential equations. The drawback of the method is 

'The reader only interested in the /\-approximation may skip directly to Section 15.4 after reading the first three 
paragraphs of Section 15.2. 

465 
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that low-order approximations are usually only accurate in media with near-isotropic radiative in-
tensity, and accuracy improves only slowly for higher-order approximations while mathematical 
complexity increases extremely rapidly. (It is a common misconception that the lowest-order fl-
approximation fails in optically thin media: as seen from Fig. 14-2 or Example 15.2 below, when 
emission from a hot medium is considered, the Pi-approximation goes to the correct optically 
thin limit but may fail in the optically thick limit. Rather, the fl-approximation loses accuracy, 
e.g., when an optically thin medium acts as a radiation barrier between hot and cold surfaces, in 
the presence of collimated irradiation,^ etc.) Therefore, this chapter includes a discussion of a 
number of variations on the Pi-approximation that attempt to overcome its inaccuracy in strongly 
anisotropic situations, most notably the modified differential approximation (MDA) and the im-
proved differential approximation (IDA), Both methods separate radiation emanating from walls 
from the radiation emanating from within the medium, either before (MDA) or after (IDA) apply-
ing the P\ -approximation. While these methods deliver excellent accuracy, they are no longer the 
solution to a simple partial differential equation, but also require the evaluation of some integral 
correction factors. 

15.2 DEVELOPMENT OF THE GENERAL 
/?v-APPROXIMATION 

We may think of the radiative intensity field /(r, s)^ at location r within the medium as the value 
of a scalar function on the surface of a sphere of unit radius, surrounding the point r. Any such 
function may be expressed in terms of a two-dimensional generalized Fourier series as 

00 / 

/(r,§) = j;2^"W^"(^>' (15.1) 
/=() m=-/ 

where the I^\Y) are position-dependent coefficients and the y]f"(s) are spherical harmonics, given 
by 

r(§) = (-l)' ,(m+|m|)/2 (/~H)!^'/' 
(/ + N)! 

^//n^pH(^OS^)^ (15.2) 

that satisfy Laplace's equation in spherical coordinates. Here 9 and ^ are the polar and azimuthal 
angles describing the direction unit vector s, respectively, and the /J '̂ are associated Legendre 
polynomials. 

We may substitute equation (15.1) into the general equation of radiative transfer, equation (9.22), 

§ . V,/ + / = (1 - cj)Ib + ^ r /(§')<!)(§ • s')dQ\ (15.3) 

where space coordinates have been nondimensionalized using the extinction coefficient, i.e., 
dr = pds (as indicated by the subscript r in V )̂. Equation (15.3) requires the outgoing inten-
sity to be specified everywhere along the surface of the enclosure. Equation (15.3) is multiplied 
by Y^^ after also expanding the scattering phase function into a series of Legendre polynomials, 
equation (11.98), followed by integration over all directions. Exploiting the orthogonality prop-
erties of spherical harmonics [5] leads to infinitely many coupled partial differential equations 

See Chapter 18. 
*̂  All relations in this chapter are valid on a spectral basis and, for a gray medium, also for total quantities. For notational 

simplicity we omit any subscript used to emphasize the spectral nature of quantities. 
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T = T, 

FIGURE 15-1 
Coordinates for the one-dimensional plane-
parallel medium. 

in the unknown position-dependent functions I^(r)^ Up to this point the above representation 
is an exact method for the determination of the intensity field. To simpUfy the problem an ap-
proximation is now made by truncating the series in equation (15.1) after very few terms. By 
doing so, we have replaced the single unknown / (which is a fimction of space and direction) by 
1 + 3 4- • • • + (2N + 1) = (Â  + 1)̂  unknown I^ that are functions of space only. Therefore, we need 
to replace equation (15.3) (a function of space and direction) by (N + 1)̂  equations (which are 
functions of space only). This is achieved by multiplying equation (15.3) by YJ^ and integrating 
over all directions. 

The highest value for / retained, N, gives the method its order and its name. Most often em-
ployed is the Pi^ or differential approximation (/ = 0,1), while the /^-approximation (/ = 0,1,2,3) 
has been used a few times. It is known from neutron transport theory that approximations of odd 
order are more accurate than even ones of next highest order, so that the Pi approximation is never 
used. In most early developments and applications the /^-method was derived only for the one-
dimensional plane-parallel case, for example, as in Jeans [1], Kourganoff [2], and Krook [6]. A 
detailed derivation of the general three-dimensional case in Cartesian coordinates has been given 
by Cheng [7,8]. The extension to general coordinate systems has been given by Ou and Liou [9]. 
Another general three-dimensional derivation has been given by Condiff [10], who expanded the 
intensity in terms of polyadic Legendre polynomials given by Brenner [11], that is, Legendre 
functions Pn{$) whose arguments are tensors of order n (rather than scalars). 

We shall now develop the general /^-method in some detail for the one-dimensional plane-
parallel medium, in order to (/) shed further light on the general method, and (//) facilitate the 
difficult problem of developing a consistent set of boundary conditions. For such a simple case 
the intensity does not depend on azimuthal angle i// (assuming the polar angle 6 is measured 
from an axis perpendicular to the plates, as shown in Fig. 15-1), i.e., ij" = 0 for m ^ 0. Thus, 
equation (15.1) may be simplified to 

/(T,/i)-£/KT)/?(//), (15.4) 
/=o 

where we set fi = cosO and omitted the superscript "0" from // since it is no longer necessary. 
The scattering phase function for such a medium, expanded into Legendre polynomials, is [see 
equation (13.12)] 

M 

O0i,/l') = 2^m/^m(/i')/^m(/i), (15.5) 
m-0 

'̂ Obviously, a thorough understanding of the method requires the reader to be familiar with the method of separation-
of-variables and generalized Fourier series, as applied to the solution of linear partial differential equations. 
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where M is the order of approximation for the phase function; and we find 

0(/i,/i')/(r,//')^/i' = J ^ ^ / W E ^ - ^ " ^ ) fi(ju')P„^(M')dfi\ (15.6) 
^ /=() m=0 ^-^ 

We may now utilize the orthogonality of Legendre polynomials (see, for example, Abramowitz 
and Stegun [12]), to write 

Employing this orthogonally relation in equation (15.6) leads to 

where it is implied that ̂ / = 0 for / > M. (On the other hand, if M > Â , the Aj for / = N-\-1,..., M 
disappear and this information about the phase function is lost in the A -̂th order approximation.) 
We may now recast the equation of transfer for the one-dimensional plane-parallel medium as 

IT ^ 1 

H- + /(T) = (1 - CJMT) + I J <i>(tx,fx')IiT,fi')dti', (15.9) 

or 

Mir), 
1=0 

To exploit the orthogonality of the Legendre polynomials, we shall use the recursion relation [12] 

(2/+ l)fxf)(M) = //)-i(/i) + (l+m^i(M)- (15.11) 

Thus, we may recast equation (15.10) as 

2 { J T T f'̂ -'̂ ^ ̂ ^'^ m.iip)]+//(T)/?(//)} = (1 - w)/6(T)+2 ^^TY^^^' ^̂ -̂̂ ^̂  

where the prime denotes differentiation with respect to r. Since we have introduced (N •¥ \) new 
variables, /o, / i , . . . ,/v, we need to convert equation (15.12) into (Â  + 1) equations independent of 
direction. Thus, multiplying by Il(fi) (A: = 0 , 1 , . . . , AO and integrating over all JJ, leads to 

^ 4 ; . ( T ) - ^ / U r ) - (l ^ 2 ^ ) 4 ( r ) = (1 -> c.)4(r)%, 

A: = 0,l,...,A^, (15.13) 

where equation (15.7) has been utilized. Equation (15.13) is a set of (Â  + 1) simultaneous first-
order ordinary difl'erential equations for the unknown functions /O(T), /] ( r ) , . . . , /V(T).^ AS such it 
requires a set of (Â  + 1) boundary conditions for its solution. 

''Remember that equation (15.4) is truncated beyond / = iV, so that /,V+I(T) = 0. 
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FIGURE 15-2 
Prescribed boundary intensities for /^-method. 

15.3 BOUNDARY CONDITIONS FOR THE 
P/v-METHOD 

The equation of radiative transfer, equation (15.3), is a first-order partial differential equation in 
intensity, requiring a boundary condition of the type 

/(r=r,„ §) = 4(r^, §) for A • s > 0 (15.14) 

everywhere on the surface, that is, the intensity leaving a surface (described by the vector r,̂ ) 
must be prescribed in some fashion for all outgoing directions n • s > 0 (with n being the outward 
surface normal), as shown in Fig. 15-2. 

When the fiv-approximation is applied [truncating equation (15.1) after / = N] this bound-
ary condition can no longer be satisfied and must be replaced by one that either satisfies equa-
tion (15.14) at selected directions s, or satisfies it in an integral sense. Mark [13,14] and Mar-
shak [15] proposed two different sets of boundary conditions for the spherical harmonics method 
as applied to neutron transport within a one-dimensional plane-parallel medium. 

Mark's Boundary Condition 
For a one-dimensional slab of optical thickness r̂ , equation (15.14) may be rewritten as 

/(0,/i) = 4,(/i), 0 < j u < 1, 

~ 1 < ) U < 0 , 

(15.15a) 

(l5A5b) 

where 4 i and 4,2 are the prescribed intensities at Surfaces 1 (r = 0) and 2 (r = r^).̂  
The /^v-method for such a medium, equation (15.13), requires (N -^ \) boundary conditions, 

say |(iV + 1) each, at r = 0 and r = n (assuming that Â  is odd). Noting that the equation 

PN^M = 0 (15.16) 

has precisely (̂A^ +1) roots /î - with values between 0 and 1, Mark suggested replacing the bound-
ary conditions of equation (15.15) by 

/(0,/i =/i,.) = I,a(Mil i = 1,2,..., l(iV+ 1), 

I(T,,fi = -//,) = 42(~-/i,), / = 1,2,..., i(Ar + 1), 

(15.17a) 

(15.17ft) 

^ We include the subscript w here to distinguish the 4., from the intensity moments /,• defined by equation (15.4). 
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where the /u^ are the positive roots of equation (15.16). A detailed explanation for this choice 
has been given by Mark [13,14] and by Davison [3]. For example, for the Pi-approximation 
for a medium boxmded by black v̂ alls v̂ e get with JF^ipi) = ^(3/î  - 1), /î  = 1/ V3 and, from 
equation (15.4), 

/|O,// = -^J = / O ( 0 ) + ^ = / M , (15.18a) 

/ (T„/I = - - ^ | = loir,) - ^ = 42. (l5ASb) 

One serious drawback of Mark's boundary conditions is the fact that they are difficult, if not 
impossible, to apply to more complicated geometries. 

Marshak's Boundary Conditions 

An alternative set of boundary conditions for the one-dimensional plane-parallel /V-approxima-
tion was proposed by Marshak, who suggested that equation (15.15) be satisfied in an integral 
sense by setting 

r /(0,/i)i^/-,(/i)JA/ = f Iu,i(M)Pii^\(M)dfi. /=l ,2, . . . , i (A^+l); (15.19a) 
Jo Jo 

pQ pO 

J l(T,,fi)P2i-i(M)dix = j I^2(M)Pii^Mdfi, /= l ,2 , . . . , i ( ;V+l) . (15.1%) 

Again, the reason for choosing all the Legendre polynomials of odd order has been explained in 
detail by Marshak [15] and Davison [3]. Since the orthogonality properties of Legendre polyno-
mials do not hold for half-range integrals, such as the ones in equation (15.1%), it is often more 
convenient to replace equation (15.196) by the equivalent statement 

r mfi)fi^'-' dfx= f 4i(/i)/i2'-' ^̂ ^ / = 1,2,..., (̂7V + 1); (15.20a) 
Jo Jo 

j Iin,M)f^^'~' dfi = J_ 42(//)//''"^ dfi, / = 1,2,..., i(;V + 1). (1520b) 

As an example we again consider the P\ -approximation for a medium bounded by black walls. 
Then 

f l(0,fi)fidfi= f [/()(0) + /i(0)/i]//^//= r hxfidfi, 
Jo Jo Jo 

or 

/o(0) + f/i(0) = /M, (15.21a) 

/o(T,) - f/i(T,) = 42. (15.21ft) 

We note that replacing the factor 2 in Marshak's boundary condition by a V3 converts it to Mark's 
boundary condition. 

One advantage of Marshak's boundary condition is that it may be extended to more general 
problems, although not painlessly. Note that the integration in equation (15.19ft) is carried out 
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Geometry for Example 15.1. 

over all directions above the surface (i.e., a hemisphere) with the Legendre polynomials of equa-
tion (15.4) as weight factors. Thus, it appears natural to generalize the boundary condition to (see 
Fig. 15-2) 

r /(r,,s)7^_j(s)rfQ= r «§)F^.,(§)rfa 
JA§>0 Jft.§>0 

/ = 1,2,..., UN + 1), all relevant m. (15.22) 

The statement "all relevant m" rather than -i < m < +i appears in equation (15.22) since not 
all terms in equation (15.1) may be nonzero as a result of symmetry. For example, for a one-
dimensional plane-parallel medium there is no azimuthal dependence, so that the only "relevant" 
value for m is m = 0. This term leads to a single boundary condition on each surface for the 
Pi-approximation (as already seen to be correct), two for the /^-approximation, and so on. Un-
fortunately, equation (15.22) still leads to too many boundary conditions in many situations. For 
example, for the Pi-approximation for a general three-dimensional medium without symmetry, 
equation (15.22) leads to three boundary conditions everywhere (/ = l,m = 0,±1), while only 
one is needed (as explained in the following section). Davison [3] has shown that the num-
ber of superfluous conditions is always at least one less than the relevant m at / = (̂A^ + 1). 
Thus, on intuitive grounds it is accepted practice to satisfy equation (15.22) for all relevant m for 
/ = 1,2,..., (̂A^ - 1), and for as many relevant m as possible for / = j(N + 1). For / = ^(N + 1), 
the Fv"(s) are expressed in terms of a local coordinate system, in which polar angle ff is measured 
from the surface normal (i.e., cos6/' = n • s), and azimuthal angle ij/' is measured on the surface. 
Using this local coordinate system, equation (15.22) for / = ^(N + 1) is satisfied for as many m 
as possible, starting with the smallest \m\ [3]. 

Example 15.1. Consider the infinite quarter-space r̂  > 0, r̂  > 0 bounded by isothermal black surfaces 
at Ti and 7̂  as shown in Fig. 15-3. Develop the boundary conditions for the Pi-approximation at both 
surfaces (i.e., TV = 0 and r^ = 0). 

Solution 
For the Pi-approximation equation (15.1) reduces to 

Iir,j,,e,ijf) = 7j(T,,r,) + /r'(Tv,rO-^ ^''^P/(cos^) + /Î (r,,T,)/f (cos^) - / / (T, ,T,)-^ e^'^P/(cos^). 

For this two-dimensional problem it is convenient to measure polar angle Q from the r.-axis, and az-
imuthal angle <A in the Tv-Xy-plane from the r^-axis. Then 7(0') = /(-^) and, with if (cos )̂ = cos l9, 
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Pi (cos 6) = sin 0, and e=̂ '̂  = cos (̂  ± / sin ^, 

I{T,,Ty,e,if/) = i j + 4*0086/+-—(/f^--//)cosiAsin6'---^(/f '+//)sin^sin6i 
V2 V2 

= 4*+/f cos6^ + 7J'cos^sin^, 

since the last term must vanish owing to symmetry. Therefore, equation (15.22) is able to provide two 
boundary conditions everywhere on the surface (/ = 1 and m = 0,1), while we need only one (as to be 
developed in the next section). Thus, following the discussion of equation (15.22), we introduce local 
direction coordinate systems on the surfaces and satisfy equation (15.22) only for m - 0. For the bottom 
surface, r, = 0, the problem is simple since the surface normal is parallel to the r.-axis, from which the 
polar angle is measured. Thus, 

X
2n pn/2 pin r*n/2 

I (4*+/fcos(9 + 7;cos^^sin6^)cos6>sin6i^6/#= I I IhicosOsinOdOdi//, 
.=oJ<?=o Jo Jo 

or 
^(Tv,0)+f/f(T,,0) = 4i. 

At the vertical surface (r̂  = 0) / ^ = cos 6̂ , where 0' is the angle between a direction vector and the 
surface normal ii = i. Thus, with cos6>' = § • i and s = sin6>(cos^i + sin^J) + cos^k, it follows that 
cos 0' = sin 6 cos t// and 

I ( (4^+yfcos6> + /;cos^sin6/)sin6>cos^sin^c/6/# = ;TK + - 7 ; | = <T/fe2, 

or 

/J(0,r,)+^/r(0,7:) = 42. 

We shall see in the next section that I^ is directly proportional to incident radiation, while I^ and /* are 
proportional to radiative heat flux into the Ty and Tv-directions, respectively. 

Davison [3] stated that for low-order approximations Marshak's boundary conditions would 
give superior results, but that for high-order approximations Mark's boundary conditions should 
be more accurate. However, subsequent numerical work by Pellaud [ 16] and Schmidt and Gelbard 
[17] showed Marshak's boundary condition leads to more accurate results, even in high-order 
approximations. 

15.4 THE Pi-APPROXIMATION 

If the series in equation (15.1) is truncated beyond / = 1 (i.e., Ij^ = 0 for / > 2), we get the 
lowest-order, or /^, approximation, or 

/(r,§) = 4^1^ + /r»yr*+/fyf^+//F,». (15.23) 

From standard mathematical texts, such as MacRobert [18], we find the associated Legendre 
polynomials as / ^ = l , i f = cos^,Pj' = sin^, and, using equation (15.2), 

/(r, ^, ^) = ^ + /f cos ^ - - ^ (// e'^ ~ /f ^ e-'^) sin 6 

= i5' + 7fcos6»+-^(/r ' - / / )s in6icos(i ' - -^( /f '+/ , ' )s in6 's i ini ' . (15.24) 
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We notice that equation (15.24) has four terms: The first term is independent of direction, the 
second is proportional to the z-component of the direction vector s = sin ̂  cos ̂ i + sin ̂  sin (̂ j + 
coŝ f̂e, the third is proportional to Sx and the last to SyJ Each term is preceded by an unknown 
function of the space coordinates, which are to be determined. Equation (15.24) may be written 
more compactly by introducing two new functions, a (a scalar) and b (a vector having three 
components) as 

/(r,S) = a(r) + b(r)-s. (15.25) 

Obviously, solving for the four unknowns—a and the three components of b— îs equivalent to 
determining the Ĵ ^ (to which they can be directly related). Substituting equation (15.25) into the 
definition for incident radiation yields 

G(r)= r I(rJ)da = air) f rfQ + b(r)- f sda = 4na(rl 
J An J An J An 

smce 
f^ pin -^;rrsin^COS(/r'l 

j $dn= I I sin6>sin^ 
J An Jo Jo ^r,^a COS 6 

(15.26) 

(15.27) 

Similarly, substituting equation (15.25) into the definition for the radiative heat flux gives 

q(r)= r I(r,s)sdQ. = a(r) f sdQ. + h(r)- f ssdQ.=-^h(r), (15.28) 
J An J An J An -^ 

smce 

r* p2n pn 

I ssrfQ = I I 
JAn Jo Jo I sin 0 cos^ ij/ sin 9 sin ̂  cos ̂  sin 0 cos 6 cos il/ 

sin^ 0 sin i}/ cos ̂  sin^ 9 sin^ ̂  sin 9 cos 9 sin ^ 
sin6>cos6>cos((̂  sin ̂  cos ̂  sin (̂  cos^^ 

xsm9d9difr 

^jr (n sin^ 9 0 
I 0 ;rsin^^ 

^ M 0 0 

0 
0 

Incos^ 9) 
sin 9 d9 

An (\ 0 0 
p 1 0 
0 0 1 

4n 
(15.29) 

where 6 is the unit tensor, and b • <5 = b. Therefore, we may rewrite equation (15.25) in terms of 
incident radiation and radiative heat flux as 

/ ( r , s )= i^ [G( r ) + 3q(r).s]. (15.30) 

The preceding development is useful to show that equation (15.30) indeed corresponds to the 
lowest order of the /^-approximation, equation (15.1). Of course, equation (15.30) should have 
physical significance and it should be possible to derive it from physical principles. This was 
done by Modest [19], who treated radiation as a "photon gas" with momentum and energy, and 
derived the intensity field through quantum statistics. He showed that the average photon ve-
locity (which is proportional to heat flux) is inversely proportional to optical thickness, and that 

•^Provided the polar angle is measured from the z-axis, and the azimuthal angle from the jc-axis. 
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equation (15.30) holds for a location a large optical distance away from any points not at thermo-
dynamic equihbrium (sharp temperature gradients, steps in temperature, etc.). 

Now, substituting equation (15.30) into equation (15.3) and assuming linear-anisotropic scat-
tering,^ 

a)(s-s')= 1+^iS-s ' , (15.31) 

leads to 

r / ( s ' )0 (s - r )c /a ' = -^ r (G + 3q - s ' ) ( l+y l i s - r ) JQ ' 
J4;r ^^JAit 

W [J4;r J4n J 

= G + ^ i q - t f - s = G + ^ i q - s , 

3q 
4n Iv4;r WAn 

(15.32) 

where equations (15.27) and (15.29) have been employed (and the last step is easily verified by, 
say, using Cartesian coordinates and carrying out the dot product). Thus, equation (15.3) becomes 

^ V , . [ s ( G + 3q.s)] + ^ ( G + 3q-s )^( l~c^)4 + ^ ( G + ^ iq-s) , (15.33) 

where we were able to pull the direction vector s inside the gradient, since direction is independent 
of position. Multiplying equation (15.33) by Y^ = 1 and integrating over all solid angles gives 

V, .q = (l~o>)(4;r4-G), (15.34) 

where again equations (15.27) and (15.29) have been invoked. Equation (15.34) is, of course, 
identical to equation (9.53) since it does not depend on the functional form for intensity. 

To obtain additional equations we may multiply equation (15.33) by 7|" (m = -1,0,+1) or 
equivalently, by the components of the direction vector s. Choosing the latter and integrating over 
all directions leads to 

—Vr- G I ssc/a + 3q- I sss^Q + — G f sdQ. + 3q- \ sst/Q 
4 ^ I. JAn JAn J ^^ [ J An J An 

, I sda+^lo I sdn + Aiq- ( 
JAn 4;r [ J4;r JAJ 

= (l-oj)Ih ssdQ, 
fAn 

(15.35) 

It is easy to show that Ĵ ^ sss dO. = 0 (and, indeed, the integral over any odd multiple of s) and, 
therefore, this equation reduces to 

or 

^V,.(Gtf) + q . < J = ^ q . ( J , 

V^G = - ( 3 - ^ i 6 ; ) q . (15.36) 

Equations (15.34) and (15.36) are a complete set of one scalar and one vector equation in the 
unknowns G and q, and are the governing equations for the Pi or differential approximation. The 

^Because of the orthogonality of spherical harmonics the f\-approximation remains unchanged for nonlinear 
anisotropic scattering. The choice of the functional form for intensity, equation (15.30), does not allow such scatter-
ing behavior, i.e., the medium must be so optically thick that any nonlinear anisotropically scattered intensity is smoothed 
out in the immediate vicinity of the scattering point. In reality, this smoothing implies that a "best" linear-anisotropic 
scattering factor A* must be determined. 



15.4 THE f̂  -APPROXIMATION 475 

heat flux may be eliminated from these equations by taking the divergence of equation (15.36) 
afl:er dividing by (1 - A\co/3): 

^r ' f, ! ;^V,G) = --3V, . q = ~3(1 - co)i4nIt - G). (15.37) 

lfA\CL)is constant (does not vary across the volume) this equation reduces to 

V^G - (l - a))i3 - Aia))G = -{I - (o)(3 - AiOj)4nk. (15.38) 

Equation (15.38) is a Helmholtz equation, closely related to Laplace's equation, and is elliptic in 
nature (see, for example, a standard mathematics text such as Pipes and Harvill [20]). As such, it 
requires a single boundary condition specified everywhere on the enclosure surface. 

If radiative equilibrium prevails, then V • q = 0, and 

V^G = 0, (15.39) 
or 

V^^ = 0. (15.40) 

In either case we get the elliptic Laplace's equation with the same boundary condition require-
ments. Once the incident radiation and/or blackbody intensity has been determined, the radiative 
heat flux is found from equation (15.36) as 

q = -T\-^^- (15.41) 
3 - A\OJ 

According to equation (15.22) the Pj-approximation is able to supply three boundary conditions 
while equations (15.38) or (15.39) only require a single one. Thus, following the discussion of 
Marshak's boundary condition, equation (15.22), we choose only the case of m = 0 for the weight 
function in equation (15.22), with polar angle measured from the surface normal. Thus, 

if (s) = if (cos ̂ ) = cos ̂  = § • li, (15.42) 

where ff is the polar angle of S in the local coordinate system as shown in Fig. 15-2. Physically, 
that is, without reference to the general /?v-approximation, this choice of boundary condition im-
plies that the directional distribution of the outgoing intensity along the enclosure wall is satisfied 
in an integral sense, by requiring the normal heat flux to be continuous (from enclosure surface 
into the participating medium). Then the boundary condition becomes 

f U$)S'nda=j- f (G + 3 q - s ) s n d n 

1 p2n r*n/2 

"^ IT I I (^ + ̂ ^t\ sin ff cos i//' + 3qf2 sin 6' sin if/' + 3q„ cos (9') cos ̂  sin 0" dO dip' 

1 r^^ 1 
= - (G + 3^„cos^)cos6^sin^rf^ = --(G + 2^„) 

2 Jo 4 

or 
G + 2q-n = 4 ( 4(s)s-nt/a. (15.43) 

JAS>O 

Here qn and qt2 are the two components of the heat flux vector tangential to the surface and 
„̂ = q • n is the normal component. 
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For an opaque surface which emits and reflects radiation diffusely, 4(s) = Jwin, where J„, is 
the surface's radiosity. Substituting this into equation (15.43) leads to 

G + 2q • n = - 4 cos 0' sin ff dff dijj' = 4/„,. (15.44) 
^ Jo Jo 

Recalling equation (5.26), 

q • n = - — {nibw - Jw), (15.45) 

equation (15.43) finally becomes 

2q . n = 4 4 - G = ^ ( 4 H « . - G), (15.46) 

where € is the local surface emittance. Modest [19] has shown that equation (15.46) also holds if 
the surface reflectance consists of purely diffuse and purely specular components, i.e., if 

6 = l • - p ^ ^ - p ^ (15.47) 

Thus, within the accuracy of the P\, or differential, approximation, the results for enclosures with 
diffusely and/or specularly reflecting surfaces are identical. Since equation (15.38) is a second-
order equation in G, it is of advantage to eliminate q • n from the boundary condition using 
equation (15.41). Thus, 

- ^ — ^ ^ - ^ - - n • V,G + G = 4nkw (15.48) 

is the correct boundary condition to go with equation (15.37) or (15.38). Equation (15.48) is 
known as a boundary condition of the third kind (since it incorporates both the dependent variable 
and its normal gradient). Appendix F provides subroutine Plsor for the solution to this system 
for a two-dimensional (rectangular or axisymmetric-cylindrical) enclosure. 

Example 15.2. Consider an isothermal, gray slab at temperature T and of optical thickness T/., bounded 
by two isothermal black surfaces at temperature 7J,,. The medium scatters linear-anisotropically. Deter-
mine an expression of the nondimensional heat flux as a function of the optical parameters. 

Solution 
For this simple case we may write equation (15.38) as 

dv-

where 

G(r) = C\ coshyr + Ci sinhyr + An^crT^ 

r = V(i-c^)(3-^,a>). 

Because of the symmetry of the problem it is advantageous to place the origin at the center of the slab, 
i.e., -rjl < T < +rJ2. Then 

—-(r=0) = 0 = yC, sinh(7 x 0) + yC2 cosh(y x 0) + 0, 
dr 
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FIGURE 15-4 
Nondimensional wall heat fluxes for a constant-temperature slab with linear-anisotropic scattering. 

or Cz = 0. Applying equation (15.48) at r = nil, with 6 = 1, we get 

2 dG 

3 -- A\(jj dr 
(T,/2) + G(rJ2) = 4 « V t , 

or 

, ^^ Ci sinh ^yn + Q cosh ^yn + 4«Vr4 = 4«Vrf, 

C i = - 4«V(r~0 

and 

Gir) = 4«Vr^ - 4«V(r* - 7^) 

cosh\yn + 2,J^^smh^yn 

coshyr 

cosh \yn +2 , j ^ sinh ^^yn 

The heat flux is determined from equation (15.41) as 

q 1 I dG _ 2 sinh yr 
4̂  = 

«V(r4 - r f ) «V(Z'4--m 3~A^co dr . , i i /ii::^ , I ' 
" "' smh f 7Tt + 5 y ^Tiir ^^^^ î '̂ ^ 

Some sample results for the heat flux at the wall (r = Ti/2) are given in Fig. 15-4. We note that in 
this case the fl-approximation goes to the correct optically thin limit ^ -> 4T/T£ (emission, but no self-
absorption of emission), but not to the correct optically thick limit (since, as a result of the temperature 
step at the wall, there will always be an intensity discontinuity at the wall). In fact, for this problem the 
results of the Pi-approximation are worst (in absolute magnitude) close to that location. 

Example 15.3. Let us look at a gray medium at radiative equilibrium placed between two black con-
centric cylinders of radius i?i and Rj that are isothermal at temperatures Tj and TJ. For simplicity, we 
shall assume that the medium does not scatter (oj = 0), and that its absorption coefficient, /c, is constant. 
We desire to find the heat flux from inner to outer cylinder as a function of the ratio Ri jRi and the optical 
thickness of the medium, TM = T2 - TI = K{R2 - R\). 

Solution 
For one-dimensional radiative equilibrium problems such as this, it is usually advantageous to apply 
equations (15.34) and (15.36) independently (rather than eliminating radiative heat flux). Then, from 
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equation (15.34) we have, in cylindrical coordinates (with tc> = 0 and r = Kr), 

T or 

If we multiply by r and integrate, we find 

rq = C\ or q = —. 

Substituting this expression into equation (15.36) gives 

dG ^ 3C, _ = - 3 ^ = L, 
CIT T 

or 

G = ~3CilnT4-C2. 

The boundary conditions are, fi*om equation (15.46) with 6 = 1 , 
T = ri : 2 q - n :=2q = An^crJ^ - G, 

r = T2 : 2q ' f t = ~2^ = 4«Vr2'* - G, 

from which C\ and C2 may be determined as 

C, =-:z ^ ^ ^ , C2=4/7Vr2^ + Ci - + 3 b T 2 . 
— + — +3hi — 
Tl T2 Ti 

Heat flux and temperature then follow as 

O = 

-7 
«V(7r-

7^ rp4 

- ^ ) 

1 

1 + !^ 

3 , 

2 
3 

+ 2-2 

r 

1 ^2 In — 
Tl 

(?)• 

Tl 2 Tl 

The resulting nondimensional heat flux, ^, evaluated at the inner cylinder, is shown in Fig. 15-5 together 
with exact results (Table 13.4), results from the diffusion approximation with jump boundary condition 
(Example 14.3) and results from the /^-approximation given by Bayazitoglu and Higenyi [21]. As 
expected, the Pi-approximation does well for optically thick media. For the optically thin case, however, 
as /c -~» 0 the heat flux goes to 

^ 1 
1 + R2/R1 l-M)' 

while the correct answer should be ^1 ~* 1, as we know from Chapter 5, equation (5.35). Therefore, 
for Ri IR2 ~-> 1 the correct optically thin limit is obtained (and the gap between such cylinders becomes 
a plane-parallel slab), while for small inner cylinders, R\ jRi ^ \ , the error becomes larger and may be 
as large as 100%! 

The P|-approximation is a very popular method since it reduces the (spectral or gray) equa-
tion of transfer from a very complicated integral equation to a relatively simple partial differential 
equation, e.g. [22-34] . The method is powerful (allow^ing nonblack surfaces, nonconstant proper-
ties, anisotropic scattering, etc.), and the average heat transfer engineer is much better trained in 
solving differential equations than integral equations. Furthermore, if overall energy conservation 
(also a partial differential equation) is computed, compatibility of the solution methods is virtu-
ally assured. However, it is important to remember that the P| -approximation may be substantially 
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FIGURE 15-5 
Nondimensional heat fluxes between concentric black cylinders at radiative equilibrium. 

in error in optically thin media with strongly anisotropic intensity distributions, in particular in 
multidimensional geometries with large aspect ratios (i.e., long and narrow configurations) and/or 
when surface emission dominates over medium emission. Attempts to improve the method's 
accuracy, by modifying Marshak's boundary condition, were made by Liu and coworkers [35] 
and by Su [36]. In one-dimensional geometries accuracy can also be improved by applying the 
PI-approximation separately to different solid angle ranges, as done by Mengug and Subrama-
niam [37]. Most of the shortcomings of the Pi-approximation are overcome by the modified and 
improved differential approximations discussed in Section 15.6 below. 

15.5 P3-AND HIGHER-ORDER 
APPROXEMATIONS 

The general /^-approximation for absorbing/emitting, anisotropically scattering, one-dimensional 
cylindrical media has been given by Kofink [38], and the /^-approximation for one-dimensional 
slabs, concentric cylinders and concentric spheres has been developed in terms of moments by 
Bayazitoglu and Higenyi [21]. The general /!v-formulation for three-dimensional Cartesian coor-
dinate systems has been derived by Cheng [7,8], including Marshak's boundary conditions for sur-
faces normal to one of the coordinates. Mengu9 and Viskanta [39,40] limited their development 
to the /^-approximation in terms of moments (rather than spherical harmonics), but considered 
three-dimensional Cartesian coordinates [39] as well as axisymmetric cylindrical geometries [40]. 
Higher-order solutions, up to Pu, for a gray, anisotropically scattering medium between concen-
tric spheres have been considered by Tong and Swathi [41] (uniform heat generation) and by Li 
and Tong [42] (isothermal medium). Finally, the three-dimensional /^-approximation for arbi-
trary coordinate systems has been derived by Ou and Liou [9]. With the exception of Cheng [7], 
no boundary conditions beyond a reference to equation (15.22) have been given in the literature. 
We present here only the final form of the governing equations, without derivation. 

Expressing intensity with the relationship given by equation (15.1), Ou and Liou found the 
goveming equations for the ip as 

5^+^"+51}f+^2;''' + ( l ~ ^ ) / ; ^ = (l~c^)4(5o/, l<K-N<m<N, (15.49) 
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where 

^" = - " .n/:..—'-^r:^' + '̂  2 ( 2 / - D — - ' " • > ^ '̂•''"> 
V(/ + »J + l)il+m + 2) 

2(21 + 3) 

V(/--m+ 1)(/-/M + 2) 
2(2/ + 3) 

V(/--m+ \)(l + m + 1) 

rm+1 ̂  V ( / - m + l ) ( / - m - f 2 ) ^̂ 1̂ 

/̂ - -^ ^^7^77^^ ^/.i ^(5731) ^-i ' (1^-5^*) 

V(/ - m)(/ + m) 
2 /+3 ''•'• • 2 / - 1 ^/ - + ^TT^; /̂+i + ^^T—^ h-v (15.50c) 

and the 2'+, 2L, and <5f are linear, first-order differential operators. For the common Cartesian, 
cylindrical, and spherical coordinate systems these turn out to be as follows: 

Cartesian: 

Cylindrical: 

Spherical: 

5 i = ^ _ * = | - 4 - / | - , ^ = | - ; (15.51) 
OTx OTu dr. 

(15.52) 5i=^_* = 

^+=^_* = e''̂ ' 

S' = cos 

. ^ 5 cos 9̂ 5 i d ] 
sinOs-^ + ^—- + — ^ - ^ T T 

5 sinft. d 
(15.53) 

In these formulae the asterisk denotes the complex conjugate, and subscripts have been attached 
to the angles 6 and if/ to make certain they are recognized as belonging to the position coordinate 
system (as opposed to the angles 6 and if/ describing the independent direction vector). For the di-
rection vector s the polar angle 6 is measured from the positive z-axis, and the azimuthal angle i// is 
measured counterclockwise from the positive x-axis in the jc-i/-plane. Note that doing so fixes the 
directional coordinates O,i//toa. Cartesian coordinate system, making equation (15.49) unsuitable 
for cylindrical and spherical geometries with symmetry (one- and two-dimensional problems). 
Finally, the boundary conditions for equations (15.49) must be found from equation (15.22). 

For three-dimensional geometries, it is obvious that anything but low-order approximations 
quickly become extremely cumbersome to deal with. Already the /^-approximation may result in 
as many as 16 simultaneous partial differential equations (depending on the symmetry), for which 
complicated boundary conditions need to be developed from equation (15.22). Furthermore, the 
nature of the boundary conditions is such that they are not easily applied to equation (15.49), 
that is, it is generally necessary to transform the first-order partial differential equations (15.49) 
analytically to elliptic ones, as was done for the P\ -approximation, equation (15.37). As a result of 
this complexity, very few multidimensional problems have been solved by the iF^-approximation, 
and apparently none by higher orders. We shall limit ourselves here to a simple example for a one-
dimensional plane-parallel slab. The problem of one-dimensional concentric cylinders has been 
discussed in detail by Kofink [38], and results for one-dimensional slabs, concentric cylinders, and 
concentric spheres have been given by Bayazitoglu and Higenyi [21]. One-dimensional fibrous 
material was considered by long and Li [43] and a packed bed by Wu and Chu [44]; a three-
dimensional problem was solved by Park and coworkers, analyzing radiative equilibrium in a 
rectangular box filled with a gray, nonscattering medium [23]. 
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Example 15.4. Consider an isothermal medium at temperature T, confined between two large, parallel 
black plates that are isothermal at the (same) temperature 2^. The medium is gray and absorbs and emits, 
but does not scatter. Determine an expression for the heat transfer rates within the medium using the 
P^-approximation. 

Solution 
For this one-dimensional problem we choose r = î  as the (nondimensional) space coordinate between 
the plates, as was done in Example 15.2. This choice assures that intensity does not depend on azimuthal 
angle i// and, in turn, implies that all JJ" = 0 for w 9̂  0. Because of the one-dimensionality we find 
.2 ; = 5 i = 0 a n d ^ = d/dT2. Thus, equation (15.49) reduces to 

-^+1^:=: 1,601. / < 3 . 
dr 

Now, if we use equation (15.50) (and recognize that /̂ ^ = /J = 0) and drop the superscripts on the if^ 
since they are no longer needed, we have four simultaneous first-order differential equations: 

/ = 0: 

/=1 : 

/ = 2: 

/ = 3: 

\r, ^k 

5^+ 4+^1 

3 / 2^ , 

\t.^h 

= 4, 

= 0, 

= 0, 

= 0, 

where the primes denote differentiation with respect to r. After some minor manipulation, which is left 
to the reader, these four equations may be consolidated into a single fourth-order equation, 

and 

3 
35 

/i = 

h-

h-

jiW) 6 ^> 
^0 "" 7 ^ 

- > 

=1"-
- ' > 

+ k- 4, 

If 

k)-j^fo' 
27^,, 

The general solution to the above equation (keeping in mind that //, = const) is 

/o(r) = //, + (Ifjuj - Ih)[C\ cosh/liT 4- C2 cosh A2T + Q sinh A\r + C4 sinh/l2r], 

where the constant factor (4„, - 4) was included to make the Q dimensionless. The Ai and A2 are the 
positive roots of the equation 

or /li = 1.1613 and /I2 = 2.9413. To exploit the symmetry of the problem, we again choose the origin 
for r^ to be at the midpoint between the two plates. Then 7 (̂0) = 0 and 03 = 0 4 = 0. We still need 
two boundary conditions at one of the plates, say r = -n/l (and n is the total optical thickness of the 
medium). From equation (15.22) or, more directly, from equation {l5A9a), we obtain 

r [Io^IiPi(M) + l2P2(M)-^m(ji)]f^''-'dti= f Ita^f?'-'dfi, / = 1 , 2 , 
Jo Jo 
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and, using P\(jj) = fd, Ii(pi) = \{3// - 1) and IMpi) = \(5/? - 3^), as described by Abramowitz and 
Stegun [12], 

1 = 2: i/o + l / , + ( l - i ) / , + ( A ^ ^ ) / 3 = i4 , , 

or 
hw = /o + 3^1 + jhj 

hw = ^ + 5/1 + 2^2 + 35^3-

Substituting for Ix.h and is results in 

/ - 7 ' - - . 2 2 / ' a . J 6 _ / ' " . 5 5 / r _ r \ _ _ 9 . / ' _ n 2 r ' . J08. f" 
thw - ^0 35^0"^ lys-'o "̂  28^^^ *̂>' 28''O 245^0*^ 1225 0 » 

or 

r ^T - 83/r r \ 636/" 9 r̂ ^ • 72 r̂ ^̂  
-t/)!!; •'/> -• 28 "̂'O ^''^ 245^0 28 ^ "̂  245^0 * 

Now, substituting the solution for k into these boundary conditions leads to 

1 ^axCx-^aiCi^bxCx+biCi, 

where 

6, = —- - —•/!; cosh/^— + ——/t - :r-rA^ sinh/l,-
' \28 28 ' / 2 \245 245 ^ 2 ' / = 1 , 2 . 

Finally, we get 

^ 62 - ^2 ^ ax-bx 
C] = —7 7 - , C2 == axbi- Qibx axbi" Oibx 

The heat flux through the medium is determined from 

(̂r) = 2;rj^|/(r,A/)//J//=y/,(T) 

[since // = fl(//), and using the orthogonality property of Legendre polynomials]. Using the solutions 
for Ix and /o, the heat flux may be expressed in nondimensional form as 

where, for simplicity, it was assumed that the medium is gray, or 4 = n^crT^/n. 
The nondimensional heat flux at the top surface (r = r/,/2) is shown in Fig. 15-6, as a function of 

optical depth of the slab. The results are compared with those of the Px- or differential approximation 
(Example 15.2), and with the exact result, 

^ = l ~ 2 ^ 3 ( r . ) , 

which is readily found from equation (13.35). For this particular example the Pi-approximation is very 
accurate (maximum error -15%) and, as to be expected, the /^-approximation performs even better 
(maximum error -7%). 
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FIGURE 15-6 
Nondimensional wall heat fluxes for an isothermal slab; comparison ofF\- and /^-approximations with the exact solution. 

It should be clear from the above example that i^- and higher-order /^-approximations quickly 
become very tedious, even for simple geometries. However, /^ results can be substantially more 
accurate than P\ results, particularly in optically thin media and/or geometries with large as-
pect ratios. Another example, shown in Fig. 15-5, depicts nondimensional heat flux through 
a gray, nonscattering medium at radiative equilibrium, confined between infinitely long, concen-
tric, black and isothermal cylinders. The /^-solution of Bayazitoglu and Higenyi [21] is compared 
with the Pi-solution (Example 15.3) and with results from an enhanced Pi-approximation (to be 
discussed in the next section). Observe that the /^-approximation introduces roughly half the 
error of the Pi-method. One outstanding advantage of the P3-method is that, once the problem 
has been formulated (setting up the governing equations suitable for a numerical solution), the 
increase in computer time required (compared with the Pi-method) is very minor. In addition, 
/^-calculations are also usually very grid-compatible with conduction/convection calculations, if 
one must account for combined modes of heat transfer. 

15.6 ENHANCEMENTS TO THE 
Pi-APPROXIMATION 

As indicated earlier, the Pi- or differential approximation enjoys great popularity because of its 
relative simplicity and because of its compatibility with standard methods for the solution of the 
(overall) energy equation. The fact that the Pi-approximation may become very inaccurate in 
optically thin media—and thus of limited use—^has prompted a number of investigators to seek 
enhancements or modifications to the differential approximation to make it reasonably accurate 
for all conditions. We shall briefly describe here two such methods, the so-called modified differ-
ential approximation and the improved differential approximation. 

The Modified Differential Approximation 

The directional intensity at any given point inside the medium is due to two sources: Radiation 
originating from a surface (due to emission and reflection), and radiation originating from within 
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FIGURE 15-7 
Radiative intensity within an arbitrary enclosure. 

the medium (due to emission and in-scattering). The contribution due to radiation emanating from 
walls may display very irregular directional behavior, especially in optically thin situations (due 
to surface radiosities varying across the enclosure surface, causing irradiation to change rapidly 
over incoming directions). Intensity emanating from inside the medium generally varies very 
slowly with direction because emission and isotropic scattering result in an isotropic radiation 
source. Only for highly anisotropic scattering may the radiation source—and, therefore, at least 
locally also the intensity—display irregular directional behavior. 

In what they termed the modified differential approximation (MDA) Olfe [45-48] and Glatt 
and Olfe [49] separated wall emission from medium emission in simple black and gray-walled 
enclosures with gray, nonscattering media. While very accurate, their model was limited to non-
scattering media in simple, mostly one-dimensional enclosures. Wu and coworkers [50] demon-
strated, for one-dimensional plane-parallel media, that the MDA may be extended to scattering 
media with reflecting boundaries. Finally, Modest [51] showed that the method can be applied to 
three-dimensional linear-anisotropically scattering media with reflecting boundaries. 

Consider an arbitrary enclosure as shown in Fig. 15-7. The equation of transfer is, from 
equation (15.3), 

^ ( r , s ) = § . V,/ = ^^,s) - /(r,§), (15.54) 
dr 

where, for linear-anisotropic scattering with a phase function given by equation (15.31), the ra-
diative source term is, from equation (15.32), 

5^ , §) = (1 - u)h{Y) + ^ [ G ( r ) + ^iq(r) • §]. (15.55) 

For difl'usely reflecting walls, equations (15.54) and (15.55) are subject to the boundary condition 

/(r,, s) = ^( r , , ) = lU^u) - - ^ q • fl(r«,), (15.56) 
n ne 

where /„, is the surface radiosity related to kw and ^„, = q • A through equation (15.45). 
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We now break up the intensity at any point into two components: One, 4 , which may be 
traced back to emission from the enclosure wall (but may have been attenuated by absorption and 
scattering in the medium, and by reflections from the enclosure walls), and the remainder, 4 , 
which may be traced back to the radiative source term (i.e., radiative intensity released within the 
medium into a given direction by emission and scattering). Thus, we write 

and let 4 satisfy the equation 

leading to 

/(r,s) = 4(r,S) + 4(r,§) (15.57) 

^ ( r , s ) = -4( r , s ) , (15.58) 

4(r,§) = ^ ( r„ , ) e -^ (15.59) 
n 

as indicated in Fig. 15-7. Since for 4 no radiative source within the medium is considered, the 
radiosity in equation (15.59) is the one caused by wall emission only (with attenuation within the 
medium). The radiosity variation along the enclosure wall may be determined by invoking the 
definition of the radiosity as the sum of emission plus reflected irradiation, or 

j;,(r) = enlUr) + (1 - e) f 4(r , s) |s • ii| c/Q 
JSA<0 
r cos 6/cos 6̂ ' , 

= enlUr) + (̂  ^ ^) J Ur.)—^^ "̂'̂  dA, (15.60) nS^ 

as also indicated in Fig. 15-7. The surface integral representation of equation (15.60) is obtained 
by invoking the definition of solid angle, equation (1.28), or dO. = cos 6^ dA/S^, equivalent to the 
definition of view factors in Chapter 4. 

Equation (15.60) is the standard integral equation for the radiosity in an enclosure without 
a participating medium, except for the attenuation factor e"^', and may be solved by standard 
methods such as breaking up the enclosure surface into N small subsurfaces of constant radiosity. 
Assuming that the attenuation term may be approximated by the value between node centers leads 
to 

N 

j ; = £ / ; r 4 + ( l ~ 6 0 X i ^ ^ " ' ' ' ^ - ^ ' /=1,2,. . . ,7V, (15.61) 

where the /7_y are the view factors between the subsurfaces. 
It remains to calculate the contribution to the intensity fi-om within the medium. Assuming 

that the Pi-approximation adequately represents intensity emanating from within the medixmi, we 
write, using equation (15.30), 

4( r , s ) ^ 4^[Gm(r) + 3q^(r) • s], (15.62) 

where G^ and c^ are medium-related incident radiation and heat flux, respectively, defined by 

Gm(r) = r 4( r ,§) r fa (15.63) 
J4;r 

q^«(r) = r 4(r,s)sc/Q. (15.64) 
J An 
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Substituting equations (15.58) and (15.62) into equation (15.54) we get 

dint Cl) 

-T^ = S-V,4 ^(l-a>)/A + —[G„,+G„,+v4,(q,„+q,„)-§]-4, (15.65) 

where the wall-related incident radiation and heat flux are defined as 

G„.(r)= r 4( r ,§)dn = - r UY^)e-'^d£l, (15.66) 
J An ^JATT 

qa^(r)= r 4 ( r , s ) § t / Q = - f Mru,)e'^HdQ, (15.67) 
J An ^ J4n 

After integrating equation (15.65) over all solid angles, we have 

V̂  • ĉ , = (1 - (o)4nIb + a)(Gu, + GJ - G,,. (15.68) 

If equation (15.65) is multiplied by s before integration over all directions, we get 

%Grn = AMii, + q;„) - 3q ,̂. (15.69) 

Equations (15.68) and (15.69) are a complete set of equations for the unknowns Gm and q,„. [For 
higher-order /?v-approximations, additional equations would need to be generated by multiply-
ing equation (15.65) by successively higher-order harmonics before integration.] The necessary 
boundary conditions for equations (15.68) and (15.69) are found by making an energy balance 
for medium-related radiation at a point on the surface 

«-x 4 ( r , s ) s - n d a (15.70) 
A<0 

which, after substituting equation (15.62) for 4 , leads to Marshak's boundary condition for a cold 
surface, 

2 | ^ - l j q ^ . n + G, = 0. (15.71) 

[For a more detailed derivation of these relations see the similar development of the Pi-approxima-
tion, equations (15.33) through (15.36).] Equations (15.68) and (15.69), together with boundary 
condition (15.71), constitute a set of equations for the determination of the medium-related inci-
dent radiation and heat flux, with enclosure wall-related incident radiation and heat flux given by 
equations (15.66), (15.67), and (15.60). Finally, the total values for incident radiation and heat 
flux are given by 

G = Gu^^Gm. (15.72) 

q = q«; + q̂ ,- (15.73) 

This solution will reduce to the correct solution for the optically thin limit (where the medium-
related contribution vanishes), and to the unmodified Pi-approximation for the optically thick 
limit. For nonscattering or isotropically scattering media, the method requires the solution to a 
Helmholtz equation (similar to the ordinary Pi-approximation), and the additional evaluation of a 
scalar surface integral for every point in the medium iGu})\ whereas, for anisotropic scattering. Go, 
as well as a vector surface integral (q,t.) must be evaluated. In addition, for the determination of 
radiosities, a surface integral equation must be solved (or view factors evaluated). If the extinction 
coefficient is independent of temperature, the Gu, (and qu,) integrals do not depend on medium 
temperature and, thus, may be evaluated once and for all (i.e., they will not enter any iterative 
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T = Tjr,r=r2 

T=o, r=r, 
FIGURE 15-8 
Intensities for a one-dimensional 
plane-parallel slab. 

process if the temperature field of the medium is to be determined). If the extinction coefficient 
is temperature dependent, a solution for G^ and q̂ o, based on gross estimates for the temperature 
field [in order to calculate the optical distances Tjy in equation (15.61)], still will result in the 
correct optically thin and thick limits and, therefore, can be expected to be of reasonable accuracy 
everywhere in between. 

Example 15.5. Consider a one-dimensional, gray, absorbing/emitting and isotropically scattering slab 
with refractive index « = 1 at radiative equilibrium, contained between two isothermal black walls at 
temperatures TJ and ^ , respectively. Determine the radiative heat flux between the plates using the 
modified differential approximation. 

Solution 
Measuring optical distance r = f^fidz perpendicular to the plates, as shown in Fig. 15-8, one may 
readily determine the wall-related intensity as 

Iwir,fi) = n 0</ /< 1, 

71 

leading to 

G^ir) ^ 2nf I, dfi =^ IcrJ^£2(7)-^ 2(T1^Ejin - T). 

Substituting these expressions into equation (15.69) with^i = 0 and qm=q- q,v gives 

^ = ^3^ 4- 6 [crT^E.ir) - (rT^E.in ~ r)]. 

Since q = const, due to radiative equilibrium, this equation is readily integrated, and 

Ĝ , = C - 3qr - 6 [orT^EAiT) + crT^EAin ~ r)]. 

The constants C and q may be found from the boundary conditions, equation (15.71), or 

T = 0 : 2qnr+ G„. = 2^ ~ 2aT^^ + ̂ cT^E^iji) + C - 2crT^ ~ 6(rTiE^{n) = 0, 
T=^n: -2q„ + G„, = -2q + 4crT,'^E^{n) - 2cr^ + C - 3qn - 6(rTfE4in) - 2cr7̂  = 0. 

Subtracting the second boundary condition from the first yields the nondimensional heat flux as 

(1 
"¥ = 

cr(T,' - T') 
l+E^(n)-'jE,(n) 

\+3rJ4 
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FIGURE 15-9 
Normalized heat flux for a one-dimensional slab at 
radiative equilibrium, bounded by isothermal black 
plates; influence of optical depth on radiative heat 
flux obtained by various methods. 

This result is compared with exact values as well as those from the ordinary differential approximation 
(ODA) in Fig. 15-9. Note that the ODA has a maximum error of ̂  3.3%, compared with « 1.3% for 
the MDA (both at r̂  = 1). This comparison, however, in no way demonstrates the power of the present 
method, since this problem is one of the very few in which the ordinary difl̂ erential approximation 
actually reduces to the correct optically thin limit. 

Example 15.6. Consider a one-dimensional, gray, absorbing/emitting, nonscattering slab between two 
isothermal black plates, both at temperature %,, The medium has a refractive index of « = 1 and is 
isothermal at 7^. Determine the radiative heat flux between the plates using the MDA. 

Solution 

The wall-related heat flux follows immediately from the previous example as 

q,iT)^2cTTt,[E,{r)-Ey(n-T)l 

For a nonscattering medium equations (15.68) and (15.69) contain no wall-related terms, and 

dr^ --^'^--^i^^t-'G.nl 

or 

Gnir) = Cx e-^" + C2 e^^' + Acr-^ = C [e"^" + e' ^̂ ^̂ ""̂ J + AaT,l 

where, in the last equation, we have used the fact that G,„(T) = Gm{TL - r), as a result of symmetry. The 
medium-related heat flux follows as 

qm '• 
\dG,n 

"3 dr 
C_ 

V3 
[.-^^ -yllirL-r)] 
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Applying the boundary condition at r = 0, we obtain 

and 

The total heat flux is evaluated as ̂  = q^ + qm- At the lower surface we have 

(7(0) = [1 ^ 2E,{n)]crj:^ - - ^ — ^ A - ^ c r T ^ . 
2+ V3-(2~ AG)e-^^/' 

This example illustrates the one weakness of the MDA: While q goes to the correct optically thin limit 
{q -^ 0), for the optically thick limit the term due to medium emission goes to the value predicted by 
the ODA, which is not equipped to handle temperature jumps within optically thick media. The result is 
not included in Fig. 15-6 since it may lie anywhere between the exact and the Pi results, depending on 
the values of Tu,, and Tm. 

The Improved Differential Approximation 

The improved differential approximation (IDA) was first applied by Modest [52,53] and Modest 
and Stevens [54] to two-dimensional, nonscattering media at radiative equilibrium. The method 
has been extended to linear-anisotropically scattering three-dimensional media (at radiative equi-
librium or not) by Modest [55,56]. 

We start again by considering the equation of transfer, equation (15.54), together with the 
radiative source term, equation (15.55). Solving equation (15.54) along a pencil of rays (see 
Fig. 15-7) gives 

/(r,s) = —(rOe-^^ + C S(r'+/§,s)e-^^-<> Jr;. (15.74) 
^ Jo 

The problem with equation (15.74) is, of course, that for scattering media and/or for radiative 
equilibrium the radiative source S is not known a priori and depends on intensity / itself. The 
intensity consists of two components, one related to radiosity leaving the walls, the other related 
to medium emission and in-scattering. As for the MDA we break up the intensity according to 
equation (15.57) and approximate /,„ from the Pi-approximation (ODA). In the IDA these tasks 
are achieved by setting 

U r , s ) ^ rV(r'+/s,s)e"^^-^->c/T;, (15.75) 
Jo 

where 

5*(r, §) = (1 -a>) ̂ ( r ) + ^ [G\r) + A, q*(r) • §] (15.76) 

is the source term evaluated from the ODA, and the asterisks have been added to distinguish the 
differential approximation results from the improved values; i.e., in equation (15.76) the radiative 
heat flux q* and incident radiation G* (as well as Planck function /^ for the case of radiative equi-
librium) are evaluated approximately from equations (15.34) and (15.36) together with boundary 
condition (15.46). This approximation goes to the correct optically thin limit ( 4 -* 0 as r̂  -> 0) 
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as well as the correct optically thick limit (where the Pi-approximation predicts the correct ra-
diative source, 4, —> 5* -» 5 as r̂  -> oo).̂  Since for optically thin media the accuracy of S* is 
irrelevant, and for optically thick media only 5*(r) is of importance (rather than the integral over 
it), it may be justified to approximate equation (15.75) further. To this effect we shall assume that 
the radiative source varies linearly from the point under consideration, r, toward the point at the 
wall, r ' (i.e., into the -s direction), or 

5*(r'4-/s,s) - r ( r , s ) - (Ts . -T ; )^ ( r ,§ ) . (15.77) 

Substituting this expression into equation (15,75) then leads to 

Jo 
5"(r'+A§)e~^'^"'^>rfr; = 5*(r,s)(l-e-^0~ ^ ( r J ) [ l - (1+r,)^-^] . (15.78) 

dTs 

To ehminate dS*/drs from equation (15.78), we use the assumed linearity of the source function 
in reverse, i.e., we set 

r V(r'+/§,s)e-^^^-^^'>c/i^ ^ 6r(r-5oS,s)(l-e-^0, (15.79) 
Jo 

where the geometrical distance SQ is related to the optical distance 

T0 = 

Jo 
I3ir-s''s)ds'' = 1 ~ -^ , (15.80) 

1 - e~̂ ^ 

where 5" is distance measured from r into the -S direction. Thus, for a hnearly varying source 
the integral is easily evaluated from equation (15.78), using a representative value for the source 
evaluated an optical distance % away (0 < 7& < 1). We note that equations (15.78) and (15.79) 
also reduce to the correct optically thick and thin limits. Equation (15.79) is preferable over equa-
tion (15.78) since at moderate optical thicknesses it can account to a certain degree for nonlinear 
variation of the source term. 

Substituting equation (15.79) into equation (15.74) leads to 

/(r,s) =^ —(r')e~'^ + 5*(r-^oS,s)(l-e-^0. (15.81) 

The wall radiosities are found similarly to the MDA, by invoking their definition, that is, 

^ ( r ) = 67r4,.(r) + ( l -6 ) f /(r,s)|§ • n|rf^ 
J Sft<0 

= €7TlUr)^0-e)J [Ur')e~'^ ^nS-ir-soim-e-'O] ^^'^^^'^ dA. (15.82) 

Equation (15.82) may again be solved by standard surface transport methods, such as small zones 
(with little variation of Ju-, r̂  and s), to give 

N 

Ji = em hi + (1-6/) YJVJ e~'^^ +<^.(1 ~e-^0]^^y, / = 1,2,..., iV. (15.83) 
7=1 

^It should be noted that, in the optically thick limit, the /^-approximation will always predict the correct radiative 
source, but not necessarily the correct radiative heat flux (in the presence of temperature steps), which we found to be a 
minor shortcoming of the MDA. 
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Once the radiosities are known, the improved values for incident radiation and radiative heat flux 
anywhere inside the medium follow from their definition as 

G(r) = - r [Ur')e-'^ ^nS'(r-sos,m-e-'0]dQ 
^ J An 
r co<; G^dA 

= J [ j , , (r ' )e-^^+;r^(r-5oS,s)(l~e-^0]-^^^-. 

q(r) = - f [J,{r')e~'^ +nS'(r-sols)(\-e~'^)]$da 
^ J4n 

(15.84) 

(15.85) 

Thus, the improved differential approximation requires (/) the solution to the ordinary Pi -approxi-
mation, (//) the solution to a surface integral equation (or the evaluation of view factors) for the 
determination of radiosities, and (///) the evaluation of a surface integral for any point inside the 
medium for which heat flux or incident radiation is desired. 

Example 15.7. Repeat Example 15.5 using the improved differential approximation. 

Solution 
For radiative equilibrium in a gray medium we have G* = 4;r/^ = 4(rT*^ and, therefore, from equa-
tion (15.76) for an isotropically scattering medium 5* = /̂  = crT^^jn, The solution for the ODA has 
already been found in Chapter 14, Example 14.5, as 

G\T) = C - 3<7V = 4;r5r; C = 4(r7f - lq\ 

In this particular case, since *̂  is linear, equations (15.75), (15.78), and (15.79) all give the same result; 
and it is actually a little simpler to evaluate equation (15.78) rather than use equation (15.79). From 
Fig. 15-8, with Ji = crT^jn, and replacing r̂  (optical distance from point under consideration to point at 
wall) by TJp, (for 0 < // = cos ̂  < 1, or intensities traveling upward) and -{TL - r)/fj. (for -1 < // < 0, or 
intensities traveling downward) gives 

n ar 

0<fu<\; 
O-T;̂  C^^^ a* / 3 \1 , 3 r , 1 
— ^ + f- 1 + ^r e-'f^ + i-q* L-(M + r)e-M , 

n n 2n\ 2 l\ An^ ^ ^ J 

'R. g(r,-r)//. + 5- ( l _ e(r.-r)/M _ ^ ^ [ l - ( l - ^iZlL^^^-^)/^l 

n ^ ^ dr [ \ fi I J 

= y -f \ ^ "̂  ^ "̂  I " (̂  "̂  hn ^^''~'^'^ •*• T^* [Â  - 0" - -̂^ + T)e'>^-^^/^], - 1 < A/ < 0. 

The heat flux is then determined as 

= 2E,{r, - r) + <?• (l + | r ) [E^{T) - E^in - r)] 

^^'[i - E,ir) -TE,(T) - E,{r,-T) - (T,-T)E,(n-r)], 

which, with ** = q'la {l[f-T^)=\j[\ + \T^), reduces to 

>P(r)̂  
1 + Ejir) + E,{r, - r) - f [E,{T) + E,{T, - r)] 

1 + | r . 
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This result is also included in Fig. 15-9 and compared with other solution methods. The accuracy of 

the IDA is very good, and of the same order as the MDA, but the most severe weakness of the IDA is 

displayed in Fig. 15-9. In this method radiative equilibrium is not satisfied exactly, i.e., the approximate 

heat flux fluctuates slightly around the exact (constant) value. 

Example 15.8. Repeat Example 15.6 using the IDA. 

Solution 

Since there is no scattering, we have S* = S - (rT^jn (i.e., the source term is given, and there is no 

need to go through the Pi-solution). Further, since T„t - const, equation (15.79) is exact and not an 

approximation, leading to 

n n ^ ' 

= 'I±E. e^n~rw + ^Ifl (i ^ e^r,-rw\ ^ -1 < ^ < 0, 

that is, the exact intensity distribution within the medium. Therefore, for this simple problem, the IDA 
yields the exact result 

as shown in Fig. 15-6. 

Some multidimensional examples have been given for MDA by [23,25,47,49, 51, 57, 58] 

and for IDA by [52-56], proving their excellent accuracy under all conditions (even when the 

Pi-approximation fails). 
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Problems 

15.1 Consider a gray medium at radiative equilibrium contained within a long black cylinder with a surface 
temperature of T{r = R,z) = 7i,(z). Find the relevant boundary conditions for the fl -approximation 
directly from equation (15.22), i.e., in a manner similar to the development in Example 15.1. 

15.2 Consider a gray, isotropically scattering medium at radiative equilibrium contained between large, 
isothermal, gray plates at temperatures 7] and 75, and emittances €i and 62, respectively. Determine 
the radiative heat flux between the plates using the Pi -approximation. Compare the result with the 
exact answer from Table 13.1. 

15.3 Consider a large, isothermal (temperature 7 ,̂), gray and diflPuse (emittance e) wall adjacent to a semi-
infinite gray absorbing/emitting and linear-anisotropically scattering medium. The medium is isother-
mal (temperature T,n). Determine the radiative heat flux as a function of distance away from the plate 
using the Pi-approximation with (/) Marshak's, (//) Mark's boundary conditions. 

15.4 Consider parallel, gray-difl'use plates, that are isothermal at temperatures 71 and T2, and with emit-
tances ei and €2, respectively. The plates are separated by a gray, linear-anisotropically scatter-
ing medium of thickness L, which is at radiative equilibrium. Using the fl-approximation, deter-
mine the temperature distribution within, and the heat flux through, the medium. Compare the heat 
flux with the exact answer given by Table 13.1 (for isotropic scattering, and optical thicknesses of 
T̂  =z pi = 0, 0.1, 0.5, 1,2, and 5). Show that the radiative heat flux can be obtained fi'om the 
expression given in Example 15.3, by letting R2 ̂  Ri + L --^ 00. 

15.5 Black spherical particles of 100pm radius are suspended between two cold and black parallel plates 
1 m apart. The particles produce heat at a rate of ;r/10 W/particle, which must be removed by thermal 
radiation. The number of particles between the plates is given by 

NT(Z) = iVo + ANz/L, 0<z< L; No = AN = 2\2particles/cm^. 
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(a) Determine the local absorption coefficient and the local heat production rate; introduce an op-
tical coordinate and determine the optical thickness of the entire gap. 

(b) Assuming the fl-approximation to be valid, what are the relevant equations and boundary con-
ditions governing the heat transfer? 

(c) What are the heat flux rates at the top and bottom surfaces? What is the entire amoxmt of energy 
released by the particles? What is the maximum particle temperature? 

15.6 Consider parallel, black plates spaced 1 m apart, at constant temperatures T\ = lOOOK and 25 = 
300 K, respectively, separated by a gray, nonscattering mediimi at radiative equilibrium. The absorp-
tion coefficient of the medium depends on its temperature according to a power law, K = KoiT/Tof 
(Ko=:lmr\ TJ = 300 K, and «is an arbitrary, positive constant). 

(a) Using the P\ -approximation, outline how to determine the radiative heat flux through, and tem-
perature field within, the medium (i.e., the result may contain unsolved implicit relationships). 

(b) Write a small computer program to quantify the results for w = 0, 0.5, 1, and 4. Compare with 
results obtained for a constant K [evaluated at an average temperature ĵ v = 0.5 x (300+1000) = 
650 K]. 

15.7 Two infinitely long concentric cylinders of radii R\ and R2 with emittances €1 and €2 both have the 
same constant surface temperature 7̂ ,. The medium between the cylinders has a constant absorption 
coefficient K and does not scatter; uniform heat generation g ' " takes place inside the medium. De-
termine the temperature distribution in the medium and heat fluxes at the wall if radiation is the only 
means of heat transfer by using the fl-approximation. 

15.8 An infinite, black, isothermal plate bounds a semi-infinite space 

a =^ao e~^'^; Oo = lO""* m, L = 1 m. 

(a) Determine the absorption coefficient as a function of z (you may make the large-particle as-
sumption). 

(b) Determine the optical coordinate as a function of z. What is the total optical thickness of the 
semi-infinite space? 

(c) Assuming that radiative equilibrium prevails and that the differential approximation is valid, set 
up the boundary conditions. 

(d) Solve for heat flux and temperature distribution (as a function of z). 

15.9 Consider two parallel black plates both at lOOOK, which are 2 m apart. The medium between the 
plates emits and absorbs (but does not scatter) with an absorption coefficient of/t = 0.05236 cm"' 
(gray medium). Heat is generated by the medium according to the formula 

e ' " = Ca-T^, C = 6.958 x 10"^ cm"', 

where T is the local temperature of the medium between the plates. Assuming that radiation is the 
only important mode of heat transfer, determine the heat flux to the plates. 

15.10 A furnace burning pulverized coal may be approximated by a gray cylinder at radiative equilibrium 
with uniform heat generation g" ' = 0.266 W/cm^, bounded by a cold black wall. The gray and 
constant absorption and scattering coefficients are, respectively, 0.16 cm"' and 0.04 cm"', while the 
furnace radius is /? = 0.5 m. Scattering may be assumed to be isotropic. Using the fl-approximation: 

(a) Set up the relevant equations and their boundary conditions; 

(b) Calculate the total heat loss from the furnace (per unit length); 

(c) Calculate the radial temperature distribution; what are centerline and adjacent-to-wall temper-
atures, respectively? 

(d) Qualitatively, keeping the extinction coefficient constant, what is the effect of varying the scat-
tering coefficient on (/) heat transfer rates, (//) temperature levels? 
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15.11 Estimate the radial temperature distribution in the sun. You may make the following assumptions: 

(/) The sun is a sphere of radius R; 

(//) As a result of high temperatures in the sun the absorption and scattering coefficients may be 
approximated to be constant, i.e., K,., fi^ = const ^ /(v, T,r) (free-free transitions!); 

(///) Due to high temperatures, radiation is the only mode of heat transfer; 

(iv) The fusion process may be approximated by assuming that a small sphere at the center of the 
sun releases heat uniformly corresponding to the total heat loss of the sun (i.e., assume the sun 
to be concentric spheres with a certain heat flux at the inner boundary r = r/). 

(a) Relate the heat production to the effective sun temperature TsHMeir = 5777 K. 
(h) Would you expect the sun to be optically thin, intermediate, or thick? Why? What are the 

prevailing boundary conditions? 
(c) Find an expression for the temperature distribution (for r > r,). 
(d) What is the surface temperature of the sun? 

15.12 Repeat Problem 15.11 but replace assumption (iv) by the following: The fusion process may be 
approximated by assuming that the sun releases heat uniformly throughout its volume corresponding 
to the total heat loss of the sun. 

15.13 Consider a sphere of very hot dissociated gas of radius 5 cm. The gas may be approximated as 
a gray, linear-anisotropically scattering medium with K - 0.1cm"', cr^ = 0.2 cm"', y4| = 1. The 
gas is suspended magnetically in vacuum within a large cold container and is initially at a uniform 
temperature Tlj = 10,000 K. Using the Pi-approximation and neglecting conduction and convection, 
specify the total heat loss per unit time from the entire sphere at time / = 0. Outline the solution 
procedure for times t > 0. 
Hint: Solve the governing equation by introducing a new dependent variable g(T) = r(4;r4 - G). 

15.14 A spherical test bomb of 1 m radius is coated with a nonreflective material and cooled. Inside the 
sphere is nitrogen mixed with spherical particles at a rate of 10^ particles/m\ The particles have 
a radius of 300^m, are diffuse-gray with € = 0.5, and generate heat at a rate of 150 W/cm^ of 
particle volume. Using radiative properties determined in Problem 11.8 [with the two phase functions 
from Problem 11.8], determine the temperature distribution inside the bomb, using the differential 
approximation for both cases (/) and (//). In particular, what is the gas temperature at the center and 
at the wall? How much do the two methods differ from one another? 

15.15 A revolutionary new fuel is ground up into small particles, magnetically confined to remain within 
a spherical cloud of radius R. This cloud of particles has a constant, gray absorption coefficient, 
does not scatter, and releases heat uniformly at Q'" (W/m^). The cloud is suspended in a vacuum 
chamber, enclosed by a large, isothermal chamber (at 2;,). Heat transfer is solely by radiation, i.e., 
V'q={l/r^)d{r'q)/dr = Q''\ 

(a) Assuming the Pi-approximation to be valid, set up the necessary equations and boundary condi-
tions to determine the heat transfer rates, and temperature distribution within the spherical cloud. 
(b) Determine the maximum temperature in the cloud. 

15.16 Repeat Problem 15.5 using subroutine Plsor and/or program P1-2D. How do the answers change for 
a quadratic enclosure (side walls also cold and black)? 

15.17 Repeat Problem 15.6 using subroutine Plsor and/or program P1~2D. How do the answers change 
for a quadratic enclosure (side walls also black, with a linear surface temperature variation from 
T(x = 0) = Ti to Tix = L) = T2)? 

15.18 Consider a gray, isotropically-scattering medium at radiative equilibrium contained between large, 
isothermal, gray plates at temperatures 7] and 7i, and emittances €1 and ^ , respectively. Determine 
the radiative heat flux between the plates using the /^-approximation. Compare the results with the 
answer from Problem 15.2. 
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15.19 Do Problem 15.3 using the /^-approximation with Marshak's boundary condition. 

15.20 A hot gray medium is contained between two concentric black spheres of radius Ri = 10 cm and 
R2 = 20 cm. The surfaces of the spheres are isothermal at 7i = 2000 K and T2 = 500 K, respectively. 
The medium absorbs and emits with « = 1, ^ = 0.05 cm"^, but does not scatter radiation. Determine 
the heat flux between the spheres using the modified differential approximation (MDA). 
Note: This problem requires the numerical solution of a simple ordinary differential equation. 

15.21 Repeat Problem 15.20 for concentric cylinders of the same radii. Compare your result with those of 
Fig. 15-5. 
Note: This problem requires the numerical solution of a simple ordinary differential equation. 

15.22 Repeat Problem 15.20 using the ordinary Pi-approximation (ODA) and the improved differential 
approximation (IDA). 
Note: This problem requires the numerical solution of an integral. 

15.23 Repeat Problem 15.21 using the ordinary Pi-approximation (ODA) and the improved differential 
approximation (IDA). 
Note: This problem requires the numerical solution of an integral. 

15.24 Repeat Problem 15.13 using the improved differential approximation (IDA). 
Note: This problem requires the numerical solution of an integral. 
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16 
THE METHOD OF 

DISCRETE 
ORDINATES 

(SAT-APPROXIMATION) 

16.1 INTRODUCTION 

Like the spherical harmonics method, the discrete ordinate method is a tool to transform the 
equation of transfer (for a gray medium, or on a spectral basis) into a set of simultaneous partial 
differential equations. Like the i^-method, the discrete ordinates or 5;v-method may be carried 
out to any arbitrary order and accuracy. First proposed by Chandrasekhar [I] in his work on stellar 
and atmospheric radiation, the 5!,v-method originally received little attention in the heat transfer 
community. Again Uke the /5v-method, the discrete ordinates method was first systematically 
applied to problems in neutron transport theory, notably by Lee [2] and Lathrop [3,4]. There 
were some early, unoptimized attempts to apply the method to one-dimensional, planar thermal 
radiation problems (Love et al [5,6], Hottel et al. [7], Roux and Smith [8,9]). But only during the 
past twenty years has the discrete ordinates method been applied to, and optimized for, general 
radiative heat transfer problems, primarily through the pioneering works of Fiveland [10-13] and 
Truelove [14-16]. 

The discrete ordinates method is based on a discrete representation of the directional variation 
of the radiative intensity. A solution to the transport problem is found by solving the equation of 
transfer for a set of discrete directions spanning the total solid angle range of 4;r. As such, the 
discrete ordinates method is simply a finite diff'erencing of the directional dependence of the 
equation of transfer. Integrals over solid angle are approximated by numerical quadrature (e.g., 
for the evaluation of the radiative source term, the radiative heat flux, etc.). 

498 
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Today, many numerical heat transfer models use finite volumes rather than finite differences. 
Similarly, one may also use finite "solid angle volumes" for directional discretization. This varia-
tion of the discrete ordinates method is commonly known as the finite volume method (for radia-
tive transfer), and enjoys increasing popularity. 

In this chapter we shall first develop the set of partial diff'erential equations for the standard 5V-
method and their boundary conditions. This is followed by a section describing how the method 
may be applied to one-dimensional plane-parallel media, and another dealing with spherical and 
cyHndrical geometries, and then its application to two- and three-dimensional problems will be 
outlined. This is followed by the development of the finite volume method and, finally, the chapter 
will close with a brief look at other, related methods. 

16.2 GENERAL RELATIONS 

The general equation of transfer for an absorbing, emitting, and anisotropically scattering medium 
is, according to equation (9.22), 

^ = § - V / ( r , § ) = / . ( r ) / , ( r ) - A r ) / ( r , § ) + ^ f / ( r , r )0( r , s ' ,§ )JQ' . (16.1) 
as ^^ JAn 

Equation (16.1) is valid for a gray medium or, on a spectral basis, for a nongray medium, and is 
subject to the boundary condition 

/(r,,,s) = 6(r^.)4(ra.) + ^ ^ f /(r^,s ') | f t-SV^', (16.2) 
^ JM'KO 

where we have limited ourselves to an enclosure with opaque, diffusely emitting and diffusely 
reflecting walls. The extension of equation (16.2) to more boundary conditions is straightforward. 

Discrete Ordinates Equations 

In the discrete ordinates method, equation (16.1) is solved for a set of« different directions §,, / = 
1,2,..., w, and the integrals over direction are replaced by numerical quadratures, that is, 

I fis)dQc.ywif{%l (16.3) 

where the Wi are the quadrature weights associated with the directions $,-, Thus, equation (16.1) is 
approximated by a set of n equations, 

sr V/(r,s0 = <r)4(r)-Ar)/(rJ/)+^^a;y/(r,Sy)O^^^ / = 1,2,... ,AZ, (16.4) 

subject to the boundary conditions 

/(r,., §,) = 6(r„) 4(r„0 -^^^^wj /(r«„ Sj) \A • s,|, n • S, > 0. (16.5) 

Each beam traveling in a direction of §/ intersects the enclosure surface twice: Once where the 
beam emanates from the wall (h • S/ > 0), and once where it strikes the wall, to be absorbed or 
reflected (ft • §/ < 0). The governing equation is first order, requiring only one boundary condition 
(for the emanating intensity, n • S/ > 0). Equations (16.4) together with their boundary conditions 
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(16.5) constitute a set of n simultaneous, first-order, linear partial differential equations for the 
unknown ^(r) = /(r, S/). The solution for the J/ may be found using any standard technique 
(analytical or numerical). If scattering is present (<TS i=- 0), the equations are coupled in such 
a way that generally an iterative procedure is necessary. Even in the absence of scattering, the 
temperature field is usually not known, but must be calculated from the intensity field, again 
making iterations necessary. Only if there is no scattering and if the temperature field is given is 
the solution to the intensities k straightforward (as is the exact solution). 

Once the intensities have been determined the desired direction-integrated quantities are read-
ily calculated. The radiative heat flux, inside the medium or at a surface, may be found from its 
definition, equation (9.46), 

q(r)= I / ( r ,s )§t /n^y(i ; , i ;<r)s , . (16.6) 

The incident radiation G [and, through equation (9.53), the divergence of the radiative heat flux] 
is similarly determined as 

G(r) = r /(r, §) rfQ - y w^ i,(r). (16.7) 

At a surface the heat flux may also be determined from surface energy balances [equations (4.1) 
and (3.16)] as 

q-ii(r„;) = 6(r„;) [;r4(r„,) -//(r„,)] 

^ 6(r«;)(;r/^(r,.) ~ Yj^i 7;(r,) \xi • S/|). (16.8) 
A§,<0 

Equations (16.4) and (16.5) can be written in a somewhat more compact form if one limits the 
analysis to linear-anisotropic scattering, i.e., to a scattering phase function of 

<D(r, §,§')= l+ / f i ( r ) s ' - s . (16.9) 

Then, using equations (16.6) and (16.7) and/or equation (13.15), 

S/ • VT; 4-yS/, = Kh + 7^(C7+^] q • §,), / = 1, 2, . . . , A2, (16.10) 
4;r 

with boundary condition 

^ = - = 4 . " - ^ ^ q - A , fl-§,>0 (16.11) 
n en 

at the enclosure surface. Of course, radiative heat flux and incident radiation are unknowns to 
be determined from directional intensities from the series in equations (16.6) and (16.7). Equa-
tions (16.10) and (16.11) are convenient forms for the iterative solution procedure: For each 
iteration values of G and q are estimated, and the n intensities i/ are evaluated. The values for G 
and q are then updated, and so on. 

Selection of Discrete Ordinate Directions 
The choice of quadrature scheme is arbitrary, although restrictions on the directions S/ and quadra-
ture weights Wi may arise from the desire to preserve symmetry and to satisfy certain conditions. 
It is customary to choose sets of directions and weights that are completely symmetric (i.e., sets 
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TABLE 16.1 

Discrete ordinates for the 51/v-approximation (N = 2,4,6,8), from [17]. 

Order of 

Approximation 

52 (symmetric) 

Sz (nonsymmetric) 

54 

f 
0.5773503 

0.5000000 

0.2958759 
0.2958759 
0.9082483 

Ordinates 

n 
0.5773503 

0.7071068 

0.2958759 
0.9082483 
0.2958759 

fi 

0.5773503 

0.5000000 

0.9082483 
0.2958759 
0.2958759 

Weights 

w 

1.5707963 

1.5707963 

0.5235987 
0.5235987 
0.5235987 

58 

0.1838670 
0.1838670 
0.1838670 
0.6950514 
0.6950514 
0.9656013 

0.1838670 
0.6950514 
0.9656013 
0.1838670 
0.6950514 
0.1838670 

0.9656013 
0.6950514 
0.1838670 
0.6950514 
0.1838670 
0.1838670 

0.1609517 
0.3626469 
0.1609517 
0.3626469 
0.3626469 
0.1609517 

0.1422555 
0.1422555 
0.1422555 
0.1422555 
0.5773503 
0.5773503 
0.5773503 
0.8040087 
0.8040087 
0.9795543 

0.1422555 
0.5773503 
0.8040087 
0.9795543 
0.1422555 
0.5773503 
0.8040087 
0.1422555 
0.5773503 
0.1422555 

0.9795543 
0.8040087 
0.5773503 
0.1422555 
0.8040087 
0.5773503 
0.1422555 
0.5773503 
0.1422555 
0.1422555 

0.1712359 
0.0992284 
0.0992284 
0.1712359 
0.0992284 
0.4617179 
0.0992284 
0.0992284 
0.0992284 
0.1712359 

that are invariant after any rotation of 90°), and that satisfy the zeroth, first, and second moments, 
or 

I dO.- An =2_. u>i> 

J An ,.̂, 

J ssda = j6=Y,w,srSi, 

(16.12a) 

(\6.l2b) 

(16.12c) 

where S is the unit tensor [cf equation (15.29)]. Different sets of directions and weights satisfy-
ing all these criteria have been tabulated, for example, by Lee [2] and Lathrop and Carlson [17]. 
Fiveland [12] and Truelove [15] have observed that different sets of ordinates may result in con-
siderably different accuracy. They noted that (/) the intensity may have directional discontinuity 
at a wall, and (//) the important radiative heat fluxes at the walls are evaluated through a first 
moment of intensity over a half range of 2?r [equation (16.8)]. They concluded that the set of 
ordinates and weights should also satisfy the first moment over a half range, that is. 
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I \ns\dn=:f n'SdQ, = n= y WiA'Si, (16.13) 
J A § < 0 Jh'%>Q f^Q 

While it is impossible to satisfy equation (16.13) for arbitrary orientations of the sxuface normal, 
it can be satisfied for the principal orientations, if A = i, j , or k. Sets of ordinates and weights 
that satisfy (/) the symmetry requirement, (//) the moment equations (16.12), and (///) the half-
moment equation (16.13) (for the three principal directions of n)̂  have been given by Lathrop 
and Carlson [17]. The first four sets labeled S2-, S^-, S^-, and Sg-approximation are reproduced in 
Table 16.1. In the table the f/, 77̂, and/// are the direction cosines of S/, or 

s, = (§/. 1)1 + (§,. j ) j + (s/. k)k = ,̂1 + /^j + //,k. (16.14) 

Only positive direction cosines are given in Table 16.1, covering one eighth of the total range 
of solid angles 4n. To cover the entire 4n any or all of the values of ^/, 77,-, and /// may be 
positive or negative. Therefore, each row of ordinates contains eight difl'erent directions. For 
example, for the 52-approximation the different directions are Si = 0.577350(i + j + k), §2 = 
0.577350(1 + J - k), . . . , Sg = -0.577350(i + J + k). Since the symmetric ^2-approximation 
does not satisfy the half-moment condition, a nonsymmetric 52-approximation is also included in 
Table 16.1, as proposed by Truelove [15]. This approximation satisfies equation (16.13) for two 
principal directions and should be applied to one- and two-dimensional problems, from which the 
nonsymmetric term drops out (as seen in Example 16.1 in the following section). The name ''Si^-
approximation" indicates that Â  different direction cosines are used for each principal direction. 
For example, for the 54-approximation ,̂ = ±0.295876 and ±0.908248 (or TJI or fi^). Altogether 
there are always n = NlN-^l) different directions to be considered (because of symmetry, many 
of these may be unnecessary for one- and two-dimensional problems). Several other quadrature 
schemes can be found in the literature. Carlson [18] proposed a set with equal weights Wf (such 
as the S2 and S4 sets in Table 16.1). Two more quadratures and a good review of the applicability 
of all discrete ordinate sets have been given by Fiveland [19]. Other publications documenting 
procedures for the generation of quadrature sets are those of Sanchez and Smith [20] and El Wakil 
and Sacadura [21]. A new family of quadrature sets, like the Sn sets symmetric in 90° rotations, 
but with different arrangement of directions, have been given by Thurgood and coworkers [22], 
and have been dubbed Tn sets by the authors. These always generate positive weights and are 
claimed to reduce the so-called "ray effect" (which will be discussed a little later on p. 517). 
These sets have been further refined by Li and coworkers [23]. 

163 THE ONE-DIMENSIONAL SLAB 

We will first demonstrate how the 5jv discrete ordinates method is applied to the simple case of a 
one-dimensional plane-parallel slab bounded by two diffusely emitting and reflecting isothermal 
plates. As in previous chapters we shall limit ourselves to linear-anisotropic scattering, although 
extension to arbitrarily anisotropic scattering is straightforward. We avoid it here to make the 
steps in the development a little easier to follow. If we choose z as the spatial coordinate between 
the two plates (0 < 2 < L), and introduce the optical coordinate r with dr = pdz (0 < r < r j , 
equation (16.4) is transformed to 

^.-^ = (l^cj)h-Ii^^Yj'^jIj[\'^A,(^^^^^^^^ / = 1 , 2 , . . . , « . (16.15) 

For a one-dimensional slab intensity is independent of azimuthal angle. Since for every ordinate j 
(with a given fij) with a positive value for ^ there is another with the same, but negative, value, and 

'With the exception of the symmetric ^2-approximation. 
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TABLE 16.2 

Discrete ordinates for the one-dimensional ^Ar-approximation (Â  = 2,4,6,8). 

Order of 
Approximation 

^2 (symmetric) 

52 (nonsymmetric) 

54 

^6 

58 

Ordinates 

0.5773503 

0.5000000 

0.2958759 
0.9082483 
0.1838670 
0.6950514 
0.9656013 
0.1422555 
0.5773503 
0.8040087 
0.9795543 

Weights 
w' 

6.2831853 

6.2831853 

4.1887902 
2.0943951 
2.7382012 
2.9011752 
0.6438068 
2.1637144 
2.6406988 
0.7938272 
0.6849436 

since the intensity is the same for both ordinates, the terms involving ^ in equation (16.15) add to 
zero. The same is true for the terms involving TJJ, but not for those with jij (since the intensity does 
depend on polar angle 9, and fx = cos 6), Hov^ever, the terms involving juj are repeated several 
times: Each value of JJ. (counting positive and negative //-values separately) shown in one row of 
Table 16.1 corresponds to four different ordinates (combinations of positive and negative values 
for ^ and rj). In addition, a particular value of// may occur on more than one line of Table 16.1. If 
all the quadrature weights corresponding to a single//-value are added together, equation (16.15) 
reduces to 

/ / , ^ = ( l ~ 6 ; ) 4 ~ 7 ; + ^ 2 ^ ; / y ( l + ^ i / / , / i , . ) , / = 1 , 2 , . . . , M (16.16) 

where the wj are the summed quadrature weights. For example, for // = 0.2958759 in the S4-
approximation the summed quadrature weight is w;' = 4 x (0.5235987 + 0.5235987) = 47r/3, 
and so forth. The ordinates and quadrature weights for the one-dimensional slab are listed in 
Table 16.2. Equation (16.16) could have been found less painfully by using equation (16.10) 
instead of (16.4), leading directly to 

( l - a > ) 4 + —(G + ^i(7///), / = 1,2,...,A^. (16.17) 

Before proceeding to the boundary conditions of equation (16.17) we should recognize that, of 
the N different intensities, half emanate from the wall at r = 0 (with jUi > 0), and the other half 
from the wall at r = r̂  (with //̂  < 0). Following the notation of Chapter 13, we replace the Â  
different It by 

/j , /2 , . . . , 4Y2 ^^^ A ' 2̂ ' • • •' ̂ N/2' 

Then equation (16.17) may be rewritten as 

/^ / -^ -^It = (l-oj)Ib'^ ^{G + Ai qfi^l (16.18a) 
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- p , - ^ + / - = (1 - w)4 + ^ ( G - Ai qn,), (\6.m) 

z = l,2,...,Ar/2; //,. >0 . 

With this notation the boundary conditions for equation (16.18) follow from equations (16.5) or 
(16.11) as 

T = 0: i; = JJn = Ii,i-^^qi, (16.19a) 

T = T,: lr= J^ln = / ^ + — - ^ ^ 2 , (16.1%) 

/ = l,2,...,A^/2, / / ,>0. 

(For the boundary condition at r̂  the sign switches since n points in the direction opposite to z.) 
Radiative heat flux q and incident radiation G are related to the directional intensities through 

equations (16.6) and (16.7), or 

Nil 

q = j]w;ii^(i;-iri (16.20a) 
;=1 
N/2 

G = YJ">;(I; + ir). (16.20!)) 

At the two surfaces the radiative heat flux is more conveniently evaluated from equation (16.8) as 

N/2 

T = 0: q,= q{0)^ ex(EM - YJW; fx^![), (16.21a) 

N/2 
r^n: q2= -q{%) = -62(^^2 - j ] «;/^, 7;̂ ). (16.21^)) 

/ = l 

Example 16.1. Consider two large, parallel, gray-difFuse and isothermal plates, separated by a distance 
L. One plate is at temperature 7] with emittance 61, the other is at T2 with €2. The medium between the 
two plates is a gray, absorbing/emitting and linear-anisotropically scattering gas (« = 1) with constant 
extinction coefficient /3 and single scattering albedo a>. Assuming that radiative equilibrium prevails, 
determine the radiative heat flux between the two plates using the ̂ 2-approximation. 

Solution 
For radiative equilibrium we have, from equation (9.53), 4 = G/4n and q = const; equations (16.18) 
and (16.19) become 

ClI, 1 

dl7 1 

For the ^2-approximation we have only a single ordinate direction /j^ (pointing toward r^ for /j*", and 
toward 0 for /["), where //, = 0.57735 for the symmetric ^2-approximation, and /Ui = 0.5 for the non-
symmetric S2-approximation [which satisfies the half-range moment, equation (16.13)]. For the simple 
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52-approximation the simultaneous equations (only two in this case) may be separated. We do this here 
by eliminating /^ and I~ in favor of G and q. From equation (16.20), with w^ - 2n, 

G = 2;r( / ;+/r) , 

q = 2;r//,(/^-/,-). 

Therefore, adding and subtracting the two differential equations and multiplying by In leads to 

^^^G = G, or ^ = 0 , 
dr dr 

dG \ , dG (\ 
,-^^^q = A,a>^,q^ or - = ^ ( ^ 

The first equation is simply a restatement of radiative equilibrium, while the second may be integrated 
(since q - const), or 

G = C-(^-Au>y 

This relation contains two unknown constants (C and q), which must be determined from the boundary 
conditions, that is, 

r = 0; '•* = ihi)'''"-

or 

An \ 

7 = 0 : 4 J i= G + - ^ = C - f - , 

1 
4J2= G-^^C-i--A,cXT,-^ 

Subtracting, we obtain. 

2//, 

Jx-Ji \+[\|fi\~A^CJ)^i,TJ2 

from which the radiosities may be eliminated through equation (13.44). For the symmetric S2-approxi-
mation, ^1 = 0.57735 = 1/ V3, and with isotropic scattering, A\ - 0, this expression becomes 

I symmetric 
V3/2 + 3T,/4 

On the other hand, for the nonsymmetric ^2-approximation (;/, =0.5), also with isotropic scattering, 

1 
^nonsymmetric ~ l + r . 

The 52-approximation is the same as the two-flux method discussed in Section 14.3, and the nonsym-
metric 5*2-method is nothing but the Schuster-Schwarzschild approximation. Results from the two 5*2-
approximations are compared in Table 16.3 with those from the fl-approximation and the exact solution. 
It is seen that the accuracy of the S2-method is roughly equivalent to the one of the fl-approximation. 
The nonsymmetric 52-approximation is superior to the symmetric one, since the symmetric 2̂ does not 
satisfy the half-moment condition, equation (16.13), and causes substantial errors in the optically thin 
limit. 

As a second example for the one-dimensional discrete ordinates method we shall repeat Ex-
ample 15.4, which was originally designed to demonstrate the use of the P3-approximation. 
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T A B L E 16.3 

Radiative heat flux througli a one-dimensional plane-parallel medium at radiative equilib-
rium; comparison of 52- and /)-approximations. 

n 
0.0 
0.1 
0.5 
1.0 
5.0 
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Example 16.2. Consider an isothermal medium at temperature F, confined between two large, parallel 
black plates that are isothermal at the (same) temperature 7̂ ,. The medium is gray and absorbs and emits, 
but does not scatter. Determine an expression for the heat transfer rates within the medium using the S2 
andiS4 discrete ordinates approximations. 

Solution 
For this particularly simple case equations (16.18) reduce to 

dir 

Since 4 = const, these equations may be integrated right away, leading to 

If = 4 + C-e^/^'-. 

The integration constants C^ and C~ may be found from boundary conditions (16.19) as 

r = : 0 : If =^ Iha,==^If, + C\ or C := Ibu> - Ihl 

T = 7z : ir^ 4 , = 4 + C- ê '̂ '̂̂  or C = (I,,, - h)e-'''^. 

Thus, 

n = //,+(4„.-4)e-^/^\ 

If = h^{lM.-k)e<^^-^''^^. 

The radiative heat flux follows then from equation (16.20) as 
A72 

q = £u ; ; r t (4 . - /* ) (e - ' " " -e-"'-^>'«), 

or, in nondimensional form. 

For the nonsymmetric ^2-approximation we have w\ = In and pj = 0.5, or 
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For the 54-approximation, w\ = 4;r/3, w'^ = 2;r/3, //, = 0.2958759, IM = 0.9082483, and 2 ^11^ = n, 
so that 

"Vs, = 0 .3945012 (g--/0-2958759 ^ ^-(r,-r)/0.2958759^ ^ 0 .6054088 (e-^/0-9082483 ^ ^-(r,-r)/0.9082483^ ^ 

The results should be compared with those of Examples 15.2 and 15.4 for the P\ and F -̂approximations. 
Note that the 5iv-method goes to the correct optically thick limit {n -^ oo) at the wall, i.e., 4' --> 1 [if the 
half moment of equation (16.13) is satisfied]. The /̂ v-approximations, on the other hand, overpredict 
the optically thick limit for this particular example. 

It should be emphasized that this last example—dealing with a nonscattering, isothermal 
medium—is particularly well suited for the discrete ordinates method. One should not expect 
that, for a general problem, the ^4-method is easier to apply than the /^-approximation. 

A number of researchers have solved more complicated one-dimensional problems by the 
discrete ordinates method. Fiveland [12] considered the identical case as presented in this sec-
tion, but allowed for arbitrarily anisotropic scattering. Solving the system of equations by a 
finite difference method, he noted that higher-order ^A -̂methods demand a smaller numerical step 
AT, in order to obtain a stable solution. Kumar and coworkers [24] not only allowed arbitrar-
ily anisotropic scattering, but also considered boundaries with specular reflectances as well as 
boundaries with collimated irradiation (as discussed in Chapter 18). To solve the set of simul-
taneous first-order differential equations they employed a subroutine from the IMSL software 
library [25], which is available on many computers. Stamnes and colleagues [26,27] investigated 
the same problem as Kumar and coworkers but also allowed for variable radiative properties and 
a general bidirectional reflection function at the surfaces. They decoupled the set of simultaneous 
equations using methods of linear algebra and found exact analytical solutions in terms of eigen-
values and eigenvectors that, in turn, were determined using the EISPACK software library [28]. 
Other examples of the use of the one-dimensional discrete ordinates model as a tool to solve more 
complex problems may be found in [29-38]. 

16.4 ONE-DIMENSIONAL CONCENTRIC 
SPHERES AND CYLINDERS 

To apply the discrete ordinates method to spherical or cylindrical geometries, and to take advan-
tage of the symmetries in a one-dimensional problem, are considerably more difficult for con-
centric spheres and cylinders than for a plane-parallel slab. The reason is that the local direction 
cosines change while traveling along a straight line of sight through such enclosures. 

Concentric Spheres 

ComidQv two concentric spheres of radius R\ and Ri, respectively. The inner sphere surface has 
an emittance ei and is kept isothermal at temperature T{, while the outer sphere is at temperature 
Ti with emittance 62- If the temperature within the medium is a flmction of radius only, then the 
equation of transfer is given by equation (13.66), 

dl I'-fi^dl ^, _ 

or, alternatively, 
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FIGURE 16-1 
Directional discretization and discrete ordinate values for one-
dimensional problems. 

where /i = cos 9 is the cosine of the polar angle, measured from the radial direction (see Fig. 13-5). 
S is the radiative source function, 

5(r,/i) = ( l - a > ) 4 + 
(X) X'/<̂ "̂ ' )<DOu,/i')V. 

or CO 
S{r,ii) = (1 - w)4 + —(G + Ai qn). 

(16.23a) 

(16.236) 

if the scattering is limited to the linear-anisotropic case. The additional difficulty lies in the fact 
that equation (16.22) contains a derivative over direction cosine, n, that is to be discretized in the 
discrete ordinates method. Applying the S'Af-method to equation (16.22), we obtain 

î̂ '̂̂ ^̂ ^ 7 [h '̂ ^~ '̂A,~t̂ '' ^^^' i=h2,...,N, (16.24) 
where Sf is readily determined from equation (16.23) (and is independent of ordinate direction 
unless the medium scatters anisotropically). Equation (16.24) is only applied to the N principal 
ordinates since, similar to the slab, there is no azimuthal dependence. Since the direction vector 
fi is discretized, its derivative must be approximated by finite differences. We may write 

(16.25) 

which is a central difference with the 7i±i/2 evaluated at the boundaries between two ordinates, as 
shown in Fig. 16-1. Since the differences between any two sequential //, are nonuniform, the geo-
metrical coefficients a are nonconstant and need to be determined. The values of a depend only 
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on the differencing scheme and, therefore, are independent of intensity and may be determined 
by examining a particularly simple intensity field. For example, if both spheres are at the same 
temperature, then 4i = ki = 4 = const, and also 7 = 4 = const. This then leads to 

^/•+'/2 "~ ̂ i-'k = ^i = -2w;fii, / = 1,2,...,A^. (16.26) 
J/^=Pi 

This expression may be used as a recursion formula for orz+y,, if a value for a\f, can be determined. 
That value is found by noting that ly^ is evaluated at )U = -1 (Fig. 16-1), where (1 - fi^)I = 0 and, 
therefore, a\/^ = 0. Similarly, If^+y, is evaluated at// = +1 and also oryv+i/, = 0. The finite-difference 
scheme of equations (16.25) and (16.26) satisfies the relation [4] 

= Tj'^nai'M^ ^^^^ f = E (̂ >̂'/2̂ >v2 ~ «̂ /-v2̂ /-V2) 

= 0. 

Finally, the intensities at the node boundaries, li±\/,, need to be expressed in terms of node center 
values, li. We shall use here simple, linear averaging, i.e., Ti+y, ^ j(Ii + Ii+\). Equation (16.24) 
may now be rewritten as 

'^P' ^)^ 2;:;;;^ +M -^5, 

or, carrying out the differentiation and using equation (16.26), 

^ ' ^ 7 ' 2i^ ^ ' ^ ^^ ' (16.27a) 

ar/+i/2 = a/-i/2 - Iwlfii, ay, = a^^^i^ = 0, / = 1,2,..., M (16.27/?) 

Equations (16.27) constitute a set of Â  simultaneous differential equations in the N unknown 
intensities Ii, subject to the boundary conditions [cf. equation (16.19)] 

r=Ri :I, = jjrc = Ihi-^^qi, / = ^ + 1, ^ + 2 , . . . ,iV Ou,>0), (16.28a) 

r=R2:Ii = J2/n = It,2 + ̂ ^q2, / = 1,2,..., - (/i,.<0). (16.28ft) 

As for the one-dimensional slab the radiative heat flux and incident radiation are evaluated [cf. 
equations (16.20) and (16.21)] fi'om 

iV 

and 

G{r) = YjW;ii(r% (16.29a) 

N 

q{r) = 2^^/^W' (16.29ft) 
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Nil 

q(RO = q,= ei{Eti + J]"^//^/^)' (16.29c) 
/=] 

(/i/<0) 

-q{R2) = 2̂ = €2(Eh2 -Yj^lfiili). (16.29rf) 
/=/V/2+l 

(M>0) 

Example 163. Consider a nonscattering medium at radiative equilibrium that is contained between 
two isothermal, gray spheres. The absorption coefficient of the medium may be assumed to be gray 
and constant. Using the S2-approximation determine the radiative heat flux between the two concentric 
spheres. 

Solution 
From equation (16.27) we find, with N ^ 1, that ai/j = as/j = 0, azf^ = -2«;J //, = Iw'^Hi - ^̂ M (since 
fi2 = -fii> 0; we keep pi-^ as a. nonnumerical value to allow comparison between the symmetric and 
nonsymmetric 5*2-approximations). For a gray, nonscattering medium at radiative equilibrium we have 
)5 = /c and V • q = 0, and the source function is, from equations (9.55) and (16.39), 5 = 4 = G/4n. 

, = ,: -^^-H/.^^/,^/, = ^4(/,^/,). 
ar T r An 2 

_,^.(..i)„_«.„. 
/ = 2 : ; , - ^ + ^/2 -. ^ / , +/2 = - ( / , +/2), 

ar T T 2 

^dr \T 2) 
( / i - / 2 ) = 0. 

While addition of the two equations simply leads to a restatement of radiative equilibrium (as in Example 
16.1), subtracting them (and multiplying by u;/ = 2JT) leads to 

-^^[2n{h^h)]^2n{h-l2) = 0. 
dr 

or 
dG _ q _ T^q 1 
dr jj^ n^ r̂ * 

Since for a medium at radiative equilibrium between concentric spheres Q = Anr^q = const and, there-
fore, T^q - const, the incident radiation may be found by integration, 

H- T 

where the two constants {T^q) and C are still unknown and must be determined fi-om the boundary 
conditions, equations (16.28): 

l2(ri) = Jl/n, Il{T2) = J2/7t. 

Using the definitions for q and G, equations (16.29), 

q = 2n/u {h - h) and G = 2;r(/2 + /i), 

or 

(-j)-'-i(-.^)-
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the boundary conditions may be restated in terms of ^ and G as 

r = r,: 4J, = G - ^ = ! i | + C - * = 1^(1 - 4 ) + C. 

Subtracting the second boundary condition from the first we obtain 

T2 q 1 
^=: 

r.Jx-Ji 1 / . T? 
z:i^^,^ i('4)^^('-S) 

For the symmetric ^2-approximation, with ju = 1/ V3, this equation becomes 

^ . - _ 1 
*̂  symmetric "~ /— 

V3 
4 

and for the nonsynmietric approximation with // = 0,5, 

(-i)^T('-s)' 4 , ., 

Tnons>mimetrjc — 

l(-S)-(-S) 
The accuracy of the <S2-approximation is very similar to that of the Pi-approximation, for which 

1 

J('4)^^(-S)' 
Note that the method is very accurate for large T\ (large optical thickness) but breaks down for optically 
thin conditions (/c -^ 0), in particular for small ratios of radii, RxJRi. In the limit {K -> 0, RiJRi -^ 0) 
we find NP/>, = ^Si^nonsym -^ 2, while the correct limit should go to êxact -* 1 • 

Numerical solutions to equations (16.27), allowing for anisotropic scattering, variable proper-
ties and external irradiation, have been reported by Tsai and colleagues [39] using the S^ discrete 
ordinates method with the equal-weight ordinates of Fiveland [12]. The same method was used 
by Jones and Bayazitoglu [40,41] to determine the combined effects of conduction and radiation 
through a spherical shell. 

Concentric Cylinders 

The analysis for two concentric cylinders follows along similar lines. Again we consider an 
absorbing, emitting, and scattering medium contained between two isothermal cylinders with 
radii R\ (temperature 7], dilTuse emittance ei) and Ri (temperature 72, emittance 62), respectively. 
For this case the equation of transfer is given by equation (13.85), 

dl sin 0 sin il/ dl 
smOcosi/r- -—^— ^fil = ps, (16.30) 

where polar angle 0 is measured from the z-axis, and azimuthal angle if/ is measured from the 
local radial direction (cf. Fig. 13-6). S is the radiative source function and has been given by 
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equation (16.23). Introducing the direction cosines f = § • ^ = cos ^, // = s • ê  = sin ̂ cos ^, and 
77 = S • e^ = sin ̂  sin ̂ , we may rewrite equation (16.30) as 

For a one-dimensional cylindrical medium the symmetry conditions are not as straightforward as 
for slabs and spheres. Here we have 

I(r,e,ifr) = /(r,;r ~ ^,^) = I(r,9,-i/f), (16.32) 

Therefore, the intensity is the same for positive and negative values of ̂ , as well as for positive and 
negative values of rj. Thus, we only need to consider positive values for ^̂  and 77̂  from Table 16.1, 
leading to Nc = N(N-^ 2)/4 different ordinates for the 5iv-approximation, with quadrature weights 
w'/ = 4wi. Equation (16.31) may then be written in discrete ordinates form as 

- T W ) - - ( | r ( ^ 4 +PIi=J3^. /= l ,2 , . . . , iV, . (16.33) 

As for the concentric spheres case the term in braces is approximated as 

In this relation the subscript /+V2 implies "toward the next higher value of ^/, keeping f, constant." 
The value of Â  depends on the value of ^̂ . For example, for the 54-approximation we have from 
Table 16.1 Â  = 4 for f̂  = 0.2958759 (four different values for//,, two positive and two negative) 
and Â  = 2 for ,̂ = 0.9082483. In the case of concentric cylinders the recursion formula for a, by 
letting I = S = const in equation (16.31), is obtained as 

= < r t , / = 1,2,...,A^, ^,.fixed. (16.35) 

Again, ay^ = 0 since at that location if/y^ = 0 and, therefore, 77 = 0. Similarly, a,v.+i,̂  = 0 since 
^Ni^i/z ~ ^ ^^^ ^ = 0. Finally, using linear averaging for the half-node intensities leads to 

f^i-T'^^^' —^—;; +)5//=)S5, 1= 1,2,...,TV,., (16.36a) 
dr 2r 2rw. 

a/+i/2 = a,-.!/, + wl'fif, Qri/2 = cTv̂ î  = 0, / = 1,2,...Ni, ^i fixed. (16.366) 

Equation (16.36) is the set of equations for concentric cylinders, for the Nc = N(N-b2)/4 unknown 
directional intensities It, and is equivalent to the set for concentric spheres, equation (16.27). 
The boundary conditions for cylinders and spheres are basically identical [equations (16.28)], 
except for some renumbering, as are the expressions for incident intensity and radiative heat flux 
[equations (16.29)], that is, 

r=Rr. l, = ^^l^,^hlLqu / = ^ + l ,^+2,.. . ,A^>(/i,>0), (16.37a) 

r=R2: /;. = : i = 42 + lz^<72, / = l , 2 , . . . , : ^ ( / i , < 0 ) , (\63lb) 

G(r) = 2 < i ; ( r ) , (16.37c) 

Nc 

q{r) = Yj^]'tiJi{rl {\631d) 

and 
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Nell 

a*/<o) 
Nc 

- q(R2) = q2 = e2{Et2 ~ ^ < ^ ^ l ^^^'^^^ 

An example of the use of the discrete ordinates method in a one-dimensional medium is 
the work of Krishnaprakas [42], who considered combined conduction and radiation in a gray, 
constant property medium with various scattering behaviors. 

16.5 MULTIDIMENSIONAL PROBLEMS 

While the discrete ordinates method is readily extended to multidimensional configurations, the 
method results in a set of simultaneous first-order partial differential equations that generally must 
be solved numerically. As for one-dimensional geometries, the equation of transfer is slightly 
different whether a Cartesian, cylindrical, or spherical coordinate system is employed. We shall 
first describe the method for Cartesian coordinate systems, followed by a brief description of the 
differences for cylindrical and spherical geometries. 

Enclosures Described by Cartesian Coordinates 

For Cartesian coordinates equation (16.4) becomes, using equation (16.14), 

^ ' l l ' " ' ' ' ^ " ' ^ ' f • ' ^ ^ = ^ ^ ' / = 1 , 2 , . . . . « , (16.38) 

where S,- is again shorthand for the radiative source function 

n 

Si = (\-oj)Ih-^^YjWj%Ij, /=1,2, . . . ,«. (16.39) 

Equation (16.38) is subject to the boundary conditions in equation (16.5) along each surface. For 
example, for a surface parallel to the ^-z-plane, with A = i and n • S/ = §y • i = ^, we have for all / 
with ^i > 0 (n/2 boundary conditions) 

(«/2 values) 

Although the numerical solution to equation (16.38) may be found through standard finite dif-
ferences, the first order of the equations necessitates backward differencing with large truncation 
errors. Consequently, it is more common to employ the finite-volume approach of Carlson and 
Lathrop [4] described below. 

Two-Dimensional Problems 

For clarity, we shall develop the method here for a two-dimensional geometry (i.e., for dl/dz = 0). 
For such a problem the intensity is the same for positive and negative values of/i,. Thus, we need 
to consider only positive values of/i^ (and double the quadrature weights Wi). A general volume 
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FIGURE 16-2 
A general two-dimensional control volume. 

element is shown in Fig. 16-2. The volume element has four face areas Aiy and AE (in the x-
direction), and As and A]^^ (in the i/-direction). In a simple rectangular enclosure one would have 
(per unit length in the z-direction) A^ = AE = Ay, As = A^ = Ajc, and V = AJCA^. The finite-
volume formulation of equation (16.38) is obtained by integrating it over a volume element. For 
example, the term dli/dx transforms to 

f ^dV= f lidAE- r IidAw = lEiAE-IwiAw. (16.41) 

where 4^ and Im are average values of li over the faces of v̂ ^ and Aw, respectively. Operating 
similarly on the other terms changes equation (16.38) to 

^^(AEIE! - Afviwi) + TJiiANlNi - As hi) = -pVIpi ^ pVSpt, (16.42) 

where Ipi and Sp-, are volume averages. The number of unknowns in equation (16.42) may be 
reduced by relating cell-edge intensities to the volume-averaged intensity. Most often a linear 
relationship is chosen, i.e., 

Ipi = rf//A/i + ( i • y)lsi = yjEi + (1 - y^yiwi. (16.43) 

in which y^ and y^ are constants ^ < y^, 7̂^ < 1, and the scheme is known as "weighted diamond 
differencing" as proposed by Carlson and Lathrop [4]. To date most investigators have employed 
y^ =zy^^zz ^^ simply known as the diamond scheme. 

For any point on a surface, boundary conditions are given for all directions pointing away 
from the surface. Therefore, the numerical solution of equation (16.38) customarily proceeds as 
follows: First, the surface radiosities, J^,, and internal radiative source terms, Si, are estimated 
(usually by neglecting reflected surface irradiation and volume in-scattering during the first iter-
ation). Next, the lower left corner (corresponding to minimum values of x and y, as indicated 
in Fig. 16-3) is chosen as a starting point. From that point all outgoing directions lie in the first 
quadrant (i.e., both direction cosines /̂ and ry, are positive). The West and South faces of the 
control volume in that comer are part of the enclosure surface and, therefore, their intensities 
IfVi and 7̂ / are known from the boundary conditions. For any discrete ordinate /, the volume-
averaged intensity, Ipt, of the comer control volume can be calculated by ehminating IEI and / ^ 
from equation (16.42) with the help of equation (16.43). Thus, 

Jxi^Ehi - Awhvi) = AEIPI - [(1 ~ yME + Jx^w] Iwi, 

etc., and 

ipi = PV + ^iAEly. + iliANljy ' 
(16.44) 
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FIGURE 16-3 
Enclosure comer, used as starting point for discrete ordinates calcu-
lations. 

where 

AEW = (1 - YXME + r.v^F, (16.45a) 

ANS = (\'-ry)AN-^yyAs, (16.456) 

are averaged face areas. Once Ipi has been calculated, IEI and Zv/ are readily determined from 
equation (16.43), and are equal to the West and South intensities for the adjacent control volumes 
(for increasing x and y); thus, one by one, the first-quadrant intensities can be calculated for all 
finite volumes in the enclosure. The procedure is then repeated three times, starting from the 
remaining three comers of the enclosure, covering the remaining three quadrants of directions. 
For example, for ^̂  < 0, the intensity at the East face of the control volume is known, and the 
West face intensity must be ehminated from equation (16.42), to be determined after Ipi has been 
found. Thus, we may rewrite equations (16.42) and (16.43) for general (positive or negative) 
values of ^, and 77, as 

|f,| (A,J,j ~ 4,/x,) + h\ (Ayjyj - AyJy^i) = -fiVIp^ +)SF5, (16.46) 

Ipi = y,I,j + {l-y,)Ix,i = yyIyj-(l-yy)Iy,i, (16.47) 

where Ajc. is the x-direction face area where the beam enters (= Aw for (^ > 0, and = AE for 
^i < 0), Ax^ is the jc-direction face area through which the beam exits (= AE for f,. > 0, and 
= Afv for (i < 0), ly-i and lyj are the corresponding ^/-direction face intensities, and so on. Then 
equation (16.44) may be generalized to 

where 

Ax = ( l ~ 7 , ) ^ ^ - f r X , (16.49a) 
Ay = (l-yy)Ay^+yyAy, (\6A9b) 

If all walls are black and in the absence of scattering, all unknown quantities can be calculated 
with a single pass, since all wall radiosities, Jw, and all internal sources Spi = (4)^/ are known a 
priori (if the temperature field is given or assumed). If the walls are reflecting and/or the medium 
is scattering, iterations are necessary. After a pass over all directions and over all finite volumes 
has been completed, the values for the wall radiosities and the radiative source terms are updated, 
and the procedure is repeated until convergence criteria are met. And finally, internal values of 
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incident radiation and radiative heat flux are determined from equations (16.6) and (16.7), while 
heat fluxes at the walls may be calculated from equations (16.8). For highly reflecting walls 
(eft, «: 1) and strongly scattering media (1 - 6L> <c 1), the discrete ordinates method will become 
extremely inefficient. As pointed out by Chai and coworkers [43], the number of iterations caused 
by scattering can be reduced by removing forward scattering from the phase function, and treating 
it as transmission. This can be done in equations (16.38) and (16.39) by defining a modified 
extinction coefficient and a modified source as 

P„,i=fi-^wi<i>ii, (16.50) 
n 

Smi = (\-aj)lb + ^YjWji^ijIj, / = 1,2,...,«. (16.51) 
7=1 

This leads to faster convergence, particularly if the phase function has a strong forward peak (as 
is often the case for large particles; see also the discussion in Section 11.9). 

Spatial Differencing Schemes 

Expressing unknown intensities in terms of upstream values, such as defining I/^,- and 4/ in terms 
of Ipi, ki and Im in equation (16.43) for f,, TJ^ > 0, is known as spatial diff'erencing (of intensity). 
Several difl'erent schemes have been proposed and are in use. 

Step Scheme.The step scheme is the simplest diff'erencing scheme, setting ŷ . = 7^ = 1, which 
leads to Ĵ v/ = ^pi and IEI = Ip,- for f̂ , rj^ > 0, etc. Akin to a fully-implicit finite difference of a 
first derivative, it has the largest truncation error of all methods, but is the only one that never 
produces unphysical results. 

Diamond Scheme.This is the most popular differencing scheme, in which the interpolation 
factors are set to y^ = ŷ  = ^. However, already Carlson and Lathrop [4] noticed that this may 
lead to physically impossible negative intensities at the control volume faces (i.e., /,vi and IEI for 
^i, Tji > 0, etc.). While they simply suggest setting negative intensities to zero and continuing 
computations, this may lead to oscillations and instability. Fiveland [13] showed that such neg-
ative intensities may be minimized (but not totally avoided) if finite volume dimensions are kept 
within 

AJC < — -, Ay < — -. (16.52) 

Therefore, higher-order Sjv-approximations (with their smaller minimum value for ^, and 77̂ ), as 
well as optically thick media (large ^), require finer volumetric meshes. However, Chai and 
coworkers [44] have demonstrated that a fine mesh does not guarantee positive intensities, but 
may in fact cause negative intensities. They fijrther noticed that the diamond scheme may result 
in "overshoot," i.e., predicting unphysically high intensity (intensity leaving a control volume 
larger than intensity entering plus internal emission). 

Exponential Scheme.The exponential scheme [4] is generally regarded to be more accurate, 
particularly for one-dimensional geometries. Here 

1 1 )̂ AJC j3Ay 
rs = 1 ; , s = xory; r^t = - — , r̂ / = . (16.53) 

Since equation (16.53) leads to interpolation factors less than unity, this method also can lead to 
physically impossible intensities. 
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Other differencing schemes have been proposed, such as the positive scheme (Lathrop [45]), 
a variable-weight scheme (Jamaluddin and Smith [46]), an upstream tracing scheme (Chai and 
colleagues [44]), and a hybrid scheme (Kim and Kim [47]). These methods are somewhat more 
complex, and have smaller truncation error. However, unlike the simple step scheme they all can 
lead to unphysical results. 

False Scattering 

One of the more serious shortcomings of the discrete ordinates method is false scattering, which 
is a consequence of spatial discretization errors, and is akin to "numerical diffusion" in CFD 
calculations. If a single, collimated beam is traced through an enclosure by the discrete ordinates 
method, the beam will gradually widen as it moves farther away from its point of origin. This 
unphysical smearing of the radiative intensity, even in the absence of real scattering, is known as 
false scattering and can be reduced by using a finer mesh of control volumes. 

Ray Eflfect 

Another serious drawback of the method is the so-called "ray effect," which is a consequence of 
angular discretization. Consider an enclosure with a very small zone (volume or surface area) 
with very high emission. Intensity from this zone will be carried away from it into the directions 
of the discrete ordinates. Far away from the emission zone these rays may become so far apart that 
some control volumes and/or surface zones may not receive any energy from this high-emission 
zone, leading to unphysical results. Clearly, the ray effect can be reduced by increasing the size 
of control volumes and surface zones. Therefore, when using a finer spatial mesh to reduce false 
scattering, this should be accompanied by an increase in the order of the method (i.e., a finer 
angular quadrature). 

Example 16.4. A gray, absorbing/emitting (but not scattering) medium is contained within a square 
enclosure of side lengths L. The medium is at radiative equilibrium and has a constant absorption 
coefficient such that /cL = 1. The top and both side walls are at zero temperature, while the bottom 
wall is isothermal at temperature 7̂  (with constant blackbody intensity //,„,); all four surfaces are black. 
Calculate the local heat loss from the bottom surface using the discrete ordinates method. 

Solution 
For the illustrative purposes of this example we shall limit ourselves to the simple nonsyrmnetric S2-
approximation, with the crude nodal system indicated in Fig. 16-4. For the nonsymmetric ^2-approxi-
mation (without dependence in the z-direction) we have to consider four discrete ordinates whose di-
rection vectors (projected into the x-i/-plane) are §/ = fyi + /?̂ j = ±0.5(i ± j), as given by Table 16.1. 
The quadrature weight for each direction is, after doubling because of the two-dimensionality, wi = n. 
For radiative equilibrium in a gray, nonscattering medium V • q = 0, and the source function is, from 
equations (9.55) and (16.39), S = //, = G/4;r, which is not a function of direction. 

We will first solve the problem with the popular diamond spatial differencing scheme, i.e., y^ = y^ = 
i. Since all nodal surface areas are^ = L/2, all IfJ = |77,.| = 0.5, and I3V = K(L/2f = 025 KV = 0.25 L, 
equation (16.48) becomes 

J _ 8'̂ P^ 4 4^-+4 4/ _ 1/0 • 2/ 4. 2/ ^ 
V ~ i 4. i . 1 ~ 5 WP -^^Xii + ^y) • 

8 "̂  4 "̂  4 

We start in the lower left comer with all directions for which f,. > 0 and 7;,. > 0 (i.e., a single direction for 
the Sz-approximation). For this direction .x/ = West and yi = South. To distinguish among the different 
nodes we attach the node number after the W, etc. For example, IWIA is the intensity at the West face of 
volume element 2, pointing into the direction of §1. 



518 16 THE METHOD OF DISCRETE ORDINATES (5W-APPROXIMATION) 

4 = 0̂  

m 

m . E3 

J3 

4 = 0 

X. 
51 
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FIGURE 16-4 
Square enclosure for Example 16.4. 

/ = 1 [§i = 0.5(1 + j)]: For all nodes 

/vy.i =2Ipjj-Isj-u 7 = 1,2,3,4. 

Starting at Element 1 we have Vi,i = 0, /^ij = Ibw, and 

/̂J1,1 = 5 [^p\ +24u;j, 

/fe'i.i = 24i,i = 7jr2,i> /A'1,1 = 2/pi.i - //,«; = /sBj; 

Ip2,l == 5 (̂ /,2 + 27,̂ 2,1 + 2/52.1) = J (*̂ ;.2 + 41pu + 2 4 , ) , 

/Y2.I = 24,2,1 - hiv - kul 

/p3,l = 5 \Sp3 + 2/v3,l) = 5 (-^3 + ^^p\A ~" 24,t'), 

43.1 = 24,3 J = IWAAI 

Ip4A = 5 [Sp4 + 24f4j + 2/s4j j 

= I (5;^+443,1+442.1-24«>). 

/ = 2 [§2 = 0.5(~i + j)]: In a problem without symmetry we would start in the lower right comer, scan-
ning again over all elements. However, in this problem we can determine the intensities right away 
through synmietry, as 

//?1,2 = ^p2,U ip2,l - //>Ll» //)3.2 = JpAAy JpA2 = //,3,1-

/ = 3 [§3 = -0.5(i + j)]: Starting in the upper right comer, we have, for all nodes, 

/̂V.3 = 5 \^pj "̂  2/£y,3 + 24.7.3) , 

Iwj^y = 24/3 - hvE.3j 

/s7,3 = 2/̂ ./,3 -/y/,3-

Starting at Element 4 with /£43 = /v4,3 = 0, we find 

ls43 = 2/;>t,3 = /̂ V2,3» ^»'4,3 = 2^4,3 = I^xi', 

//J4,3 - 5'̂ /?4» 
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IpXi - \ [Spz + 2 / £ 3 j j = \ \Sp2, + 4 / ^ , 3 ) , 

/i3,3 = 2/;,3,3 == ImX, 

Ip2,} = 5 ('̂ ;;2 + ^^'2,3) = 5 [^pl + 4 / ^ 3 j , 

h'2,3 ~ 27^2,3 = 4'1.3; 

Ipi,3 = J {Sp^ + 2ku + 21^1,3) = J (ij,i + 4/^2,3 + 4/^3,3). 

Also 

^ 1.3 = 2/^1,3 - IN\,3 - 2( ipi ,3 - /p3.3)» 

/S'2,3 = 2/p2.3 - ^A 2̂.3 = 2(/,,2,3 " -^/4,3)» 

which will be needed later for the calculation of wall heat fluxes from equation (16.8). 

/ = 4 [§4 = 0.5(1 - j)]: Again, by symmetry it follows immediately that 

Ip\A = /̂?2,3» ^p2A ~ •^pl,3» /̂>3,4 - -^/4,3' ^p^A ~ ^/'3,3» 

and also 

41,4 = ls2,3y hiA = h\^-

Summarizing, we have 

JpU = Jp22 = 5 (-^l + 24u,j , 

ip2,\ ~ ip\,2 = \ \Sp2 + 4/^,1 J + 2 4 y j , 

ip3A = •^/4,2 = 5 (*̂ >3 + 4/^1,1 - 2//,u,j , 

JpA,\ - Jp32 - 5 \SpA + 4/y,3j + 4/p2,l - 2//,u,j , 

//,1.3 = Ip2A = ^ (*̂ /.l + 4/^2.3 + 4/^3,3) , 

//;2,3 = Jp\A - \\pp1 +4/;;4,3J, 

lp3,l - ipAA - 5 \^p3 + 4 / ^ , 3 j , 

/p4,3 = -̂ ;;3,4 = j ' S ^ * 

/vi.3 = ^2 ,4 = 2(7^1.3 - 7^3,3), 

4'2,3 = h\A - 2{lp2,3 - -̂ />4,3)-

The source functions are readily evaluated from equation (16.7) and symmetry as 

Sp\ = Sp2 - 4(7^1,1 + 7,;i^2 + ^p\,3 + /pl.4)» 

SpT, = Sp4 = 4(7^,3.1 + 7^3.2 + 7 ,̂3,3 + 7^,3,4)-

Since the equations are linear, one could substitute the relations for the Spj into the above equations and 
solve for the unknown 7 /̂/ by matrix inversion. However, in general one would have many more, and 
much more complicated, equations, which are best solved by iteration. We start by setting all Spj = 0, 
finding values for the /;,;,/, updating the Spj, re-evaluating the /;;;,/, and so on, until convergence has been 
reached. The changing values of the intensity (normalized with Ih,t,) as a function of iteration are given 
in Table 16.4. Values accurate to ^ 5% are reached after three iterations, and fully converged values (to 
four significant digits) are obtained after nine iterations. The converged intensities are used to determine 
the net radiative heat flux from the bottom wall at ;f = L/4 and x = 3L/4. From equation (16.8) we have 

4 

q{x=025L) = (̂.x = 0.757.) = nib,, -J^Wilsu I77J = nlh,, - -(ku + IS\AI 
/=3 
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TABLE 16.4 
Nodal intensities of Example 16.4 as a function of iteration, normalized by h^,. 

Iter. Ipx,\ iplA 

Diamond scheme 
1 0.4000 
2 0.4560 
3 0.4729 
>9 0.4815 

Step scheme 
1 0.3333 
2 0.3981 
3 0.4252 

> 10 0.4459 

0.7200 
0.8208 
0.8513 
0.8667 

0.4444 
0.5309 
0.5669 
0.5946 

JpW 

0.0000* 
0.0000* 
0.0000* 
0.0037 

0.1111 
0.1574 
0.1808 
0.2027 

ipA,\ 

0.1760 
0.2654 
0.2955 
0.3148 

0.1852 
0.2541 
0.2883 
0.3198 

ip\3 

0.0000 
0.1191 
0.1615 
0.1852 

0.0000 
0.1001 
0.1442 
0.1802 

^p23 

0.0000 
0.0630 
0.0846 
0.0963 

0.0000 
0.0730 
0.1049 
0.1306 

^pX3 

0.0000 
0.0158 
0.0261 
0.0333 

0.0000 
0.0329 
0.0521 
0.0721 

^P^,3 

0.0000 
0.0088 
0.0145 
0.0185 

0.0000 
0.0247 
0.0391 
0.0541 

Sp] 

0.2800 
0.3647 
0.3926 
0.4074 

0.1944 
0.2755 
0.3103 
0.3378 

•̂ 3 

0.0440 
0.0725 
0.0840 
0.0926 

0.0741 
0.1173 
0.1401 
0.1622 

* negative values set to zero 

or 

^ = ^bllL = î!£!i = 1 -. /̂̂ '>3 - //.3.3 + /p2.3 - Ip4,} _ ^ ^^^^ 

For comparison we will work this example also with the simpler, but more stable step differencing 
scheme, i.e., y^ = ŷ^ = 1. Then we obtain from equations (16.47) and (16.48) 

Then, following the same procedure we obtain (a little more easily) 

IpXA =^('^/.l + 0 + 4„,) = ̂ p2,2 
ip2,\ = T ( ' ^ 2 + JpXA + 4«;) = ipXa 

JpX\ - -xi^P^ + 0 + ^ l . l ) = ^4,2 

JpA,\ - li^p4 + /̂̂ 3,l •+• ipl,\) = ip'S.l 

U 3 = |(^p4+0 + 0) = /,,3 
/ , ;3.3 = T ( ' ^ / . 3 + V 3 + 0 ) = 

Jpl^ = -liSpl + 0 + /^4j) = 7̂ 1.4 
7^1,3 = 3(»̂ /7l *̂  Ip23 + •̂ />3,3) ~ ^p2A 

.4 

^/>4,4 

2,4 

The formulas for the source functions and heat fluxes remain the same, but the nondimensional flux 
becomes, after substituting for k = /,„ 

> p = , _ % l ^ = 0.844. 

The iteration results for the step scheme are also included in Table 16.4. Results for the nondimensional 
heat flux from both schemes are shown in Fig. 16-5 along with exact results reported by Razzaque and 
coworkers [48], and with 52- and ^4-calculations of Truelove [15] (for a much finer mesh). Truelove's 
results demonstrate the importance of good ordinate sets, at least for low-order approximations: The ̂ 2 
and SI results were obtained with sets that do not obey the half-moment condition of equation (16.13) (as 
used by Fiveland [11] in a first investigation of rectangular enclosures), while the Si and ^4 results were 
obtained with the sets given in Table 16.1 (using the nonsymmetric ordinates for Si). Not surprisingly, 
the diamond scheme (similar to a Crank-Nicolson finite differencing scheme) is more accurate than the 
step scheme (similar to fully implicit finite differencing). The step scheme shows a smoother distribution 
for the Ip and Sp and is always stable. The diamond scheme, on the other hand, gives nonphysical 
negative intensities for 7̂ 3,1 during the first few iterations, which were set to zero. 
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FIGURE 16-5 
Nondimensional heat flux along the bottom wall of the 
square enclosure of Example 16.4. 

In his early calculations Fiveland [11] applied the 52-, 64-, and ^6-approximations to purely 
scattering rectangular media (a> = 1), and to isothermal, nonscattering media bounded by cold 
black walls. Truelove [15] repeated some of those results to demonstrate the importance of good 
ordinate sets, and gave some new results for radiative equilibrium in a square enclosure. Ja-
maluddin and Smith [46] applied the S4-approximation to a rectangular, nonscattering enclosure 
with known temperature profile. Kim and Lee investigated the effects of strongly anisotropic 
scattering, using high-order approximations (up to S\() [49], and the effects of collimated irradi-
ation [50]. Finally, combined conduction and radiation in a linear-anisotropically scattering rect-
angular enclosure has been studied by Back and Kim [51]. They also investigated the influence 
of radiation in compressible, turbulent flow over a backward facing step, using the same method 
(gray constant properties, here without scattering) [52]. Finally, radiation in two-dimensional 
packed beds, together with conduction and convection, was studied by Lu and coworkers [32]. 
While they also assumed gray properties, they allowed them to vary locally; for scattering, they 
used the large diffuse sphere phase function, equation (11.85). Other appHcations of the two-
dimensional Cartesian form of the discrete ordinates method can be found in [53-56], all deal-
ing with combined-mode heat transfer. Particularly noteworthy here is the study of Selguk and 
Kayakol [57], who compared the performance of the ^4 method with that of the related discrete 
transfer method [58] (see p. 529), finding the methods to have comparable accuracy, while the ^4 
solution required three orders of magnitude less computer time. 

Three-Dimensional Problems 

The method can be extended immediately to three-dimensional geometries by giving the control 
volume Front and Back surfaces, Ap and As, and rewriting equation (16.48) as 

!,,= (16.54) 

where 

Az = i^-y:)A2,+rzAz,, 

(16.55a) 

(16.55fc) 

(16.55c) 
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and the sub-subscript / again denotes the face where the beam enters, and e where it exits, as 
explained in the context of equation (16.48). A three-dimensional Cartesian enclosure has eight 
comers, from each of which \N{N + 2) directions must be traced (covering one octant of di-
rections), for a total of N(N + 2) ordinates. Some such calculations have been performed by 
Jamaluddin and Smith [59] (nonscattering medium with prescribed temperature), and by Five-
land [13] and Truelove [16] (both studying the idealized furnace of Mengiig and Viskanta [60], 
considering a linear-anisotropically scattering medium with internal heat generation at radiative 
equilibrium), by Park and Yoon [61] (combined conduction and radiation, using inverse analysis 
to determine constant, gray values for K and CTS, for given temperature profiles), and Lacroix and 
colleagues (radiation in a plasma formed by the laser welding process) [62]. Also, Gongalves and 
Coelho [63] have shown how the discrete ordinates method can be implemented on parallel com-
puters. Mohamad [64] has presented a higher-order spatial discretization scheme, analytically 
tracing back rays across rectangular elements. Finally, Fiveland and lessee [65] showed how the 
finite element method can be used for spatial differencing, although they only applied it to a rect-
angular enclosure. In a later paper [66] they discussed several acceleration schemes for optically 
thick geometries, for which the discrete ordinate method is known to converge very slowly (or 
not at all). An extensive review of the discrete ordinate method fi'om a computer science point of 
view, emphasizing convergence rates, multigrid and parallel implementations has been given by 
Balsara [67]. 

IVf ultidimensional Non-Cartesian Geometries 

Few investigations have dealt with the application of the discrete ordinates method to two- and 
three-dimensional cyHndrical enclosures, none appears to have investigated multidimensional 
spherical geometries, and only very few times has the method been applied to irregular geome-
tries. A two-dimensional axisymmetric enclosure was first considered by Fiveland [10], who 
calculated radiative heat flux rates for a cylindrical furnace with known temperature profile. A 
very similar problem was treated by Jamaluddin and Smith [59] who, a little later, also addressed 
the case of a three-dimensional cyhndrical furnace [68,69]. Kim and Baek [70] investigated 
fully developed nonaxisymmetric pipe flow with a gray, constant property, absorbing/emitting 
and isotropically scattering medium. Kaplan and coworkers [71] modeled an unsteady ethylene 
diff*usion flame, treating soot and combustion gasses as gray and nonscattering, but with spa-
tial variation. Ramamurthy and colleagues [72] investigated reacting, radiating flow in radiant 
tubes, using a more sophisticated model for the spectral behavior of the combustion gases, and a 
molten glass jet was studied by Song and coworkers [73]. All of these used the ^4-method in two-
dimensional, cylindrical geometries, although the 5i4-scheme was used by Jendoubi et al [74] to 
evaluate diff'erent scattering behaviors. 

The governing equation for multidimensional cylindrical enclosures is readily found by ex-
tending equation (16.30) to include changes of azimuthal angle ip^ (for position within the cyhn-
der) and axial location z along a beam traveling in the direction of s. From Fig. 13-6 and the 
development in Section 13.7 it follows that 

dl _^ dldr_ dl^dijj^ dldz_ dl_dit^ 
ds dr ds di//^ ds dz ds dij/ ds 

dl sin 0 sin il/ dl ,, dl sin 9 sin if/ dl 
= smecos\l/-—-¥ - ^ T - + c o s 6 / - — 

or r oil/^ oz r oifr 
^ m iidl_ dl^ridl_ 

' dr r dijj^ dz r di//' 



16.6 THE FINITE VOLUME METHOD 523 

Therefore, similar to the one-dimensional case, we have 

r or r dij/^ oz r oif/ 

This equation may be solved by the discrete ordinates method as described in this section, with the 
additional task that the ^-derivative must be finite-differenced as outUned in the previous section, 
equation (16.34). 

To apply the discrete ordinates method to three-dimensional spherical geometries, the equa-
tion of transfer must be written in spherical coordinates by generalizing equation (13.61) or 
(16.22). In this case, a beam traveling through the medium not only passes through changing 
position coordinates (r,^^,^,), but also sees changes of both polar angle 6 and azimuthal angle 
if/. This problem apparently has not yet been studied by any researcher, probably for want of 
important applications (however, Vaillon et al. [75] carried out the transformation to general, 
three-dimensional, orthogonal, curvilinear coordinates in the context of the finite volume method, 
which will be presented in the next section). 

Complex three-dimensional geometries are difficult to treat with the standard discrete ordi-
nates method. This was attempted by Howell and Beckner [76], who used "embedded bound-
aries" to simulate irregular surfaces, and by Adams and Smith [77], who modeled a complex 
fumace. Their results clearly demonstrate the ray effect: using a coarse ordinate mesh (up to 
Ss) together with a very fine spatial mesh, their calculated radiative fluxes undergo very strong 
unphysical oscillations. 

Improvements to the standard method have been offered by a number of researchers. Cumber 
[78], investigating the ray effect when modeling a cylindrical flame, suggests "adaptive quadra-
ture" and "staggered rays" when picking a set of ordinates. Sakami and colleagues [79, 80] 
showed how spatial differentiation can be done across unstructured, triangular, two-dimensional 
meshes. They trace back each ray through each cell, integrating over the entire cell using a 
finite element-Galerkin scheme. A somewhat similar approach was suggested by Cheong and 
Song [81-84]. Through careful spatial differencing, they showed how the standard discrete or-
dinates method can be applied to unstructured grids and irregular geometries. This method was 
also further refined by Seo and Kim [85]. 

16.6 THE FIl^TE VOLUIME METHOD 

The discrete ordinates method, in its standard form, suffers from a number of serious drawbacks, 
such as false scattering and ray effects. The fact that half-range moments, equation (16.13), must 
be satisfied for the accurate evaluation of surface fluxes makes it very difficult to apply the method 
to irregular geometries. Perhaps the most serious drawback of the method is that it does not ensure 
conservation of radiative energy. This is a result of the fact that the standard discrete ordinates 
method uses simple quadrature for angular discretization, even though generally a finite volume 
approach is used for spatial discretization, as outlined in the previous sections. Thus, it was a 
logical step in the evolution of the method to move to a fully finite volume approach, in space as 
well as in direction. This was first proposed by Briggs and colleagues [86] in the field of neutron 
transport. The first fomiulations for radiative heat transfer were given by Raithby and coworkers 
[87-90]. Slightly different schemes have been proposed by Chai and colleagues [91-93]. A good 
review has recently been given by Raithby [94]. 

The finite volume method uses exact integration to evaluate solid angle integrals, which is 
analogous to the evaluation of areas and volumes in the finite volume approach. The method is 
fully conservative: exact satisfaction of all full- and half-moments can be achieved for arbitrary 
geometries, and there is no loss of radiative energy. The angular grid can be adapted to each 
special situation, such as collimated irradiation [91]. 
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(a) (h) 

FIGURE 16-6 
Spatial and directional discretization in a two-dimensional domain; (a) finite volume elements with nodes at centers of 
the elements, (b) typical subdivision of all directions into solid angle elements. 

Two-Dimensional Formulation 
As in the development of the standard discrete ordinates method, for clarity we will limit our 
development to two-dimensional geometries; extension to three dimensions is straightforward. 
However, in view of the finite volume method's ability to easily accommodate irregular geome-
tries, we will consider a general two-dimensional domain with irregularly-shaped finite volumes 
as depicted in Fig. 16-6a. The quadrilateral volumes follow "practice B" of Patankar [95], the 
ones used by Chai and coworkers [93] (i.e., nodes are placed at the center of each finite volume). 
However, other finite volume schemes may be used, as well. Similar to the spatial domain, the 
directional domain of 4;r steradians is broken up into n solid angles Q/ (/ = 1,2,..., n), which 
exactly fill the directional domain without overlap. This can be done in many ways, and without 
restrictions, but it is usually easiest to define the Q/ as the areas on a unit sphere defined by lines 
of longitude and latitude, as shown in Fig. \6-6b. 

The starting point for the analysis is again equation (16.1) together with its boundary condi-
tion, equation (16.2). For each volume element, such as the one surrounding point P in Fig. 16'6a, 
equation (16.1) is integrated over the volume element and over each of the solid angle elements 
Qj. The volume integration over dl/ds is the same as in equation (16.41), but is now for an 
element of arbitrary shape, for which we obtain 

f^dV= f$'VldV= fV'(%I)dV= fiS'Adr, (16.57) 
J yds Jy Jy Jr 

where F is the surface of the volume element consisting of 4 (two-dimensional) or 6 (three-
dimensional) faces and n is the outward surface normal as indicated in the figure. In equa-
tion (16.57) the unit direction vector § can be moved inside the spatial V-operator since directional 
coordinates are independent from spatial coordinates. Conversion to a surface integral in the last 
step follows from the divergence theorem [96]. 

Thus, integrating equation (16.1) over the volume element V and solid angle Q/ leads to 

r [l§hdrda:= f \{Kh-pi)dVdQ.-¥ { { ^ { ^{%\%W)dQ:dVda, (16.58) 

In the simplest implementation of the finite volume method it is assumed, for the term on the left-
hand side, that the intensity is constant across each face of the element as well as over the solid 
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angle Qf. Similarly, it is assumed for the volume integrals that values are constant throughout and 
equal to the value at point P. Equation (16.58) then becomes 

Yjkii^i' h)Ak = l3p(Spf ~ /^/)Fa, (16.59a) 
k 

n 

S,i = (1 - oj,)Ih, + ^ 2 ] IpAj^ (16.5%) 

% = 77 f r ^(s ' , s )JQ'JQ, (16.59c) 
^i J aid Of 

Si = f %dQ, {I6,59d) 
J a 

where subscripts k and p imply evaluation at the center of the volume's faces Ak (as indicated by 
an X in Fig. \6'6a) and element center P, respectively; subscript / denotes a value associated with 
solid angle Q/. The radiative source 5 ,̂ is similar to the one in equation (16.39), but now has an 
analytically averaged phase function 0/y. Finally, the ŝ  is a vector (of varying length indicative 
of the size of Q,) pointing into an average direction within sohd angle element Q,. Of course, the 
forward-scattering term in Spi can, and should, be removed as was done in the standard discrete 
ordinate formulation [cf equation (16.50)]. 

What remains to be done is to relate the intensities at the face centers, 4/, to those at volume 
centers, /^/. There are many different ways to do this. Raithby and coworkers [87], in particular, 
have developed schemes of high accuracy. However, such sophisticated schemes require substan-
tial analytical and computational overhead. In light of the stability considerations discussed by 
Chai and colleagues [44], the simple step scheme is generally preferred. Therefore, similar to 
equation (16.43) with y = 1, we assume that for intensities leaving control volume P (i.e., for 
S/ • ii;t > 0) Ijii = Ipi, All incoming intensities (s, • n^ < 0) are assigned the value of the element 
center from which they came. Substituting 4/ = Ipi for S/ • lU > 0 into equation (16.59) then leads 
to the final expression 

P^SpiVni-^ ZhilSi-AklAk 

'- = l3^VD,^Z(^'h)Ak ' ^^'- ' '^ 
A',out 

where the "in" and "out" on the summation signs denote summation over volume faces with 
incoming (s/ • iî  < 0) or outgoing (s/ • ii;̂  > 0) intensities, only. 

The boundary conditions are developed in a similar manner, except that—for diffusely emit-
ting and reflecting surfaces—it is advantageous to make an energy balance to ensure conservation 
of radiative energy for surfaces not lined up with the solid angles Q/. Multiplying equation (16.2) 
by ft • s and integrating over all outgoing directions gives an expression for surface radiosity as 

Jaj= f In'SdQ= f 6„,4a,nsfifQ + (l-£«..) r l\n'$\dn. (16.61) 

A§>0 AsX) ft-§<0 

In finite volume form, integrating over a surface element such as AQ shown in Fig. l6-6a, and 
making the standard assumption of constant intensities across AQ leads to 

Iqo YjSi'TicfAQ^ eqkd J ] s,- • n^^^ + (1 - 6̂ ) J ^ Iqi |s/ '%\AQ (16.62) 
i.out /,in 

I<fi = f A + (1 - «</) 2 4 K • >v| E («> • >V)' (16.63) 
/• in ' / n u t 

/,OUt 

or 

/•,out 
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where iyo is the diffuse intensity leaving boundary element Q (same for all outgoing directions 
Qi with s, • ft/t > 0)> n^ is the unit surface normal at Q pointing out of the boundary (but into the 
adjacent volume element R), The I^i are intensities leaving the adjacent volume element R going 
into boundary element Q. Using the step scheme we can set Igt = //?, for S/ • n^ < 0. 

Once all internal intensities Ipi and boundary intensities 1^ have been determined, internal 
values for incident radiation and radiative flux are found from 

Gp = 2 I^iQi, % = TJ ^P'^'' ^^ ̂ '̂ ^̂  

while wall fluxes are given by 

qq = eg {Ebq - Hg) = e^ hq ^ S/ • n^- ^ /̂ / |s/ • n^| . (16.65) 
V /,out /,in / 

Note that, for arbitrarily oriented surfaces, the sums of |s/ • n̂ |̂ may not add up to n (for either 
incoming or outgoing directions); therefore, for consistency, the finite volume rendition for Ebq 
given in the right-most part of equation (16.65) is preferred. 

Example 16.5. Repeat Example 16.1 for the finite volume method, using the upper and lower hemi-
spheres as solid angle ranges. 

Solution 
The governing equation is, as before, 

dl u) 

If we want to apply the finite volume method in a similar fashion as in Example 16.1, i.e., to obtain a 
differential equation for each solid angle range, then we need only integrate the governing equation over 
these solid angles, not over volume. Assuming a constant intensity /^ over the upper hemisphere, and 
/" over the lower one, we obtain with h = GjAn 

r^" r4 <ir i 
upper hemisphere: 1 1 \j2——-^r = --(G-^Aiiojiq) 

Jo Jo 1. dr 4n 
r^ln />0r ^j- J 

lower hemisphere: 1 j \ii——+I =—{G-i-Aiojfiq) 
Jo J-i 1 «^ 4;r 

dfddi^ 

dfddip 

^^^ . .+ 1 ^ 1 
n—r- + 2JTI - -G -^ T^i^^> dr 2 4 

dr ^ ,_ 1 ^ 1 . 
-n—— + 2m = -G - -Aiojq. 

dr 2 4 ^ 

From the definitions for heat flux and incident radiation we have again 

)=rra--&rAi-
as in Example 16.1. Thus adding and subtracting the equations for the upper and lower hemispheres we 
obtain 

-—+0 = 0 or -—=0, 
dr dr 

-—-^ 2q =-Aiojq or — :=-(4~Ai(jj)q, 
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For the boundary conditions, equation (16.63) we need to first calculate the S/: 

r*ln nnjl 
SI = I I (sin 0 cos (̂ i -f sin B sin ̂ j + cos ̂ k) sin QdOdip ^ ;rk, 

Jo Jo 

S2 = I I (sin 0 cos xjji + sin Q sin \jj} + cos ̂ k) sin OdOdil/ ^ -nk. 
Jo Jn/2 

For the bottom boundary we have n = ft and Si • ii = -S2 • ii = ;r, so that at 

T = 0 : r = 6 i / M + ( l - 6 i ) r . 

Subtracting (1 - 61 )/^, using the definition for q^ and dividing by 61 leads to 

which is, of course, the same as for Example 16.1 (and for any diffuse surface). Similarly, at the top wall 

T = Ti'. r = J2/n, 

The solution is then found immediately from Example (16.1) (setting 1///J = 4) as 

Ji-J2 i4.(i + di^)r/ 

which is the same as the answer fi-om the nonsymmetric ^2-approximation. More importantly, the ana-
lysis in this example shows that the Schuster-Schwarzschild (or two-flux) approximation is simply the 
lowest-level finite volume method. 

Example 16.6. Repeat Example 16.4 using the finite volume method, by splitting the total solid angle 
into four equal ranges. 

Solution 
As in Example 16.4 we will put the z-axis perpendicular to the paper in Fig. 16-4, from which the polar 
angle 6 is measured. Because of the axial symmetry, it is best to assign each H, the entire range of polar 
angles, and a quarter of the azimuthal range. Thus, breaking up by quadrant we choose 

n,: 

^ 2 : 

^ 3 : 

0 4 : 

-<^<n. 

3;r 
n<ilf<—. 

3^ , . 
— <ip <2n, 
1 

0 < 6̂  < ;r. 

0 < ^ < ;r. 

0 < 6̂  < ;r. 

0 < 6/ < ;:. 

The solid angle vectors s, are obtained with s = sin ̂  cos ̂ 1 + sin ̂  sin (̂ j + cos^fe as 

= I I ssinOdOdil/ - I - c o s ^ i + - sin^j+ 0k 
J Aiffj J o J Aiffi L 2 2 

= (^s in^ i^^cos^ j jL , 

# 

Sl=^( t+E S2 = -^ ( l - j ) , S3 = -^(i+j), S4=^(i~j), 

which are identical to the directions in Example 16.4, except for the factor n (which gives the total solid 
angle of the Q,), and the fact that the s, in Example 16.4 WQTQ projections in the jc-i/-plane, while the S/ 
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in this example actually lie in the x-y-planc. Now, with Ak = \L, pV = Ki\l\ = \L, and Q/ = ;r, we 
obtain from equation (16.60) 

c, r ^^ T I^^^PI^Iw^\s^'{A)\\L^Is^\^^'{-^)\{L 
il\ (i = 1). Ipx = — ~ j - —- , p = 1,2,3,4, 

and similarly for the other three directions. Evaluating the dot products and simplifying this may be 
written in general form for all nodes and ail directions as 

Ipi = 3 (-̂ /̂  + 4-xv,/ + Wi). p, / = 1,2,3,4, 

where /px,,j is the intensity entering volume p across the x = const face in the s,- direction, and similarly 
for Ipy.j. Thus 

IpiA = ^(Spi + Ifvu + kui) = -:^(Sp\ + 0 + Ihw\ 

which is exactly the same as the 52-approximation together with the step scheme. This is to be expected 
since (i) the finite volume method—as applied here— ûses the step scheme, and (ii) the Sz-approximation 
satisfies all half-moments for this very simple case. The strength of the finite volume method lies in the 
fact that it is easily applied to irregular geometries, and that it conserves radiative energy. 

Appendix F includes program FVM2D.f, developed by Chai and colleagues [91-93], which 
solves equations (16.60), (16.63) and equation (16.65) for arbitrary rectangular enclosures. 

Murthy and Mathur [97-99] pointed out that, in general, equations (16.60), (16.63) and equa-
tion (16.65) incur errors due to solid angle overhang. For example, for face k of volume element P 
part of solid angle Q/ with SriU > 0 (pointing out of volume element) may actually overlap into the 
element. Similarly, it is unlikely to have solid angle boundaries lined up perfectly with the solid 
boundaries everywhere. They improved the accuracy of the method through pixelation, i.e., by 
breaking up Q/ into smaller pieces, to determine overlap fractions. Also, noting that the standard 
line iteration method leads to unacceptably slow convergence in optically thick situations, they 
introduced a new scheme, which updates all directional intensities within a cell simultaneously, 
leading to convergence rates essentially independent of optical thickness [99,100]. 

Liu and coworkers [101] have expressed the radiative transfer equation (RTE) in general 
boundary-fitted coordinates [102], and applied both the standard discrete ordinates method and 
the finite volume method to a number of two- and three-dimensional problems. They found both 
methods to require similar amounts of cpu time, while the finite volume method was always 
slightly more accurate. Similar conclusions were drawn by Fiveland and Jessee [103] and by Kim 
and Huh [104], noting that the FY method outperforms standard discrete ordinates particularly in 
optically thin media, since it is less sensitive to ray effects. Coelho and coworkers [105] compared 
the performance of the FV method with that of the discrete transfer method [58] and, like Selguk 
and Kayakol [57], found the FV method to be much more economical. Other advantages of the 
finite volume method are greater freedom to select ordinates, and the fact that the FV method con-
serves radiative energy. Baek and colleagues [106-108] also used boundary-fitted coordinates to 
investigate radiation in several three-dimensional enclosures with gray, constant-property media. 
Vaillon and coworkers [75] carried out transformation of the RTE to general, orthogonal, three-
dimensional, curvilinear coordinates, and applied their method to concentric, circular and elliptic 
cylinders. Several improvements to the method have also been suggested. Kim and Huh [109] 
noted that most researchers broke up the total solid angle of 4;r into N x N segments of equal 
polar angles 6 and azimuthal angles ^. This makes the Q,- very small near the poles (0 = 0, n\ and 
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large near the equator (6 = n/l). They suggest that, for n different polar angles 0/, one should pick 
fewer azimuthal angles near the poles, namely a distribution of 4,8,..., 2«-4,2«, 2n, 2«~4,..., 8,4 
with growing ft. This results in n{n + 2) different soUd angles (equal to the number of ordinates 
in the standard 5„ scheme), with all U being roughly equally large. To mitigate ray effects that 
can occur in optically thin geometries, Ramankutty and Crosbie [110,111] suggested to separate 
boundary emission from medium emission, as is done in the modified differential approximation 
of Section 15.6, showing much-improved results for boundary-emission dominated rectangular 
enclosures. Sakami and colleagues [112,113] and Back and coworkers [108] treated irregular 
geometries with this modified discrete ordinates method, the latter employing a straightforward 
Monte Carlo scheme for the wall emission part, giving excellent accuracy even with extreme 
boundary source terms. Finally, Liu and coworkers [114] have shovm how the finite volume 
method with unstructured grids can be parallelized using domain decomposition. The method has 
also been employed in a number of combined heat transfer problems [115,116] and is included 
in several important commercial CFD codes, such as FLUENT [117]. 

16.7 OTHER RELATED IMETHODS 

The difficulty caused by the directional nature of radiation has prompted a number of researchers 
to develop various approximate schemes to discretize directions (similar to the standard discrete 
ordinates method) or to average over solid angle ranges (akin to the finite volume method). We 
will here briefly discuss the most important of these related models. 

Flux Methods. We have already seen in Example 16.5 that the two-flux or Schuster-Schwarz-
schild approximation is nothing but a crude implementation of the finite volume method. The 
two-flux method has been applied to one-dimensional problems by a number of investigators, 
usually in situations where the accurate determination of radiative fluxes is not crucial [118-123]. 
Noting that the accuracy of this method is more or less limited to one-dimensional problems 
without anisotropic scattering, Chin and Churchill [124,125] developed the six-flow method, 
primarily to deal with strongly anisotropic scattering in the presence of coUimated irradiation. 
In this method the intensity is broken up into a forward, a backward and four (usually equal) 
sideways components. How these components are broken up or averaged over the total solid 
angle of 4;r is arbitrary. The method has been applied by various researchers to several two- and 
three-dimensional problems [125-128]. 

Discrete Transfer Method. The discrete transfer method (DTM) was developed by Lock-
wood and Shah [58], several years before serious development of the discrete ordinates method 
(DOM) began. The discrete transfer method is similar to the discrete ordinates method inasmuch 
as discrete directions are chosen. It is also related to the Monte Carlo method (see Chapter 20), 
since rays of intensity are traced from surface to surface. In essence, nodal points are established 
on the enclosure's boundary, from which rays are sent out into predetermined directions. The ray 
is then traced as it traverses through internal finite volumes, and this interaction is recorded (weak-
ening of ray by depositing energy in the volume, strengthening by emission and in-scattering), 
until it hits another surface. The method is very similar to the standard DOM and carries its 
disadvantages (nonconservative, susceptible to ray effects, needs iterations for nonblack walls 
and/or scattering), but uses much more cumbersome beam tracing (equivalent to the exponential 
scheme). A solid angle "pencil" is established at the emission point, causing inaccuracies as the 
beam passes through intemal volumes. The ray tracing is very similar to that of the Monte Carlo 
method. While the DTM avoids the statistical scatter of the Monte Carlo method, it is less efficient 
because each ray carries a single piece of statistic (given location, direction, wavelength), while 
a statistically chosen bundle in a Monte Carlo simulation carries multiple statistics (particularly 
important in nongray, reflecting and/or scattering environments). Still, the method enjoys some 
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popularity because of its early arrival, its early ability to deal with irregular geometries, and be-
cause it has been incorporated into several important commercial CFD codes. Cumber [129,130] 
has offered several improvements for the method, Coelho and Carvalho [131] presented a con-
servative formulation of the DTM, and Versteeg and coworkers [132,133] have quantified the 
errors inherent to the method. Two- and three-dimensional calculations have been performed 
by several researchers, mostly for furnace and other combustion applications [134-141]. Several 
comparisons between the DTM and other methods have also been made. Selguk and Kayakol [57] 
compared DTM and S4 solutions for two-dimensional, rectangular geometries and found that the 
^4 method gave results of comparable accuracy at three orders of magnitude less computer time. 
Similarly, Coelho and coworkers [105] solved the radiation problem in two-dimensional enclo-
sures with obstacles, using DTM, DOM, FVM, Monte Carlo and the zonal method (see Chapter 
17); they found DOM and FVM to be the most economical. Finally, Keramida and colleagues 
employed the DTM and six-flux methods to model natural gas-fired furnaces [128], finding the 
six-flux method to be superior. 

YIX Method. In this method, first developed by Tan and Howell [142], the radiative transfer 
equation is expressed in integral form [see, for example, equation (9.29)], i.e., incident radiation, 
G, and radiative flux, q, can be evaluated at any point (inside the medium, or on the boundaries) as 
a triple integral (in distance away fi'om the point, and in solid angle). Integration away from each 
point (along discrete ordinates) involves certain geometric functions, which can be predetermined. 
While this method has the potential to be more efficient than the DOM and the FVM, setup work 
for each problem is significant and generalization is difl[icult. The method appears to have been 
used only by the group that developed it [143-147]. 

16.8 CONCLUDING REMARKS 

The finite volume method, because of its general applicability, and the ability to generate high-
accuracy solutions with fine meshes, is today probably the most popular method to solve the 
RTE in complex situations. To be sure, the method also has its weaknesses: it always requires 
an iterative solution in the presence of scattering and/or reflecting walls, and for optically thick 
media these iterations tend to converge very slowly, if at all. In addition, the discrete ordinates 
method is prone to ray effects and can suffer from false scattering. However, the DOM and FVM 
are the only methods (aside from the statistical Monte Carlo method) that, through refinement of 
the spatial and directional grids, can be carried to arbitrary levels of accuracy. 

The discrete ordinates method is related to the zonal method of Chapter 17, which used to 
be the preferred RTE solution method until the 1960s. The zonal method also performs poorly 
in optically thick media, but it does not suffer fi-om ray effects and false scattering. However, it 
cannot be used in the presence of anisotropic scattering, and it is difficult to apply to irregular 
geometries. The Pi-approximation, on the other hand, is much easier to apply and solve, gives 
very accurate results for optically thick media (where DOM and FVM are difficult to apply), 
as well as for hot, radiating media in cold surroundings. But this method fails in optically thin 
media surrounded by radiating walls and/or subject to directional irradiation. Importantly, it is 
very difficult to apply at higher levels of accuracy (/^-approximation). 
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Problems 

16.1 Consider a gray, isothermal and isotropically-scattering medium contained between large, isothermal, 
gray plates at temperatures TJ and 7̂ , and emittances ei and ^ , respectively. Determine the radiative 
flux between the plates using the iS'2-approximation. 

16.2 Consider a large, isothermal (temperature 7 ,̂), gray and difliise (emittance e) wall adjacent to a semi-
infinite gray absorbing/emitting and linear-anisotropically scattering medium. The medium is isother-
mal (temperature T,„). Determine the radiative flux as a function of distance away from the plate using 
the 5'2-approximation. 

163 Consider parallel, black plates, spaced 1 m apart, at constant temperatures Ti and 7 .̂ Due to pressure 
variations, the (gray) absorption coefficient is equal to 

K = K] +Kix; Ko = 0.01 cm"^; KI = 0.0002 cm"^, 

w ĥere x is measured from plate 1. The medium does not scatter radiation. Determine, for radiative 
equilibrium, the nondimensional heat flux ^ = ql(T{T^ - T2) by the exact method, and the Si-
approximation. 

16.4 Black spherical particles of 100/im radius are suspended between two cold and black parallel plates 
1 m apart. The particles produce heat at a rate of/r/lO W/particle, which must be removed by thermal 
radiation. The number of particles between the plates is given by 

NT{Z) = TVO + ^Nz|L, 0<z<L; NQ = AiV = 212 particles/cm-^. 

(a) Determine the local absorption coefficient and the local heat production rate; introduce an op-
tical coordinate and determine the optical thickness of the entire gap. 

(b) If the -S'2-approximation is to be employed, what are the relevant equations and boundary con-
ditions governing the heat transfer? 

(c) What are the heat flux rates at the top and bottom surfaces? What is the entire amount of energy 
released by the particles? What is the maximum particle temperature? 

16.5 Two infinitely long, concentric cylinders of radii Ri and R2 with emittances î and €2 have the same 
constant surface temperature T,,}. The medium between the cylinders has a constant absorption coef-
ficient K and does not scatter; uniform heat generation Q'" takes place inside the medium. Determine 
the temperature distribution in the medium and heat fluxes at the wall if radiation is the only means 
of heat transfer, using the S2-approximation. 
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16.6 An infinite, black, isothermal plate bounds a semi-infinite space filled with black spheres. At any 
given distance z away from the plate the particle number density is identical, namely, Nj - 6.3662 x 
10̂  m"-̂ . However, the radius of the suspended spheres diminishes monotonically away from the 
surface as 

a = <3o ~̂̂ ^̂ ; cio = lO"'* m, 1 = 1 m. 

(a) Determine the absorption coefficient as a function of z (you may make the large-particle as-
sumption). 

(ib) Determine the optical coordinate as a function of z. What is the total optical thickness of the 
semi-infinite space? 

(c) Assuming that radiative equilibrium prevails and using the ^2-approximation, set up the bound-
ary conditions and solve for heat flux and temperature distribution (as a fijnction of z). 

16.7 Consider two parallel black plates, both at lOOOK, that are 2 m apart. The medium between the 
plates emits and absorbs (but does not scatter) with an absorption coefficient of /c = 0.05236 cm~̂  
(gray medium). Heat is generated by the medium according to the formula 

e ' " = CcrT\ C = 6.958 x lO'^cm"', 

where T is the local temperature of the medium between the plates. Assuming that radiation is the 
only important mode of heat transfer, determine the heat flux to the plates using the (symmetric) 
S2-approximation. 

16.8 A furnace burning pulverized coal may be approximated by a gray cylinder at radiative equilibrium 
with uniform heat generation Q'" - 0.266 W/cm^, bounded by a cold black wall. The gray and 
constant absorption and scattering coefficients are, respectively, 0.16 cm"* and 0.04 cm" ̂  while the 
furnace radius is /? = 0.5 m. Scattering may be assumed to be isotropic. Using the iS2-approximation: 

(a) Set up the relevant equations and their boundary conditions; 

{b) Calculate the total heat loss from the furnace (per unit length); 

(c) Calculate the radial temperature distribution; what are centerline and the adjacent-to-wall tem-
peratures? 

{d) Qualitatively, if the extinction coefficient is kept constant, what is the effect of varying the 
scattering coefficient on (/) heat transfer rates, (//) temperature levels? 

16.9 Estimate the radial temperature distribution in the sun. You may make the following assumptions: 

(/) The sun is a sphere of radius R\ 

(ii) As a result of high temperatures in the sun, the absorption and scattering coefficients may be 
approximated to be constant, i.e., Ky.Py = const i^ f(y, f, r) (free-free transitions!); 

(///) As a result of high temperatures, radiation is the only mode of heat transfer; 

(/v) The fusion process may be approximated by assuming that a small sphere at the center of the 
sun releases heat uniformly corresponding to the total heat loss of the sun (i.e., assume the sun 
to be concentric spheres with a certain flux at the inner boundary r = r,). 

(a) Relate the heat production to the effective sun temperature T̂ ir = 5777 K. 

(b) Would you expect the sun to be optically thin, intermediate, or thick? Why? What are the 
prevailing boundary conditions? 

(c) Find an expression for the temperature distribution (for r > ri) using the ^2-approximation. 

{d) What is the surface temperature of the sun? 

16.10 Repeat Problem 16.9 but replace assumption (/v) by the following: The fusion process may be ap-
proximated by assuming that the sun releases heat uniformly throughout its volume corresponding to 
the total heat loss of the sun. 
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16.11 Consider a sphere of very hot dissociated gas of radius 5 cm. The gas may be approximated as 
a gray, Hnear-anisotropically scattering medium with /c = 0.1 cm"^ cr, - 0.2cm"', Ai = \. The 
gas is suspended magnetically in vacuum within a large cold container and is initially at a uniform 
temperature ^ = 10,000 K. Using the .$2-approximation and neglecting conduction and convection, 
specify the total heat loss per unit time from the entire sphere at time / = 0. Outline the solution 
procedure for times t > 0. 
Hint: Solve the governing equation by introducing a new dependent variable g{T) = T(4;r4 - G). 

16.12 Consider a gray, isothermal, isotropically-scattering medium contained between large, cold, black 
plates. Determine the local radiative heat flux using the 54-method. To this purpose, set up the analyt-
ical solution using the method of successive approximations, i.e., guess a radiative source function, 
S(T\ which is to be improved by successive iterations. Carry out one successive approximation. 

16.13 Reconsider Problem 16.12 for a similar medium at radiative equilibrium contained between isother-
mal black plates at temperatures 7] and ^ , respectively. 

16.14 A hot gray medium is contained between two concentric black spheres of radius R\ = 10 cm and 
Rj = 20 cm. The surfaces of the spheres are isothermal at 7] = 2000 K and T2 = 500 K, respectively. 
The medium absorbs, emits with « = 1,/c = 0.05 cm"', but does not scatter radiation. Determine 
the heat flux between the spheres using the ^4-approximation. Compare your results with those of 
Table 13.2. 
Note: This problem requires the numerical solution of four simultaneous simple ordinary difl'erential 
equations. 

16.15 Repeat Problem 16.2 using the finite volume method. Use the upper and lower hemispheres as solid 
angle ranges. 

16.16 Repeat Problem 16.10 using the finite volume method. Use the upper and lower hemispheres as solid 
angle ranges. 

16.17 Repeat Problem 16.12 with the finite volume method, using a total of four solid angle ranges. 

(a) Use the solid angle ranges of Example 16.6. 
(b) Alternatively, let the z-axis point from plate to plate (with polar angle 6 measured from it) and 
choose: 

0 < ^ < ;r, 

0 < 6> < ;r, 

0 < 6> < ;r, 

o<e<n. 

Qi : 

^ 2 : 

^ 3 : 

Oi : 

o<^<^, 
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CHAPTER 

17 
THE ZONAL METHOD 

17.1 INTRODUCTION 

The zonal method for the determination of radiative heat transfer rates within an absorbing, emit-
ting, and isotropically scattering medium is an extension of the net radiation method developed 
in Chapter 5 for surface exchange (i.e., for enclosures without a participating medium). In this 
method the enclosure is subdivided into a finite number of isothermal volume and surface area 
zones. An energy balance is then performed for the radiative exchange between any two zones, 
employing precalculated "exchange areas." This process leads to a set of simultaneous equations 
for the unknown temperatures or heat fluxes. The method was first developed by Hottel and Co-
hen [1] for an absorbing, emitting, nonscattering gray gas with constant absorption coefficient. 
Hottel and Sarofim [2] extended it to deal with nonconstant and nongray absorption coefficients 
as well as with isotropically scattering media. The discussion by Hottel and Sarofim [2] is ex-
tensive but is limited to three-dimensional problems (i.e., only volume zones finite in all three 
dimensions are discussed). The method was extended by Walther and coworkers [3] to allow 
for linear variation of emissive power through a one-dimensional slab zone and by Einstein to 
deal with two-dimensional zones in Cartesian [4] and cylindrical [5] coordinate systems. A slight 
variation of the method has been given by Larsen and Howell [6], who expressed the energy 
balances in terms of "exchange factors," which are physically measurable quantities. Such mea-
surements were carried out by Liu and Howell [7]. Another derivative model is the REM^ method 
by Maruyama [8-10]. Yuen and Takara [11] (and Ma [12] for a one-dimensional slab) have shown 
that the zonal method can be apphed to anisotropically scattering media, but only at a great in-
crease in required computer time. 

17.2 SURFACE EXCHANGE —NO 
PARTICIPATING IVIEDIUM 

We shall start by rederiving the relations for radiative exchange between surfaces in the zonal 
form, since doing so clearly demonstrates the similarities between the standard net radiation 
method and the zonal method. As in the net radiation approach we break up the surface of the 
enclosure into Â  isothermal subsurfaces, or zones, as shown in Fig. 17-1. 

539 
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h>^\ ' ^^r^^^^-^^.^^''''^ FIGURE 17-1 
'̂ -̂  General enclosure broken into iV isothermal surface zones. 

Black Surfaces — Direct Exchange Areas 

If the enclosure consists of only black surfaces then the net exchange of radiative energy between 
any two surfaces is, from equation (5.9), 

Qi^j = -Qj^i = JisjiEti - Etjl ij = 1,2,... ,7V, (17.1) 

where Qi^j is the net energy exchange between zones / and j (positive if zone / is losing heat as 
a result of the exchange) and the 

n cos Oi cos Oj 
-z—^dAjdAi (17.2) 

are known as direct exchange areas. Unlike the view factors, /v-̂ y, the l^Sj are not nondimensional 
but have the dimensions of area. While this is a minor inconvenience the formulation of equa-
tion (17.2) has the advantage that the principle of reciprocity is more easily applied (eliminating 
a common source of error). Although the use of direct exchange factors (reducing to view factors 
in the absence of a participating medium) would be just as acceptable, use of exchange areas is 
accepted practice. Summing equation (17.1) over all zones yields the net heat flux at zone / as 

N N 

Qi = Aiqi = ^sJsjiEti - Ehj) = AiEi,i - ^J^sjEhj, / = 1,2,..., Â . (17.3) 

7=1 y=i 

Since the total heat flux leaving surface / is AjEbi, we find that 

N 

J ] ^ = 4-, (17.4) 

which is equivalent to equation (4.17), or 2/11 Fi~^j = 1 • 

Gray Diffuse Surfaces — Total Exchange Areas 

If the surfaces are not black but are partially reflective, then the energy exchange between zones is 
not only by direct travel, but also may include contributions due to single and muhiple reflections 
from any nxunber of surface zones. If the reflective behavior of the surfaces is gray and diffuse, 
then the reflected radiation leaving a surface cannot be distinguished from emitted radiation and 
equation (17.1) still holds after replacing emissive power Eh by radiosity / (as described in detail 
in Chapter 5). Thus, 

Qi^j = ''Qj^i = ^(Ji-Jjl / , y = l , 2 , . . . , M (17.5) 
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and, performing an energy balance on At, 

Q,=Aiqi=Ai{Ji-Hi) = AiJi-Yj^J^P / = 1,2,... ,7V. (17.6) 

Thus, similar to the net radiation method, we must now assume that the surface zones are small 
enough so that their radiosities do not vary appreciably across them. 

We may eliminate the radiosities from equation (17.6) by using equation (5.26), 

qi = -^^{Ebi-Jd. /= l ,2 , . . . , iV . (17.7) 
1 — Ei 

This leads to 

2 ( ^ ~ - 7 ^ ^ ) ^ y = Z(^A"^)^/>y' /=l,2,...,iV, (17.8) 

which is equivalent to equation (5.37). Thus, if all temperatures are known, the unknown wall heat 
fluxes may be determined by matrix inversion. If the zonal temperatures are not known, but must 
be determined iteratively by considering conduction and/or convection as well, then one matrix 
inversion must be performed for every iteration. To avoid such unnecessary matrix inversions 
(since the exchange areas do not depend on temperature), Hottel and Cohen [1] introduced the 
concept of total exchange areas, defined by 

Qi^j = -Qj^i = ^liEhi ~ E^jl Uj = 1,2,... ,iV, (17.9) 

which include energy exchange by direct travel as well as by paths with one or more surface 
reflections. This concept impUes that reciprocity holds also for total exchange areas, that is, 

SiSj = 'S^i, a l l / , / (17.10) 

Once the SiSj have been determined, the heat flux for each zone is found immediately and without 
matrix inversion from 

Qi = Aiqi = YjSiSj(Ehi-Et,j) 
y-i 

= 6 / 4 ^ 6 / - J ] ^ ^ / , y , /= l ,2 , . . . , iV , (17.11) 
7=1 

where the last part of equation (17.11) follows from the fact that total emission from zone / is 
€iAiEhi. We conclude that, for a nonparticipating medium, 

N 

YjiSj^eiAi, / = 1,2,...,7V. (17.12) 
y=i 

There are many ways of expressing the total exchange areas StSj in terms of direct exchange 
areas l^j, Hottel and Cohen [1] and Hottel and Sarofim [2] achieved this by setting the emissive 
power of all zones to zero except for zone k, for which the emissive power is set to unity. From 
equation (17.11) it follows then that, for this case, 

N 

Qi = -Wk = AikJi ^Yj^kJp / = 1,2,...,M (17.13) 
7=1 
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where the presubscript k for the Ji implies that these artificial radiosities are for a single emit-
ting zone with unit emissive power. The Q can be eliminated using equation (17.7), resulting 
in Â  simultaneous equations for the unknown kJi (i = 1,2,..., AT)- After their determination 
the SiSk may be determined from equation (17.13). UtiHzing a different approach Noble [13] 
cast the governing equations in matrix form and used elegant matrix manipulation to evaluate the 
total exchange areas. We shall follow here an approach similar to Noble's but shall use a some-
what more conventional notation to accommodate the reader who is not very familiar with matrix 
manipulation. 

Making a simple heat balance for zone /, 

Qi = €iAiEhi - qAiHi (17.14) 

(stating that the net heat flux leaving zone / is the difference between emitted and absorbed irra-
diation), we find from equation (17.6) that the direct exchange areas are related to the absorbed 
irradiation, 6/̂ 4///̂ , where Hi is total irradiation per unit area on zone /, or 

AiHi = ^ SiSjJj, / = 1,2,..., M (17.15) 

We now eliminate the radiosities from equation (17.15) using its definition, equation (5.18), 

Jj = €jEbj-^ pjHj, 

which leads to 

(17.16) 

(17.17) 

Equation (17.17) is a set ofN linear equations in the N unknown Hj. The general solution to this 
equation is most easily found by casting it into matrix form. We define two N x N matrices (or 
second rank tensors). 

T = 

1 A î>yi 
€\ e\A\ 

P\ SlS\ 

e\A\ 

P\SNS\ 

€\Ax 

P2^\S2 

^lAi 

1 P2S1S2 

€2 62^2 

^NAN 

PtJs2S^' 
^NAS 

6s ^NAS ' 

(17.18) 

and 

S = 

1̂̂ 1 1̂ s\S2ei S\ 5,v 6v 

S2Ss' 6v 
(17.19) 
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as well as two vectors h and Cb,̂  

h = 

UiAiHi 

62^2^2 

^ ,̂v4v ,̂v^ 

, eb = 
^bll 

^Eh,} 

(17.20) 

Equation (17.17) may then be rewritten^ as 

T - h = S-eb . (17.21) 

If we form the dot product of equation (17.21) with the inverse of T, or T*"\ we get 

T-^-T-h = h = T - ^ - S - e b , (17.22) 

where we have made use of the fact that T""̂  • T = tf, where S is the unit tensor with elements (5/y, 

and 6 h = [Zjdijhjl = [hi] = h. Thus, we may write, in series notation. 

N N 

(17.23) 

By comparing this expression with equations (17.11) and (17.14) we find the total exchange areas 
as 

it=l 

or, m matrix notation 

SS = T ' ^ . S. 

(17.24) 

(17.25) 

We note in passing that, for every black zone, an entire column of T has elements that are zero 
(with the exception of the diagonal term), simplifying the inversion of T. 

Example 17.1. Evaluate the radiative heat flux between two infinitely long concentric cylinders sepa-
rated by a nonparticipating medium. Both cylinders are isothemial and are covered with a gray, diffusely 
emitting and reflecting material. The inner cylinder is of radius Ri with temperature Ti and emittance ei. 
The outer cylinder has the corresponding values of J?2, ^ , and 62. Use the zonal method and employ the 
concept of total exchange areas. 

Solution 
Letting the inner cylinder be Zone 1 and the outer cylinder Zone 2 we have 

51^ = ^ ^ = A\F\^2 = A\, T̂̂ T = 0, lisi - AjFi-^i =A2-A]. 

^For easy readability of matrix manipulations we shall follow here the convention that a two-dimensional matrix is 
denoted by a bold capitalized letter, while a vector is written as a bold lowercase letter. 

^ Again, for easy readability of matrix manipulations we adopt the convention that a dot product denotes summation 
over the closest indices on both sides of the dot, e.g., T • h = [2y Tijhjj, D • T • h = f̂ ; Zj^kiTijhjl etc. Thus, a tensor 
dotted with a vector gives a vector, a tensor dotted with a tensor results in another tensor, and so forth. 
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Therefore, we get 

T = 

S = 

The inverse of T follows immediately as 

1 
^1 

0 

A\€\ 

€2 Ai 

1 + ^ ^ 
62 Ai 

Ai€2 

{A2-A^)€^ 

where 

The total exchange areas are calculated from 

1 €2 Ai €2 A-^ 1 

A " 1 * 
V ei €x ^ 

r=: 
€\ €2 A2 

or 

5,S, 

S,Sj = Y,(T-%S,j, 

TxxS\\ + T^2*^2i - -^ — 7 - ^ 1 1̂ • 
T €2 A2 

S1S2 = T[^ 5i2 + T[2 S22 ~ S2S\ 

r 

^2^2 = T21 S12 -^ T22 S22 = ip 

^162 + ^ ^ ( ^ 2 - ^ 1 ) 6 2 
62 ^2 

^ . 4 , 6 . + - ( ^ . - / ^ i ) 
61 61 

The net heat flux at Surface 1 follows as 

Q,^A,qi=^S^2{Eh\-Et2) 

or 

^1 
%^ 

1 1 

(7(7:̂  - r 

61 A2\e2 I 

This is, of course, somewhat of a hard way to arrive at the well-known result. The method will save 

considerable computer time, however, if many zones and iterative determination of the temperature field 

are involved. 
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(fl) (b) (C) 

FIGURE 17-2 
Radiative exchange between (a) two differential surface elements, (b) differential volume and surface elements, (c) two 
differential volume elements. 

17,3 RADIATIVE EXCHANGE IN GRAY 
ABSORBING/EMITTING MEDIA 

We shall now consider radiative transfer through a gray absorbing, emitting, but nonscattering 
medium with constant absorption coefficient. The medixun is confined by an enclosure with gray, 
diffusely emitting and reflecting surfaces. Again, the surfaces are broken into Â  isothermal zones 
(with weakly varying radiosities), while the medium is broken into K isothermal volume zones. 
There will now be radiative transfer between surface zones and other surface zones, from surface 
zones to volume zones and vice versa, and from volume zones to volume zones. 

Direct Exchange Areas 
Surface-Surface Exchange 

The direct exchange area between two surface zones is defined, as for pure surface exchange, by 

where Qt-^j is the total heat flux coming fi-om zone / that travels directly (without reflections) to 
zone j . The exchange areas are the same as in the last section, except that only a fraction of the 
energy leaving / toward j will arrive at j (while the rest will be absorbed by the medium). Thus, 
similar to the development of standard view factors developed in Chapter 4, we have for the heat 
flux leaving zone / arriving at j = intensity leaving dAi into the direction ofdAj x area normal to 
ray x solid angle subtended by dAj as seen from dAi x fraction transmitted, or 

(^)xw. COS ft) X 
dAj cos 6j 

52 
^)xe-^ 

as shown in Fig. 1 l-la. The surface-to-surface direct exchange area may, therefore, be deter-
mined from 

SiSj= \ \ 
J Ai JAJ 

_^^ COS 6i COS 6j 
dAjdAi. (17.26) 

Equation (17.26) is identical to equation (17.2) except for the transmission factor e"'̂ '̂ . 
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Volume-Surface Exchange 

The volume-to-surface direct exchange area is defined similarly through 

Q-*j = gisjEbi. 

Inspecting Fig. 17-26, we find that the heat flux emitted fi-om volume zone / arriving at surface 
zone j = energy emitted from dVt into all 4n directions as given by equation (9.48) x fraction 
leaving toward dAj x fi*action transmitted, or 

( dAj cos Oi 
{4KEb, 

leading to a vohime-to-surface direct exchange area of 

cos ft 

xe 
-KS 

JViJAj 

-KS 

nS^ 
^KdAjdVi. (17.27) 

Volume-Volume Exchange 

The volume-to-volume direct exchange area is related to heat flux leaving one zone and absorbed 
by another after direct travel (without reflections) through 

The magnitude of the direct exchange area is most easily derived by orienting the receiving vol-
ume, dVj = dAj X dSj, as shown in Fig. 17-2c: The heat flux from / intercepted by j is equal to 
energy emitted from dVi into all An directions x fraction leaving toward dAj x fi*action transmitted 
X fraction absorbed over dSj, or 

{AKEU dVi) X 1 ^ ) X {e-''') X {KdSj), 

leading to a volume-to-volume direct exchange area of 

^=iL;'''^''^'''- (17.28) 

Making the same arguments in the opposite direction, or by inspecting equations (17.26) through 
(17.28), we find that reciprocity for direct exchange areas holds, that is, 

SiSj = SjSi, QiSj = Sjgi, giQi = gjQi. 

Making an energy balance on surface zone /, we have 

Q,i = Aiqt = Ai{Ji - Hsi) = Aiei{Ebsi - Hsd 
N K 

= J ] ^ ( j ; - ^ ) + ̂ ^(j;--^/,^;t) 

N 

(17.29) 

k=\ 

= 6 AiEbsi - 2_j ̂ J^^ ̂ J^Aj ^^^' ^^^ 
/ = l A:=:l 

/ = 1 , 2 , . . . , M (17.30) 

where we have added the subscripts s and g to distinguish between emissive powers and irradia-
tion of surface and volume zones, respectively. 
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The first version of equation (17.30) uses the concept that the net heat flux at zone / is equal 
to the sum of the net exchange between any two zones, and the second states that net heat flux 
is equal to total emission minus the absorbed fi-action of total irradiation. Realizing that the 
exchange areas do not depend on temperatures and that, for an isothermal enclosure, all heat 
fluxes go to zero (as well as Jj = Ebj), we get the relationship 

N K 

5 ] ^ + 5 ] ^ = 4-, /=l,2,...,Ar. (17.31) 
; = 1 A : = l 

Similarly, making an energy balance over a volume zone, we find^ 

N K 

Qgi = KViiAEbgi - Gi) = Yj^i(Etgi ^ Jj) + YjMii^bgi ^E^gk) 

N K 

= 4 / c ] ^ J ? ^ ^ / - ^ ^ ^ - ^ ^ £ ' i , ^ ^ /= l,2,...,i^. (17.32) 

Comparing, or looking at an isothermal enclosure, we find 

N K 

J ] ^ + J ] ^ = 4̂ P̂ , /=1,2,...,^. (17.33) 

For a volume zone the Qgi represents the net radiative source within volume V, and is, therefore, 

V-qdVi. (17.34) 

If the Qsi for surface zones are eliminated through equation (17.7), and if the Qgi for volume 
zones are known (by assuming radiative equilibrium) or the gas zone emissive powers are known 
(through connection with an overall energy equation), then equations (17.30) and (17.32) form a 
system ofN + K equations in the unknowns Ji(i= 1,2,..., AT) and Qgk or Ehgk (k= 1,2,..., AT). 

Total Exchange Areas 

Again, we would like to eliminate the radiosities, JJ, from equations (17.30) and (17.32) to avoid 
repeated matrix inversions in case the zonal temperatures must be determined by iteration. The 
total exchange areas are defined by 

N K 

Qsi = eiAiEM - YJ ^J^^-y " Z '^^^bgk. / = 1,2,..., M (17.35) 

N K 

Qgi = AKViEbgi - Yj'^J^bsj - 2 G A ^ M ' / = 1,2,... , ^ . (17.36) 
7=1 *=! 

The law of reciprocity follows again from the definition of total exchange areas, that is, 

SjSi^SiSj, GkSi = SiGk, GkGi = GiGk, (17.37) 

^Here /rF/G/ = fy f^^ KldQ.dVi is the total incident radiation absorbed by V}. 
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and, setting all emissive powers equal in equations (17.35) and (17.36) (resulting in zero heat 
fluxes everywhere) gives the relations 

J^SiSj^YjSiGk = eiAi, /= l ,2 , . . . , iV , 
7=1 

N K 

y=i 

(17.38) 

(17.39) 
A : = l 

To determine the total exchange factors, we extract the surface irradiation from equation (17.30), 
giving 

7=1 

or, after using equation (17.16), 

N 

K 

1 
A : = l 

AiHsi = 2 ] SiSj J/- + ^ sigk Ehgk, / = 1,2,..., M (17.40) 

•g-kEhgk. /= l ,2 , . . . , iV . (17.41) 

In vector notation we may write"* 

T • hs = S • Cbs + sg • Cbg, (17.42) 

where T, hs, S, Cbs are defined as in the previous section (although the direct exchange areas in 
them are different because of the transmission factor), while the other two are defined as 

sg (17.43) 

S]g\ sxgi •" s\gK 

sigi sm ••• W^ 

's^ ^ ^ ••• 5 ^ 

Note that T andSSLTQ Nx Nmatrices and hs andCbs are A^-vectors, while sg is an Nx Kmatrix 
and Cbg is a A -̂vector. Inverting T gives 

hs = T-^ • S • Cbs + T-^ . sg • ebg, (17.44) 

and, after comparing with equation (17.35), the total exchange areas can be identified as 

\ 

» Cbg = 

/ 

Ebg\ 

Ebcjl 

EbgK) 

SS = T - ^ S , or SiSj = YF~')iiSij. 

,v 
SG = T-^-sg, or Wk = YF-')nWk^ 

(17.45) 

(17.46) 

/=! 
"* We augment our vector notation rules here somewhat by stating that a bolded and barred two-letter name may be used 

for a matrix (besides a bold capital letter). 
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A similar procedure for the volume zones gives, from equation (17.32), 

= Yj9isj (ejEhsj + PjHsj) + ̂  ^ Ehgk, / = 1,2,..., A:. (17.47) 
M 

K 

k^\ 

Remembering that hy = ^jAjHsj and using equations (17.44) and (17.45), we find that equa-
tion (17.47) is transformed to 

A' N — N 

J-[ j - \ J J /=! 

"^J^^-J^Wk^hgk+J^WkEhgk. /=l,2,...,i^. (17.48) 

Switching the dummy counters j and / in the second term on the right-hand side and rearranging, 
we have 

By comparison with equation (17.36), we find 

N 

Ebijk^ i= 1,2, ...,K, (17.49) 

N 

or, in matrix notation 

where 

GS =: R + Q SS, 

GG = gg + Q SG. 

g\S\€\ g\S2ei ••• 3i5ve,v 

g2S^e] gisiei ••• gis^e^ 
R = 

(17.50) 

(17.51) 

(17.52) 

(17.53) 

(17.54) 
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gisj p\ gisipi 

Ai €[ Ai 62 

gKS{ p\ QKSI p2 

Ax 61 Ai €2 

m^NpN 
AM 6;V 

gis^pN 
AM 6,V 

GKSN PM 

/j-M 6\? 

(17.55) 

Because of reciprocity G^Sj = SjG^ or GS = SG (where the superscript T denotes the transpose 
ofa matrix) and 

R + Q SS = p (TO ' (17.56) 

Obviously, the G]^Sj may be evaluated using either of equations (17.46) and (17.50) (or both, using 
one as a checking mechanism). 

Example 17.2. Consider a gray, absorbing-emitting (but not scattering) isothermal medium confined 
between two parallel, isothermal, gray and difi'use plates. The temperature of the medium is 7 ,̂, its ab-
sorption coefficient is K, and the distance between the plates is I . Both plates have the same temperature, 
7̂ ,, and emittance, e. Determine the net radiative heat flux at the plates. 

Solution 
We begin by evaluating the direct exchange areas. Since the problem is one-dimensional with infinitely 
large plates, all direct and total exchange areas will become infinitely large. Thus, we shall evaluate all 
exchange areas per unit area, using a tilde instead ofa bar in the notation. From equation (17.26) 

_ _ ,. I f f _ .cC0S^iC0Sft J, , , C _ c C 0 S ^ i C 0 S ^ ,^ 
sxS2=\\m— e'"" '——-dAidAx^ e'^ '•——-dAo. 

^i-*~ A\ J A, JA2 ^^ JA2 ^^ 
since the exchange factor between any point on Surface 1 and all of Surface 2 is the same everywhere. 
Thus, we get, with cos 0\ = cos ft = LjS, S^ - P- •¥ L? and n = KL, 

7^ 

where y = S/L = yjirlLf- + 1. We also have î S\ - siSj = 0 and S2S\ - S\S2. From equation (17.31), it 
follows immediately that 

gsx = \-s^2'=^gs2='gs = sg, 

and, fi'om equation (17.33), 

'gg-ATi- Isg. 

To determine the total exchange factors, we first establish the relevant matrices. 

T = 

.p-i ^ 

'' 1 
— 
6 

P ~ 
51^2 

^ £ 

/ , 

1 

J 

1 

6 
p 
- '̂1^2 

^ 6 

P ~ 
S\S2 

€ 

1 i 
— j 
e f 

> 
P ~ 
6 

1 
— 
6 > 

, r=l[i~p2(i^2) 

k / 

L s = 
0 6 5-152 

^ 
es\S2 0 

V 
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where S is also evaluated per unit area. Now, from equations (17.45) and (17.46) 

S{Si = —p{s^2) -S2S2, S1S2 = — s^2 = S2SU 

The last result may be verified by comparing with the result from equation (17.50). Finally with 

Hi-'A 
GG = gg + 2^rgSG^gg+ ^ { l +pSiS2)(rgf. 

These results are readily (and should be) verified by substituting into equations (17.38) and (17.39). 
The net heat flux to a plate is calculated from equation (17.35) as 

q^ = {€-S^i- S^2)Etu, -SGEh„=SG (E,„, - £,„,), 

or 

«.•• 1u' =?c=^[^-^^3(r.)] 
criT^-T*) l-2pE,{n)' 

which is, of course, the exact result. 

A number of researchers have applied the zonal method to gray media without scattering. For 
example, Einstein calculated combined convective/radiative heat fluxes for two-dimensional duct 
flow for a gray gas in a black-walled duct [4,5] and Modest investigated radiative equilibrium in 
a rectangular enclosure with a single nonblack wall [14], and for the space between concentric, 
gray cylinders [15]. 

17.4 RADIATIVE EXCHANGE IN GRAY 
MEDIA WITH ISOTROPIC SCATTERING 
We shall now extend the zonal method to the most general case to which it can be applied by 
including the eff'ects of isotropic scattering and spatially varying absorption and scattering co-
efficients. As before, we break up the surfaces into A*" isothermal zones (with weakly varying 
radiosities) and the medium into K isothermal volume zones (which, as we shall see, should have 
weakly varying radiative source terms). We shall rederive the expressions for direct exchange 
areas by making allowance for property variations as well as for isotropic scattering. 

Direct Exchange Areas 
Surface-Surface Exchange 

The direct exchange area between two surface zones applies now to total heat flux coming from 
zone / traveling to j directly without reflections and without being scattered. Therefore, equa-
tion (17.26) must be rewritten as 

n « « cos ̂ /cos 61-

where 

A/ = } J Pels (17.58) 

is the average extinction coefficient between zones / and j . In general, of course, the value forPij 
would be diff'erent for any two zones. 
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Volume-Surface Exchange 

Radiative energy leaves an infinitesimal volume not only in the form of isotropic emission (= 
4nKilf,gi = ^KiEhgi) but also as isotropic out-scattering (= CQ/G,, where as is the scattering coeffi-
cient).^ 

Defining a volume zone radiosity as 

0) 
J^ = {1 -oj)Ehg-^-G, (17.59) 

we may express the direct exchange of energy between volume and surface zones as 

Qi^j^WjiJgi-Jsjl (17.60) 

and equation (17.27) becomes 

n « c cos a-
(17.61) 

Therefore, with this definition we demand that we may assume the volume zone radiosity, J^, to 
be constant throughout the zone. 

Volume-Volume Exchange 

By the same reasoning we need to redefine the volume-to-volume direct exchange areas as 

^''Lir''^'''''- (17.62) 

where the ySy comes from averaging the source term over dVi, and the pj is associated with the 
extinction in dVj. 

Rewriting the energy balance for surface zone i, equation (17.30), we get 

Qsi = Mi = Ai{Jsi - Hsi) = Ai€i{Ehsi - H,i) 
N K 

- 2^'^j i^si - ^sj) + 2^'SiEUsi - Jgk) 

M k=\ 

AiEbsi - 2^ SiSj Jsj - 2J ^i9k Jgk 
k^\ 

, / = 1,2,...,M (17.63) 

Similarly, for a volume zone, equation (17.32) is rewritten as 

Qgi = KiVi{AEi,gi - G/) = A ^ ( H / - GO 
N K 

( N K 

AKiViEhgi-iX-cJii 2^ QiSjJsj + 2 J ^̂ ^̂ -̂ ^̂  
\M k^\ 

, £ = 1 , 2 , . . . , ^ . (17.64) 

•''See also the development for the radiative source function for isotropic scattering, S - {\ -- co)lb + ojG/4n, in 
equation (9.26). 
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Examining an isothermal enclosure, we find that equations (17.31) and (17.33) continue to hold, if 
the absorption coefficient is replaced by the extinction coefficient everywhere, and if the extinction 
coefficient (and, therefore, the direct exchange areas) does not depend on temperature: 

/V J\ 

^ ; ^ + ^ ^ = ^/, / = 1,2,...,iv, 
y=i '̂=1 

N K 

X'^"*"!]^'^'^^'^"' '"̂  1,2,..., A:. 

(17.65) 

(17.66) 

Eliminating the radiosities from equations (17.63) and (17.64) through equations (17.16) and 
(17.59), we obtain, in a similar fashion as for equations (17.41) and (17.47), 

Z lSij Pj SiSj\ ^ 'sigiajk, 

N K 

= ^lisjejEbsj + '^'sigkil -(x)k)Ebgk, i= 1,2,...,N, (17.67) 

giSjPj ^ik gigk ojk 

K 

ngk 

= ^ QiSj ejEbsj + ^ giQk (1 - (^k)Ebgh / = 1,2,..., A:, (17.68) 
./=i =̂1 

where hgk = KkVkGk^ Equations (17.67) and (17.68) are a system of Â  + K equations in the N + K 
unknown hsj and hgi^.^ A solution may be found by standard techniques. 

Total Exchange Areas 

If the temperature field is to be determined iteratively, determination of total exchange areas 
is again desirable so long as radiative properties and, therefore, direct and total exchange areas 
do not vary with temperature (although they may vary with location). We may rewrite equa-
tions (17.67) and (17.68) in matrix notation as 

T . h , ~ U - h g = S-eb, + V.ebg, (17.69) 

~Q • h, + W • hg = R • Cbs + X • ebg, (17.70) 

where T, S, Q, R, e^s, Cbg, and h^ have been defined in the previous section and 

U: 

.91^1 a)\ 

4KXVI 

iim^i 
4KIVI 

'S^OJl 

Sig2(jJ2 

AK2V2 
'sigioJi 

AK2V2 

l^O^l 

SXQKOJK 

4K,V, 

S2gK OJK 

4K,V, 

S^gK OJK 

4K\ V\ 4K2 V2 4K,y, 

(17.71) 

^This is valid if the medium temperature field is "kno\\'ti." In the case of radiative equilibrium we have, from equa-
tion (17.64), Gk = 4Ebk or hgk - ^Kk VkE^gk as the unknowns for the volume zones, and the second series on the right-hand 
side of equation (17.68) is eliminated. 
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w = 

1 1̂̂ 1 ̂ 1 g\gio>i 

1 ~6i>i AK\ V\ 4K2 Vi 

4KIV\ l-a>2 AK2V2 

QKO] O}\ GKOI (^ 

AKXVX 4K2V2 

v = 

hg = 

KiViGi 

K2V2G2 

gwKOjK ] 

4K,V, 

9I9K (^K 

AK,VK 

QKQK ^ J 

Ai, V ] 

's2g\{\-(o\) ; ^ ( l ~ a > 2 ) ••• ^ ^ ( l ~ a > ^ ) 

? i ^ ( i - ^ i ) gig2(\-<^) •" m^O-ojK) 

gimi^-^i) 9292(1-C02) ••• ^9^(1-ojf() 

Inverting W, we can solve equation (17.70) for hg as 

hg = W * Q h, + W ' R Cb, + W ' X Cbg, 

and substituting this expression into equation (17.69), we find 

hs = P"'C Cbs + P"'D Cbg, 

hg = W ' (Q P-' C + R) eb, + W ' (Q P ' D + X) Cbg, 

where 

c = s + u W'R, D = V + U W'X, 
P = T - U W-*Q. 

(17.72) 

(17.73) 

(17.74) 

(17.75) 

(17.76) 

(17.77) 

(17.78) 

(17.79o) 

(17.796) 
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In terms of total exchange areas, equations (17.63) and (17.64) are rewritten as 
N K 

Qsi = eiAiEbsi -Yj^J^bsj - J]5i^£^yit, / = 1,2,.. .,iV, (17.80) 

N K 

Qgi = 4KiViEtgi - YjGiSjEtsj - Y^kEbgk. i = 1,2,. ..,/^, (17.81) 
7 = 1 ife=l 

which are the same as equations (17.35) and (17.36) (but with modified total exchange areas). 
Thus, by comparison we find 

N 

SS = P-^-C or ^ = J]i^^C/y, (17.82) 
/=! 

N 

SG = P~^D or Wk^Yj^n'Dik. (17.83) 

GS = W"̂  (Q P-^ C + R) = SG^, 
K r N N \ 

GG = W-*(Q P-*D + X), 
K ( N N \ 

or G ^ = 2 ^ 1 Z Z Q'-P^nDni + XiA. (17.85) 
/=! \m-\ /i=l / 

Setting all emissive powers equal in equations (17.80) and (17.81) shows that equations (17.38) 
and (17.39) still hold, without replacing absorption coefficient K by extinction coefficient yS on the 
right-hand side of equation (17.39), 

iV K 

25^+X^=^''^^' '̂=1.2,...,̂  (17.86) 

N A' 

2 ] G ; ^ + 5 ] ^ ^ = 4 ,̂P ,̂ / = 1 , 2 , . . . , K (17.87) 
y=i k^\ 

Temperature-Dependent Properties 
If the absorption and extinction coefficients depend on temperature, then all direct exchange areas 
also depend on temperature. Thus, if the temperature field is found iteratively, then the direct 
exchange areas must be recalculated after every iteration. This requirement, in turn, eliminates 
the advantages of using total exchange areas. Therefore, for these problems one would, in general, 
solve equations (17.67) and (17.68) (or some variation) directly. There is, however, one important 
case for which a set of total exchange areas can be calculated beforehand (and which do not enter 
the iteration). 

For this we shall make the following two assumptions: (/) The medium does not scatter, and 
(//) the temperature dependence of the average absorption coefficient between two zones, /r/,, may 
be neglected (or is only updated after a given number of iterations for the temperature field). With 
these assumptions we may write 

K' K'K' 

^ = (^)av, ^ = g ? ^ = ( ^ a v — , 'Mj'=(m)^^-T-^ (17.88) 
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where (5y5̂ )av, etc., are direct exchange areas evaluated from equations (17.57), (17.61), and 
(17.62), withŷ y and/Sj (or Ki and KJ for a nonscattering medium) replaced by an average absorption 
coefficient /Cav The assumption of a temperature-independent Kij thus implies that the average 
direct exchange areas do not depend on temperature. Substituting equation (17.88) into (17.45), 
and realizing that neither T nor S depends on temperature, we find 

that is, the SiSj do not depend on temperature either. From equation (17.46) 

N 

Wk = YiT-'h(md,y — = (sic;) ^ , 

(17.89) 

(17.90) 

that is, the (SG)av may be calculated once and for all, and the actual SG are found by a simple 
multiplication. Similarly, from equation (17.51), 

(»»...E^f(SS)Jf =(S5)..f. 07.9.) GiGk = 

Equations (17.35) and (17.36) may then be rewritten in terms of average total exchange areas. 

Example 17.3. Repeat Example 17.2 for a medium that not only emits and absorbs, but that also scatters 
i so tropically. 

Solution 
We shall still limit ourselves to a single gas zone even though this will no longer render the analysis 
exact: For that, the radiative source term, 4(1 - co)Ei, + coG, must be constant across the volume zone. 

It follows immediately that the direct exchange areas remain unchanged (except that TL = /3L is now 
based on the extinction coefficient). From equations (17.80) and (17.86) it follows that the nondimen-
sional heat flux at the surface is still evaluated as 

^ = qw 

<T{T^,-T,t) 
= SG, 

and that only the evaluation of iSG from the direct exchange areas is different from the previous example. 
While the tensors T and Q remain unchanged, we still need to evaluate U, V, W, and X for the evaluation 
of SG. Thus, 

U = 
sgoj 

4rS-0J) 

f \ 
1 

1 
V J 

; y^Fgd-aj) 

r ^ 
1 

1 
V J 

where W and X are single-term 1 x 1 matrices. Thus, 

1 1 

W-^=(1/FF) and Ay = .̂/ + XiZ^'^-^*^'^'^' 
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D = 

Similarly, 

or 

and 

Finally, 

sg{\ -(x)) + - — f X - — ^ xgg{\~ijS) 
4T/:(1 --u))sg 

An-(jjgg 

p. -^ T - ^'^^^' - T 
W 

p oj{sgf 
• * / ; • 

sgco 4 T / ( 1 -ct>) p _ 

'̂  4Ti(l ~ co) ATI -tjgg e 

P = 

•̂  6 4Ti-a>^^* 

1 p a>(A^)' 

e €4TL-(ogg 

S1S2 + 
oj{sg) 

4n-cogg 

^ 1 P oj{sgf 

^~'—p 

S1S2 + ^ 
4n-cogg 

1 p cjjsgf 

e eAri-ojgg 

oj(sgf 

P 
K € 

e eAr^-cogg 

V^ . u){sgf 
S\S2 + =3 

AjL-ijjgg 

S\S2 + 
An-cogg 

1 p ojjsgf 

e eAn-ojgg 

P-P^^~P^2--2 l - 2 p - = 3 - p ( 5 i 5 2 ) -2p5|i>2-;^ = : 
4Ti-£0 6?̂  ' 4 r z . - ^ ^ ^ 

1 -(pS\S2f -2p{\ +p5i52)-
4T;^-(^6'^ 

SG = P - ' D = 
P^.'Du-^P^^Dix 

K'Dn+P^^Dix 

(1 + psxS2) ATI{\ - (jj)sgl {ATI - ojgg) 

\~{pKs2f-2p{\^pKs2)- "^^'^^ 

Arii\ -'Co)€sg 

An-ojgg 

( \ 
1 

(1 - psiS2) {ATL -cogg)- 2p(x){sgf 

Substituting for s\S2, sg and gg, which have already been evaluated in Example 17.2 (although T/. is now 
based on the extinction coefficient), this reduces to 

NP: ^" -80 = 
6[1~2^3(T.)] 

(T(T,' - r / ) 
l - 2 p £ 3 ( U ) + 

leoj 

An{\-oj) 
[i-2E,(n)] 
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The zonal method has been applied to gray, isotropically scattering media by a number of 
researchers. For example, Naraghi and Kassemi [16] treated the same problem of a rectangular 
medium at radiative equilibrium as Modest [14], but included isotropic scattering. They also 
applied the method to combined free convection-radiation problems [17,18]. 

A different approach than described here for the evaluation of total exchange areas was taken 
by Vercammen and Froment [19], who used the Monte Carlo method with subsequent data 
smoothing (to eliminate statistical scatter).'̂  A similar approach was also taken by Naraghi and 
Chimg [20]. Naraghi and Chung also presented what they called a "unified matrix approach" by 
combining equations (17.69) and (17.70) into a single matrix equation, 

T -U 

[-Q Ŵ  
= 

S V 

,ebgj 

(17.92) 

which may be inverted to give 

SS SG 

GS GG 
v J 

f 
T 

rQ w 
J 

-1 

S V 

R X 
(17.93) 

It is not clear whether this approach will result in increased computer efficiency, since here a 
single (N + K)x{N -^ K) matrix must be inverted while, in the standard method, two matrices 
must be inverted (one NxN and the other K x K), 

In principle, the zonal method can also be applied to media that scatter anisotropically (and/or 
have nondiffuse bounding surfaces). This was shown by Yuen and Takara [11] (and Ma [12] for a 
one-dimensional slab). However, this requires converting (surface and/or volume) radiosities into 
vectors [i.e., exchange between any two zones, leading to (Â  + Kf unknowns and simultaneous 
equations and, thus, an unacceptable increase in computer storage and time]. 

17.5 RADIATIVE EXCHANGE THROUGH A 
NONGRAY MEDIUIVI 

In the foregoing discussion we have assumed that the medium and the surfaces are gray, although 
all equations in this chapter up to this point are equally valid, on a spectral basis, for a nongray 
enclosure with a nongray medium. Unfortunately, the zonal method—like many other solution 
methods for radiative transfer problems—is not well suited for nongray media. However, Hottel 
and coworkers [1,2,21] have demonstrated that the zonal method may be applied to a nongray 
medium in one very special, but very important, case: An absorbing, emitting (but not scatter-
ing) medium confined in a black-walled enclosure. This important situation is often encountered 
in furnace applications where mixtures of combustion gases and soot are confined by fumace 
refractories blackened by soot. 

In this method, known as the weighted-sum-of-gray-gases method, the medium is assumed 
to consist of different fractions of gray gases with different (but gray) absorption coefficients.^ 
The "gas" can also be a semitransparent liquid: Yin and Jaluria [22,23] modeled the absorption 
coefficient of glass to consist of one transparent and two gray bands. 

^For a detailed description of the Monte Carlo method, see Chapter 20. 
^Further development of the weighted-sum-of-gray-gases method has shown that it can also be used in the presence of 

gray walls and scattering. For a more detailed discussion see Section 19.6. 
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Surface-Surface Exchange 

From equation (17.26) it follows that the radiative heat flux leaving dAi and arriving at dAj is 

(17.94) 

where, for simplicity, it is assumed that the spectral absorption coefficient, K,,, does not depend on 
temperature or location. For a black enclosure J, = Eh,,, and equation (1 7.94) may be integrated 
over the entire spectrum by using the definition for medium emissivify, equation (10.138), 

leading to 

Similarly, we have 

(17.95) 

(1 7.96) 

(17.97) 

Both exchange areas now have arrows, rather than bars, since they are no longer equal, but depend 
on the temperature of the emitting surface, or 

(17.98) Q. IHJ . - - G . E b i  I J - &.E ' J  hJ .. 

Hottel [2 11 has shown that the emissivity of the medium may be written in the form 

(17.99) 

where 1 = 0 with 4 = 0 has been included for the case in which the medium consists entirely of 
molecular gases with large windows between bands. Experience has shown that L = 3 usually 
gives sufficiently accurate results, and even L = 1 (gray plus clear gas) often suffices [2]. Using 
this "weighted-sum-of-gray-gases" we have 

( 17.100) 

where 01 is @ evaluated for an absorption coefficient KI. Thus, the solution for the nongray 
medium is identical to that for a gray medium, except that emissive power is replaced by a 
weighted emissive power, and the calculations have to be carried out for a number of gray gases. 

Surface-Volume Exchange 

Similarly, from equation (17.27) it follows that, for a black enclosure, 

(17.101) 
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Note that £/,/ can be pulled inside the operator dIdS, since it is assumed constant over Vi. There-
fore, using equation (17.99), we find 

L 

Qi^j = g;ijEu - ^jEf^j ^ Yf^i [^liTdEbi - ai{Tj)Ebj], (17.102) 

where the summation starts with / = 1 since there is no emission within the medium for KQ = 0. 

Volume-Volume Exchange 

By the same reasoning equation (17.28) becomes^ 

Q^j = Jl̂  ^ J -^KI e-''^' dVjdVi E^yi dv 

and 

L 
Qi^j = 9i9jEbi - gigj^bj - J] {m\ [^i(^)^bi - ai(T;)Ebj\. (17.104) 

Therefore, the net heat flow between any two surface or volume zones is calculated by determining 
the heat fluxes for a number of enclosures filled with a gray gas and with weighted emissive 
powers, followed by adding these heat fluxes. 

Note that the approximation of equation (17.99) is not necessary: The directional direct ex-
change areas may be evaluated in terms of the total emissivity 6,„(r,5), leading to more accurate 
results. The approximation is made for convenience, reducing the problem to the simpler gray 
case with somewhat less involved evaluations of the direct exchange areas. The major advantage 
of the weighted-sum-of-gray-gases method is that the direct exchange areas (sisj)i, (s^k)u and 
(gigk)i do not depend on temperature and, therefore, (0 may be looked up in tables and graphs 
such as the ones given by [2] (this fact was of major importance during the method's early days, 
when fast computers were not yet available), and («') do not have to be recalculated, if the tem-
perature field is found by iteration. 

While equations (17.100) or (17.98), (17.102), and (17.104) are strictly valid only for black 
enclosures without scattering, a case can be made to extend this to reflecting surfaces and to 
scattering media: The difi'erence in direct and total exchange areas is due to the average total 
vs. direct distance traveled between zones / and j . Since S does not appear directly in these 
equationŝ ^^ we may assume that, approximately, they are also valid for total exchange areas, 

L 

SiSjEi, ~ S^jEbj - YJ ( ^ ) / H^^^hi - ai{lj)Ebj\, (17.105) 
/=o 
L 

GiSjEbi - GiSjEhj ^ 2 ( ^ ) / [ai{Ti)Ebi - «/(?/)%], (17.106) 
/=! 
L 

GiGjE,! ~ GiGjE^j - YJ(G;GJ)I [aiiTDE,^ - aj(Tj)E,j\, (17.107) 
Ml 

'̂ In the light of property variations, equation (17.62), a more correct representation of ip-e~'^^ would be 
(f-emldSi-^jdSj-^i, where S = Si-,j = -6/^/ , i.e., measured from different points of origin. 

'̂ ^The total average distance between / and j \ including reflections and scattering events, does of course to some degree 
depend on absorption coefficient. 
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and equations (17.80) and (17.81) may be used to determine net heat fluxes. 
Considerable work has appeared in the Hterature dealing with the nongray zonal method. 

Nelson [24] pointed out that the use of equation (17.99) is not necessary, except for numerical 
efficiency for iterative calculations. He also proposed an approximation to apply the zonal method 
to reflecting boundaries. Correlations of the type of equation (17.99) have been determined for 
C02~H20 gas mixtures by Smith and coworkers [25]. They later apphed the weighted-sum-of-
gray-gases model to combined radiative and convective heat transfer in a pipe [26]. A similar 
problem was addressed by Sistino [27]. 

17-6 DETERMINATION OF DIRECT 
EXCHANGE AREAS 
The use of equations (17.63) and (17.64) together with the definition of direct exchange areas, or 
equations (17.80) and (17.81) together with the definition of total exchange areas, demands that 
the variation of the radiosity must be neglected over each surface zone, and that the variation of 
the radiation source term must be neglected over each volume zone. Hottel and Sarofim [2] state 
that, if 5% accuracy in the calculation of heat fluxes is to be assured, the zone sizes should be 
such that no zone has an optical depth (extinction coefficient x largest dimension of zone over 
which radiosity or source varies) exceeding the value of 0.4. 

Accuracy of the zone method may be improved in two ways: (/) Increasing the number of 
zones, and (//) increasing the accuracy of the numerical quadrature used to determine individ-
ual direct exchange areas. Increasing the number of zones allows the use of simple efficient 
techniques for the evaluation of exchange areas, but requires the time-consuming inversion of a 
large matrix. Modest [14,15] found that, for sufficiently many zones, all exchange areas but one 
may be calculated by evaluating the integrand between zonal centers, multiplied by the apphca-
ble zonal areas and/or volumes. The error made for the closest zones is then off'set by applying 
equations (17.65) and (17.66) for the last one (gigi for volume-volume areas, common-face 'gisj 
for volume-surface areas, and common-boundary 5 ^ for a comer zone). This finite-diff'erence 
version of the zone method has been generalized and refined by Naraghi and coworkers [28,29], 

Using relatively few zones with accurately evaluated exchange areas, on the other hand, re-
quires only the inversion of a small matrix. But the numerical quadrature for the evaluation of 
exchange areas becomes time-consuming since many intemal nodal points will be required. Still, 
if the temperature field is to be determined by iteration, considerable computer time may be saved 
since the evaluation of exchange areas does not enter the iteration. Accuracy for the zonal method 
with relatively few zones may be increased by allowing the emissive power to vary across a zone. 
Walther and coworkers [3] have shown for one-dimensional plane-parallel slab zones that a linear 
emissive power variation across the slab can be incorporated in a rigorous fashion. For two-
dimensional rectangular volume zones Einstein [4,5] included linear emissive power variations 
in a semirigorous manner (for two-dimensional Cartesian and cylindrical geometries). 
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Problems 

17.1 For a one-dimensional problem of a gas medium confined between two parallel plates, determine the 
direct exchange factor g^- (i.e., per unit area), where medium zone / is an infinitely large slab of 
thickness Az (located between zi < z < z,- + Az), and J is another medium zone (located at zj < z < 
zj + Az). 
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FIGURE 17-3 
Two-dimensional zones for Cartesian and cylindrical systems. 

ib) 

17.2 For a two-dimensional problem determine the direct exchange factor gig^' (i.e., per unit lengdi) be-
tween two infinitely long volume zones of constant rectangular cross-section, as shown in Fig. 17-3^ 
(the zones are infinitely long in the direction normal to the figure). You may assume that the zones 
are sufficiently far apart so that S ^ const across the cross-section of the zones. In a similar fashion 
determine "gisj' and s„,si\ 

17.3 Consider a two-dimensional medium confined in a cylinder (with variation in the radial and axial 
directions). Determine the direct exchange area gigj between two toroidal volume zones of rectangular 
cross-section, as shown in Fig. ll-3b. 

17.4 For Problem 17.1 determine the total exchange area GiGj (per unit area) for the case that the bottom 
surface (z = 0) is a diff'use reflector (emittance 6), while the top surface (z = L) is black. 

17.5 Do Example 17.2 for a molecular gas with one vibration-rotation band in the infrared at wavenumber 
//o, assuming that the total emissivity of the gas may be approximated as 

eiT,S)^^iT){l-e--% 

where oj is the band width parameter, and Ebno is the spectral emissive power at the band center. 

The following problems are considerably more involved and require the development of a small 
computer program. 

17.6 Consider a rectangular enclosure of width W = \m and height H = 20 cm (and infinite length, 
without any dependence on that direction). The bottom surface has a temperature of 7] = 1000 K and 
emittance €i = 0.8. The other three walls are at r2 = Ta = 4̂ = 400 K, £2 = 63 = £4 = 0.5. There is 
no participating medium in the enclosure. Break up the enclosure surfaces into zones of 4 cm width, 
and calculate the local heat transfer rates by the zonal method with total exchange areas. 

17.7 Do Problem 17.6 for an enclosure filled with an absorbing/emitting gray medium with absorption 
coefficient K = 5 m " ^ The enclosure is in radiative equilibrium. Considering 4 cm x 4 cm volume 
zones, calculate surface heat fluxes for the case of black walls. 

17.8 Do Problem 17.7 for an isothermal medium at T^ = 400 K. 

17.9 Do Problem 17.7 for a gray-walled enclosure with emittance values taken from Problem 17,6. 

17.10 Do Problem 17.9 for a medium that also scatters isotropically (with CT; = 3 m"^). 
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17.11 Consider a one-dimensional problem such as Problem 17.1. The plates are a distance L = 1 m apart, 
the bottom plate is at 7] = lOOOK with emittance ei = 0.5, the top plate is at ^ = 300 K and €2 = 0.5. 
The medium between the plates is isothermal at 7̂  = 1000 K and has an absorption coefficient of 

Krj = Ko e"''^'-'^'/^, Ko = lOcm-', 7/0 = 3000cm-\ (o = 200cm-^ 

(that is, it has a single molecular gas band modeled by the exponential wide band approximation). 
Calculate the heat gain of the top plate using 

(a) spectral direct exchange areas, 

(h) the weighted-sum-of-gray-gases approach. 

17.12 Repeat Problem 17.11 for a medium at radiative equilibrium. 

17.13 Consider a sphere of very hot dissociated gas of radius 5 cm. The gas may be approximated as a gray, 
isotropically scattering medium with /c = 0.1 cm"', q; = 0.2 cm"'. The gas is suspended magnetically 
in vacuum within a large cold container and is initially at a uniform temperature Tg = 10,000 K. Using 
the zonal method and neglecting conduction and convection, specify the total heat loss per unit time 
from the entire sphere at r = 0. Outline the solution for times / > 0. 

17.14 Consider a sphere of nonscattering gas, initially at uniform T = 3000 K, with a single vibration-
rotation band at 7]Q = 3000cm"'. The gas, with a radius of 20cm, is suspended magnetically in 
vacuum within a large cold container. For this gas it is known that band strength p^aiT) = 500 cm"^, 
bandwidth a; = 100 ̂ /T/\OOKcm"', and line overlap^6? » 1. These properties imply that the absorp-
tion coefficient may be determined from 

and the band absorptance from 

A{s) = (JJA* = Ci) [E\{K()S) + \n{Kos) + y^J. 

Neglecting conduction and convection, specify the total heat loss per unit time from the entire sphere 
at time ^ = 0, using the zonal method. Outline the solution procedure for times / > 0. 



CHAPTER 

18 
THE TREATMENT OF 
COLLIMATED 
IRPIADIATION 

18.1 INTRODUCTION 

In recent years, there has been increasing interest in the analysis of radiative transfer in multi-
dimensional absorbing, emitting, and scattering media with collimated irradiation. By collimated 
irradiation we mean external radiation that penetrates from the outside into a participating medium 
(as opposed to emission from a bounding surface), with all hght waves being parallel to one 
another (or approximately so). Typical examples include solar radiation through the atmosphere 
and into the ocean, laser irradiation of particles or liquids, and so on. In all these problems the 
intensity incident on a surface dA at location r„, on the bounding surface of the medium, as shown 
in Fig. 18-1, may be written as 

/o«,(r,i.,s) = 9o(r„,)^[s-s<,(r„)] 

= ^„(r„,)<5|//-/i„(r„)]<5[^/.-^„(rJ], (18.1) 

where 5 is the Dirac-delta function, which is here defined as' 

fO, |x |>0, 

"^W^ l i m l , W < e , (18.2a) 

r /(§) (5(8 -$o)da= f f fiM, iP) 6iM - fi,) d{ilf - (AJ dix dip = /(// , , ^ , ) , (18.2ft) 
J An Jo J-\ 

and 

For a definition of the standard, one-dimensional Dirac-delta function see equation (10.88) in Section 10.7. 

565 
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(a) (b) 

FIGURE 18-1 
Collimated irradiation impinging on an arbitrary surface, (a) Solar irradiation, (b) laser irradiation. 

%, = COS 9oA + sin^^Xcos^^ti + sini/fjii), //̂  = coŝ ^ ,̂ (18.3) 

is the direction from which the collimated radiation impinges onto the medium (with h the surface 
nomial pointing into the medium and ti and t2 two orthogonal unit vectors lying on the boundary 
surface). Equation (18.1) implies that the incident intensity is zero for all directions except for 
§o, where it is infinitely large. The total heat flux within the collimated irradiation is determined 
from 

J 4iT J 4n 
(18.4) 

that is, qo is the total radiative heat flux of the coUimated irradiation through a surface normal to 
the rays. The component penetrating into the medium is then 

q̂  = [1 -p(ru.,Jo)]qo%^ (18.5) 

where p is the reflectance of the interface in the direction of ^ . Since the irradiation penetrating 
into the medium may be refracted, the unit direction vector inside the medium is denoted as 
s,„ which may be different from ŝ . As indicated in the above expressions the magnitude of the 
irradiation ^^, as well as the direction of irradiation, s ,̂ may vary over the surface of the enclosure, 
while the reflectance of the surface may vary with position and direction. 

In a strictly mathematical sense equation (18.1) introduces nothing new: Collimated irradi-
ation could simply be treated as "strongly directional emission." However, the discontinuity of 
intensity with direction causes problems with analytical as well as numerical solution techniques, 
thus warranting a separate approach for this type of problem. 

Most earlier works on coUimated radiation dealt with solar radiation and other atmospheric or 
astrophysical applications. They are, therefore, generally limited to one-dimensional cases with 
uniform irradiation of a planar medium. For this simple case, some exact and approximate solu-
tions have been given by Irvine [1 ], who used the Henyey-Greenstein phase function, a scattering 
phase function that adequately approximates the anisotropic scattering behavior of a large num-
ber of media [2], as given by equation (11.94). The identical problem for Rayleigh scattering was 
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treated by Kubo [3] without, however, reporting any results. Armaly and El-Baz [4] found some 
approximate solutions for isotropic scattering in a finite-thickness slab using the kernel approxi-
mation. Their application was in the area of solar collectors. A similar problem was treated by 
Houf and Incropera [5], who investigated different approximate techniques for solar irradiation of 
aqueous media. 

Only with the advent of the laser as a research and manufacturing tool has nonsolar collimated 
radiation received some research attention. Smith [6] investigated the case of a uniform strip of 
collimated radiation incident on a semi-infinite medium. The resulting two-dimensional integral 
equation was reduced to one-dimensional form using Fourier transforms. Hunt [7] investigated 
the efi'ect of a cylindrical collimated beam impinging upon a finite layer. A solution was found 
for the basic case of Bessel-fimction varying intensity using Green's functions. The first ones 
to apply this theory to laser radiation appear to be Beckett and coworkers [8], who investigated 
numerically the effect of a cylindrical beam with Gaussian variation penetrating through a finite 
layer. They showed how a diagnostic laser beam can be used to deduce radiative properties of 
an optically thick slab, such as single-scattering albedo, extinction, and absorption coefficients. 
Finally, a nxmiber of papers by Crosbie and coworkers [9-12] dealt with exact solutions to the 
general two-dimensional problem of collimated radiation impinging onto an absorbing-scattering 
layer. First, they treated collimated strip sources irradiating a semi-infinite body [9]; later, they 
discussed cylindrical beams falling on a semi-infinite body [10,11]. Collimated irradiation onto 
a rectangular medium was investigated by Crosbie and Schrenker [12] for isotropic scattering, 
while Kim and Lee [13] demonstrated the accuracy of the high-order discrete ordinates method 
by applying it to the same problem with anisotropic scattering. The exact solutions may be 
used as benchmarks for evaluation of approximate methods and may be necessary in cases where 
the requirement for highly accurate results justifies going through the trouble usually associated 
with these methods. In the area of heat transfer, however, approximate solutions often result in 
acceptable predictions for most practical situations. 

Recently, some more advanced problems have also received attention. Tan and coworkers 
considered combined conduction and radiative laser heating of glass [14], while Lacroix and 
colleagues [15] and Xu and Song [16,17] applied the discrete ordinates method to analyze the 
interaction of a laser beam with the plume or plasma generated by the laser. El Ammouri et 
al [18] showed how laser beam fluctuations, caused by temperature fluctuations, can be employed 
as a tool to measure turbulence levels. Along the same line Ben-Abdallah [19] and coworkers 
analyzed the curved beam path that a laser traverses in a gas with varying refractive index. 

During the past few years lasers have become available, which have extremely short pulse 
durations, measured in pico- and even femto-seconds. Such lasers are utilized heavily in the 
emerging field of nanotechnology [20]. The radiative fields generated by such short-pulsed lasers 
may differ from those discussed in this book in two important aspects: (1) since light travels only 
300//m during a time span of 1 ps, transient effects must be accounted for, and (2) packing a fixed 
amount of energy into a pulse of extremely short duration leads to temporally extreme intensities. 
The former requires consideration of the transient term in the RTE, equation (9.21), and has 
been investigated by a number of researchers [21-32], At very high intensities, many molecules 
are promoted to excited levels, which have different absorption behavior, making the absorption 
coefficient a function of intensity; this is known as saturable absorption [33]. Depending on the 
relative magnitude of absorption cross-sections, this may lead to bleaching (absorption coefficient 
decreases with intensity) or darkening (absorption coefficient increases with intensity) [34]. In 
addition, at very high intensities molecules may absorb more than a single photon at the same 
time, raising the molecule to an excited electronic state. This is known as multiphoton absorption 
[35-37]. If the total absorbed photon energy is high enough this, in turn, may lead to ionization 
or dissociation, which is known as photolysis. Several photochemical and photothermal models 
have been developed to describe short-pulse laser ablation of materials [38-41]. 
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In this chapter we shall describe how problems involving radiative transfer in an absorbing, 
emitting, and anisotropically scattering medium of arbitrary geometry exposed to arbitrary colli-
mated irradiation^ are dealt with by separating the collimated radiation (as it travels through the 
medium) from the rest of the radiation field. The problem is thus reduced to one without col-
limated irradiation, but with modified radiation source term (now including a source due to the 
scattered part of the collimated irradiation). We shall see that it is possible to incorporate col-
limated irradiation readily into well-known approximate methods such as the Pi-approximation. 
Because of its emerging importance, the chapter also includes a very brief section on transient 
eff'ects during short-pulsed laser irradiation. 

18.2 REDUCTION OF THE PROBLEM 

The equation of transfer for an absorbing, emitting, and anisotropically scattering medium is 
given by equation (9.19) as 

s-V/(r,s) = )^4( r ) -yg / ( r , s )+^ f /(r,s')<D(s,s') JQ'. (18.6) 

As usual, the lack of a spectral subscript implies that we deal either with spectral intensity or 
with a gray medium. We shall limit ourselves here to media with difl\isely emitting and reflecting 
boundaries. Then the boundary condition for equation (18.6) is, for any location r̂ ; on the surface, 

/(r^.,§) = [1 -p(r„0]4.<r„,,s) + 6(r^.)/ar«,,) + ^ ^ f /(r^.,r)|ii • S V Q ' . (18.7) 

Here the first term on the right-hand side represents penetration of collimated radiation, the sec-
ond term describes emission from the surrounding medium, and the last term is due to diffuse 
reflection at the interface. This distribution is shown schematically in Fig. 18-2a. Since we as-
sume here difi'use emission and reflection and are looking at spectral relations or a gray medium, 
we also have e = 1 - p. 

We now separate the intensity within the medium into two parts: (/) the remnant of the 
collimated beam after partial extinction, by absorption and scattering, along its path, and (//) a 
fairly difi'use part, which is the result of emission from the boundaries, emission from within the 
medium, and the radiation scattered away from the collimated irradiation. Thus, we set 

/(r,s) = 4(r,s) + Ur,§), (18.8) 

where the collimated remnant of the irradiation obeys the equation of transfer 

s.V4(r,s) = -yg7;.(r,s), (18.9) 

subject to the boundary condition 

/,(r,, s) = [1 ^ p(r„,)] ^.(r.) 6[s- %,(r,d]. (18.10) 

Equations (18.9) and (18.10) are readily solved as^ 

4(r,s) = [1 -p(ru,)]qo{r^v)S[s-%{r„)]e-'\ (18.11) 

^ We shall limit our discussion to unpolarized irradiation, even though laser sources are always polarized (circularly or 
linearly). Polarization together with specular reflections may result in a number of interesting effects, for example, in 
the area of laser processing of materials [42,43]. 
^For simplicity of notation, equation (18.11) and the following development assumes collimated radiation from a 

single direction; if multiple collimated sources are present /̂  is found by summation. 
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Us,,(r,,) 

(a) ib) 

FIGURE 18-2 
Radiative intensity at the surface of an enclosure with collimated irradiation: (a) Outgoing intensity, (h) incoming inten-
sity. 

where TC = f^ pds' and 5- = |r ~ r„,| as indicated in Fig. 18-2ft. Substituting equations (18.8) and 
(18.9) into equation (18.6) gives the equation of transfer for the noncoUimated radiation as 

^ s - V « r , s ) = s .V ,« r , s ) = ~ / ^ ( r , s ) + ^ f /,/(r,r)<I>(§,s')^Q' 

+ (1 - uj)h{r) + coSc(r, s), (18.12) 

where the abbreviation 

5,(r,s) = ^ J /,(r,r)(D(s,r) J ^ ' = ^ [1 -p(r„,)]^.(r«,)e"^^<I>(S,^) (18.13) 

has been introduced and Vj again implies that the gradient is to be taken with respect to nondimen-
sional optical coordinates. Thus, Sc is a radiative source term resulting from radiation scattered 
away from the collimated beam; it behaves similarly to 4 , although this "emission" may not 
be isotropic (in the case of anisotropic scattering). Similarly, substituting equations (18.8) and 
(18.10) into equation (18.7) gives the boundary condition for equation (18.12) as 

/j(r„;, s) = ekuiru) + p{r^) 

JA§ '<O 
(18.14) 

where 

/^.(r.) H r /,(r,,,r)|n • s V ^ ' = [I -piOUXKM • S ^ - ^ (18.15) 
J «•§'<() 

is a surface irradiation term due to the collimated beam, and its diffuse reflection results in an ad-
ditional surface source similar to Ibw In this expression r,̂ , is the location at which the collimated 
beam enters the medium with a direction of ŝ , and r^} is the next point on the enclosure surface 
that the beam hits after traversing through the medium, as shown in Fig. 18-2/?. 

Inspection of equations (18.12) and (18.14) shows that, for isotropic scattering, the intensity 
field for 4 is readily determined from standard methods, after replacing 4 within the medium by 
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n=l 

r = OK,e=l 

FIGURE 18-3 
Geometry for Example 18.1. 

h + (O'S/K)SC, and /^„; at the enclosure surface by Ibw + ipl^Wdn, In the case of anisotropic scat-
tering the emission term Sc becomes direction-dependent, which may necessitate shght changes 
in the solution procedure. 

Example 18.1. Consider a plane-parallel slab of an absorbing and isotropically scattering medium as 
shown in Fig. 18-3. The medium is gray (with absorption coefficient /c, scattering coefficient as, and a 
refractive index of n - 1), cold (i.e., essentially nonemitting) and of constant thickness L, At the top 
(z = 0) the layer is bounded by a nonparticipating gas {n-\) and is exposed to solar radiation impinging 
at (^o off-normal. At the bottom of the layer (z = L) the medium is bounded by a cold black surface. 
Determine radiative heat flux (and its divergence) as functions of depth. 

Solution 
Since both media have the same index of refraction the interface reflectivity is p • 
equation (18.11) we find immediately 

0 and ^ = >̂; from 

«T,§) = ^,e-^^^«d(s-U 

as well as 

SC(T) = ^ ( r ) : 
4n 

qdr) = qse '''^"%. 

The heat flux vector due to collimated irradiation has two components, one in the direction of r, the 
other in a direction normal to it (in the plane formed by % and the surface normal). Thus, the overall 
problem is two-dimensional. However, inspection of the source term in equation (18.12) shows that the 
source is isotropic, as are the boundary conditions for equation (18.12). Therefore, Ij can depend only 
on distance perpendicular to the surfaces, r, and on polar angle. Thus, 

^t'^^-^lilj''''''^-An 

The boundary conditions are 

T = 0 : /(0,s) = ^,<5(s-i), 

r = n: /(T„§) = 0, 

2 

- <e<n, 
2 
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or, after subtracting the coUimated component, 

T = 0 : 7^(0,^) = 0, 0 < / / < ! , 

T = Ti : kij^n) = 0, - 1 < // < 0. 

Therefore, with S = {oj/4n)(Gci + Gc), the solution for 4 is, from equation (13.21), 

- ( G , + G , ) ( T ' ) £ I ( | T - T ' | ) J / . 

In nondimensional form, with <E)(r) = (Gj + Gc)lqs, this expression becomes 

2 Jo 
0 ( T ) - e"^/ '̂ = - ^(T')E^(IT - r'l)^T'. 

2 Jo 

This integral equation must be solved numerically in the same fashion as equation (13.41). Once the 
function <^{T) has been determined, the diffuse component of the heat flux is found from equation (13.22) 
as 

q</('r) = ^j(T)k = 2;r I Idf^djdK 

qAr) = 2 ; r ^ ' ^ ( G , + G,)(T')£2(T-r ')dT' - £ ' ' ^{Gj + G,)(T')^2(T' - T ) ^ T j . 

Finally, the total heat flux in the r-direction, on a nondimensional basis, is 

r CD(T;)^2(T-TO^T - f'c^(T')E2{T-T)dTl ^ . g £ j ^ = ^ , , - r / ^ ^ ^ 
qs 2 

The divergence of the radiative heat flux is found from equation (9.53) as 

V,. q = (1 - io){Ank ~ G) = -(1 - cu)(G, + GA 

or in nondimensional form 

- V , . q = ^(l-a;)<D. 
qs 

Some results for a purely scattering medium (to = 1) are shown in Fig. 18-4. For that case we find 
V • q = 0 and, since the tangential component of q,. does not depend on tangential direction, q • fe = const 
and ^ = const. Thus, evaluating the heat flux at r = 0, we get 

1 r^ ^'(aJ=l)=^,~- ^{r')E2{T')dT\ 

18.3 THE MODIFIED Pi-APPROXIMATION 
WITH COLLIMATED IRRADIATION 

As for problems without collimated irradiation, exact or approximate solutions to equation (18.12), 
together with its boundary condition (18.14), may be found using a variety of different meth-
ods. As an illustration we will show here how the Pi-approximation may be applied to problems 
with collimated irradiation, following the development of Modest and Tabanfar [44]. The Pi or 
differential approximation is simple to use (requiring only the solution of an elliptic difi'erential 
equation) and powerful (applicable to multidimensional geometries, as well as to anisotropic scat-
tering). Unfortunately, the fact that the Pi-approximation is accurate only for smoothly varying 
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FIGURE 18-4 
Nondimensional radiative heat flux in a purely scattering layer with colli mated irradiation. 

(with direction) intensity fields makes the method particularly unsuitable for problems with colli-
mated irradiation. However, once the collimated intensity, /^, has been removed from the intensity 
field, similar to the development in Section 15.6, the resulting modified Pi-approximation may be 
expected to give accurate solutions to equations (18.12) and (18.14) for many situations. To apply 
the method, we assume again that the remnant intensity can deviate only slightly from isotropic 
conditions or, from equation (15.30), 

/ c / ( r , s )^^[Gj( r ) + 3(i/(r).s]. 

As in Section 15.4 we shall limit ourselves to hnear-anisotropic scattering, 

0 ( s , r ) = 1+^iS-s ' , 

(18.16) 

(18.17) 

so that 

4;r J4;r 
)i\'\-AiS'%')dQ' 

= — (Gc + .4iq,. • s) = —[1 - pir,,)]q(rje ^̂  (1 + ^,§ • §,.). 

Now, integrating equation (18.12) over all directions (zeroth moment), we obtain 

Vr • q̂  = (1 - (jj){47rlb - Gd) + o)Gc, 

(18.18) 

(18.19) 

Similarly, integrating equation (18.12) after multiplication with s and invoking equation (18.16), 
we obtain 

1— ^ /, ^\^\ A\(x) 
(18.20) 
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As for the standard fl-approximation, the necessary boundary conditions for this set of equations 
are found by demanding continuity of heat flux normal to the surface at the boundary, that is, 

q^'ii(r„..)= I /./(r«;, s) n • s rfQ, (18.21) 

with Id(ru), s) from equation (18.16) for incoming directions (ii • § < 0), and from equation (18.14) 
for outgoing directions (ii • s > 0). Calculating first the diffuse irradiation leads to 

-Hciiru,) = f «r«>, s)A • s^n = - ^ r f (G^ + 3<i/ • §) ft • s JQ 
Jft§<0 ^^ Jo J nil 

2 J nil 
(Gd + 3(y-hcose)cosesmede = - ^ + ^ . (18.22) 

n/2 4 2 

Thus, 

q,i • ii = 67Tlbuj-^p(Hc + Hd) - / /^ , 

or, after substituting equation (18.22), 

r = ry, : 2qj-n = — . (18.23) 

The derivation of equations (18.19) and (18.20) is very similar to the development of the standard 
Fi-approximation, which has been given in some greater detail in Section 15.4. 

Example 18.2. Find the solution to the previous example using the Pi -approximation. 

Solution 
As for the exact solution we find 

(7, = ^,e-^/^, q,. = G,s„ 

and we realize again that Gj and q^j = qjk depend on r (optical distance perpendicular to the layer) only. 
Thus, from equations (18.19) and (18.20) and their boundary conditions (18.23), we find that 

dqj 

dr 

dGd 

dr 

T = 0 : 

r = Ty, : 

= - ( 1 - (jS)Gd + ix)Gc, 

- -'iqcu 

Iqa - -Gu, 

~lq,i = -G^. 

Since the solution procedure for this equation is different for ̂  = 1 (as opposed to a; < 1), and since we 
would like to compare the present results with exact ones shown in Fig. 18-4, we shall limit the rest of 
our discussion to cj = 1. Then 

^ = q, e-^l^>. or q, = -/i„^, e'^'^ + C|, 

-^ = -Zqj, or Gj = -inlq,e-"'^-2,Qr + C2. 

It follows from the boundary conditions that 

T = 0: 2C,+C2 = (2 + 3/:/„)//„*„ 

T = r, : (2 + 3T,) C, - CJ = (2 - SpJ//,,^, e''"''-, 
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or 

2 + 3A, + (2-3K,)g-^^»" 

Id 
2 + 3//„ + (2-3rt,)e-'*" p-T^h 

4 + 3T, 
A'W. 

Finally, 

^. 4 + 3T, ^'''' 

which, as discussed in the previous example, is constant across the layer. This nondimensional heat flux 
is compared with the exact result in Fig. 18-4. It is seen that the Pi-approximation gives good accuracy 
for all cases shown in that figure. 

Some two-dimensional examples for the Pi-approximation with coUimated irradiation have 
been given by Modest and Tabanfar [44], comparing with exact results by Crosbie and Koew-
ing [45] and Crosbie and Dougherty [10]. The accuracy of the P]-approximation was found 
to be excellent in most cases, since it is generally applied to an "emitting" medium with cold 
boundaries. As expected, the accuracy of the Pi -approximation decreases if sharp gradients of 
the radiative source occur within the medium (e.g., a source resulting from scattering of a highly 
focused, penetrating laser beam). 

18.4 SHORT-PULSED COLLIMATED 
IRRADIATION WITH TRANSIENT EFFECTS 

If a laser pulse of extremely short duration, usually accompanied by strong temporal variation 
over the duration of the pulse, impinges on a medium, the transient term in the radiative transfer 
equation becomes of importance. Therefore, according to equation (9.21), equation (18.12) must 
be reformulated as 

^ ^ ( r , s, /) + ^s . V/Xr, s) = -/ ,(r, s) + ^ 
pC at p ^^ JAn 

(r, s, /) + ^s • V/j(r, s) = -/^(r, s) + ^ f /^(r, §') <D (s, §') da' 
J An 

+ (1 - (jj)h{r) + coScir. s), (18.24) 

in which the "diffuse intensity" Ij and the scattering source Sc are now functions of time as well 
as of location and direction. Furthermore, the remnant of the collimated irradiation, entering 
the medium at point ry-, arrives at location r with a time delay of sjc = |r - rJi jc. Therefore, 
equation (18.13) must be replaced by 

5,(r, §,0 = :i^ [1 -P(r^)] qoiva,. t ~ slc)e~'^<b{s,§,)• (18.25) 

The boundary conditions remain essentially unchanged [except for the time delay in qo in equa-
tion (18.15)]. Equation (18.24) is hyperbolic in nature, i.e., the signal (intensity) can travel (and 
change) with a signal velocity of c (the speed of light). This is also immediately obvious from 
the source term, equation (18.25). This set of equations has been solved, after transformation 
into an integral formulation, by Wu and Wu [27-30] for one-dimensional and two-dimensional, 
axisymmetric slabs, and by Guo and coworkers [24], using the Monte Carlo method for a two-
dimensional, axisymmetric field. Guo and Kumar [46] also developed a transient formulation of 
the discrete ordinates method for a cubical enclosure. In all cases the medium was assumed to be 
nonemitting. 



] 8.4 SHORT-PULSED COLLIMATED IRRADIATION WITH TRANSIENT EFFECTS 575 

A number of approximate models have also been developed, all of which were only applied 
to one-dimensional slabs with nonreflecting boundaries and a nonemitting medium. Kumar and 
coworkers [21] extended the modified Pi-approximation to this case, and a little later Mitra and 
Kumar [23] added two-flux and discrete ordinates formulations. They noted that the signal veloc-
ity of the two-flux approximation is only c/2, while the fl-approximation has a signal velocity of 
cl V3. As higher-order methods are used, either spherical harmonics, FA/, or discrete ordinates, 
SN, the correct signal velocity, c, is approached. Noting this incorrect phase velocity of the P\-
approximation, Olson and colleagues [25] and Morel [26] modified the method into what they 
dubbed the Pi/3-approximation. We will here briefly outline the development of, both, the Pi- and 
the Pi/3-approximations. 

Pi-Formulation 
The starting point is now the augmented RTE, equation (18.24). After taking the zeroth and first 
moments, and again using the near-isotropy condition, equation (18.16), and the assumption of 
linear-anisotropic scattering, equation (18.17), the augmented Pi-equations (18.19) and (18.20) 
become 

^ + V, . (I, = (1 - 6>)(4;r4 - Gd) + a)Gc. (18.26) 

d(y , 1 „ ^ _ I, ^\^\^ , ^ 1 ^ . 
dt* 

where t* = ^ct is a nondimensional time. These equations are, of course, identical to equa-
tions (18.19) and (18.20) except for the addition of a transient term. As for the exact formulation, 
the boundary conditions, equation (18.23), remain unchanged [again, except for the time delay 
in qo in equation (18.15)]. Elimination of q̂  fi*om equations (18.26) and (18.27) results in a 
hyperbohc wave equation for Gj with a signal velocity of c/ V3. 

Pi/3-Formulatioii 

Olson and coworkers [25] noticed that, if the transient term in equation (18.27) is multiphed by 
1/3, the resulting set of equations has the correct propagation velocity c, while still reducing to 
the correct steady-state Pi-approximation. The so-called Pi/3-approximation is, therefore, 

^ + V, . Cl, = (1 - co)(4nk - Gj) + coG,, (18.28) 

\ d(y . 1 ^ ^ _ /i ^ i ^ \ _ A\(x) 

again subject to the boundary condition, equation (18.23). While the multipHcation by the fac-
tor 1/3 appears arbitrary, one should keep in mind that equation (18.27) is already approximate 
(through the use of the near-isotropy condition, equation (18.16)), and thus can be augmented by 
a transient term to produce the desired result. 

Example 18.3. Consider a cold medium of width I (0 < JC < I) with refractive index « = 1, bounded 
by vacuum (resulting in nonreflecting interfaces). The medium absorbs, scatters isotropically, and is 
subjected to a square laser pulse at x = 0, according to 

^4v.G. = -(l-^)<l,.^q., (18.27) 

: ^ ^ 3 V . Q = - ( l ~ — ) c ^ ^ — C , (18.29) 

qMt) = qo[H(t)-Hit-tp)l 

where tp is the duration of the pulse and H{t) is Heaviside's unit step function."̂  Determine the trans-
missivity of the slab as a function of time. (This is essentially the example problem carried out by Mitra 
and Kumar [23] and by Wu and Ou [31].) 

*For its definition see equation (10.90) in Section 10.7. 
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Solution 
For a nonemitting and isotropically scattering, one-dimensional medium, the equations for the Pi - and 
Pi/3-approximations reduce to 

df dr ^ 

where a = 1 for fl and a-\l2> for P1/3, and G and^ have been normaHzed as G = Gdlqo and q = ,̂//(7o. 
These two equations are subject to the initial and boundary conditions 

r = 0 : G(0 ,T) = ^ (0 ,T) = 0, 

T = 0 : -2^(f,0) = G(f,0), 

7 = 7}̂ : +2^(r,7}J = G(/*,T,). 

The normalized isotropic scattering source is immediately found from equations (18.25) and (18.18) for 
a nonreflecting boundary, as 

G,(f.T) = [H(t* ^ r ) - i r { f -T-Q]e-\ 

The hyperbolic nature of this set of equations becomes obvious, if ^ is eliminated from them (by differ-
entiating the first with respect to t* and the second with respect to r), leading to 

d^G I cfG / , \\dG l-oj^ 0)^ dG, ^ 
(9r2 3a dr^ \ a) dt* a a " dt* 

which has a signal velocity of 1 / VSa (nondimensional in terms of speed of light, c), as already indicated 
in the formulation for the Pa methods. Eliminating q also from initial and boundary conditions gives 

r = 0 : G ( 0 , r ) = ^ ( 0 , T ) = 0, 

= 0 : 3(G(/*,0) + a ^ ( / * , 0 ) j - 2 ^ ( / % 0 ) = 0, 

= 7;.: 3jG(r,0) + ^ | ^ ( r , 0 ) j + 2 ^ ( r , 0 ) = 0: 

This second-order hyperbolic equation is readily solved by the method of characteristics [47] along the 
characteristic lines r = ±?*/V3a, and this was done in the program transPN given in Appendix F. 
Some typical results for the temporal transmission rate, [qdri) + qdiTi)] Iqo, are shown in Fig. 18-5, for 
a slab with an optical thickness of Ty, = 5 and a nondimensional pulse width r* = 0.3 and are compared 
with results from a Monte Carlo simulation (see Problem 20.22). The transmissivity remains zero until 
t* = Tt, since it takes the direct component that amount of time to traverse the layer. As is clearly visible 
in the inset, between TL <t* <Ti + f the transmissivity is dominated by the direct component qc{Ti)lq„, 
while the scattered contribution builds up gradually and, for cj = 1, reaches its maximum around /* ^ 9. 
It is apparent that the Pi-approximation, with its cj V3a signal velocity, woefully lags behind the true 
transmissivity, and later overshoots, while the Pi/3-approximation predicts the transient behavior rather 
accurately. 

Wu and Ou [31] used a clipped Gaussian laser pulse (rather than the square pulse), and noted 
that the Pi-approximation produced an unphysical, secondary spike at f = ^/STL (i.e., the time it 
takes radiation scattered at r = 0 to reach r = 7} in a direct path), while the Pi/3-approximation 
does not show this behavior. Apparently, this is due to the fact that, for a Gaussian profile, 
dOc/dt* ^ 0, which produces the secondary peak (this may be verified by running t ransPN with 
its preprogrammed Gaussian pulse). 
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FIGURE 18-5 
Transient transmissivity of an absorbing-

^ scattering slab subjected to a collimated square 
laser pulse {t* = 0.3, T}, = 5). 
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Problems 

18.1 A semi-infinite, gray, isotropically scattering medium, originally at zero temperature, is subjected to 
collimated irradiation with a constant flux q^ normal to its nonreflecting surface. Set up the integral 
relationships governing steady-state temperature and radiative heat flux within the medium, assuming 
radiative equilibrium. 

18.2 In a greenhouse a layer of water (thickness L = 5 cm) is resting on top of a black substrate. The water 
is loaded with growing organisms that scatter light isotropically but do not absorb {CTS = 0.2 cm"^). 
The water layer is illuminated by two long growth-enhancing lights, fitted with reflector shields that 
make the light essentially parallel (Fig. 18-6flr), each light delivering a heat flux of /̂ = 100 W/m^ 
(per unit area normal to the light rays). Using the exact method, calculate energy generated within the 
water and the radiative heat flux absorbed by the black surface in the zone between the lights, where 
the heat transfer is essentially one-dimensional. Emission from the water and substrate are negligible. 
Hint: Use Figs. 3-16 and 18-4. 

18.3 Reconsider the medium described in Example 18.1. Rather than being bounded by a cold black sur-
face at the bottom, the layer is now exposed to the nonparticipating gas as well as to solar irradiation 
(using mirrors) on both sides. Determine radiative heat flux and its divergence within the layer in 
terms of the function 0(T/, , ct>,p „̂ r ) given in Example 18.1. 

18.4 Solve Problem 18.1 using the fl-approximation. 

18.5 The starship Enterprise is hitting a Klingon cruiser with its phaser gun. The armament of the cruiser 
is a partially reflecting material that, after some irradiation, parfly evaporates, forming a protective 
gas layer above the surface. Assuming that the surface is at evaporation temperature T̂v and has an 
emittance e, the gas has an absorption coefficient Kg and a thickness L, determine the fraction of the 
heat flux that hits the Klingon ship. Under these conditions you may assume the eff'ects of conduction 
and convection to be negligible (but not reradiation from the gas). Use the Pi-approximation. 
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X,T, 

FIGURE 18-7 
Geometry for Problem 18.7. 

18.6 Reconsider Problem 18.5. After ftirther irradiation, the surface material starts to disintegrate, spewing 
particulate material into the gas layer. If we make the assumption that the debris has an absorption 
coefficient Kp and (isotropic) scattering coefficient oj^, how does this modify the surface irradiation? 

18.7 Consider a semi-infinite gray medium with a nonreflecting surface. The medium is cold, absorbs 
(absorption coeflicient K) and scatters isotropically (scattering coefficient as). CoUimated radiation 
obeying the relation 

q,. = <7,,(1 ~cosaTj,)k 

shines normally onto the medium as shown in Fig. 18-7. Determine the reflectivity of the medium 
(i.e., the fraction of the irradiation leaving the interface in the opposite direction), using the Pi-
approximation. 
Hint: To solve the two-dimensional governing equation, set Gd(Tx, r-) = GI(T-) + G2(T-) cos aT,.. 
This problem is a special case of solutions given by Crosbie and Koewing [45] (exact) and Modest 
andTabanfar[44](P,). 

18.8 Reconsider Problem 18.2 for lights not fitted with reflector shields as depicted in Fig. 18-6/>. Assum-
ing that the figure shows only two of many equally-spaced lights (i.e., using symmetry), set up the 
solution for the radiative heat flux, using the fl-approximation. Each light outputs a total of 100 W 
per meter length. Since this is a two-dimensional problem it will be sufficient to reduce the problem 
to the solution of a two-dimensional partial differential equation with stated boundary conditions. 

18.9 A slab of constant thickness L consisting of an absorbing and linear-anisotropically scattering medium, 
is subjected to coUimated laser irradiation with a Gaussian flux profile qo(r) - (2Q/nw^) e''^^''^"'^^ nor-
mal to its nonreflecting surface, where r is radial distance from the beam center, w is the so-called 
"1 /e^-beam radius" and Q is total laser power (in W). Assuming the temperature of the medium to be 
moderate, emission can generally be neglected as compared to the laser flux. Show that this problem 
can be solved by the modified Pi-approximation, using subroutine Plsor and/or program PI-2D of 
Appendix F. Then determine the reflectivity of the medium (i.e., the fraction of the irradiation leaving 
the interface in the opposite direction), as a function of radius r, for a purely isotropically scattering 
medium with as = 5 cm~ ,̂ I = 1 cm and w = 100//m. 

18.10 Repeat Example 18.3 for a clipped Gaussian laser pulse as considered by Wu and Ou [31], using 
program transPN of Appendix F. 

18.11 Consider a cold medium of width L (0 < x < L) with refractive index « = 1, bounded by vacuum 
(resulting in nonreflecting interfaces). The medium absorbs, scatters isotropically, and is subjected to 
a CW ("continuous wave," or constant) laser pulse at x = 0 and starting at time / = 0, according to 

^,(0,0 = ̂ 0^(0, 

where H(t) is Heaviside's unit step function. Determine the reflectivity and transmissivity of the slab 
as a function of time until steady state is achieved. Use program transPN of Appendbc F. 



CHAPTER 

19 
THE TREATMENT OF 
NONGRAY 
EXTINCTION 
COEFFICIENTS 

19.1 INTRODUCTION 

In the preceding chapters on solution methods for the radiative equation of transfer within partici-
pating media we have exclusively dealt with gray media, that is, media whose radiative properties 
(absorption coefficient K, scattering coefficient os, and phase function <[), as well as emittance 
of boundary surfaces e) do not vary across the electromagnetic spectrum. We noted that most 
relationships also hold true for a nongray medium on a spectral basis (i.e., as long as the sim-
plification of radiative equilibrium is not invoked). While the assumption of gray surfaces made 
in the net radiation method of Chapters 5 (diffusely reflecting surfaces) and 6 (partly specular 
reflecting surfaces) is often a good one over the relatively small relevant part of the spectrum, this 
is nearly never the case for participating media. Molecular gases below dissociation temperatures 
(discussed in detail in Chapter 10) absorb and emit over a multitude of very narrow spectral lines, 
which may overlap and form vibration-rotation bands. The result is an absorption coefficient that 
oscillates wildly within each band, and is zero between bands. Similarly, the discussion of radia-
tive properties of suspended particles (Chapter 11) has shown that their absorption and scattering 
properties may also oscillate strongly across the spectrum (see, for example, Fig. 11-3). However, 
if particles of varying sizes are present, as is usually the case, the spectral oscillations tend to be 
damped out so that the assumption of a gray medium becomes a reasonable one. Like molecular 
gases, semitransparent solids and liquids often display strong absorption bands in the infrared 
due to photon-phonon coupling, with weak absorption coefficients between bands. Therefore, we 
conclude that the simplification of a gray participating medium is, except for particle suspensions 
with variable sizes, a poor assumption that may lead to very significant errors in the analysis. It 

581 
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behooves the engineer to realize that accurate solutions to the equation of transfer (such as ex-
act solutions in two or three dimensions), as opposed to simple approximate ones (such as the 
Pi-approximation in one or two dimensions), may be meaningless unless the spectral variation of 
radiation properties is taken into account. 

Unfortunately, consideration of spectral variations of radiation properties tends to consider-
ably increase the difficulty of an already extremely difficult problem, or at least make their nu-
merical solution many times more computer-time intensive. All solution methods discussed thus 
far, whether exact or approximate, are poorly suited for the consideration of nongray properties. 
In general, radiative heat flux, divergence of heat flux, and/or incident radiation must be evalu-
ated for many, many spectral locations, followed by nun^erical quadrature of the spectral results. 
This process will always involve the guessing of a temperature field, followed by an iterative 
procedure. This statement is true even for the case of radiative equilibrium, since the condition 
V • q = 0 holds only for total heat flux, but not for spectral heat flux: While it is true that each 
volume element must emit as much radiative energy as it absorbs, the re-emission of energy must 
not occur at the same wavelength; the wavelengths of absorption are determined by the local ab-
sorption coefficient and by the wavelengths of the incoming radiation (and, thus, depend on the 
temperature of the surrounding medium), while the wavelengths of emission are determined by 
the local absorption coefficient and the local temperature. 

In principle, if detailed information is given for the spectral extinction coefficient of the par-
ticipating medium, such as contained in the high-resolution HITRAN [1,2] and HITEMP [3] 
databases for molecular gases, accurate determination of radiative fluxes and sources can be made. 
In practice, the rapid spectral variation of the gas absorption coefficient requires approximately 
one million spectral evaluations for such "line-by-line" calculations, making them impractical 
for all applications except as benchmarks for the evaluation of more approximate models. The 
earliest full-spectrum heat transfer line-by-line calculations were perhaps carried out by Denison 
and Webb [4-6], looking at one-dimensional slabs of water vapor-nitrogen mixtures with pre-
scribed simple temperature profiles and constant water vapor concentration, using the HITRAN92 
database. Riviere et al [7] investigated a one-dimensional layer of air at T > 10000 K, and Pier-
rot and coworkers [8,9] considered one-dimensional layers of mixtures containing H2O and/or 
CO2 with various simple temperature and concentration profiles (steps, linear, parabolic), using 
the French database [10,11]. Similarly, Marin and Buckius [12] used the HITRAN92 database, 
while the later papers of Solovjov and Webb [13] and Modest and Zhang [14-17] used the new 
HITEMP database. A one-dimensional homogeneous slab containing CO was considered by 
Solovjov and Webb [18]. All these line-by-line calculations were generated as benchmarks for 
approximate global models, which will be discussed later in this chapter. Somewhat different 
line-by-line calculations were carried out by Tang and Brewster, looking at Elsasser-model lines 
superimposed on the exponential wide band model [19], and Monte Carlo-generated line-by-line 
results for a CO2 mixture with linear-anisotropically scattering particles [20], both again for a 
one-dimensional slab. The only two-dimensional line-by-line heat transfer calculations to date 
appear to have been carried out by Modest and Zhang [14,15,17], who considered an axisym-
metric combustion chamber with strong spatial variations in temperature and concentration of 
methane, water vapor and carbon dioxide. 

The complexity and time consumption of nongray property treatment may be decreased con-
siderably if one considers limiting situations, or if some simple approximations are made for the 
spectral dependence of the absorption and/or scattering coefficients. In the following we shall 
first consider the simplest method, known as the mean beam length method, in which the en-
tire participating medium is assumed to be a single isothermal zone that exchanges heat with 
finite surface areas, much like the net radiation method of Chapter 5. Next the box model is 
discussed, in which the absorption coefficient is assumed to attain a finite number of values that 
remain constant over finite wavenumber regions. This is followed by several sections that deal 
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FIGURE 19-1 
Isothermal gas volume radiating to surface element; (a) arbitrary gas volume, (b) equivalent hemisphere radiating to center 
of its base. 

much more rigorously with the band nature of molecular gases, but are more or less limited to 
one-dimensional, plane-parallel, nonscattering media confined between black plates, culminat-
ing with the weighted-sum-of-gray-gases model, which is a very simple, accurate and powerful 
method. Finally, global models based on high-resolution databases and on the ^-distributions de-
scribed in Chapter 10 will be described, which allow very accurate determination of radiative heat 
transfer in arbitrary geometries, including reflecting walls and/or scattering media. 

19.2 THE MEAN BEAM LENGTH METHOD 

The idea of a mean beam length was first advanced by Hottel [21] for the determination of radia-
tive heat fluxes from an isothermal volume of hot combustion gases to cold black furnace walls. 
With some difliculty the method may be extended to include the effects of hot and gray walls. We 
include here only a brief discussion of the method, primarily for historical reasons and since the 
notion of a mean beam length is sometimes employed by other methods (see, for example, the 
box model in the next section). A somewhat more detailed account has been given by Hottel [21] 
and Hottel and Sarofim [22]. Today, with the availability of fast digital computers the method is 
somewhat outdated and is commonly replaced by the related zonal method, discussed in detail 
in Chapter 17, which allows not only for hot and gray walls, but also for a number of isothermal 
subvolumes within the enclosure. 

Definition of Mean Beam Lengths 
Consider a hot, isothermal, nonscattering gas volimie radiating toward a black area element dA 
on its surface, as shown in Fig. 19-la. The spectral heat flux arriving at and absorbed by dA 
fi*om a volume element is equal to the spectral emission by dV into all (4n) directions x the 
fraction intercepted by dA x the fraction transmitted along the path from dV to dA, Thus, fi-om 
equation (9.48) the spectral heat flux arriving at dA from all volume elements may be written as 

or 

qrj dAiruj) = j (4;r/C;;4,; dV) x 
dA cos 0 

47TS^ 

K» cos OdV 

x e '''''̂ , 

(19.1) 
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where we have chosen wavenumber ;; as the spectral variable. We notice that, in general, the 
heat flux from a hot gas volume arriving at a surface element dA is proportional to the blackbody 
intensity //,,; and a factor which depends on the spectral absorption coefficient as well as on the 
geometry of the medium. While the integral factor will not be trivial to evaluate for most geome-
tries, it is readily determined for a hemispherical volume radiating to the center of its base, dA, as 
shown in Fig. 19-li. For this case S= r and dV - P- sinOdrdOdif/, leading to 

% = htj I I ( e'^'''^''Krj cos e sin 9 dr dO dif/ 

= nhr,{\-e-'^^) = nhrje,. (19.2) 

where we have employed the definition for the spectral emissivity of an isothermal layer, equa-
tion (9.14). It is clear that the radiative heat fluxes arriving at dA, either from an arbitrary volume 
V or from a hemisphere of radius R, may be made equal if an appropriate value for the radius 
of the hemisphere is chosen. Thus, as far as the spectral, hemispherical irradiation onto dA is 
concerned, there is no difl'erence whether the emission originated from an arbitrary volume or 
from an equivalent hemisphere of the correct radius R = Le, where LQ is known as the mean beam 
length. Therefore, the definition of the mean beam length for an arbitrary volume irradiating an 
infinitesimal surface element dA is, from equations (19.1) and (19.2), 

Note that the magnitude of the mean beam length depends on absorption coefticient as well as on 
geometry. 

It is also common to define a mean beam length for an arbitrary volume irradiating a finite 
surface, by replacing the local heat flux qjj in equation (19.1) by a surface-averaged value, or 

^ = \-e "'i^' = - I I e ""^^ ^^ dA. (19.4) 
krf AJAJV S 

Example 19.1. Determine the mean beam length for an isothermal gas layer of thickness L radiating 
to {a) an infinitesimal surface element, {b) an entire boimding surface. 

Solution 
The mean beam length may be evaluated by first finding from equation (13.38) the radiative heat flux 
hitting a surface element, or by integrating equation (19.3) directly. Choosing the latter for illustrative 
purposes, we express V in terms of a cylindrical coordinate system with its origin at dA. Thus, dV -
Inr dr dz, S = Vr^Tz^, and cos 0 = z/S, leading to 

K„z2nrdrdz 

By replacing the integration variable r by S, this expression becomes, with rdr = SdS, 

3!L 
Jz^aJs^Z ^^ Jz=:0 

where the definition for the exponential integral has been employed [see equation (13.31) or Appendix 
E]. Integrating, we obtain 

1^ = -2E,(KJ \-2E,(K,LX 

which, of course, would also have followed immediately from equation (13.38), if only emission from 
the medium had been considered (7] = 7̂  = 0). 
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Thus, from equation (19.3), the mean beam length from the gas layer to a surface element dA is 

4 = — In -

The mean beam length for the entire surface, equation (19.4), is the same since, for this one-dimensional 
problem, local and average heat flux are identical. 

Mean Beam Lengths for Optically Thin Media 

Equations (19.3) and (19.4) are generally not trivial to evaluate and, for nongray media, the in-
tegrations need to be carried out for different absorption coefficients if total rather than spectral 
heat fluxes are desired (as is usually the case). However, the relationships become much simpler 
if optically thin media are considered, i.e., if KrjL «: 1, where L is a characteristic dimension of 
the mediimi. If we expand the exponents in equations (19.3) and (19.4), and drop terms of order 
K^j and higher, we find the mean beam length for an optically thin volume radiating to a point on 
its surface, Zo, is 

1 r Kr, cos edV 

or 
1 r cosOdV ^,„^^ 

If we express the volume in terms of a spherical coordinate system centered at dA, with 5 as the 
radius, we may write dV = S'^ dS sinOdOdi// = S^ dSdCl, and equation (19.5) becomes 

!() = - I I cose sin edSdOdif/ 
^ Jt̂ =:() JC^O JS=0 

^ Jin 
^max(s)C0S6>rfD. (19.6) 

Similarly, from equation (19.4), the mean beam length for an optically thin volume radiating to a 
finite surface is 

^> = - 7 r r SrnUru^^)cosedadA. (19.7) 
^ ^ J A Jin 

By employing physical arguments, one finds that the solution of equation (19.7) is trivial for the 
case that A is the entire area bounding the volume V: The total emission from the entire volume 
is, from equation (9.48), 4nKjjlbT} V. Since, for an optically thin medium, no self-absorption occurs, 
all of this energy must be absorbed by the (black) bounding surface. Therefore, the average heat 
flux onto the surface is 

qrj = A7XK,^krjVIA 

and, from equation (19.3) (with KJJLQ <$: 1), 

-^=K,h=AKrjVIA 

or 

A) = 4 - . (19.8) 

The mean beam lengths for optically thin media, IQ, are often called geometric mean beam 
lengths, based on the work by Dunkle [23]. 
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Example 19.2. Determine the mean beam lengths of Example 19.1 for an optically thin gas layer. 

Solution 
From the last example we have 

^̂ / ~\-e-'^^-^\-2E^{K,,Ll 
El h} 

which, for KnL <§: 1, becomes 

or 

The mean beam length for the entire surface is, of course, again the same. This could also have been 
found immediately from equation (19.8) as 

V folate X ^ 

Obviously, equation (19.8) is trivial to evaluate for any geometry, but even equations (19.7) 
(mean beam length to a part of the bounding surface) and (19.5) (mean beam length to a point on 
the bounding surface) are readily integrated for many configurations. 

The geometric mean beam lengths between a gas volume and a bounding surface for a number 
of configurations, as collected by Hottel and Sarofim [22], with values for concentric cylinders 
and spheres added from Andersen and coworkers [24,25], have been summarized in Table 19.1. 

Spectrally Averaged Mean Beam Lengths 

The spectral heat flux, generated by emission from an isothermal volume, that is absorbed by an 
element of the black bounding surface (or the average heat flux onto a finite area) is given by 
equation (19.2) as 

q, = e,(Le)nIhrj = (1 - e-'^'<')nk,, (19.9) 

where the mean beam length L^, depends on the spectral absorption coefficient as well as the 
geometry of the volume. However, Hottel noticed that the spectral heat flux qrj is not very sensitive 
to the spectral fluctuations of Z.̂ , and that replacing the spectrally varying L^ by an average mean 
beam length L^ (independent of KJ^) predicts spectral heat fluxes with acceptable accuracy. This 
fact is demonstrated in Fig. 19-2, which shows the ratio of exact and approximate spectral heat 
fluxes, that is, 

-T-^r -r -^ = -. r- (19.10) 
qrj(Krj, Le = L,„ = COUSt) 1 - e"'^"^ 

Two difi'erent geometries have been considered in Fig. 19-2, namely, an infinite slab radiating to 
a point on its boundary (or to an entire face), as given by Example 19.1, and a spherical volume 
radiating to a point on its surface (or to its entire surface). Inspection of Fig. 19-2 shows that 
the error in the evaluation of the spectral heat flux, if the average mean beam length is used, is 
never more than - 5% (if a suitable L^ is chosen). This statement may be generalized to other 
geometries. Values for the average mean beam lengths have also been included in Table 19.1. 
Inspection of the ratio between average and optically thin mean beam lengths, L^JLQ, shows that 
their value is generally in the vicinity of 0.9. Therefore, a value of 

L^^O,9Lo = 3,6^ (19.11) 
A 
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TABLE 19.1 

Mean beam lengths for radiation from a gas volume to a surface on its boundary. 
Geometry of 
gas volume 

Sphere radiating 
to its surface 

Concentric spheres [25] 
to inner surface (Ri) 
to outer surface (R2) 

Infinite circular cylinder 
to bounding surface 

Concentric cylinders [24] 
to inner surface (Ri) 
to outer surface {R2) 

Characterizing 
dimension 

L 

Diameter, 

Outer radius, 
L=R2 

L = R2 

Diameter, 

Outer radius, 

L = R2 

Geometric mean 
beam length 

Lo/L 

0.67 

0.1(^1/^2) 

1.00 

(ficii^i/Ri) 

Average mean 
beam length 

LJL 

0.65 

0.94 

LJLo 

0.97 

0.94 

Semi-infinite circular 
cylinder to: 

Element at center of base 
Entire base 

Circular cylinder 
(height/diameter = 1) to: 

Element at center of base 
Entire surface 

Circular cylinder 
(height/diameter = 2) to: 

Plane base 
Concave surface 
Entire surface 

Circular cylinder 
(height/diameter = 0.5) to: 

Plane base 
Concave surface 
Entire surface 

Diameter, 
I = Z) 

Diameter, 
L = /) 

Diameter, 
L^D 

Diameter, 
1 = /) 

1.00 
0.81 

0.76 
0.67 

0.73 
0.82 
0.80 

0.48 
0.53 
0.50 

0.90 
0.65 

0.71 
0.60 

0.60 
0.76 
0.73 

0.43 
0.46 
0.45 

0.90 
0.80 

0.92 
0.90 

0.82 
0.93 
0.91 

0.90 
0.88 
0.90 

Infinite semicircular 
cylinder to center of 
plane rectangular face 
Infinite slab to 
its surface 
Cube to a face 

Radius, 
L=:R 

Slab thickness, 
L 

Edge, L 

2.00 

0.67 

1.26 

1.76 

0.6 
0.88 
0.90 

Rectangular 1x1x4 Shortest edge, 
parallelepipeds: L 

To 1 x4 face 
To 1x1 face 
To all faces 

0,,W=3^[l-^-(l-^)'''] 
^ r / I 

0,.,(x) = 1 - x̂  + - |cos~^ X ~ JcVl - x^ 
7C *- J 

0.90 0.82 
0.86 0.71 
0.89 0.81 

0 / 1 \ 

, 0̂ .2(jc) = - Vl - jc2 + - sin-^ X -

0.91 
0.83 
0.91 

- X 
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FIGURE 19-2 
Ratio of spectral heat flux from isothermal 
gas volume to surface, with that evaluated 
using the average mean beam length. 

is recommended for geometries for which values for Le are not available. 
Besides saving computational effort for the evaluation of Le, employing an average value 

Lffj has the tremendous advantage that it allows the straightforward spectral integration of equa-
tion (19.9), resulting in a total heat flux of 

A»0O /-»0O 

q = J q,dr] = j ( l - e-'''''^'^')nI,,(T)dn = e(L^,T)nk{T) = e(L^, T)n^crT\ (19.12) 

where €(!,„, T) is the total emissivity of an isothermal gas layer of thickness Lm, 

Example 19.3. Combustion products at p = 5 bar, J = 1000K, consisting of 70% Nj, 10% CO2, and 
20% H2O are contained within a spherical container of radius R-15 cm. Assuming that the container 
wall is cold and black, estimate the radiative heat flux to the wall. 

Solution 
The radiative heat flux to the container walls is readily found from equation (19.12), once the total 
emissivity for the gas mixture has been determined for an average mean beam length of L„j = 0.65D ^ 
100 cm, as indicated by Table 19.1. Total emissivities for carbon dioxide-steam mixtures have been 
discussed in Chapter 10, and the total emissivity for this particular gas mixture for a 100 cm thick layer 
has already been evaluated in Example 10.11 (surprise!) as 6 = 0.593. Therefore, 

q = 0.593 X 5.670 x lO'^^ x 1000^ W/cm' = 3.36 W/cm'. 

Example 19.4. A 1 m thick isothermal layer of pure CO2 at a pressure of 1 bar and a temperature of 
1700K is confined between two parallel, cold, black plates. Estimate the total heat loss from the gas 
using the mean beam length approach. 

Solution 
Again, the heat flux to the walls is readily determined from equation (19.12) if the total emissivity for the 
mean beam length is known, which in this case is I,„ = 1.761 = 176 cm. The total emissivity for the CO2 
may be determined from Fig. 10-25 or equation (10.144). Using Fig. 10-25, we find £0(176 bar cm, 1 bar, 
1700K) ^ 0.17. The correction factor e/€o is determined from equation (10.145) with the correlation 
constants given in Table 10.5, which leads to e/eo ^ 1.00 and, therefore, 6 ^ 0.17. Substituting this 
value into equation (19.12), we obtain 

-^(0) = q(L) = 0.17 x 5.670 x lO'^^ 1700^ W/cm^ = 8.05 W/cm^ 

and the total heat lost from both sides is 2 x 8.05 = 16.1 W/cm^. Had we used Leckner's correlation by 
calling subroutine totemiss in Appendix F, this would have returned 6 = 0.153, for a total heat loss of 
2x7.25 = 14.5 W/cm^ 
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19.3 SEMIGRAY APPROXIMATIONS 

It is common practice in engineering to treat properties as "constants," that is, as being indepen-
dent of one or more dependent variables, primarily to linearize the problem. For example, in heat 
conduction it is generally assumed that the thermal conductivity is independent of temperature. 
Very accurate results can be obtained with such an analysis if (/) the temperature variation of the 
material's conductivity is not too strong, and (//) an appropriate, constant "effective conductivity" 
can be found. It is tempting to use such simplifying assumptions in the calculation of radiative 
heat fluxes, in particular as far as spectral variations are concemed. A number of researchers, such 
as Viskanta [26], Finkleman and cov^orkers [27-29], and Traugott [30,31], have introduced sev-
eral different "effective" absorption coefficients and incorporated them into "semigray" schemes, 
all with limited success. 

Consider the volume of a participating medium at a uniform temperature T. If the medium is 
optically thin (i.e., it emits but does not absorb any of the emitted radiation), the total heat loss 
from the volume is, according to equation (9.48), 

Q = AV\ K,,E,,dTj, (19.13) 
Jo 

or, with the definition of the Planck-mean absorption coefficient, equation (10.149), 

Q = 4VK,n^(rT\ (19.14) 

This expression is equivalent to taking the direction-integrated equation of transfer (or conserva-
tion of radiative energy), equation (9.54), and integrating it over the entire volume after dropping 
the self-absorption term. Therefore, for optically thin media, it is reasonable to set 

V q Krj(4nIhrj-G,)dr]^K,(4nk-Gy (19.15) 
Jo 

On the other hand, for optically thick media radiative heat flux obeys the diffusion limit or, from 
equation (14.20) for an isotropically scattering medium, 

q . ^ - ^ V £ , , ; (19.16) 

and, using the definition of the Rosseland-mean extinction coefficient, equation (10.155), 

Jo 3^, 
VEb„djj = -^VEk. (19.17) 

Apparently, to make accurate calculations using a gray model, the effective absorption coefficient 
must be close to the Planck-mean for optically thin situations and close to the Rosseland-mean for 
optically thick cases. A simple (i.e., not dependent on geometry and, through it, optical thickness) 
average value should only be expected to give accurate results if the Planck-mean and Rosseland-
mean are of similar value (while in real life they frequently are orders of magnitude apart, in 
particular for molecular gases). 

Replacing Et in equation (19.17) by incident radiation G gives, together with equation (19.15), 
a semigray Pi-approximation, 

V'q = K,(4nIh-Gl (19.18a) 

VG=:-3)S,q. (19.18Z>) 
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Eliminating q leads to a single equation for G, 

V^G -> ̂ PMG - 4;r4) = 0, (19,19) 

where we have assumed Kp and/?^ to be constant (spatially) for simplicity. Thus, comparing equa-
tion (19.19) with (15.38) (setting ^i = 0 for isotropic scattering) leads to an effective absorption 
coefficient of 

/̂ eff ~ V ^ , (19.20) 

which is quite commonly employed in gray analyses. However, equation (19.20) should only be 
used with great caution, (/) since accurate answers can be expected only if KP/K^ is close to unity, 
and (//) since use of the Rosseland-mean absorption coefficient is problematic for pure molecular 
gases. In the second instance the diffusion limit applies only to optically thick situations, while 
all molecular gases have transparent regions over large parts of the spectrum. 

Consider a gas-particulate mixture, whose absorption coefficient may be written as 

rt=I 

Here Kpr^ is the spectral absorption coefficient of the particles and Kgrj that of the gas, which is com-
posed ofN individual vibration-rotation bands, each with its own spectral absorption coefficient 
Knrj (for a qualitative picture see Fig. 19-5 in the following section). We shall also assume that 
the bands are relatively narrow, do not overlap, and may be described by the wide band model of 
Chapter 10. Then the Planck-mean absorption coefficient may be evaluated as 

1 C^ J^\ 1 C 
— I KrjEbjj dT] = Kpj, + / , TT f KmjEtij dj] 

^ E r ^ E 
"P^' ^ Yi "F^ I '̂ '"/ ^^ = '^P^'' "̂  X "r^^^«' (19.22) 

J band M „_| ^h 
4-i Et, 
« = j 

where a„ is the band strength parameter and Ehr^^ is the spectral, blackbody emissive power at 
the band center, both for band n. The Rosseland-mean absorption coefficient may be evaluated 
similarly as 

KR JO f<n dEh Kp^R JQ \Kpjj KJJ dEh 

._L_v&) f (_L ^ )„ , „„3, 
^p.R j ^ \ ^^b Ijj^ J band n \ V / « ^Pn„ "̂  ^nrj / 

where Kpr^^ is a constant average value, assuming that Kprj does not vary greatly across each band. 
We shall also assume that, inside the integral, K„n may be replaced by the narrow band average, 
(S/d)rf, for which the wide band model stipulates [cf equation (10.109)] 

(^] ^f?«e-^k/-/J/-«, (19.24) 
\d/r] (jJn 

where cjn is the band width parameter and / = 1 for a band with head, and r = 2 for a symmetric 
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band. Substituting this expression into equation (19.23) leads to 

J band n X^PHn ^P^ln "̂  ^'^VI '^PHn ^ 0 ^p7]„ + i^/^hj 

=— r 
'<im„ Jo 

'dx 

pn„ u{) '^pjj. Kpi^„ +(a„/o)n)e-

= i ^ l J l + -^L_], (19.25) 

regardless of the value of / (cf. the development of Example 10.3). Thus, 

l = J__|;i^(§^),„(l.^. (19.26) 

It is evident from equation (19.26) that for a pure molecular gas, KR —> 0. This statement is also 
true if the assumption of a narrow band is relaxed: It is readily observed that llKm^ tends toward 
infinity faster than E^j^ tends to zero for both 77 —> 0 and rj -^ 00. Clearly, for a pure molecular gas 
KP/KH —» 00, SO that (0 K/i and equation (19.20) are not suitable for the determination of KeH', and 
(//) accurate predictions should not be expected from the semigray approach. 

Example 19.5. A molecular gas is confined between two parallel, black plates, spaced 1 m apart, which 
are kept isothermal at 7J = 1200 K and Ti = 800 K, respectively. The (hypothetical) gas has a single 
vibration-rotation band in the infrared, with an average absorption coefficient of 

\a/ij CO 
e-2\ri'ni>\i<o^ ^^ ^ 3000 cm"', cj^lQO cm" 

and an overlap parameter of/? (see the discussion of narrow band and wide band models in Chapter 
10). Assuming convection and conduction to be negligible, estimate the radiative heat flux between the 
two plates using the semigray model. Carry out the analysis for variable values of(a/oj) and/?. Repeat 
the calculations for the same gas mixed with nonscattering particles whose absorption coefficient is 
Kp = 0.1m"' (gray). 

Solution 
To make an "equivalent" gray analysis, a suitable gray absorption coefficient must be found. Since for 
a pure molecular gas the Rosseland-mean is inappropriate, and for want of any better value, we choose 
the Planck-mean absorption coefficient, which leads to 

• KpL = (X——rL = Ti =(£)-
Consequently, Tp depends on the local temperature of the gas, even if {ajoS) - const. To simplify the 
analysis we use a constant Planck-mean absorption coefficient evaluated at some average temperature, 
say T̂v = 1000 K. Thus, //o/T̂ v = 3 cm"^ /K and, from Appendix C, 

200x1.36576x10-^ ^ ^ , „ ^ 
^-==5.670x10-^x1000"^-=-^-^^^^^-

For a gray medium the radiative heat flux between the two plates is determined from Example 14.5 for 
the P]-approximation as 

""'' 1 + | T . 1+0.0362 T,* 
If a particle background is present, it is better to utilize K^^X from equation (19.20). Thus, with Tp = KpL -
0 . 1 x 1 = 0 . 1 , 

Tp = 0.1 + 0.0482 T;̂ , 

^P /̂>\ dEh I \ Tp) 
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FIGURE 19-3 
Nondimensional radiative heat flux for radiative equilibrium across a molecular gas-particulate layer bounded by parallel, 
black walls, calculated by the semigray method. 

From equation (1.14) it follows that 

dEhjf u) dEhjj Cxrf 
dEb AaP dT 4crPdT 

^ajQrfcxp{C27]/T)C2T]/T 

AcrP [exp(C2/7/r)-l]' 

[exp(C2; ; / r ) - l , 

'2 \OjEb,(C2T]/T)QXp(C2Tj/T) 
4 I QXp{C27]/T)~\ 

L ^ l =1x0.0482 4.3164g'*-^^^ ^^^^^ 
X —T-TTTz—— = 0.0527, ^4.3164 _ ] 

0.1 
"^ 1 -0 .0527 ln(l +10T, ) 

Tp and T/e may be calculated for any TL, and the heat flux becomes 

^: 
1 

1 + | V ^ > ^ 

Representative results are shown in Fig. 19-3, together with results obtained with the Monte Carlo 
method [32]. Clearly, for a pure molecular gas the semigray approximation fails miserably, since the 
Planck-mean is much too large to be a good effective absorption coefficient for optically thick bands. 
With a particle background the method performs considerably better, with KP/KR ranging in value be-
tween 1 (for TL = 0) and 31 (r^ = 100). The semigray approach cannot account for spectral windows, 
nor for line structure (line overlap parameter p): If there is little line overlap (small fi) radiation can 
travel unimpeded through "mini-windows" between strong spectral lines. For a gray gas the heat flux 
must always tend to zero for optically thick gases. 

19.4 THE STEPWISE-GRAY MODEL (BOX 
MODEL) 

Another s imple v^ay to incorporate the effects of absorpt ion-emiss ion bands of molecular gases 
in radiative heat transfer calculations is to approximate the band absorptances through the box 
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Wavenumber T] 

FIGURE 19-4 
Box model approximation of 
molecular gas bands. 

model described in Section 10.8. In this model the spectral absorption coefficient for a molecular 
gas with N vibration-rotation bands is approximated (see Fig. 19-4) as 

Krj-Yj'^'^ [^(V-nn-^iHj) - f-^(V-rjn-{^Vn)] ' (19.27) 
«=1 

where % is the wavenumber at the band center, A//̂  is the band width and K„ is the absorption coef-
ficient of the nth band (assumed constant for each band). Finally, the function H{x) is Heaviside 's 
unit step function, ^ If the molecular gas is accompanied by absorbing and/or scattering particles 
(e.g., soot or ash particles), the absorption coefficient of equation (19.27) must be augmented by 
the extinction coefficient of the background (see Fig. 19-5): 

where 
=1 

r 0, m = 0, 
n'm = I ^m + i^^m> 1 < ^ < M, 

I oo, m = M. 

(19.28a) 

(19.28^) 

Here we have broken up the spectrum into N gas bands and M - N "spectral windows." Equa-
tion (19.28) may also be employed in the modeling of semitransparent media. If the background 
material can be approximated as gray, equation (19.28) reduces to 

A; ^Pp-^Yj^'^ [̂ (̂ -% + î ^«)"" îV-nn-iH^)]' (19.29) 
rt=i 

A number of researchers have used various forms of the box model to solve nongray radiation 
problems. Originally proposed by Chandrasekhar [33], the model has primarily been applied to 
one-dimensional plane media at radiative equilibrium, for example by Siewert and Zweifel [34], 
Kung and Sibulkin [35], and Reith, Siewert and 6zi§ik [36]. Greif [37] applied the method 

' For its definition see equation (10.90) in Section 10.7. 
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The box model: Molecular gases 
mixed with suspended particles. 

to combined conduction/radiation in a plane layer. Modest [38] showed that, for gases with a 
single band strength (see Fig. 19-6), the box model approach can be incorporated into the fl-
approximation, making multidimensional calculations possible. This was extended to the general 
box model by Modest and Sikka [32], and a consistent method for the determination of box model 
parameters was given. The combination of box model and Pi-approximation was also used by 
Thynell [39] to predict radiation in a one-dimensional cylindrical medium with carbon dioxide, 
water vapor, soot and larger particles; similarly, Kaminski and coworkers [40,41] investigated 
laminar cross flow over a cylinder and turbulent flow through a tube, respectively, for mixtures of 
combustion products. The method was also employed by Mazumder and Modest to determine the 
importance of interaction between turbulence and radiation in reacting [42] and nonreacting [43] 
flows. 

Comparing the box model with the mean beam length method, we see that the mean beam 
length method can model the spectral variations of the absorption coefficient very well, but it 
is Hmited to isothermal, black-walled enclosures with nonscattering media. The box model, on 
the other hand, can handle nonisothermal, scattering media bounded by nonblack walls, while its 
spectral modeling is rather crude. 

How well the box model predicts radiative heat fluxes (or their divergence) for nongray media 
largely depends on how well "optimum" box parameters are determined for a given medium. To 
find appropriate values for these parameters, one must realize that the exact integral relationships 
that govern radiative heat transfer in a participating medium [see, for example, equation (9.29)] 
contain the spectral absorption coefficient in the form of the spectral emissivity (or its derivative) 

6;;=1 ^~XnX (19.30) 

Here X = I if the hnear absorption coefficient is used, or L multiphed by the partial density or 
pressure of the absorbing gas if either mass or pressure absorption coefficient is used; and L is the 
geometric path length over which absorption/emission is being considered. Spectrally integrated 
heat fluxes (or their divergence), therefore, depend strongly on the total band absorptances of the 
medium, 

A(X) 
J band J ba 

(1 
-KnX-}drj. (19.31) 

' band J band 

Thus, the aim of the box model must be to approximate the total band absorptance as well as 
possible for all possible conditions. For a gas without particle background, as shown in Fig. 19-4, 
we have for band n, 

^ ( J 0 - A ; 7 , ( l - e - " ^ ) , (19.32) 
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FIGURE 19-6 
Box model for molecular gases 
with single band strength. 

where AT/̂  and /<„ are two parameters that may have arbitrary dependence on all gas conditions 
(pressure, temperature, line overlap, etc.), except path length X Consequently, An(X) as calculated 
by equation (19.32) ranges in value between 0 and AT]^ and can coincide with the exact value of 
A„{X) (as discussed in Chapter 10) for precisely two values of X It is this restriction that limits 
the accuracy of the box model, since the "exact" value of the total band absorptance increases 
as ln{KjjX) for optically thick conditions (cf. Table 10.2). Modest and Sikka [32] found that best 
results are obtained by choosing AT]^ and /c« in such a way that equation (19.32) predicts the correct 
band absorptance for optically thin situations (X small) and for a characteristic length X^ based 
on the mean beam length L^ (as listed in Table 19.1). In the optically thin limit we have 

X<^X„,: A„(x) = I KrjXdT] = a„X = KnArj^X, 
J band 

where a„ is the integrated absorption coefficient, or 

At the mean beam length we have 

X = Xm : 

a„ :^ K„AT]^. 

A„(Xm) = AT]„(l-e-'"'''"l 

(19.33) 

(19.34) 

(19.35) 

where An(Xm) must be evaluated from any appropriate wide band model. Equations (19.34) and 
(19.35) constitute a set of two equations for the unknowns Kn and ATJ„, which are readily solved, 
especially if KnX,n » 1 (which will be the case for most important bands). 

Radiative Equilibrium in a Plane Gas Layer witli 
Single Band Strength 
As a first simple case we consider radiative equilibrium in a one-dimensional plane-parallel layer 
of molecular gases confined between two isothermal, gray-diffuse plates. The medium does not 
scatter and the absorption coefficient obeys equation (19.27). As a fiirther simplification we as-
sume that all bands are of equal strength, as shown in Fig. 19-6, that is. 

K\ = K2 = ' " = Kj,, = K, (19.36) 
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and that the band width A;7„ does not vary with location or temperature. For this simple case 
the spectral values for incident radiation, Gjj, and radiative heat flux, q^^, are readily found from 
equations (13.34) and (13.35) as 

G,iT,) = 2[j,,E2(r,) + J2rjE2(r,, - T;,) + H Ef,,j(r;^)E,(\r,-Ti^\)di^], (19.37) 
*J 0 

+ f Ei„(T;,)E2(r,-r;)dT; - H' Ehr,{T;,)E2(i'^-T,)dV^], (19.38) 

where 

N 

^(f, within bands, (19 39) 
\ 0, across windows. v • / 

Integrating equations (19.37) and (19.38) over all bands (excluding windows) results in 

GB(T) = 2[JBIE2^ + JB2E2(T, - ^ + J ' ' EB(f')Ei(ff - T ' | ) ^ ' ) , (19.40) 

q,(T) = 2{JBIE^^ - Ĵ 2̂ 3(?, -.?) + j\sir)E2(r-7)df'-J_'' EB(T')E2(f'-r)dr'l 

(19.41) 

where the subscript B denotes a quantity integrated over all bands, for example. 

„=1 -^%-{H 
GB=S] r ' G.drj. (19.42) 

On the other hand, integrating the equation of transfer over the entire spectrum (including win-
dows) gives, from equation (9.54), 

V . q = ̂ = r K,('^Et>rj-Grf)dv = K(4EB-GB) = 0. (19.43) 
dz Jo 

where the zero is due to the fact that radiative equihbrium prevails. Since integrating the equation 
of transfer over the bands only (excluding windows) would have resulted in the identical right-
hand side, we conclude that dqsjdz = 0 or qs= const, and GB = 4^^. Thus, equations (19.40) and 
(19.41) are identical to the gray case, equations (13.34) and (13.35), after replacing total values 
by band-integrated values, or 

<^B=^f^ f''=l:\E2(j)+ i ^s(f')E,(\f-f'\)df' 
JB\ - JB2 ^ 

r^B{r) 
Jo 

(19.44) 

^5 = - r ^ V = I - 2 f ' (!>B^')E2{r)df\ (19.45) 
Ji?i '- JB2 JO 

The total heat flux between the plates is then determined by adding to this the heat flux over the 
spectral windows 

^.= r (Ji,-J2n)dr] = Ji-J2-(JBi-JB2l (19.46) 
J windows 
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W = - ^ ^ ^ = 1 ~ : ^ ^ ( 1 - ^ . ) . (19.47) 

We note that, for a gray medium, ^ varies between 1 (vacuum) and 0 (opaque medium), while 
the minimum heat flux for a nongray medium is 

'P.in = 1 - ^ ^ , (19.48) 

since radiation will travel unimpeded from surface to surface over spectral windows, even if the 
bands are opaque. 

Example 19.6. Pure CO2 at 1 bar = 100 kPa pressure is confined between two parallel, black plates, 
spaced 1 m apart, which are kept isothermal at T\ - 1000 K and Ti = 2000 K, respectively. Assuming 
conduction and convection to be negligible, estimate the radiative heat flux between the two plates. 

Solu^on 
From Table 10.3 we find that carbon dioxide has three important bands in the infrared: At 3660 cm"' 
(2.7//m), 2410cm"' (4.3//m), and 667cm"' (IS/zm). Since the walls are at 1000 and 2000K, respec-
tively, the most important wavelength regime will be between approximately 1/̂ m and 4//m (Wien's 
displacement law, Chapter 1). At first glance it would appear that the 2.7 jum band is the most important. 
However, the 4.3//m band is approximately 20 times stronger and, therefore, should be modeled most 
accurately. Before we can employ the box model we must find suitable box parameters for these bands. 
We shall do this by comparing the band absorptances of the box model with those of the (more accurate) 
exponential wide band model [32], by applying equations (19.34) and (19.35). Since we should like to 
use a single Ic for all bands we cannot use all of these conditions, and shall apply equation (19.35) only 
for the (most important) 4.3//m band. Thus, 

^AT;, = QT/, for all three bands, 

A;74 3 = y44.3(ŷ ,), for the 4.3 ytm band. 

In the last relation we have assumed ^^„ » 1, which needs to be verified. 
To simplify the analysis further we shall calculate the box model parameters at a single temperature, 

say 7;t, = {J^ + r / ) /2 or T^, ^ 1700K. With a gas constant oiR = 0.18892kJ/kgK for CO2 [44] and 
the data in Table 10.3, and Fig. 10-19 we get 

Pco2 = PI^T = 100 kPa/(0.18892x1700 kJ/kg) = 311.4g/m\ 

2.1 jjm band: 

apcc^ = ao(a/ao)p = 4.0 x 1.61 x 311.4 = 2005 cm'Vm, 

^ = 23.5 xVr7 = 96.9 cm-', 

4.3 //m band: 

15//mband: 

(yp^^ = 110.0 X 1 X 311.4 = 34,254 cm"'/m, 

0)== 11.2xVT7 = 46.2cm-', 

r = ro(r/ro) = 0.247 x 24.8 = 6.12, 

Pe = 1.3̂ -̂̂  = 1.234, p = 6.12 X 1.234 = 7.55, 

P̂cc>2 = 19.0x1x311.4 = 5917cm-'/m, 

6;= 12.7 xVr7 = 52.4 cm-'. 



598 19 THE TREATMENT OF NONGRAY EXTINCTION COEFFICIENTS 

With an average mean beam length of A„ = 1.76 x 1 m = 1.76 m, we obtain for the important 4.3^m 
band from Table 10.3 

A?74.3 = ^4.3 = ^4.3 

= 46.2 cm" 

Qf4.3pco2^m 
\n — + 1 

a>4.3 
. 34,254x1.76 , 
In——rrr + 1 

46.2 
377.6 cm-', 

and 
^ = (^Pco2/ '̂7)4 3 = 34,254/377.6 = 90.7 m"̂  = 0.907 cm'^ 

Noting that A? is a linear absorption coefficient, and multiplying with L„„ we find /^I^ = 0.907 x 176 = 
160 » 1, so neglecting the exponential in equation (19.35) was indeed justified. 

The widths of the other two bands follow from the same relationship as 

A772.7 = (^2jPciJ^ = 2005/90.7 = 22.1 cm-^ 

AT/IS = axsPcJ'^ = 5917/90.7 = 65.2 cm' ' . 

We are now in a position to calculate the nondimensional heat flux between the plates from equa-
tion (19.47) with T -IcL - 90.7. ^/?(r) obeys the same equation as % ( T ) in Chapter 13 and, thus, 
may be evaluated from Table 13.1. Since the bands are essentially opaque we find ^̂ ^ = 0.015 <$c 1, and 

¥ = 1 - 0.985 
El,] — Eh: 

0.985 
Eh\ — Eh 

Yj(^hn„.i -Eh,^n)A%, 

where radiosity is replaced by emissive power for the black-walled enclosure, and we assume that the 
bands are narrow (to justify evaluation of EB as value at band center x band width). To look up values 
for spectral emissive power in Appendix C, we write with 7/27 = 3660 cm~^ 7743 ̂  10'*/4.3 = 2326 cm"' 
(since the 43fim band is a band with head, it is better to evaluate Ef^ near the center of the band), and 
7,5 = 667 cm-', 

4^= 1 
0.985 3 r 

criT' - T') L 2 / «=i 

0.985 

Ehrj(T]n/T]) . ^ Ef,,j(TJ„/T2) . 

H, 

- ^ r .^^ , . « . , . . . . ;;;̂ XXIT x f(0.9523 x 10"^^^ - 1.7747 x 2^ x 1 o) x 22.1 
5.670 X 10-^(1000^ - 2000^) ^̂  ^ 

+ (1.7157 X 10 - 1.3589 X 2^x lO) x 377.6 + (0.6885 x 10 - 0.2251 x 2^x lO) x 65.2] 

= 0.956. 

Thus, the heat flux is reduced only by 4.7%, as compared with the no-gas case, to 

q = 0.956 X 5.670 x 10-^(2000^-1000^) = 813,000 W/m^ = 81.3 W/cm^ 

Note that, since all bands are essentially opaque, the (somewhat arbitrary) choice for band widths is of 
extreme importance in this model. 

The Pi-Approximation for Radiative Equilibrium 
in a Gas with Single Band Strength 
The method discussed in the previous section enables us to calculate heat transfer rates for a 
nongray medium at radiative equilibrium in a simple way. Unfortunately, the method is limited 
to one-dimensional plane-parallel media. Following the treatment of Modest [38], we shall now 
show that the same box-model absorption coefficient may also be applied to the Pi or diflferential 
approximation, making solutions for arbitrary multidimensional geometries possible. 
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The governing equations for the Pi -approximation, on a spectral basis and for a nonscattering 
medium, are, from Section 15.4 

V-q, = K,(4Etrj-Grj), (19.49) 

VG, = ~3^,q,, (19.50) 

subject to the boundary condition 

2q, . i i = 4J , , , -G, . (19.51) 

Assuming again that the absorption coefficient may be approximated by equation (19.36), we 
integrate equation (19.49) over the entire spectrum, and over all bands only, resulting in 

V . q = V . q, = 1<(4EB - GB) = 0, (19.52) 

where the zero is again due to the fact that radiative equilibrium is assumed. Now, integrating 
equations (19.50) and (19.51) over all bands gives 

VGB = -3KqB. (19.53) 

2q,'A = 4JB,v-GB. (19.54) 

The heat flux may be eliminated from these equations, leading to a single eUiptic equation in GB 
as 

V-̂ G5 = 0, (19.55) 

with boundary condition 
~ f i i - ^G5 + G5 = 4J5^, (19.56) 

where the subscript r indicates that the gradients are with respect to optical coordinates dr -Icds. 
Once the band-integrated incident radiation, GB, has been detennined, the heat flux for the gas 
bands follows as 

q. = -\%GB, (19.57) 

Finally, to calculate total heat transfer rates, the heat fluxes through the optical windows, q,f, must 
be determined independently through standard methods (Chapters 5 and 6), as indicated in the 
previous section for one-dimensional, plane-parallel media, equation (19.46). 

Example 19.7, Repeat Example 19.6 using the differential approximation. 

Solution 
Since we use the same box model as in the previous example to approximate the absorption coefficient, 
we shall again use ^ = 0.907cm"\ A7727 = 22.1 cm"*, H^rf^y = 377.6cm"^ and Ar/jj = 65.2cm"^ 
Equations (19.52) through (19.54) or equations (19.55) and (19.56) are identical to the general fl-
approximation for gray media (except for the added subscript B), Thus, for radiative equilibrium in 
a one-dimensional plane-parallel medium 

/̂̂  = — ^ r = 0.015. 

The heat flux over the spectral windows is, of course, the same as calculated for the previous example, 
as is the expression for total heat flux, equation (19.47). We conclude that the heat flux evaluation using 
the Pi-approximation gives the identical result as the exact' method. 

^ Exact calculation of radiative heat flux based on very approximate expressions for the spectral variation of the ab-
sorption coefficient. 
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The Pi-Approximation for the General Box 
Model 
Both the exact method for one-dimensional plane-parallel media and the P\ -approximation for 
general geometries are readily extended to the general box model in which the extinction co-
efficient is approximated by equation (19.28), although we shall limit our discussion to the fl-
approximation, following the development of Modest and Sikka [32]. Further limiting ourselves 
to an absorbing, emitting, and linear anisotropically scattering medium, the governing equations, 
on a spectral basis, for the Pi-approximation are again equations (19.49) through (19.51), except 
that equation (19.50) needs to be augmented by a scattering term, or 

VG, = - [3^, + (3 - A,)a:,,\ q,. (19.58) 

Although not necessary we shall, for simplicity, assume that the absorption coefficient obeys 
equation (19.29), i.e., we have a gas with Â  vibration-rotation bands and a gray particle back-
ground. Integrating equations (19.49), (19.58), and (19.51) over all wavenumbers outside the Â  
bands (windows), we obtain 

V'q,, = Kp(4Eiv-Gwl (19.59) 

VGw = - [3Kp + (3 ~ Ax)crs] q,, (19.60) 

2q,.'n = 4J^Vu,-Gw> (19.61) 

Similarly, for each gas band we get 

V'q, = {Kp + Kn){4E„-G„). (19.62) 

VG, = - [3(Kp + K„) + (3 - Ax)a^] q „ (19.63) 

2 q , . n = 4J,„ ,-G„ « = 1,2,. ..,iV. (19.64) 

Here the subscript W indicates integration over the entire spectrum outside gas bands, and sub-
script n indicates spectral integration over band n. If the temperature field is known, equa-
tions (19.59) through (19.64) constitute a set of Â  + I elliptic partial differential equations in 
the unknowns G^ and Gn(n = 1,2,..., N). If the temperature field is not known (e.g., if radia-
tive equilibrium prevails), a temperature distribution must be assumed and must be determined 
through iteration. Total quantities are found by adding windows and bands, or 

N 

E, = Ew^Yj^n. (19.65) 

,v 
q = q.f +J]q;r^ (i9.66) 

N 

G = Gw + Yj^n^ ^^^-^^^ 
«=! 

Example 19.8. Consider a 1 m thick isothermal layer of pure CO2 at a pressure of 100 kPa and a tem-
perature of 1700 K. The gas contains a certain amount of (nonscattering) soot that adds a gray absorption 
coefficient oiKp - I m~' to that of the gas. The gas is confined between two parallel, cold, black plates. 
Detemiine the total heat loss from the gas-soot mixture. 
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Solution 
From Example 19.6 we already know that CO2 has three important bands in the infrared, at 2,1 fim, 
4.3//m and 15^m. In that example, we did our calculations for a temperature of 1700K and a pressure 
of lOOkPa; thus, those results are directly applicable here. However, for added accuracy, we would like 
to calculate individual /^ for each band [by applying equation (19.35)], rather than choosing a single ^. 
We obtain: 

2.7)umband: 

r = ro(r/ro) = 0.133x34.7 = 4.61, 

Pe = 1.3̂ -̂ ^ = 1.186, fi = 4.61 X 1.186 = 5.47, 

, 2005x1.76 , 
I n — — - r — + 1 

96.9 
A; ;2 .7 -c^ [ ln ( -^Z^)+ l ] = 96.9 

Kij = (xpco.1^^ = 2005/445.3 = 4.5 m-' = 0.045 cm-'; 

4.3/im band: 

A/74,3 = 377.6 cm"\ 

/Ci.3 = 0.907 cm"^; 

15 ^m band: 

7 = 0.062x24.6= 1.525, 

P^ = 1.3̂ -̂  = 1.202, p = 1.525 X 1.202 = 1.83, 

= 329.7 cm-\ 

= 445.3 cm-\ 

A?7,5 = 52.4 
, 5917x1.76 , 
^ " - 5 2 : ^ " ^ 

Kxs = 5917/329.7 = 17.9m-' = 0.179 cm'^ 

The solution to the present problem for a gray medium has already been given in Example 15.2 as 

lEh sinh jV3rt 
~^(0) = q(L) = — — / 

sinh |V3ri + ^Y3 cosh |V37}, 

Thus, we may write for the spectral windows 

lEw sinh xV3r„/ 
qw{L) = ^ — , 

sinh | V 3 v + |V3 cosh |V3T^i 

and, similarly, for each band, 

2EnSmh\y[i(Tp!^-^TnL) 
qn{L) •• 

sinh \^fi{rpL+Tni) + ^V3 cosh ^V3(r;,,+T„i)' 

Assuming again that the gas bands are relatively narrow, so that 

E„ ^ Ebrj„ATj„ = r A77,, 

we obtain from Appendix C, 

£2.7 = Eb,j[^ cm- ' /K) A;;2.7 = 1-7649 x 10"^ x 1700^ ^ _, x445 .3cm- ' = 38,612 W/m^, 

^43 = £ ' / , „ ( ^ c m - 7 K ) A 7 ; 4 3 = 1.5548 x 10-^ x 1 7 0 0 ' ^ ; r x 377.6cm-' = 28 ,844W/m^ 
/\i/uu / .̂  m-^cm"' 

£,5 = Eb^[-^ c m - ' / K ) A7715 = 0.2979 x 10"^ x 1 7 0 0 ^ ^ x 329.7cm"^ = 4825 W / m ^ 
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and 

3 

Ew = Eh- Yj^n = 5.670 X10-^ x 1700'* - 38,612 - 28,844 - 4825 = 401,283 W/m^ 

Finally: 

2 X 401,283 xsinhiVJ 
qw(L) = . ^ . ^ V-7= = 0-8935 x 401,283 = 358,546 W/m^ 

sinh^V3 + ^V3coshiV3 

2 X 38,612 xsinh^V3(5.5) 
quiL) = ^ , ^ - V = 1.072 X 38,612 = 41,392 W/m\ 

sinh2.75V3 + iV3 cosh 2.75 V3 

2 X 28,844 xsinhiV3(91.7) 
q4^(L) = -^ =-^—^ —=: = 1.072 X 28,844 = 30,915 W/m^ 

sinh45.85V3 + ^V3cosh45.85V3 

2x4825xsmh^V3(18.9) 
qi,(L) = ?r——J - p = 1.072 X 4825 = 5171 W/ml 

sinh 9.45 V3 + iV3 cosh 9.45 V3 

The total heat lost from both sides is 

q = 2 L , , + ^ ^ J = 2 X (358,546 + 41,392 + 30,915 + 5171) = 87.20 W/cm^ 

We note that all three gas bands are essentially opaque (with the characteristic 7% overprediction for 
the Pi -approximation with temperature discontinuity). This heat flux should be compared with the max-
imum possible, 

q^,^ = 2crr'* = 2 X 5.670 x 10"̂ ^ x 1700^ = 94.71 W/cml 

The importance of considering spectral variations for the evaluation of radiative heat fluxes 
from molecular gases (or gas-particulate mixtures) is perhaps best understood by comparing a 
nongray analysis with an "equivalent" gray model. While we shall consider here only the simple 
case of radiative equilibrium in a one-dimensional slab, similar conclusions can be drawn for 
radiation heat loss from hot (multidimensional) gas bodies. 

Example 19.9. Repeat Example 19.5, using the box model. 

Solution 
The functional relationship of iS/d),f is the same as the one used in the exponential wide band model 
in Chapter 10, so Table 10.2 may be used to determine the total band absorptance. Thus, from equa-
tions (19.34) and (19.35), 

a= I Krjd7]=: I ( - ) dT] = KAT]^ OY TL • 
J band J band ^ " ^ 

(jj CD ^ ' 

where 
(X (X _ _ _ _ _ 

TL = - L , r„, = -Ln, = 1.76T/,, T/. = KL, T„I = /cL^ = 1.76r. 
CO a) 

With the aid of Table 10.2 one can readily determine the unknowns r^ and (A%/a)), as shown in Ta-
ble 19.2 for a few representative values. The radiative heat flux between the two plates may be calculated 

(1) 
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TABLE 19.2 

Box model parameters for Example 19.9 

n 
1 

10 

100 

P 
0.01 
0.10 

>1.00 
0.01 
0.10 

>1.00 
0.01 
0.10 

>1.00 

A* 

0.2553 
0.7390 
1.5653 
0.8290 
2.4653 
3.8679 
2.5553 
4.7679 
6.1705 

Ti 

3.9125 
1.1849 
0.1360 
12.0620 
4.0530 
2.5567 
39.1341 
20.9736 
16.2062 

^riJ(^ 

0.2556 
0.8439 
7.3516 
0.8290 
2.4673 
3.9114 
2.5553 
4.7679 
6.1705 

as in Examples 19.6 and 19.7, leading to [cf. equation (19.47)] 

.T, _ g _ 1 ESI-EB2 

0) "" oiT^-T*) \ l + | r j 

The temperature-dependent parameter involving spectral emissive powers is evaluated from Appendix 
C, with r/o/TI = 3000/1200 = 2.5 cm"̂  /K and ̂ jTi = 3000/800 = 3.75 cm"̂  /K, as 

^[^H(7;)'-^H(r2)] ^ 200 X (1.64683x10-^ x 1200-̂  - 0.89873x10"^ x 800-̂ ) 
(r{T^^-T^) " 5.670x10-8(1200^--8004) -0.0506. 

Therefore, 
O J 0 5 0 6 A 7 ^ 

l+4/3f, • 
Representative results are shown in Fig. 19-7, together with exact results found by the Monte Carlo 
method [32,45], results from the w^eighted-sum-of-gray-gases method (discussed later in this chapter) 
and the semigray approach. It is seen that the box model gives surprisingly good answers, overpredict-
ing heat fluxes by only a few percent.-* The heat flux is seen to increase with decreasing line overlap 
parameter/?, since radiation can travel from plate to plate through the "mini-windows" between optically 
thick spectral lines. 

19.5 GENERAL BAND MODEL 
FORMULATION 

While the stepw îse gray model is very convenient, it is unfortunately not necessarily very accu-
rate. We have already seen that the rather arbitrary choice for the band width can introduce serious 
errors. In addition, there are situations in which even the most careful choice for the band width 
leads to unacceptable results. Consider, for example, flow of an absorbing/emitting gas inside a 
tube. Let the gas temperature be equal to the surface temperature at the wall (no slip) and hotter 
inside. The gas will emit and absorb radiation over the spectral regions of its vibration-rotation 
bands, and there will be no net radiative heat flux over the spectral regions of the windows. If the 

^ In this figure the value oioj in the evaluation of ij„ and̂ l* has been decreased by 20% (i.e., fox wide band calculations), 
as suggested by Edwards [46], in order to compare with results from the other methods, which use cj = 200 cm"̂  for 
5/7ecrra/calculations; see also footnote 10 in the discussion of the exponential wide band model in Chapter 10. 
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FIGURE 19-7 
Nondimensional radiative heat flux for radiative equilibrium across a molecular gas layer bounded by parallel, black walls, 
as calculated by various methods. 

radius of the tube is sufficiently large and the box model is employed, such that 'KR:$> \, then the 
spectral heat flux for the bands will also vanish as a result of the diffusion limit (since there is no 
temperature discontinuity). Thus, the stepwise gray model predicts a zero total radiative heat flux 
for this case, which is clearly not realistic. The reason for this error is that the box model cannot 
take into account the effects of the exponentially decaying band wings of a vibration-rotation 
band: No matter how optically thick the band center is, there will always be a portion of the band 
wings that has an intermediate optical thickness and, thus, contributes strongly to the radiative 
heat flux. 

In this section we will use the band models of Chapter 10 (narrow band models, wide band 
models, and the resulting emissivities) to formulate the solutions for spectrally integrated in-
tensities, incident radiation, and radiative heat fluxes for an absorbing/emitting medium, whose 
absorption coefficient may have arbitrary functional form (although we shall look also at the im-
portant special cases of molecular gases and particulate suspensions), and the geometry may be 
arbitrary and multidimensional. The development will be limited to nonscattering media confined 
between black walls because of the Hmitations inherent to the band models. While these formula-
tions are not as general as one would like, they do have a number of important applications, most 
notably heat transfer within combustion chambers, where the medium consists of combustion 
gases and (nonscattering) soot, and where the walls are soot covered (and nearly black). 

The equation of transfer for the radiative intensity at a wavenumber 77 and along a path s is, 
for a nonscattering medium, from equation (9.22), 

din ^ 
(19.68) 

with the formal solution, equation (9.30), 

I,{s) = 4 . , exp ( - / ; ^ , ds') + J^ ' / , , ( / ) exp (-> / / K, rf.v")K,,{S') ds\ (19.69) 

where Ibwjj = hijiTw) is the intensity emitted into the medium from the (black) wall at 5- = 0, 
as shown in Fig. 19-8. Integrating this expression over the entire spectrum, we obtain the total 
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FIGURE 19-8 
Spectral intensity within an arbi-
trary black-walled enclosure. 

intensity as 

I(S) = I IrjdT]= I Iharrf CXp ( - J^^ Kjj ds') drj 

+ 1 I hrj{s')CXp(~J^^Krjds'')K,,{s')dr]ds\ (19.70) 

In Sections 9.3 and 9.4 we defined the spectral absorptivity and emissivity of a participating 
medium as 

a,j{0^s) = €rj{0^s) = I - Qxp{- J^Knds'). (19.71) 

For a constant absoq)tion coefficient the absorptivity depends on the thickness of the gas layer as 
well as the (constant) absorption coefficient. If/c,; is not constant but varies spatially and/or with 
temperature, the absorptivity depends on the variation of KJJ along the entire path, here denoted by 
the argument O-^s. Substituting equation (19.71) into (19.70), and using 

^ ( ^ ' ^ )̂ = 57 [l - M-I>nds")] = -K„(s') cxp{-£,K,ds") (19.72) 

where Leibnitz' rule was used for the differentiation of an integral,'̂  we get 

X
oo ps poo i^ 

ltwn[l'-an(0^s)]dri-j J If,^(/)-^(s'^s)drfds\ (19.73) 
Physically, the first term represents transmitted radiation from the wall, and the second term 
augmentation due to emission along the path s.^ With the definition of the total absorptivity as 

1 C^ 
a(T. s'-^s) = —- a,(s' -^ s) h,{T) drj 

^hU ) Jo 
1 r°° 

^W)Jo b-^M-I.^''nds")]UT)dTj, (19.74) 

we may consolidate equation (19.73) as"" 

lis) = [1 -a(T^, 0^s)]h^ - J ' ^[Tis'l s'^syh{s')ds'. (19.75) 

'^Leibnitz' rule was first introduced in Chapter 5, equation (5.1). 
^Thus, use of transmissivity r = 1 - » would be more appropriate; we use absorptivity here primarily to avoid confusion 

with "optical path length," for which we also use the symbol r. 
^Note that, in concurrence with the definition of total absorptivity, the derivative in da Ids' is only with respect to the 

path s' -> s, and not with respect to the s' in the temperature T{s'). 
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To determine total heat flux, the total intensity must be integrated over all directions, after multi-
pHcation with the unit vector §, or 

q = r qrjdr]= f IsdQ, (19.76) 
Jo J4n 

To evaluate the divergence of the radiative heat flux (for a known temperature field) or the tem-
perature field (for radiative equilibrium), the equation governing conservation of radiative energy 
must be integrated over all wavenumbers or, from equation (9.54), 

V-q = V- f qrjdrj= \ KMnhrj- \ IrjdQ\d7] 
Jo Jo \ J4n I 

= 47tKrlb- f if Krjljjdl]\da, (19.77) 

where Kp is the Planck-mean absorption coefficient first defined in equation (10.149). Thus, multi-
plying equation (19.69) by KJ^(S) and integrating, we get 

I Krj(s)Irf(s)d7]= I IbwTjKrj(s) QXpi^-£ Krjds'')dT] 

pS poo 

+ J J k,{s')sxp{-J^K,ds")K,is'X{s)drids'. (19.78) 

Differentiating equation (19.72) with respect to s, again using Leibnitz' rule, leads to 

^ ( s ' ^s) = K,(s')K„{s)sxp(-/;K,ds"). (19.79) 

Therefore, 

r°° r°° da C r°° Sra 

= ^ ( r , . 0 ^ . 9 ) 4 , . + J -^[T(n/^s]W)dy. (19.80) 

The functional form of ar(7', 5' -^ s) depends, of course, on the local properties of the participating 
medium. We shall briefly discuss the special cases of pure gas and gas-particulate mixtures. 

Pure Molecular Gas 
For a pure gas the total absorptivity needed in equations (19.76) and (19.77) can be calculated 
from a narrow band model, a wide band model, or from a total absorptivity correlation. Narrow 
band calculations are potentially the most accurate, provided an accurate database is used, such 
as the RADCAL [47,48] (based on experimental data) and EM2C [49] (calculated fi-om high-
resolution data) databases. However, they require a few hundred to thousands of spectral evalua-
tions. Some results for one-dimensional slabs were obtained by Menart and colleagues [50-52], 
the latter two papers overcoming the black-wall limitation of the narrow band model, by expand-
ing wall radiosities into infinite series (for multiple reflections). Cherkaoui and coworkers [53] 
used an approach similar to [51] to determine direct exchange factors (for use with the zonal 
method of Chapter 17) in a one-dimensional slab with reflecting walls. Multidimensional cal-
culations were primarily carried out by the group around Liu [54-56] for various combustion 
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scenarios. All of the here-cited works used the Malkmus model together with the EM2C database 
and its predecessors. 

If the wide band model is to be used for a gas with N vibration-rotation bands, the absorption 
coefficient may be stated as 

N 

Krf = YjK„rj. (19.81) 

To allow the use of wide band correlations it is also assumed that each band is fairly narrow, i.e., 
that the blackbody intensity does not vary appreciably over each band, and that the bands do not 
overlap.^ Then the total absorptivity may be evaluated as 

a(r,/-..).|;^(r)ir[i-exp(-/>„,.y')l^'? 

-j\^{T)A:is'-.s). (19.82) 

where hij^ is the Planck function at the center of band «, Un is the band width parameter, and Al 
is the nondimensional band absorptance, as discussed in detail in Chapter 10. 

Molecular Gas with Suspended Particles 

If the molecular gas contains a suspension of nonscattering particles, the absorption coefficient 
may be written as 

We shall now assume that, not only are the gas bands narrow and nonoverlapping, but also that 
the absorption coefficient of the particles, Kprj, does not vary appreciably over each band. Then 

ĈT", ^' ̂  ^) = ; ^ r [l - exp ( - / ; Kp„ ds") exp ( - / ; K,, ds")] h,{T) dr, 

1 r^ 

1 r°^ 

^W)Jo ^^P(--/>/^'/^^'i[^ ~^^P(~ /v 'V;^^ i ]4 ; ( r ) J ;7 . (19.84) 

The first term in equation (19.84) is simply the absorptivity for the particle background (without 
molecular gas). In the second spectral integral we note that the integrand is nonzero only when 
Kgrj is nonzero, i.e., over the vibration-rotation bands of the gas. Since we assume the gas bands to 
be spectrally narrow, the particle attenuation term may be evaluated at the band center and taken 
outside the spectral integral. Then 

a(T, s' ^s)^ ap(T, / ^ ^̂  + Z ^ ( ^ ) ^^P (^ / J V;„ ds'')<(^' ^ ^l (19.85) 

^These assumptions are usually very good except in the limit of extreme optical thickness, which tends to widen bands. 
Even at lesser optical thickness some bands of important gases overlap, most notably the 2.7//m bands of CO2 and H2O 
(see Chapter 10). 
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Radiative Equilibrium 

In the case of radiative equilibrium equation (19.80) is used to determine the temperature field. 
Substituting the result into equation (19.77), with V • q = 0, yields 

'"'''̂ î[̂ '̂̂ "''-̂ '̂ '̂""rŝ f̂ ^̂ '̂ '̂ '̂ ^̂ '*̂ '̂̂ '-' dQ. (19.86) 

This is a single (but rather complicated) integral equation for the unknown temperature. Once the 
temperature field is known, the heat flux follows fi*om equations (19.76) and (19.75) as 

q = j ^ [[1 - a(7;„0^5)]//,„; - J^ ^[T(s'l/-^s]W)ds' sdQ.. (19.87) 

In equations (19.86) and (19.87) the absorptivities and their derivatives are obtained fi*om equa-
tion (19.82) (pure molecular gas) or (19.85) (gas-particulate mixture). 

Medium with Known Temperature Field 

If the temperature field is known, the local heat flux may be determined from equation (19.87), 
while the divergence of the heat flux follows from equations (19.77) and (19.80) as 

V q 
r Ida C d^a 

dQ, (19.88) 

Again, the absorptivities and their derivatives are obtained from equations (19.82) (pure molecular 
gas) or (19.85) (gas-particulate mixture). 

The general relationships developed in this section will be employed over the following two 
sections to carry out heat transfer calculations. First we shall look in some detail at radiative trans-
fer within an isothermal, one-dimensional nongray medium. Then follows a section describing 
how the concept of a weighted-sum-of-gray-gases can be applied to the general nongray medium 
problem. 

The Wide Band Model for Isothermal Media 
For an isothermal medium, we assume that the absorption coeflicient is a function of temperature 
only (and is, therefore, constant throughout the medium). The definition of the total absorptivity, 
equation (19.74), keeping in mind that the absorption coefficient depends on Tm, while the Planck 
function may be evaluated at medium or wall temperature, then simplifies to 

1 r^ 
c^(7^,r ,„ , .v)=-^J^ (l-e-"^'^'"^^)4,(r)t//7, (19.89) 

that is, the total absorptivity no longer depends on the entire path, but only on the path length 
itself. If r = 2̂ ,, equation (19.89) gives the absorption of wall emission along the path s, while 
for r = T;̂ ; equation (19.89) represents the total emissivity 

e(T„,.s) = — — (l - e-'^^^"'^'')UTJdv. (19.90) 

Similarly, the nondimensional band absorptance of molecular gases now depends only on the 
optical path length (as well as a line overlap parameter), as discussed in Chapter 10, or 

Al{s'-^s)=A\Kn{s-s'\^,\ (19.91) 
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where /c„ = p^an l(Ji)n is the gas absorption coefficient at the band center or band head,^ and)^„ is the 
overlap parameter, all evaluated at 7 ,̂. Equation (19.75) then reduces for an isothermal medium 
to 

I{s) = [1 - a(7;„ T,n. s)]h^ + 6(7;,, s)Ib,n. (19.92) 

where Ibm = h{Tm) and Tm is the (constant) temperature of the medium. 

Example 19.10. Consider the gas layer of Example 19.8, but without the suspended particles. Calculate 
the radiative transfer from the gas to the walls using the exponential wide band model. 

Solution 
For a slab 0 < z < I the intensity as given by equation (19.92) may emanate from either of the two 
bounding surfaces. Splitting intensity into r and /" ("positive" and "negative" directions), as was done 
in Section 13.2, leads to s - z/ju for "positive" directions (0 < // < 1) and to s = -{L - z)/// for 
"negative" directions (-1 </j < 0), as shown in Fig. 13-1. Substituting into equation (19.92) results in 

r(z) = [1 - a(7;„ T„,z/iu)]h„ + €{T„,,zln)h^, 

r(z) = [1 - a(7;,, T;,, ~{L-z)ln)]h,. + e{%,, -(L-z)/fi)I,m, 

The local heat flux is then determined from 

0 < / / < 1, 

~l<fi<0. 

^(z) = 2;r I Ffidfi-h j I^fidfxl 

fidfiIh{T„,) 

fidjdhiTuj) y 
If the medium is a molecular gas, equation (19.82) is substituted into this expression. Using emissive 
powers in favor of intensities, £/,,; = nl^rj, then leads to 

A' 

where ,̂v> termed slab band absorptance by Edwards and Balakrishnan [57], is defined as 

(19.93) 

The slab band absorptance may be evaluated explicitly for a number of band absorptance correlations, 
such as the Edwards and Menard correlation of Table 10.2 and the high-pressure limit given by equa-
tion (10.123), and must be evaluated numerically for more involved correlations such as the ones by 
Felske and Tien, equation (10.124), and Wang, equation (10.126). We shall consider here only the 
high-pressure limit (fi -> oo), 

A*{T, OO) = E\ (r) + In T •+• jpy 

or 

. ,(r.c») = 2 j ; ' [ ^ . ( l ) . l n l . r . 

Integrating by parts we obtain, with E[(x) ~ -Eo(x) = e'^jx. 

fxdfi. 

AS{T, OO) -J/ £i - 4-ln-+rJ - f^l-^—. \diu, 
[fij fi '\\o Jo W r/fi fi 

or 

^Note that, in wide band correlations, the band strength parameter a is usually based on a mass absorption coefficient 
and must, therefore, be corrected by multiplying with the partial density of the absorbing gas, p^. 
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4V(T. OO) = £•, (T) + In T + 7̂  + i ~ £3(7). (19.94) 

The line overlap parameter )5 has already been calculated for all three bands in Examples 19.6 
OS43 = 7.55) and 19.8 (j^ 7 = 5.47, [5^^ = 1.83), and is substantially larger than unity for all bands. Thus, 
the high-pressure limit may be used. Calculating (7 atz = I for the three important CO2 bands, we obtain 
[with?;. = 0 and ̂ ,(0,/?) = 0] 

••(^'•4 qn{L) = oj„Ekrj,XTr„)A, 

All required terms have already been calculated in the previous example, and we find the following:̂  

2.7//m band: 

chjPcxhL/io^j = 2005 X 1/96.9 = 20.69 

,̂2.7(20.69,00) = £,(20.69) + In 20.69 + 0.5772 + 0.5 - £3(20.69) = 4.107 

q2j{L) = 1.7649 x 10"̂  x 1700'' x 96.9 x 4.107 = 34,508 W/m ;̂ 

4.3 /im band: 

a43pco,L/oj,.y = 34,254 x 1/46.2 = 741.43 

4v4.3(741.43,00) = £,(741.43) + In741.43 + 0.5772 + 0.5 - £3(741.43) = 7.686 

q,,iL) = 1.5548 x 10"̂  x 1700̂  x 46.2 x 7.686 = 27,125 W/m^ 

15/imband: 

a,spco,L/io,s = 5917 x 1/52.4 = 112.92 

4vi5(l 12.92,00) = £,(112.92) + In 112.92 + 0.5772 + 0.5 ~- £3(112.92) = 5.804 

q.siL) = 0.2979 x 10"̂  x HOO"̂  x 52.4 X 5.804 = 4805 W/ml 

Finally, the total heat loss from the gas is 

^ = 2 X [34,508 4- 27,125 + 4805] = 13.29 W/cm^ 

Comparing with results from Example 19.8 we find that the present values are ~15% lower for each 
band. Since the gas bands are essentially opaque, the particle absorption coefficient has no effect on 
the q„ (as opposed to q^)- Roughly one half of the discrepancy is due to the fact that we used the 
Pi-approximation in the previous example. Therefore, we conclude that the results from the crude 
step wise-gray model differ by only -10% from the much more sophisticated exponential wide band 
model. 

Comparison with Example 19.2 shows that the present results agree excellently with those of the 
mean beam length method. 

A number of investigators have obtained exact wide band model solutions to the relatively 
simple problems of one-dimensional isothermal media. Edwards and Balakrishnan [57] found 
expressions for the heat flux in an isothermal gas slab and gave results for the high-pressure limit 
(strong spectral line overlap). Edwards [58] gave an expression for the heat loss from an isother-
mal gas sphere, while heat loss from an isothermal gas cylinder was discussed by Wassel and 
Edwards [59]. More recent wide band calcxilations have been done by Kim and coworkers [50] 
for a one-dimensional slab containing water vapor (to compare with their narrow band calcu-
lations). The wide band approach was also used by Hutchison and Richards [60] investigating 
combined conduction and radiation in a layer containing CO2, again treating reflecting walls by 
expanding radiosities into infinite series. Calculations for gases with suspended particles have 
been carried out by Modest [61] (general wide band formulation with nongray particles), Cum-
ber and coworkers [62] (applying the Goody model together with the RADCAL database to a jet 

^Note that all three bands are optically so thick that the exponential integrals essentially vanish. 
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flame with water vapor, CO2 and soot), Liu and colleagues [63] (three-dimensional mixtures of 
water vapor, CO2 and alumina particles, using the EM2C database), and Maruyama and Guo [64] 
(three-dimensional furnace with water vapor, CO2 and carbon particles, using a spectral version 
of the wide band model combined with the Elsasser narrow band model). The latter two papers 
attempt to overcome the no-scattering limitation of the band models. 

19.6 THE 
WEIGHTED-SU1VI-OF.GRAY-GASES (WSGG) 
MODEL 

The concept of a weighted-sum-of-gray-gases approach was first presented by Hottel [22] within 
the framework of the zonal method, which is described in detail in Chapter 17. Modest [45] 
has demonstrated that this approach can be applied to the directional equation of transfer, equa-
tion (19.68), and, therefore, to any solution method for the equation of transfer (exact, i^-
approximation, discrete ordinates method, etc.), provided all boundaries are black and the medium 
is nonscattering. In this method the nongray gas is replaced by a number of gray gases, for which 
the heat transfer rates are calculated independently. The total heat flux is then found by adding 
the heat fluxes of the gray gases after multiplication with certain weight factors. 

As a starting point consider equation (19.75). For mathematical simplicity we shall limit our-
selves here to a spatially constant (or averaged) absorption coefficient, which may, however, vary 
across the spectrum. Such an absorption coefficient no longer depends on the local temperature, 
although the choice for an appropriate constant value will be based on the overall temperature 
field in the medium. Thus, we have for the spectrally-integrated intensity 

I(s) = [1 - a(T,„ sWt^ - J — [T(s'), s-s'] W)ds', (19.95) 

where total absorptivity and emissivity are similar to the ones developed for an isothermal medium, 
equation (19.89), 

^ < ^ ' ^ > = 7 7 ^ r " ( l - e - V ) 4 , ( r ) ^ 7 7 , a(T,,s) = e(T,,sy (19.96) 

Since the absorption coefficient is assumed spatially constant, the total absorptivity no longer 
depends on the medium's temperature. It follows that, for a gray medium with KJJ-= K- const, 

€{T, s) = a ( r , 5) = 1 - e'"'. (19.97) 

We shall now assume that the emissivity and absorptivity of equation (19.96) may be approxi-
mated by a weighted sum of gray gases, or 

K 

6(T,s) = a(T,s) - 2 « ^ ( ^ ) ( 1 ~^" '* ' ) - (19.98) 

Consistent with equations (19.95) and (19.96) we have chosen the gray-gas absorption coeffi-
cients Kk to be constants, while the weight factors ak may be fimctions of source temperature 
[wall temperature for the absorptivity and local medium temperature for emissivity, as required 
in equation (19.95)]. Neither % nor Kk are allowed to depend on path length s. Depending on 
the material, the quality of the fit, and the accuracy desired, a i^ of 2 or 3 usually gives results 
of satisfactory accuracy [22]. Since, for an infinitely thick medium, the absorptivity approaches 
unity, we find 

K 

Yj^k(T)=l. (19.99) 
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Still, for a pure molecular gas with its "spectral windows" it would take very large path lengths 
indeed for the absorptivity to be close to unity. For this reason equation (19.99) starts with k = 0 
(with an implied KQ = 0), to allow for spectral windows. If the medium contains particles, such 
that Krj > 0 always, the ^ = 0 term is simply dropped, i.e., a^ = 0. 

Substituting equation (19.98) into equation (19.95) and using 

leads to 

= 2 {[«^^^](^-) ̂ " ' ' ^£Wb]{s') e~'^^'-'\ ds'\. (19.100) 

Setting 

Iis) = Yj^k(sl (19.101) 

and comparing equations (19.100) and (19.69) we find that Ik satisfies the equation of transfer 

^=Kk([aM-Ikl (19.102) 
as 

subject to the boundary condition 

.9 = 0 : Ik^[aM(T,?i, (19.103) 

This expression is, of course, the equation of transfer for a gray gas with constant absorption 
coefficient Kk, but with blackbody intensity 4 (for medium as well as surfaces) replaced by a 
weighted intensity a/clb- Thus, if the temperature field is known (or assumed), the intensity field 
(or simply the heat fluxes) must be determined for A: = 0 , 1 , . . . ,i^, using any standard solution 
method. The results are then added to give the total intensity (or radiative heat flux). Note that, as 
for the stepwise-gray approximation, it will always be necessary to know or assume a temperature 
profile: For radiative equilibrium the condition V • q = 0 appHes to the total heat flux only and, in 
general, V • q̂^ t̂ 0. 

The curve fit of the total absorptivity of the medium, equation (19.98), should be tailored to 
the medium at hand, depending on composition, pressure levels, temperature levels, number of 
molecular gas bands, and so on. Only if the fit is optimized will one be able to achieve accept-
able accuracy with a weighted sum of two or three gray gases. Unfortunately, the curve fit is a 
nonlinear one, and is further complicated by the fact that the ak may be functions of tempera-
ture, pressure, composition, and so forth. As a result of these difficulties the curve fitting effbrt 
may become more involved than the heat transfer calculations themselves! Some weighted-gray-
gas absorptivity fits for important gases have been reported in the hterature for use with the zonal 
method (Chapter 17), e.g., by Smith and coworkers [65] for water vapor-carbon dioxide mixtures, 
by Farag and AUam [66] for carbon dioxide. A "cookbook" formula for any gas, for which wide 
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TABLE 19.3 

Weighted-sum-of-gray-gases absorption coefficients and weight factors for a mixture of wa-
ter vapor, carbon dioxide and soot, for a fixed ratio of partial pressures pn^o = Ipcch^ 
aki = aj^ + a}^pr, from Truelove [67]. 

k 

0 
0 
1 
1 
2 
2 
3 
3 

/ 

1 
2 
1 
2 
1 
2 
1 
2 

< 

0.588 
-0.165 

0.412 
-0.127 

0.2375 
-0.0105 

0.0585 
0.0065 

4x10^ 
-0.2401 

0.2834 
-0.1665 

0.2178 
-0.0941 

0.0265 
-0.0243 
-0.0027 

Kgjkira ' atm ') 

0.0 
0.0 
0.89 
0.89 

15.5 
15.5 

239.0 
239.0 

Kpj{va^kg ') 

541 
2749 

541 
2749 

541 
2749 

541 
2749 

band data are available, has been given by Modest [45], and has been used to obtain the WSGG 
results included in Fig. 19-7. A collection of WSGG parameters for varying mixtures of water 
vapor, carbon dioxide and soot has been given by Truelove [67]. His correlation for the common 
case of /THJO = ^PcOi (e.g., resulting from complete combustion of methane) is reproduced in 
Table 19.3, with equation (19.98) slightly altered to 

A: L 
e(T, s) = a(T, ^̂0 = 2 Z J ̂ ^^(^) (̂  ~ e-[MA.20+A:o2H'̂ ./P,i]̂ ), (19.i04) 

where p^ is the density of the soot and fu is its volume fraction. Another, similar set of WSGG 
parameters has been generated by Taylor and Foster [68]. 

Example 19.11. Consider an isothermal slab at temperature T = 1000 K, and a total pressure of 
p - I atm. The slab consists of a mixture of 70% N2, 20% H2O and 10% CO2 (by volume), and is 
bordered by cold, black walls. Determine the heat loss from this slab as a function of slab thickness L, 
using the WSGG method with Truelove's parameters. In addition, determine the heat lost from the layer 
if the gas is mixed with soot (p̂ , = 2,000 kg/m\/, = 5x10"^). 

Solution 
If no soot is present, the summation over / in equation (19.104) can be carried out immediately, and with 
do = (0.588 - 0.2401) + (-0.165 + 0.2834) = 0.466, etc., and also using Kk = f<^,k(0.2 + 0.1) atm, we 
obtain 

oo = 0.466, a, = 0.337, 02 = 0.159, 03 = 0.038; 
/co=:0, /̂ , = 0.267 m-', /<2 = 4.65m-\ /C3= 71.7m-'. 

If we use the exact solution to the (spectral) equation of transfer, the answer was found in Example 
(13.2) for a gray medium as 

q = cTT'^[l-2E^(KL)] (19.105) 

(where we have set r„, = 0, 6«; = 1, and n = KL). Therefore, if we use the WSGG method, this leads to 
(in nondimensional form) 

"^^Tf^^Tj *̂-f̂  ~ 2£3(^.i:)]. (19.106) 
- ^ ' .-0 

A plot of this result is given in Fig. 19-9, together with line-by-line (LBL) results obtained from the 
HITEMP database [3]. The WSGG method is seen to give results of very respectable accuracy, except 
for extremely long path lengths, for which the method overpredicts the gas emissivity somewhat. 
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FIGURE 19-9 
Nondimensional heat loss from an isothermal N2, H2O, CO2 mixture with and without soot. 

If soot is added to the gas mixture, the number of terms is doubled. Withp^X = 1^ ^kg/m^, we 
obtain 

ooi = 0.348, t2b2 = 0.118; ^i 1 = 0.246, aj 2 = 0.091; 
2̂1 = 0.143, J22 = 0.016; 3̂1 = 0.034, asi = 0.004. 

Similarly, with Kpip^f, = 541 x 10"^ = 5.41 m"^ and Kp2Ppfo = 27.49 m~', the corresponding gray-gas 
absorption coefficients become 

KQI - 5.41m"', 
K21 = 10.05 m-^ 

K02 = 27.49 m-^ A-u = 5.68 m 'S K^ = 27.76 m-'; 
32.14m-'; /r.i = 77.11m-', ^̂32 = 99.19m-^ ^^22 

and the nondimensional heat flux is evaluated from 

3 2 

"^=-^4=2^1^ *̂'[̂  ̂  2̂ 3(̂ /̂1)1, (19.107) 

which is also plotted in Fig. 19-9 together with LBL results for a soot absorption coefficient that varies 
linearly with wavenumber, and that has Q = 5.71 [obtained from equation (11.124), using the Chang 
and Charalampopoulos refi-active index of m = 1.89 - 0.92/ of Example 11.4]. For such soot the WSGG 
model overpredicts emission by about 20% for small slab thicknesses, and the error gradually diminishes 
with increasing I . Choosing Q = 7, or m = 1.38 - 0.69/, would result in almost perfect agreement. 
Truelove's report [67] admits to great uncertainty for the values of the Kpj, and the values reported in 
Table 19.3 represent compromise values chosen by BresslofF [69]. Also, equation (19.104) requires 
the density of the soot, while equation (11.124) does not. There is additional uncertainty attached to the 
soot's density, which was here arbitrarily set top,, = 2,000kg/m^ (approximating the density of pyrolytic 
graphite) and, finally, there are great variations possible in the index of refraction, as shown in Fig. 11-
25. Therefore, considering the substantial uncertainties surrounding soot generation and properties, 
the agreement may be considered good; differences can be attributed to the soot model rather than the 
WSGG approximation. 

Example 19.12. Reconsider the isothermal medium of Example 19,11 (with and without particles). 
Assuming the medium is confined between two parallel, cold and black plates a distance L apart, cal-
culate the radiative heat flux within the slab, using the weighted-sum-of-gray-gases approach together 
with the Pi -approximation. 
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Solution 
The P\ -approximation for an isothermal medium with absorption coefficient Kk and a Planck function of 
[aJh], bounded by cold and black plates, is 

dz 
dG, . 

2 = 0 : 2̂ A- + Gk = 0, 
z = L : -Iqk + G* = 0. 

The answer to this simple set of equations follows immediately, as a special case of Example 15.2, as 

^ ^ ^ 2sinh>^/r^(z-L/2) 

sinh ^ yl^KkL + ̂  V3 cosh \ yl^KkL 

Since the medium is identical to the one of Example 19.11, their total absorptivities and, thus, the values 
for the correlation coefficients au and Kk are identical as well. The total nondimensional heat flux follows 
as 

vp^ ^ ^ S i o ^ A - ^ y 2â sinhV3/̂ ;̂ (z->L/2) 
crT^ crT^ ^ sinh i ̂ /3KkL + \ V3 cosh \ y/3KkL * 

Results from the Pi-approximation for z = L are also included in Fig. 19-9, together with their LBL 
results. The trends are the same as for the previous example, with the P\ -approximation always slightly 
overpredicting emission rates. The error is largest for large optical thicknesses, which is due to the cold 
boundary as was discussed in Example 15.2. 

At first glance, the weighted-sum-of-gases method appears to be a rather crude, approximate 
tool to estimate radiative heat fluxes from extremely complicated participating media. And, when 
the method was first developed before the advent of powerful computers and accurate, high-
resolution databases, it was just that. Still, even in its crudest form, the method has enjoyed great 
popularity, since it is easy to apply and since more accurate calculations were difficult, if not im-
possible, to obtain (in part due to a lack of accurate high-temperature spectral property data). For 
example, Ramamurthy and coworkers [70] applied the method together with an S4 discrete ordi-
nates approach to reacting flow in radiant tubes, Mesyngier and Farouk [71] investigated turbulent 
free convection in a square enclosure containing mixtures with water vapor and/or carbon dioxide, 
Liu and coworkers [72] looked at natural gas-fired fumaces, and Back et al [73] studied single 
droplet combustion, all using the discrete ordinates method. Kiihlert and Renz [74] considered 
a pulverized coal flame, Bressloff [69] compared the accuracy of the WSGG model with results 
obtained from narrow band calculations, as did Pierrot and coworkers [8] (also using several 
other spectral methods). Yu and colleagues [75] investigated various isothermal, one-dimensional 
H20-C02-soot mixtures, and Omori et al. [76] used the method together with a commercial flow 
solver to study an industrial furnace. 

Today we know that the method can also be applied to reflecting (albeit gray) walls, to vari-
able absorption coefficients as long as they obey the scaling approximation [see equation (10.97) 
in Section 10.7], and that accurate gray-gas coefficients can be obtained from high-resolution 
databases, mostly through the extensions to the WSGG method made by Denison and Webb 
[4,6,77-79]. Noting that the WSGG method can be seen as a box model with thousands of 
boxes across the spectrum (but relatively few different box heights Kk\ the weight factors a^ are 
simply the sum of the (EbrjAr]),- for all "boxes" with height Kk, and normalized by Eb; i.e., the 
Uk are the fraction of the emissive power spectrum, where the absorption coefficient equals Kk, 
This approach, which they call Spectral-Line-Based Weighted-Sum-of-Gray-Gases, or SLW, can 
finite-difference the spectral line structure of molecular gases to any desired accuracy. Their cal-
culations show that extremely accurate results (compared to LBL benchmarks) can be obtained 
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for homogeneous gas mixtures, using only three or four spectral calculations and—to a lesser 
extent—^also in mixtures with varying temperature and concentrations. Additional SLW parame-
ters were found by Solovjov and Webb [18], who also investigated schemes to treat overlapping 
gas bands in mixtures [13], including soot [80]. A very similar method, the Absorption Dis-
tribution Function (ADF) model was developed by Riviere and coworkers [7-9] and applied to 
one-dimensional mixtures of water vapor and carbon dioxide with various temperature and con-
centration profiles. In [9] the approach is extended to include fictitious gases, as was done for 
the narrow band ^-distribution in equation (10.105). Very recently. Modest and Zhang [81] have 
shown that the WSGG method, as applied in the SLW and ADF forms, is just a crude imple-
mentation of the Full-Spectrum ^-Distribution (FSK) method (described in the following section) 
and, as such, can also be used in media with (gray) scattering particles. Because of the close 
relationship between the models, the SLW method will be described as part of the full-spectrum 
^^-distribution approach of Section 19.8. 

19.7 Ar-DISTRIBUTION MODELS 

When the band models were developed in Chapter 10 we noted that results were obtained in 
terms of spectrally averaged transmissivities or emissivities (narrow band models), total band ab-
sorptances (wide band models), or total emissivities and absorptivities (full-spectrum or "global" 
models), not in terms of a smoothened absorption coefficient. For that reason band models are 
limited to line-of-sight calculations, i.e., they cannot be used in media with reflecting walls and/or 
scattering particles, or at least only with great difficulty. While A:-distributions share some of 
the weaknesses of the band models (such as difficulty to apply the method to nonhomogeneous 
media), they result in a reordered, rather than smoothened, absorption coefficient and can, there-
fore, be applied to arbitrary enclosures (including reflecting walls and scattering), using arbitrary 
RTE solution methods. On the other hand, to date most ^-distributions rely on high-resolution 
databases, such as HITRAN96 [2] and HITEMP [3]. These databases are today only reliable up 
to temperatures of about 600 K (HITRAN96) and 1000 K (HITEMP, for H2O, CO2 and CO only). 
Considering that HITRAN96 contains about 60,000 lines for CO2, while HITEMP has more than 
1,000,000, one wonders when—if ever—^high-resolution databases for temperatures of 2500 K 
and beyond will be available. In addition, considerable (one-time only) efi'ort needs to be put into 
preparing A:-distributions. 

Like traditional band models, A;-distributions come in narrow band, wide band, and full-
spectrum or global versions. 

Narrow Band /r-Distribution Calculations In traditional band models "narrow band" im-
plies a spectral range over which the applied statistics are valid (such as the Malkmus model), 
limiting a narrow band to A;/ ^ 4 to 10 cm""̂  for high accuracy calculations, to an absolute maxi-
mum of perhaps 25 cm~^. For ̂ -distributions "narrow band" implies a spectral range across which 
the Planck function 4;, can be assumed to remain constant, i.e., perhaps 25 to 100 cm~^ for high 
accuracy, and up to several 100 cm"^ for fair accuracy. However, A:-distributions require approxi-
mately 10 spectral calculations for each A77 range, making the numerical efl'ort roughly equivalent 
for both types of narrow band calculations. Most narrow band ^-distribution calculations to date 
have employed the /:-distribution database of Souflani and Taine [49] (based on HITRAN96 plus 
proprietary high-temperature extrapolations). Marin and Buckius [12] applied the method to a 
one-dimensional slab containing water vapor or carbon dioxide (but not both) with fixed con-
centrations and varying temperatures (steps and parabolic profiles). Using wavenumber ranges 
of up to A77 = 1000 cm" ̂  they noted that little loss of accuracy occurred for A77 < 500 cm" ̂  
Dembele and coworkers used the method to determine radiation from fires with water spray cur-
tains, using the discrete ordinates method and Mie scattering for the water droplets [82], and 
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also to predict intensities exiting from a natural gas flame [83]. Tang and Brewster [20] also 
studied a one-dimensional slab containing CO2, but included anisotropic scattering. Pierrot and 
colleagues [8,9] considered one-dimensional slabs containing H2O and CO2, as well, comparing 
various spectral solution methods. Finally, Liu et ah [84] tested different quadrature schemes for 
narrow band A:-distribution calculations, and used the method for a three-dimensional geometry, 
to verify an approximate formulation of the statistical narrow band model applied to scattering 
media [84]. 

Wide Band ^^-Distribution Calculations In traditional band models "wide band" implies 
the spectral range covered by an entire vibration-rotation band, and it is assumed (somewhat 
tenuously) that the Planck function is constant across the band. The same definition is gen-
erally used for ^-distributions, making the distinction between narrow band and wide band k-
distributions a judgement call. A number of approximate wide band A:-distributions have been 
generated to facilitate their use, which distinguishes them from narrow band distributions. In one 
approach [85-88] experimentally determined wide band parameters were reformulated, to allow 
their use in arbitrary RTE solvers, as described in Section 10.8. These exponential wide band 
based ^-distributions have been tested by their authors on various one-dimensional isothermal gas 
mixtures contained between parallel plates. In the other approach [89-92] /:-distributions for var-
ious vibration-rotation bands of CO2 and H2O were obtained from the HITRAN92 database [I], 
and relatively easy-to-use approximate correlations were formulated. 

19.8 THE FULL-SPECTRUM 
/^-DISTRIBUTION (FSK) IMETHOD 

Like the WSGG method the Full-Spectrum ^-Distribution (FSK) demands that, except for the 
absorption coefficient, no other radiative property varies across the spectrum, and then attempts 
to integrate the radiative transfer equation across the entire spectrum before solving it. And, like 
the narrow band ^-distribution of Section 10.7, this is achieved by reordering the absorption co-
efficient into a monotonically increasing function. However, in the full-spectrum case allowance 
must be made for a blackbody intensity (or Planck function) varying across the spectrum. The 
FSK method can be developed very much like a narrow band ^-distribution via a gas column 
transmissivity (or absorptivity), clearly showing its close relationship with the WSGG approach. 
This has been described in the original paper by Modest and Zhang [81]. The FSK method can 
also be applied directly to the RTE, resulting in a more powerful derivation, because it shows that 
the approach is also valid for arbitrarily scattering media and for arbitrarily reflecting surfaces, as 
long as the absorption coefficient remains the only spectrally varying radiative property [81,93], 
We will describe here only the latter approach. 

The FSK Method for Homogeneous Media 

We will first consider the simple case of a homogeneous medium, i.e., a medium with uniform 
temperature, pressure and mixture mole fraction throughout. Such a mixture has an absorption 
coefliicient that, while varying across the spectrum, is spatially constant. The radiative transfer 
equation for such a medium is, from equation (9.22), 

dL en C 
-^ = K,jh,, - (Krj + 0^)1, + ^ J /;;(sOa>(S, s ' ) t / Q ' , (19.108) 

where—in order to establish a global model—scattering coefficient and phase function are as-
sumed to be independent of wavenumber (gray). Let equation (19.108) be subject to the boundary 
conditions at a wall 

/// = 4/7 = e,,4a';y + (l -€«.,)- | /;; |li • S| ^ ^ (19.109) 
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FIGURE 19-10 
Planck function weighted ^-distributions for 10% 
CO2 in nitrogen for Planck function temperatures 
o f r = 1000Kandr„, = 500IC. 

where /„,;y is the spectral intensity leaving the enclosure wall, due to (diflFuse gray) emission and/or 
(diffuse gray) reflection (and extension to more general boundary conditions is straightforward, 
provided the surface properties remain gray). 

A full-spectrum A:-distribution is defined, in accordance with equation (10,87) for a narrow 
band, as^^ 

f(T,k)==yf h,(T)S(k-K,)drj, (19.110) 
4 Jo 

The f(T,k) in equation (19.110) is a Planck-fiinction-weighted k-distribution and is a function 
of temperature through the blackbody intensity. A reordered RTE is obtained by multiplying 
equations (19.108) and (19.109) by the Dirac-delta function 6{k - Kyj), followed by integration 
over the entire spectrum. This leads to 

dh 
ds 

= kf(T,k)h-(k^cT,)Ik'^^ [ /,(§') (D(s,r)ja ' 
^^ J An 

with boundary condition 

h = Iwk = ^wf(Tw, k)It,a, + (1 - e„,)- I 
^ J n s< 

Ik\n'S\dQ., 
is<0 

where r*oo 

k= J„6(k-k„)drj 
Jo 

(19.111) 

(19.112) 

(19.113) 

is the intensity /,, collected over all spectral locations where ki = k (per dk). Thus, once Ik has 
been found from equation (19.111), the total intensity can be determined from 

1= Ii^^drj^ kdk, 
Jo Jo 

(19.114) 

Note that two Planck-function weighted A:-distributions are required: one at the temperature of 
the homogeneous medium, f(T, k\ and one evaluated at the wall temperature, /(T^., k), but both 
using the absorption coefficient evaluated at the conditions of the medium. Two typical Planck-
function weighted ^-distributions are shown in Fig. 19-10 for a medium at T = 1000 K and a 

'^For a definition of the Dirac-delta function see Section 10.7, equation (10.88). 
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wall temperature 7̂ , = 500 K, for a mixture of 10% CO2 in nitrogen at 1000 K, 1 bar, as evaluated 
from the HITEMP database [3]. Unfortunately, full-spectrum /:-distributions vary significantly 
with their method of evaluation, span across many orders of magnitude (partially suppressed in 
Fig. 19-10 by plotting f6k instead of / itself), and may be quite ill-behaved, much like their 
narrow band counterparts (cf Fig. 10-13). Also, ^-distributions at diiferent Planck function tem-
peratures are seen to be quite different: different Planck function temperatures emphasize different 
parts of the spectrum and, therefore, different spectral Hnes. However, as noted in Section 10.7, 
the sharp peaks in f(T, k) are due to maxima and minima of K^^, which remain the same for all 
Planck function temperatures. Consequently, the ratio of any two full-spectrum ^-distributions 
evaluated at different Planck function temperatures should produce a much smoother function, in 
particular if the temperatures are close together. This is indeed the case and is also indicated in 
Fig. 19-10 through the function a(T,k\ although some remnant noise remains, in particular for 
(fortunately fairly unimportant) small values of A: and low temperatures, as shown here. In Fig. 19-
10 the smoothing effect is most obvious for large values oik, reducing noise by a factor of more 
than 100. For 7̂ , approaching T, the a-function approaches a -^ 1 in a smooth manner, and is 
generally well-behaved for high temperatures (for both T and 2J,,). The reason for this behavior 
is that, for low temperatures, the Planck function is essentially negligible across some important 
vibration-rotation bands while, at high temperatures, all bands contribute regardless of their po-
sition in the spectrum. Based on this discussion, to faciUtate integration of equation (19.114), 
equations (19.111) and (19.112) are divided by the /c-distribution evaluated at the temperature of 
the medium. This leads to a reordered RTE in smoothly-varying ^-space, where the cumulative 
^-distribution <7 is a nondimensional, Planck-function-weighted, reordered wavenumber. This is 
termed the Full-Spectrum k-Distrihution (FSK) Method: 

ds 
ll=k(h{T)-I,)-Jlg-^j Igis')^{SJ')da'V (19.115) 

with the boundary conditions 

/, = 4, = eX^„r,(7)4^, + (i-6^.)- r ig\n'S\da, (19.116) 
^ Jns<0 

where 

Ig = h/f(T.k)= J I,6[k^K,)dn\f{T,k). (19.117) 

^(r,A)= r f(T,k)dk, (19.118) 
Jo 

.rp J. . fJTw.k) dgu,,(Tuj,k) / m u m 
« ( 7 ; . r , , ) = - ^ ^ ^ = ^ - ^ ^ ; ^ . (19.119) 

Physically, g is the Planck-function-weighted fraction of the spectrum with absorption coefficient 
Kji < k. Thus, the total intensity is evaluated from 

r>oo poo A» 1 

/ = IndT]= \ Ikdk= I Igdg, (19.120) 
Jo Jo Jo 

In equation (19.119) numerator and denominator are both evaluated at identical values of A:, which 
in turn is related to g through equation (19.118). 

The cumulative A:-distributions for the CO2-distributions of Fig. 19-10 are shown in Fig. 19-11, 
and are seen to be smooth, monotonically increasing functions of nondimensional "wavenumber" 
g. Both ^-distributions, k{T, g) and k{T^j,,, ^„,), have the same range of ^-values (the absorption 
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FIGURE 19-11 
Planck function weighted cumulative -̂
distributions for 10% CQ2 in nitrogen for Planck 
function temperatures of 1000 K. and 500 K. 

coefficient of CO2 at T = 1000 K), but different ^-values, and the function a is the stretching 
factor dgwidg between the two distributions, evaluated at identical A:-values (horizontal lines in 
Fig. 19-11): Wherever the slope of k{Tu), g^) is less than that of k{T, g) (for the same value of k) 
a(T„j, r , g) > 1 and vice versa. 

It is important to understand that the FSK method given by equations (19.115) through (19.119) 
is an exact method (subject to the restrictions of a homogeneous medium). In fact, the method is 
also exact for nonhomogeneous media, provided the absorption coefficient is spatially invariant 
(e.g., evaluated at a reference condition and then applied to the entire medium). Within these 
restrictions the FSK results are equivalent to LBL calculations, the former requiring roughly 10 
spectral evaluations vs. about 1,000,000 for LBL. 

The Spectral-Line-Based Weighted Sum of Gray 
Gases (SLW) 
It is also of interest to note what happens if equations (19.115) through (19.120) are applied to 
a nonscattering medium bounded by black walls, and are integrated using a crude trapezoidal 
scheme, i.e., the variable absorption coefficient k(T,g) is replaced by a single, constant value 
lci(T) for the Mh finite range of ^ spanning across gt^i < g < g^ Equation (19.115) then reduces 
to 

dli r -^ = lq(T){ai(T)UT) - ^), / = 1, . . . , iV, 

subject to the boundary condition 
4 / = ai(Tu,)Ih(Tu)% 

where 
li = Ig(ki)(gi - gi-i). 

The weight function a/ in equation (19.121) is 

'^iiT) = gi - gi-i, 

while for the boundary condition ai is evaluated from equation (19.119) as 

^ fA-i 

a{%.„T,g)dg{T) 
r9m 

^ gw,i-i 

dgu,(Tw) = gwj-gw.i-\-

(19.121) 

(19.122) 

(19.123) 

(19.124) 

(19.125) 
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Thus, a, is the /-th finite range of the cumulative ^-distribution evaluated^ at the local Planck 
function temperature (T or 2 ,̂). This is also indicated in Fig. 19-11. The Iq is an average value 
of k(T, g) over the range gi-x < g < gt; Denison and Webb [4,6,78] suggest taking a square-root 
average, i.e., 

%(T) = ylk(T,gi,,)k(T,g,y (19.126) 

Inspection of equations (19.102) and (19.103) shows that the SLW scheme is simply the weighted-
sum-of-gray-gases method, v îth absorption coefficients Iq and weights a/ evaluated fi'om a line-
by-line database. Thus, we may conclude that (a) the WSGG method may be applied to gray 
scattering media as well as to gray reflecting walls, and (b) the SLW method—or the WSGG 
method with its parameters based on a spectral line database—is nothing but the crudest possible 
implementation of the FSK method. 

Evaluation of A:-Distributions 

The A:-distribution f(T,k) and the cumulative /r-distribution g{T,k) are evaluated exactly as out-
lined in Section 10.7, except that driJlSri is replaced by Ih^jSij/It, = di, or 

mkj)6kjc.Y^^^ Ibr,<T) 

(T) 
Srj 

Sk, 
[H{kj + Skj - k,) - H(k^ - k,)l (19.127) 

If the simple method described in Section 10.7 is used, the A:-distributions can be found simultane-
ously for any number of temperatures 7/ (/ = 1,2,..., 7): The relevant (i.e., contributing) part of the 
total spectrum is broken up into Â  equal subintervals Srj, the absorption coefficient kjj is evaluated 
at the center of each interval and, if ^ < kj < ^+i, the value of each/(7J,^) (5^ is incremented 
by 6i{T}) = Ii^jj(Ti,T]„)67]/Ib{Ti), respectively. At the end, the cumulative function g{T,k) is again 
calculated from equation (10.94), or 

j 

g(Tt^ki,0 = Y,f(Ti.kf)6kf = g{kj)^m^ki)6kj. (19.128) 
/ = i 

f skd i s t is the corresponding Fortran program in Appendix F, which evaluates the JXTj^kj) and 
g{Tukj) for a set of temperatures 7? and absorption coefficients ^, as well as the a{Ti,kj), Fig-
ure 19-10 shows the full-spectrum A:-distributions for 10% CO2 in nitrogen for two temperatures. 
For efficient integration of equation (19.120) it is desirable to have the function a{T, g) as smooth 
as possible, which—in turn—depends on the accuracy with which the f{T, k) are evaluated. Dif-
ferent smoothing schemes have been discussed in the original paper by Modest and Zhang [81]. 

Denison and Webb [4,78,94] have calculated large numbers of ^-distributions for water va-
por and carbon dioxide, using the HITRAN92 database [1] together with the high-temperature 
extrapolation scheme of Hartmann and coworkers [95]. The resulting cumulative A;-distributions 
were then presented in the form of relatively straightforward correlations for engineering use, and 
(for atmospheric total pressure) have been reproduced in Table 19.4 (water vapor) and Table 19.5 
(carbon dioxide). In these correlations the cumulative A:-distributions for a Planck function tem-
perature 7>, and the absorption coefficient evaluated at gas temperature Tg, pressure p = 1 bar and 
mole fraction jc, are calculated from 

^(rp,r, ,x;/t)=^[l+tanh(P(7>,7;, ,f^^,/ , ;^))], (19.129) 

with the function P given as 
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TABLE 19.4 

Coefficients for the full-spectrum A -̂distribution of water vapor, from [4]. 

/ M" 

^hnn 

0 1 

0 0 
1 
2 
3 

1 0 
1 
2 
3 

2 0 
1 
2 
3 

1.6103 
-0.81812 
2.6001 
"1.3171 

0.440187 
-0.82164 
1.5149 

-0.81023 

0.106647 
-0.38573 
0.578351 

-O.28014 

-4.0931 
15.5525 

-21.204 
9.6524 

-0.63348 
5.0239 

-7.8032 
3.727 

-0.43116 
1.8865 

-2.6218 
1.1785 

5.1435 
-21.819 
31.0828 

-14.474 

0.871627 
-5.9818 
9^8642 

-4.874 

0.689598 
-2.9712 
4.2698 
-1.9568 

-2.0857 
9.8775 

-14.279 
6.6747 

-0.38798 
2.6355 

-4.1931 
1.9868 

-0.29831 
1.2834 

-1.7929 
0.787249 

8.25027E-03 
-3.10578E-02 
4.39319E>02 

-2.03699E-02 

-3.28556E>02 
0.123369 

"0.15792 
6.61142E-02 

6.81563E-02 
-0.26154 

0.350948 
-0.15283 

-3.04815 E-02 
0.117452 

-0.15308 
6.34035E-02 

0 
1 
2 
3 

0 
1 
2 
3 

4.72 
-0.84969 
-3.47243E-02 
5.79830E-04 

-8.9615 
1.5861 
4.34730E-02 
2.87067E-03 

-8.5482 
0.312478 
4.02461 E-02 
3.94125E-03 

16.9547 
-2.0166 
-0.67133 
-7.06830E-02 

5.2394 
-0.13804 
-5.80104E-02 
-5.29017E-03 

-10.76 
1.46 
0.633231 
6.237 lOE-02 

9.1461 
•1.3975 

846419E-02 
7.14719E-03 

-17.327 
1.9965 
0.599994 
6.62086E-02 

11.1864 
-1.6935 
-^.70054 
--6.87294E-02 

-3.5504 
0485392 

-6.77456E-02 
-5.92726E-03 

6.624 
-0.7071 
-0.18179 
~2.04694E-02 

-4.3058 
0.689109 
0.269308 
2.56411 E-02 

where R^ is the universal gas constant. With <f̂^ set to zero equation (19.129) gives the cumulative 
A:-distribution for air broadening, i.e., for small amounts of absorbing gas in air (x ^ 0, accounting 
for collision broadening due to collisions with air molecules; see Section 10.4). If the mole 
fraction of the absorbing gas is substantial, self-broadening must be accounted for (collisions 
between two molecules of the absorbing specie), resulting in a shift in g. For CO2 this shift is 
negligible (since CO2 and air molecules have roughly the same size), and ^̂ .̂  = 0. However, 
for water vapor the effect is quite substantial (since H2O molecules are much smaller than air 
molecules), and must be accounted for. Denison and Webb [4] give a correlation for ^̂ .̂  as 

y Ĥjo) - ^ ^ ^ ^''"" (2500 K ) ^ ^" l20* (19.131) 
/=0 wi=0 «=0 

The values for the hunn are also included in Table 19.4. As an example, results of the correla-
tional fit (19.129), for a 10% CO2-N2 mixture at 1000 K are compared in Fig. 19-12 with the one 
obtained from the HITEMP database. And, for the convenience of the reader, two Fortran rou-
tines, fskdh2o and fskdco2, are included in Appendix F for the evaluation of equations (19.129) 
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TABLE 19.5 

Coefficients for the full-spectrum /r-distribution of carbon dioxide, from [78]. 

/ m\" 0 I 

0 0 
J 
2 
3 

1 0 
1 
2 
3 

2 0 
I 
2 
3 

2.45702 
-4.0232 
7.54549 

-3.63104 

7.65678E-02 
0.2901819 

-0.64282 
0.3942158 

•~3.30582E-02 
0.3672993 

-0.69811 
0.3831158 

-5.45334 
15.67297 

-23.8023 
11.9078 

2.36184 
-12.0041 
21.5003 
-11.5818 

0.4367742 
-3.52466 
6.60703 

-3.65683 

6.53751 
-24.3247 
39.51896 

-20.3606 

-3.95061 
22.44342 

-40.8667 
22.05176 

-̂ 0.725331 
6.74885 

-12.9667 
7.19415 

-2.52344 
11.33757 

-19.1137 
9.97877 

2.17482 
-13.0467 
23.66762 
-12.6536 

0.4138566 
-3.96295 
7.58713 

-4.16496 

-1.87927E-03 
2.85033E-02 

-5.49594E-02 
3.04198E-02 

1.92123E-02 
-0.223537 

0.4370937 
-0.247793 

-3.25863E-02 
0.4402715 

-0.881494 
0.4990777 

1.98493 E-02 
-0.26267 
0.521958 

-0.291566 

FIGURE 19-12 
Planck function weighted cumulative k-
distributions for 10% CO2 in nitrogen for 
gas and Planck function temperatures of 
lOOOK, as evaluated from the HITEMP 
database and the correlation by Denison and 
Webb. 

through (19.131). Recently, Zhang and Modest [96] have provided a new set of correlation con-
stants for CO2, based on the HITEMP database, and the corresponding subroutine f skdco2zm is 
also included in Appendix F. 

Example 19.13. Reconsider Example 19.11, i.e., the heat loss from an isothermal slab at T = 1000 K, 
but here consisting of a 90% N2-10% CO2 (by volume) binary gas mixture. Calculate the heat loss from 
this slab using the FSK and SLW methods, employing both the HITEMP database and the correlation 
of Denison and Webb. 

Solution 
For a homogeneous medium without scattering the FSK's radiative transfer equation, equation (19.115), 
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FIGURE 19-13 
Heat loss from an isothermal slab of 10% CQz in nitrogen at T = 1000 K, as evaluated from the LBL, FSK and SLW 
models. 

reduces to 

-J- = Kihm • 
as 

•4X (19.132) 

subject to the cold-wall boundary condition of 4 = 0 at both walls. Since the walls are cold no o-function 
is needed and only one A-'distribution must be obtained, either from the HITEMP database using the 
Fortran program f skdis t from Appendix F, or from the Denison and Webb correlation using subroutine 
f skdco2. Both distributions are shown in Fig. 19-12. The solution to the spectral equation (19.132) is, 
as in Example 19.11 

q,(L) = \-E,(kLl 

and the total, nondimensional heat flux becomes, 

"¥- J [l~£3(^I)]t/^-£a;„[l-^%„)i:)], 

where the integral is evaluated through an iV-point numerical quadrature (with quadrature points gn 
and weights w„). Usually Â  =̂  10 gives accuracies better than 1% if the quadrature scheme is chosen 
wisely. Since X:-values generally vary over several orders of magnitude, and since the larger /^-values 
tend to have a larger impact on the solution, quadrature points should move closer together for larger 
values of k and g. The Gauss-Lobatto quadrature scheme [97] has probably been the most popular 
for this purpose. Another scheme, the m-th order Gaussian quadrature of moments [97] is somewhat 
more flexible, because, depending on the order m, the spacing of quadrature points can be controlled. 
We will here use an 8-point, 3rd order Gaussian quadrature of moments, whose quadrature points have 
been obtained from a Numerical Recipes [98] routine and are included in Fig. 19-12. Results are shown 
in Fig. 19-13 and are seen to virtually coincide with line-by-line results: for a homogeneous medium 
the FSK methods are exact and any discrepancies are due to quadrature errors (for the LBL as well as 
the FSK quadratures). Using the A:-distribution correlation of Denison and Webb gives very respectable 
results, slightly overpredicting the LBL data, with a maximum error of about 10% (at small L). For 
large L the correlation would be expected to underpredict the heat loss, since the fit underpredicts small 
A:-values (see Fig. 19-12). 

For the SLW approach four ^-ranges have been chosen, namely ranges (based on the /:-distribution 
correlation) with k < 10"^cm~^ 10"^ cm"^ < k_< 10"^ cm"', 10"*̂  cm"' < k < 10"̂  cm"', and k > 
10"' cm"' (same for both ^-distributions); The ^-values are then calculated from equation (19.126), 
resulting in almost identical values for the HITEMP and correlation distributions, except for the first 
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665 

;;, cm 

FIGURE 19-14 
Extraction of A:-distributions from spectral absorption coefficient data (thick line is for CO2 in nitrogen, across a small 
portion of the 15/im band, p = l.Obar, T - 296 K; thin line is an artificially created correlated absorption coefficient). 

and the last values (with ĤITEMP > Correlation); see Fig. 19-12. Consequently, both SLW simulations 
yield almost identical results. The SLW results oscillate slightly around the LBL data, indicating that 
the accuracy of the SLW method depends mostly on a wise choice of ̂ -ranges (with different optima for 
different slab widths L). 

The FSK Method for Nonhomogeneous Media 
It was already noted in Section 10.7 that, like conventional band models, it is not possible to de-
velop exact ^-distributions for arbitrary absorption coefficients in nonhomogeneous media. Thus, 
to develop a full-spectrum A:-distribution method for nonhomogeneous media Vîe will, as for nar-
row band A:-distributions, assume that the spectral absorption coefficient is correlated or even 
obeys the scaling approximation. Defining a vector 0 that contains the composition variables that 
affect the absorption coefficient, i.e., temperature 7, pressure p, and mole fractions of gases (or 
the volume fraction of small particles, if present) x, the absorption coefficient may be written as 

"'"•^'l&'tli. correlated, 
0o), scaled. (19.133) 

where krj{rj) = /ĉ (77,̂ ()) is the absorption coefficient at a reference state ^Q = (̂ OVPO^XQ). If the 
absorption coefficient is correlated then, at every wavenumber where Krj{7],4>i)) has one and the 
same value k, Kj^irj, (fi) always also has one unique value A:*(0, k\ as illustrated in Fig. 19-14 for a 
small part of a CO2 band. If the ratio k^lkj is constant (not a function of Â ) then the absorption 
coefficient is scaled, and w(0,0o) is called the scaling function. 

For such an absorption coefficient the general radiative transfer equation (9.22) becomes 

ds 

subject to the boundary condition (19.109). 

(19.134) 
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Extension of the FSK method to nonhomogeneous media with correlated absorption coeffi-
cients will require A:-distributions evaluated for different absorption coefficient states ^ as well as 
different Planck fiinction temperatures T, It is, therefore, important to understand the relation-
ships between these ^-distributions, as reported by Modest [93]. 

Correlated FuU-Spectrum /r-Distributions 

For a nonhomogeneous medium a generalized full-spectrum ^-distribution is defined as 

/(r ,0,^) = ^ J k,{T)6{k-K,{rj.4>))dri. (19.135) 

which is a function of temperature through the Planck function, and also of ̂  through the state 
at which the absorption coefficient KJ^ is evaluated. Similar to narrow band ^-distributions Planck-
function weighted A:-distributions are evaluated as 

1 C^ rin 1 dr, 

dK„ 
(77,., ^o)- (19.136) 

In this relation the summation is over all occurrences where K^irj, ̂ ) = k, as illustrated in Fig. 19-
14 (the absolute value signs stem from the fact that, if drjIdK^ < 0, then also c?/c, < 0). Similarly, 
one can obtain the ^-distribution for the local state ^, or 

f(T,4>,k*) = jy-y^b,i(T) 
dr] 

dK„ {n'n4>\ (19.137) 

which has identical /:*-/C;,-intersection wavenumbers 77̂  as also indicated in Fig. 19-14. Equa-
tion (19.137) may also be rewritten as 

'̂̂ "̂ '̂ '"̂ ^̂ k̂Ŝ -̂-̂ )̂ dri 
dKn 

(̂ /.0()) 
dKjji(l>o) 

dKn(4f) 

Since Ktj(0)(= k*) is a unique function of Kjj(<f>Q)(= k), we have 

f{T,iPX)dk*^f{T,4>^,k)dK 

(19.138) 

(19.139) 

provided that dk*Idk > 0 everywhere, i.e., Krj{(p) must be a imiformly increasing function of 
k = Krf((pQ). The cumulative /:-distribution g is then identical for both cases, i.e., 

g(T.^,.k)= f f(T,</>,,k)dk= f f(T,<f>X)dk*=g(T,(f>,k*). (19.140) 
Jo Jo 

Equation (19.140) may be inverted for both k and k*, with both being a function of the same 
cumulative ^-distribution g. This is the definition of correlated k-distributions. 

We will now compare correlated ^-distributions evaluated for the same absorption coefficient 
(say, at the reference state 0̂)5 but for different Planck function temperatures (say, local tem-
perature T and reference state temperature 7 )̂. Using equation (19.140) this will result in two 
different cumulative ^-distributions g (for medium temperature T) and go (for reference state tem-
perature To). Since k(T, (pQ, g) and k{To, (pQ, go) are both reordering the same absorption coefficient 
(but using different weight functions), k(To, ^), ^0) is simply stretched in ^-space, as shown in 
Fig. 19-15 (the four A:-distributions in Fig. 19-15 were obtained from the two absorption coeffi-
cient distributions of Fig. 19-14, after spreading their spectral range across the entire spectrum. 
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9*9o 

FIGURE 19-15 
^-Distribution equivalence of correlated absorp-
tion coefficients for varying Planck function tem-
peratures. 

for Planck function temperatures of 300 K and lOOOK). The two thick Hnes, k(Th, Tc^go) and 
k(Tc, Tc, g), are both based on the thick line in Fig. 19-14, i.e., the absorption coefficient evaluated 
aXT =^ Tc = 300 K (second argument for k). The thick, solid line shows k{Th, Tc, g\ implying that 
the Planck function is evaluated at the reference temperature, here set to Jb = 2"/, = 1000 K (first 
argument for k\ resulting in the reference cumulative /:-distribution go. The thick, dash-dot line 
is the ^-distribution for the same absorption coefficient, but evaluated at T = Tc = 300 K result-
ing in the cumulative distribution g. Both A:-distributions have identical A:-values, but different 
^-distributions. The thin lines in Fig. 19-15 show the equivalent two ^^-distributions, with the 
(artificial) absorption coefficient evaluated at To = 7), = lOOOK (thin line in Fig. 19-14). Since 
the absorption coefficients in Fig. 19-14 are truly correlated, and since equation (19.140) can be 
applied at any temperature, including T = To, it is clear that k*(To, 0, ^o) is stretched in exactly the 
same way, or 

k\if^,k) = r ( r , 0 , ^ ) = k\To,4>,goy (19.141) 

Note that equation (19.141) is exact only for a truly correlated absorption coefficient: Fig. 19-
16 shows the equivalent four A:-distributions for a 10% CO2-20% H2O-70% nitrogen mixture 
evaluated fi-om the HITEMP database [3]: if the ^-distributions i(7o = lOOOK, f = 300 K, g) 
(Planck function evaluated at the reference temperature of 1000 K, absorption coefficient at 300 K) 
and k(To = lOOOK, % = 1000 K, go) (Planck function at lOOOK, K^J at 1000 K) were correlated, 
then, from equation (19.140), they should also be correlated for a Planck function evaluated at 
300 K. This implies that for any value of ^ (here shown for g = 0.3) the two A:-values at one Planck 
function temperature (here 300 K) should map to identical ^o-values at any other Planck fimction 
temperature (here To = 1000 K). This is clearly not the case for the given carbon dioxide-water 
vapor mixture. On the other hand, a graph such as Fig. 19-16 can be employed to investigate how 
close to correlatedness an absorption coefficient actually is. 

The Full-Spectrum Correlated-̂ A (FSCK) Method 

A reordered RTE is obtained by multiplying equation (19.134) and boundary condition (19.109) 
by the Dirac-delta function S(k - kfj), i.e., using the absorption coefficient at a representative 
reference state <pQ introduced in equation (19.133). This is then followed by integration over the 
entire spectrum. Noting that 

poo ^ 0 0 

Jo Jo 
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k(\m)KM)K,go) 
(̂I()OOK,10(X)K,fifo) 

A'(30()K,3(K)K,5f) 
/:(300K,J()00K,p) 

FIGURE 19-16 
(Lack oO A:-distribution equivalence for 
varying Planck function temperatures for 
real gas mixtures (C02~H20-nitrogen 
mixture at different temperatures using 

1 HITEMP: Thot = 1000 K, 7;:oid = 300 K, 
uniform p = 1 bar, XQOJ =0.1, XHJO = 0.2). 

because 6(k - krj) is nonzero only wherever kjj = k, this leads to 

ds 

with boundary condition 

= r(0,^)/(r,00.^)4 - (k\<l>.k) + (T,)4 + ^ J W)H^^')da (19.142) 

lition 

4 = 4;^ = e«,/(7;,,^o.A)4„, + ( l ~ 6 « 0 - r / ^ | n - s | d a (19.143) 
^ J n.s<() 

and 

Jo 
6{k~k,)drj. (19.144) 

Again, to facilitate integration, equations (19.142) and (19.143) are divided by a A:-distribution. 
To allow such a division, this ^-distribution must be evaluated at a constant but arbitrary Planck 
function reference temperature TQ [generally chosen to be identical to the one used for the ab-
sorption coefficient in equation (19.133)]. This leads to a reordered RTE in smoothly-varying 
^o-space, and is called the Full-Spectrum Correlated-k (FSCK) Method: 

^ = r(7o,^,^o)[^(r,ro,^o)4(r)~4]-^(4-^ J W)Hls')dn\ (i9.i45) 

subject to the boundary condition 

Ia=h wg €a>a(Tu,,To,go)Ihw + (^ 
^ Jfi 

Ig\h-si dQ.. 
s<() 

Here 

= k/f(To, K k)= j ^ 1,6 (k- Kr,{rj, <h)) drjlfm, ^ , k), 

go(To,4>Q,k)= I f{TQ,^Q,k) dk, 
Jo 

a{T, To, gi)) = 
f{T,<Po,k) ^ dg(T,4>o,k) 
f(To,il>o,k) dgo{To,<Po^ky 

(19.146) 

(19.147) 

(19.148) 

(19.149) 
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and the total intensity is evaluated from 

/>cx) r»OQ p 1 

/ = /,J/7= hdk=\ Igdg,^. (19.150) 
Jo Jo Jo 

As for a homogeneous medium, numerator and denominator in equation (19.149) are both eval-
uated at identical values of A:, which in tum are related to ô through equation (19.148). It turns 
out that the weight function a{T, 7J,^o) is actually independent of 0o for a truly correlated ab-
sorption coefficient [as a consequence of equation (19.139)]. In equation (19.145) the k*{<p,k) of 
equation (19.142) has been replaced by k*{%, (f>, go), using equation (19.141). 

The Full-Spectrum Scaled-A: (FSSK) Method 

As for narrow band ^-distributions the problem is reduced to a single ^-distribution if a scaled 
absorption coefficient is employed. Then the ^*-term in equation (19.145) is replaced by 

r ( r , 0 , ^ ) = k(T,(Po^g)u(4^,(f>o) = k*(To,(f^.go) = ̂ (7o,0o,^o)«(0,^o)- (19.151) 

This then becomes the Full-Spectrum Scaled-k (FSSK) Method: 

dk 
ds = /:(7(), 00,9iM<P. 0o) h ^ , T,^ 9i))h{T) - /J - ^. (^ ~ ^ j ^ 4C?') (̂̂ ^ ^0 ̂ ^') ^ (l^.l 52) 

with the same boundary condition (19.146) as for the FSCK method. 
Both methods given by equations (19.145) through (19.152) are "exact" hke equations (19.115) 

through (19.119), but are now subject to the somewhat less severe restriction of an absorption 
coefficient that is correlated or scaled. 

The SLW Method for Nonhomogeneous Media 

The SLW method of Denison and Webb can also be applied to nonhomogeneous media, and 
equation (19.145) then reduces to 

^^^%(T,,^^)i^a,{TJ^^^^^^ 10)^{ls')da\, / = 1 , . . . , M (19.153) 

subject to the boundary condition 

4 . = 6,4(7;,,T^)h{T^) + (1 - £,,)- f Ii\Ti' sMa (19.154) 

where _ 

Ii = Igik)igo-goj-iy (19.155) 

The weight function at is evaluated from equation (19.149) as 

^iiT,<^o) = I a(T,To,go)dgo(To,<f^^) 

= r dg{T,<k;) = gi{T,4>Q)-gi_,{T,^). (19.156) 

Thus, a, is the /-th finite range of the cumulative ^-distribution evaluated at the local Planck 
function temperature. This transformation from reference state ô to local state g is indicated 
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in Figs. 19-15 and 19-16 by the lower thin horizontal line for a single value of ^. The k is an 
average value of/:*(7o, ^, ^o) over the range g^j^x < go < goj (i.e., the value from the /:-distribution 
evaluated from the local absorption coefficient and the Planck function evaluated at the reference 
temperature), and is calculated as [4,6,78] 

^(ro,^) = ^lq-i(To,m(T(u(f>l (19.157) 

Again values of ^(TQ,^) are indicated for a single value of ô î i Figs. 19-15 and 19-16, this 
time as the top-most point on the thin vertical line going through go. These rather complicated 
relationships for 5 and k* were correctly deduced by Denison and Webb [6,78], well before a solid 
theoretical foundation describing the interrelationships between A:-distributions was developed by 
Modest [93]. 

Reference State and Scaling Function 

The only errors in the FSK methods for nonhomogeneous media arise from the fact that absorption 
coefficients of actual gases or, even more so, gas mixtures are not truly correlated. The strength 
of individual lines is given by equation (10.43), and is seen to be linearly proportional to the 
(partial) pressure of the absorbing gas, while temperature dependence consists of three parts: 
the rovibrational partition function, the stimulated emission term, and the influence of the lower 
energy state Ej. Pressure dependence and rovibrational partition function are the same for all 
lines and are, therefore, easily separated from spectral dependence. The stimulated emission term 
varies only gradually with wavenumber, causing little problem. It is the sharp growth of "hot 
lines" (lines with large Ei), which essentially do not contribute at moderate temperatures, that 
decorrelate the absorption coefficient and make scaling difficult under extreme conditions. Line 
broadening is also affected by pressure and temperature, but this dependence again is fairly similar 
for all lines. In a mixture of gases each specie has its own partial pressure and its own temperature 
dependence, causing further degradation of the absorption coefficient's level of correlation. 

Whether the assumption of a correlated absorption coefficient is to be used (FSCK), or whether 
the absorption coefficient is to be scaled (FSSK), the exact k vs. g behavior can be employed only 
for a single reference state tp^. Therefore, the choice of ^Q is very important and should be opti-
mized for any given problem (on the other hand, the reference Planck function temperature is only 
a mathematical convenience, and its choice does not aifect the accuracy of calculations). Modest 
and Zhang [81] suggest, for a medium at constant total pressure /?, 

4̂X xdK (19.158) 
V 

Kp(To,iiiMTo) = f JKp(T,xMT)dK (19.159) 

i.e., volume-averaged mole fraction and a Planck-mean temperature based on average emission 
from the volume. 

In the correlated-A: method, the k(T, 0Q, g) are then determined, followed by evaluation of 
k* = k{To,(p,go) making the assumption of corresponding ^-values (and its resulting errors). If 
a scaled absorption coefficient is to be used, scaling functions must be found, and Modest and 
Zhang [81] suggest the impUcit relation 

I Ih„iTQ)exp[-K„(T},^)L„]dT] = j lh„(To)&xp[-K„(j],4>o)u{<f>,^o)^]dT], (19.160) 
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i.e., forcing correct evaluation of radiation leaving from a homogeneous slab equal in width to the 
mean beam length, L,„. Using A:-distributions this becomes 

f cxp[-k\To,(f>.g)L^]dg= f expK(ro,^o.^oM^,^)Im]d^o. (19.161) 
Jo Jo 

Both methods are about equally efficient numerically: besides the evaluation ofk(T, ^, g) [needed 
for both methods to evalxmte A:(^) and the weight function a], for a correlated absorption coef-
ficient A:-distributions must be evaluated for all states ^ (with a Planck function based on the 
reference temperature). For a scaled absorption coefficient, the same ^-distributions are needed, 
but here for the evaluation of the scaling functions u. However, the scaled-^ method holds two 
advantages over its correlated cousin: (i) for a poorly correlated absorption coefficient the scaling 
function from equation (19.161) can partially correct for this lack of correlation, and (ii) alter-
natively, a simplified scaUng function can be chosen without the use of equation (19.161), thus 
reducing the number of cumbersome ^-distribution evaluations. 

Example 19.14. Consider a mixture of 10% CO2-20% YLiO-lWo N2 (by volume) confined between 
two cold, black plates. The mixture is at a total pressure of 1 bar and consists of a hot, isothermal layer 
of fixed width Lh = 50 cm and a temperature of 7̂  = 1000 K, and a cold, isothermal layer (7̂ . = 300 K) 
of variable width 4-. Determine the radiative heat flux leaving from the cold layer using the FSCK and 
FSSK methods. 

Solution 
On a spectral basis the desired heat loss can be determined immediately from equation (13.54) as 

qn(r,) = In C I,,ir)E2(n - r)dr, (19.162) 
Jo 

where we have set Ji = 2̂ = 0 (cold, black boundaries) and S{T) = Ihrj(r) (no scattering). The optical 
coordinate for a medium with a step in temperature is 

-i: Krj dx = 
" Krj{Th)Lh + Kyj(Tc){x ~ Lh\ X > Lh, 

and Ti. = T/, 4- Tc = Kjj{Th)Lh + KJJ(TC)LC.. Since Ihrj is constant across each layer, equation (19.162) is easily 
integrated to yield 

qr,(n) = 2nIhrj(Th) f ' E2(n -T)dr + 2nIhrj(T,) f ' E2(n - r)dT 
J o . JTU 

= 2nhrj{Th)Ei{n - TT + 2nh,{T,)E^(T, ~ TT 
b Iry, 

= 2nI,,(Th) [E,(T,) ~ E,(T, + Th)] + nl,,(n) [1 - lE.ir,)]. 

If the FSK method is used to calculate the "spectral" flux q^, the Planck function Ihn must be replaced 
by a weighted value alh, and the absorption coefficient KT, by a reordered k. Thus, 

q,(n) = 2a(Th, To, go)(rT^ [E,{T,) - Ey{r, + %)] + a(7;, TJ, g,{)crT,' [1 ^ 1E,(T,)] , 

with 

for FSCK: 7; = hTiT^, Tf, ^o)A, i = c or A, fi-om equation (19.145), 

for FSSK: 75 = k(TQ, To, ^o)«(^, To)Li, / = c or h, fi-om equation (19.152). 

Before these relations can be applied, a reference temperature must be found from equation (19.159), 
leading to an implicit relation for 75 

Lh + Lc Lh + Lc 
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which must be solved iteratively. From Fig. 10-26 we find 

Kp(\OOQK) = 0.1 bar x 0.233 cm"^ bar"^ + 0.2bar x 0.049 cm"^ bar"' =0.121 cm-^ 

Kp{300K) = 0.1 barx0.264cm-' bar"' + 0.2barx0.520cm"'bar"' = 0.130cm"'; 

for example, for 4 = 0cm this leads to TJ = lOOOK, for L,. = 4 = 50cm to To = 780K, etc. Five 
^-distributions need to be determined: three of these are needed for the weight functions a, all with the 
absorption coefficient evaluated at TJ, but for the three Planck function temperatures 7̂ , TJ, and TjJ. In 
addition, k*(To, TJ,, g^) and A;*(2o, 7̂ ., go) are needed for the evaluation of T/, and % (FSCK) or the scaling 
function u(T, TQ) (FSSK) . For the special case of 7J = 7̂  (L,. ^ 0), all the necessary ^-distributions are 
shown in Fig. 19-16. For example, for a(Tc, To) we evaluate the ̂ -distributions ^(7^, TQ, g) and MJQ, TJ, ̂ ) , 
or rather ^(7;., %,k) and go(TQ,To,k) from equation (19.128) [or equation (19.129) if the Denison and 
Webb correlation is employed]. The weight function then follows as 

dgo{To,TQ,k) Ago 

For 7o = 1000 K, this is the ratio of the slopes in Fig. 19-16 of the thin dash-dot line at cjf = 0.3 to that 
of the thin solid line at ^ = 0.596. The equivalent value for A:*(7J, Tc, go) is the intersection of the thick 
solid line at go = 0.596. If the FSSK method is employed, scaling functions must be evaluated from 
equation (19.161), 

f exp[-~r(ro,7;,^)A„]^^= r Qxp['-k(To,To,go)uiT,,To)L„,]dgo. 
Jo Jo 

i = COT h. 

where L,n = 1.76(4. + 4 ) is the mean beam length of the layer (fi*om Table 19.3). This implicit relation 
is readily solved with a Newton-Raphson technique, starting with a first guess of « = 1 (the correct 
value for 7? = 7o), and requiring very few iterations. After determining the two weight functions a, and 
the two ^-distributions JCiTo, 7?,̂ o) (FSCK) or scaling fimctions w(7;, To) (FSSK), the "spectral" flux qg 
can be integrated over the ^-spectrum, or 

using the same quadrature as in Example 19.13. Results are shown in Fig. 19-17, and are compared with 
LBL values, using the HITEMP database [3] for all the calculations. It is observed that both FSCK and 
FSSK results coincide with LBL data for 4. = 0, since the methods become exact. For 4 > 0 the FSCK 
method consistently underpredicts the heat loss, with a maximum error of about 25% at intermediate 
Lc. The reason is that the FSCK method assumes the absorption coefficient to be correlated, i.e., that 
large KJJ in the hot layer (emission) line up with large /(,, in the cold layer (absorption). Since this is not 
the case (in particular in the presence of "hot lines"), absorption in the cold layer is overpredicted. The 
FSCK method can partially compensate for this lack of correlation, with a maximum error of only about 
10% at intermediate 4 -

For comparison, the case of 7̂  = 2000 K is also included in Fig. 19-17 {% remains at 300 K), making 
hot lines much more important and, thus, further decorrelating the absorption coefficients. Maximum 
relative errors are seen to increase slightly to about 30% (FSCK) and 15% (FSSK). 

Note also that the weight ilinction a{T, TQ) is always accompanied by the emissive power (TT"^: a is, 
effectively, a scaling factor attached to the absorption coefficient for emission. In cold regions emission 
can be neglected, and the a does not need to be calculated (in the present example, cold region emission 
contributes < 1% to "¥ for n = 1000 K, and < 0.1% for 2000 K). 

Treatment of Gas Mixtures 
In principle, variable mixtures of different absorbing gases, and perhaps the addition of nonscat-
tering particles, such as soot, pose no additional difficulty, because the absorption coefficient of all 
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FIGURE 19-17 
Heat loss from the cold column of a two-column 10% CO2~20% H2O-70% N2 mixture at different temperatures {U = 
1000 K and 2000 K, Lf, = 50 cm; Tc = 300 K, A- variable; uniform p = 1 bar, cold and black walls), from LBL, FSSK and 
FSCK models, all using the HITEMP database. 

species can simply be added up. In practice, however, because of the considerable effort involved, 
one would like to precalculate and database all necessary A:-distributions, before embarking on 
detailed heat transfer calculations. Because of the infinite number of possible mixture concentra-
tions this would quickly become a Herculean task. Therefore, it would be highly desirable to build 
A:-distributions for arbitrary gas mixtures from relatively few distributions databased for individual 
species. Exact construction of such /:-distributions is possible as long as the absorption coefficient 
of each specie is unaffected by the other species (i.e., collisions with varying amounts of other 
species have no impact on line broadening), but the integral in equation (19.120) or (19.150) be-
comes a multiple integral (one for each specie) [7,9,13]. Numerical effort would increase from 
N RTE evaluations (number of quadrature points), to N^ RTE evaluations in a mixture of M 
absorbing species, quickly eliminating the advantages of the FSK methods. A number of approx-
imate mixing schemes have been discussed by Webb and coworkers [13,99]. We will here briefly 
describe the simple superposition and random-overlap models, after first showing how to obtain 
A:-distributions for a single absorbing specie of varying concentration. 

Variable Mole Fraction of a Single Absorbing Gas 

Consider a gas whose absorption coefficient is linearly dependent on its partial pressure, i.e., a gas 
whose line broadening is unaffected by its own partial pressure. This is always true for molecules 
that have the same size as the surrounding broadening gas (such as CO2 in air), and for all gases 
whenever Doppler broadening dominates. Then 

Kxijix, Tg, /?, 77) = XKrj(Tg, /?,;;), (19.163) 

where Krj is the absorption coefficient of the pure gas and jc is its mole fraction in a mixture. 
Comparing the two A:-distributions 

4 Jo 
(19.164) 
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fiTp,T,,p,x;k, = xk) = y f IbniTp)S(k,-K,rj)dr], (19.165) 
^b Jo 

we see that they both are populated by exactly the same spectral locations (i.e., k^ = K^TJ wherever 
k = Kjj), so that 

f(Tp, Tg,p,x; xk) d{xk) = f{Tp, Tg, p; k) dk 

or 

f(Tp,Tg,p,x;xk) = ^f(Tp,Tg,p;k), (19.166) 

This implies, for example, that the weight flinction a remains unaffected if the mole fraction is 
changed [see equations (19.119) and (19.149)]. Integrating equation (19.166) leads to 

g{Tp,Tg,p,x;k)= f f(Tp,Tg,p;k)dk= {^f{TpJg,p,x)h)dh = g{TpJg,p,rX\ 
Jo Jo 

(19.167) 

i.e., the k vs. g behavior is independent of mole fraction. In a /: v̂ -. g plot, such as Figs. 19-12 and 
19-16, the lines are simply vertically displaced by a factor of x. 

Superposition of/c-Distributions 

Consider a mixture of M different absorbing gases, whose absorption coefficients do not overlap 
each other anywhere across the entire spectrum. Under such conditions the ^-distributions of the 
individual species are unaffected by the others, i.e., the spectral locations where k = Kmr^ for the 
m-th specie remain unaffected by the other gases, and 

M 

f(Tp,Tg,p;k) = Y,UTp,Tg,p;kl (19.168) 

where the Jm are the ^-distributions of the individual species, and / is the one for the mixture. 
Keeping in mind that, for nonoverlapping absorption coefficients, each specie must have large 
parts of the spectrum with /c„„; = 0, we integrate equation (19.168) as 

I - g(Tp, Tg, p; k) = J /(Jp, Tg, p; k) dk 

= 1 ^'^ m=l 

or 
M 

g(Tp,Tg,p;k) = J^gn,(Tp,Tg,p;k)-M^L (19.169) 

Therefore, the cumulative ^-distribution for a nonoverlapping mixture is constructed by simply 
adding up the individual components. Note that 1 - ^̂^̂  is the (Planck function weighted) part of 
the spectrum where Kmtj > 0 and, thus, their sum can never exceed unity. 

^-Distributions for Random Overlap 

As pointed out by Taine and Soufiani [100] there is no physical reason why there should be any 
significant correlation between the spectral variation of absorption coefficients of different gas 
species. If one treats the absorption coefficients of the M species as statistically independent 
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FIGURE 19-18 
Full-spectrum ^-distributions for a 10% CO2~20% H2O~70% lSi2 mixture, with and without soot, for various Planck 
function temperatures (absorption coefficient evaluated at 1000 K). 

random variables, the A:-distributions are said to be statistically uncorrelated. When considering 
the entire spectrum, the cumulative ^^-distributions are multiplicative, or [13] 

M 

g{Tp,Tg,p;k) = giiTp,Tg,p;k)xg2{Tp,Tg,p;k)x.,, = Y\yrn(Tp,T^ (19.170) 
m=l 

Real Gas Mixtures 

A real gas mixture will, of course, always have some spectral overlap, and the absorption coeffi-
cient will never be quite statistically uncorrelated. Figure 19-18 shows the case of a 10% CQz-
20% H2O-70% N2 mixture, with the absorption coefficient evaluated at a reference temperature 
of To = 1000 K. Full-spectrum /:-distributions were evaluated for a number of Planck function 
temperatures by three methods: (i) the exact ^-distribution for the mixture was found from the 
HITEMP database [3], (ii) individual /:-distributions were found for CO2 and H2O, and a mixture 
distribution was found from equation (19.169), and (Hi) similarly a mixture distribution was de-
termined from equation (19.170). Figure 19-18 shows that both approximate methods predict the 
correct distribution very well for large values of A. For very small values of Â  substantial overlap 
between species is to be expected, and the superposition method fails. The product method, on 
the other hand, appears to give good accuracy for nearly all conditions. Note that the k(g) levels 
decrease with temperature, because of the strong effect of the rotational band of water vapor at 
long wavelengths, favoring low temperatures. 

The methods were also tested for gas mixtures with nonscattering soot, using equation (11.124) 
with a volume fraction of fy = 5x10"^ and a refractive index m = 1,89 - 0.92/. Clearly, nei-
ther method should work terribly well, since strong overlap is assured, and the soot absorption 
coefficient is anything but random. That Fig. 19-18, nonetheless, shows reasonable agreement is 
a consequence of the fact that the soot ^-distribution dominates the mixture, especially at high 
Planck function temperatures (favoring short wavelengths with strong soot and weak gas radia-
tion). For the same reason k{g) values now increase with temperature. 
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FIGURE 19-19 
Heat loss from the cold column of a two-column 10% 002-20% H2O-70% N2 mixture at different temperatures (7̂  = 
1000 K and 2000 K, U = 50 cm; % = 300 K, 4 variable; uniform p = 1 bar, cold and black walls), from LBL and FSSK 
models; LBL from HITEMP database; FSSK using individual ^-distributions for €02 and H2O from HITEMP and the 
Denison and Webb correlation. 

Example 19.15. Repeat Example 19.14 using individual distributions for CO2 and H2O obtained from 
the Denison and Webb correlation, together with the superposition and muhiplication methods. 

Solution 
The solution proceeds identically to that of Example 19.14, except that the five ^^-distributions are eval-
uated differently. 

Subroutines fskdco2 and fskdh2o are provided in Appendix F to calculate the individual k-
distributions for CO2 and H2O, respectively. Combined /:-distributions are then obtained using equa-
tions (19.169) or (19.170). Results from the FSSK method are shov̂ n̂ in Fig. 19-19 and are compared 
with the previous LBL results and the FSSK results obtained with HITEMP A:-distributions (calculated 
directly for the mixture). For a hot medium temperature of 7Ji = 1000 K, the correlation results turn out 
to be very accurate when the multiphcation method is used, just slightly overpredicting the HITEMP-
FSSK results, very similar to the results of Example 19.13 in Fig. 19-13. The superposition method, on 
the other hand, consistently overpredicts the heat loss by close to 30% and cannot be recommended. 

For a hot layer temperature of 7i = 2000 K the agreement between HITEMP [3] results and those 
of the Denison and Webb correlation is poor. For one, the correlation is based on an outdated database 
(HITRAN92 [1]) together with some high-temperature extensions. Comparing high-temperature emis-
sivities obtained from the correlation with those of Leckner's model (see Section 10.9 and the subroutine 
totemiss in Appendix F) shows good agreement for H2O, but underpredicts emissivities for CQz- On 
the other hand, the hot lines in HITEMP are experimentally unproven, and Modest and Bharadwaj [101] 
have noted some inconsistencies for CO2, indicating that fiirther work on the high-temperature databases 
is needed. True heat loss rates probably would be somewhere between the HITEMP and correlation re-
sults. 

Concluding Remarks 
The accuracy of the FSK-methods for nonhomogeneous media (and similarly, that of the SLW-
and ADF-methods) can be further improved by breaking up the absorption coefficient of the gas 
into spectral scales or groups, each of which is assumed to be correlated or scaled. Researchers in 
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France grouped spectral lines according to the values of their lower level energies into a number 
of "fictitious gases," first for narrow band A:-distributions (cf. Section 10.7), and then for the ADF 
scheme, calling it the ADFFG (absorption distribution fimction fictitious gases) method. Simi-
larly, Zhang and Modest [15] used this scheme to extend the validity of the FSK approach, calling 
it the "multiscale" MSFSK method. While grouping spectral lines according to their lower level 
energies is straightforward, it does have the disadvantage that the absorption coefficients of the 
different scales overlap. The ADFFG treats this overlap exactly, making the method uneconomi-
cal beyond 2 or 3 fictitious gases, while the MSFSK scheme approximates the overlap, resulting 
in much better efficiency: the FSK and ADF methods require N ^ \0 spectral evaluations of 
the RTE {N = number of quadrature points), while the ADFG and MSFSK methods require N^ 
and N X M evaluations, respectively, where M is the number of fictitious gases or scales. Very 
recently, Zhang and Modest [16,17] developed a new grouping scheme, the "multigroup" or 
MGFSK approach, in which spectral positions are grouped together according to their absorption 
coefficient's temperature and pressure dependence (i.e., the contributions from all spectral lines 
at one spectral location, as opposed to individual lines contributing to all wavenumbers in the 
multiscale/fictitious gas approach). Since there is no overlap between spectral groups, the method 
requires also only Nx M RTE evaluations, but no additional approximations, and was shown to 
reach line-by-line accuracy with as few as iV = 4 spectral groups. Zhang and Modest also gener-
ated 32-group databases for CO2 and H2O, from which /:-distributions for any group level M can 
be extracted. These databases are also included in Appendix F. 

Full- (and part-) Spectrum A:-Distributions are today arguably the most powerful method to 
model radiative heat transfer in nongray media. Undoubtedly, further work in this area during 
the next few years will make the method even more powerful (improvement of theoretical and 
experimental databases, improvements in the handling of nonhomogeneous media, inclusion of 
nongray scattering effects, extension to nonconstant total pressure fields, etc.). 
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Problems 

19.1 A long, cylindrical furnace bounded by a cold, black wall of 1 m radius contains pure CO2 that is 
isothermal at 1700 K and at a pressure of/? atm. Using the mean-beam-length method, determine the 
nondimensional wall heat flux ^ = qw/crT^ as a function of pressure. Plot W vs, p (actual calculations 
for;? = 0.001,0.01,0.1, and 1.0 should suffice). 

19.2 A high-pressure isothermal mixture (p > 40atm) of 80% N2 and 20% CO at 2000 K is contained 
between two large, parallel, cold black plates, spaced Im apart. If the radiative flux to each wall may 
not exceed lOOkW/m^, what is the maximum pressure the gas mixture may be raised to? Use the 
mean-beam-length method. 

19.3 An isothermal mixture of N2 and soot (m = 2.5 ~ 0.15/) at 2000 K is contained between two large, 
parallel, cold black plates, spaced Im apart. If the radiative flux to each wall may not exceed 100 
kW/m^, what is the maximum volume fraction of soot, f,, allowed? Use the mean-beam-length 
method. 

19.4 Two parallel, infinite, black plates at constant temperatures 21 and ^ are separated by a nongray 
medium of geometrical thickness d = 10 cm that is at radiative equilibrium. The absorption charac-
teristics of the medium are such that they can be approximated by 

_ in - lcm~^ 3 / im</ l<7^m, 
- { 0 elsewhere. 

Calculate the nondimensional heat flux, q/criT^^ - T/), for a number of ]^ (3^ = 500 K, 750 K, 1000 K, 
1500 K, and 2000 K) and Ti = 300 K by 

(a) the difi'erential approximation, using a gray gas with Planck-mean absorption coefficient Kp, 

(b) the nongray differential approximation. 

For the evaluation of Kp you may use 7;, = (71 + 25)/2. Plot, compare, and discuss your results. 

19.5 A cold-walled cylindrical furnace of 1 m radius contains pure CO2 that is isothermal at 1700 K and at 
a pressure of/?atm. Using the (/) gray and (//) nongray differential approximation with single band 
strength K, determine the nondimensional wall heat flux ^ = qwl<yT^ as a function of pressure. Plot 
^ vs. p (actual calculations for p = 0.001, 0.01, 0.1, and 1.0 should suffice; for simplification, you 
may assume that band width is not a function of/?). 

19.6 Repeat Problem 19.5, adding steam at 0.1 atm partial pressure to the medium. You may assume that 
only the 2.7 and 63 pm bands are of importance. 
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19.7 An infinitely long cylinder of radius /? = 10 cm is bounded by a cold black wall. Inside the cylinder 
there is uniform heat generation o f g ' ' = 38,136 W/m^. Estimate wall heat fluxes and temperature 
distributioas using the P\ -approximation if 

(a) the medium has a band at /I = 4//m of width AA = Ifim; across the band it has a constant 
absorption coefficient such that KR - 100, 

(h) the medium is gray with an "appropriately" chosen Kp, say by evaluating % at the volume-
averaged temperature T̂ v, that is 

19.8 The new planet in an adjacent solar system recently found by Penn State (and other) researchers has 
been determined to have an atmosphere consisting of nitrogen with 1% by volume NO. The planet's 
surface has an emittance of 6 = 0.5, and a temperature of 7; = 900 K. The atmosphere's total pressure 
is known to be p{z) = /?,- e~^^^ (surface pressure Ps = 5 bar, characteristic length L = 10 km). Assuming 
radiative equilibrium prevails, what is the heat loss from the planet? You may assume that for NO 
line broadening is unafi'ected by temperature. 

(a) To make a coarse approximation, replace the atmosphere by a constant pressure (p^,) layer of a 
thickness that would contain the correct total pressure path length. Evaluate radiative properties 
as if the atmosphere's temperature were constant at TJ.. 

(h) The problem is to be solved by the P\ -approximation combined with the box model. Find the 
appropriate absorption coefficient(s) and other necessary parameters. You may assume that the 
spectral width of bands for NO is unafi'ected by altitude (evaluate at surface conditions). Set up 
equation(s) and boundary condition(s). 

(c) Determine the heat loss from the planet. 

(d) What would change if an infinitely thick atmosphere with exponentially decaying pressure were 
considered? 

19.9 A high-pressure isothermal mixture (/? > 40atm) of 80% N2 and 20% CO at 2000 K is contained 
between two large, parallel, cold black plates, spaced 1 m apart. If the radiative flux to each wall may 
not exceed 100 kW/m-, what is the maximum pressure the gas mixture may be raised to? Use the box 
model together with (a) the P\ -approximation as well as (b) the exact formulation. 

19.10 Consider a sphere of very hot molecular gas of radius 50 cm. The gas has a single vibration-rotation 
band at % - 3000 cm"^ is suspended magnetically in a vacuum within a large cold container and 
is initially at a uniform temperature TJJ = 3000 K. For this gas {p^a)(T) = 500 cm"-̂ , oj{T) = 
lOOyr/lOOKcm"' and^ » 1. These properties imply that the absorption coefficient may be de-
termined from 

CO 

and the band absorptance from 

A(s) = OJA' = OJ[EI(KOS) + In(î ô ) + TEI JE = 0.577216. 

Using the stepwise-gray model together with the Pi-approximation and neglecting conduction and 
convection, specify the total heat loss per unit time from the entire sphere at time t = 0. Outline the 
solution procedure for times t > 0. 
Hint: Solve the governing equation by introducing a new dependent variable g{T) = r(AnJh - G). 

19.11 Repeat Problem 19.10 using the exact integral relations together with the exponential wide band 
model. 

19.12 Repeat Problem 19.10 using the weighted-sum-of-gray gases approach together with the Pi-approxi-
mation. 



PROBLEMS 643 

19.13 Repeat Problem 19.10 for varying line overlap^, say^S = 0.01, 0.1, 1, and 10. Plot heat loss at r = 0 
vs. 13. 
Hint: Use Table 10.2 or some other correlation for the band absorptance. 

19.14 Repeat Problem 19.7 for the case that the medium is a mixture of 30% water vapor in nitrogen, 
using the SLW method with four gray gases, together with the correlation of Denison and Webb. 
To determine an appropriate reference temperature, first make a more approximate gray calculation, 
using a Planck mean absorption coefficient from Fig. 10-26. 

19.15 A spherical container of 1 m diameter is filled with pure €02 and is initially at 2000 K, 1 bar. While 
the CO2 is continuously stirred (i.e., stays isothermal), the walls of the container are cooled such that 
the gray, diffuse wall (6„, = 0.6) remains at a constant T^, = 400 K. Determine the time it takes for the 
gas to cool down to 500 K, using the FSK method together with the Denison and Webb correlation. 
Assume a constant reference condition of TJgf = 1000 K, and use the Pi method to solve the RTE. 

19.16 Repeat Problem 19.15 adding small gray particles with an absorption coefficient of Kp = 0.1 m~̂  and 
an (isotropic) scattering coefficient of c^ = 1 m~^ 

19.17 Repeat Problem 19.15 adding H2O and N2 to the mixture, so that the final mixture has 20% CO2 and 
40% N2 (by volume). 

19.18 Repeat Problem 19.17 using the WSGG approach together with the correlation of Truelove. 

19.19 Repeat Problem 19.17 using the SLW method with four gray gases. Compare with results from the 
previous problem. 

19.20 Repeat Problem 19.17 for the case of radiative equilibrium without stirring. 

19.21 Repeat Problem 19.19 for the case of radiative equilibrium without stirring. 



CHAPTER 

20 
THE MONTE CARLO 

METHOD FOR 
THERMAL 

RADIATION 

20.1 INTRODUCTION 

Very few exact, closed-form solutions to thermal radiation problems exist, even in the absence 
of a participating medium. Under most circumstances the solution has to be found by numeri-
cal means. For most engineers, who are used to dealing with partial differential equations, this 
implies use of finite difference and finite element techniques. These methods are, of course, ap-
plicable to thermal radiation problems whenever a solution method is chosen that transforms the 
goveming equations into sets of partial differential equations (e.g., the PA /̂-method or the method 
of discrete ordinates). In general, however, radiative transfer is governed by integral equations. 
Still, similar techniques to finite differences and finite elements may be used by employing nu-
merical quadrature for the evaluation of integrals. 

With these techniques the solutions to relatively simple problems are readily found. However, 
if the geometry is involved, if radiative properties vary with direction, and/or if (anisotropic) 
scattering is of importance, then a solution by conventional numerical techniques may quickly 
become extremely involved if not impossible. 

Many mathematical problems may also be solved by statistical methods, through sampling 
techniques, to any degree of accuracy. For example, consider predicting the outcome of the 
next presidential elections. Establishing a mathematical model that would predict voter turnout 
and voting behavior is, of course, impossible, let alone finding the analytical solution to such a 
model. However, if an appropriate sampling technique is chosen, the outcome can be predicted 
by conducting a poll. The accuracy of its prediction depends primarily on the sample size, i.e., 
how many people have been polled. Solving mathematical problems statistically always involves 
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Complexity of problem 

FIGURE 20-1 
Comparison of Monte Carlo and conventional solution tech-
niques. 

the use of random numbers, which may be picked, e.g., by placing a ball into a spinning roulette 
wheel. For this reason these sampling methods are called Monte Carlo methods (named after the 
principality of Monte Carlo in the south of France, famous for its casino). There is no single 
scheme to which the name Monte Carlo applies. Rather, any method of solving a mathematical 
problem with an appropriate statistical sampling technique is commonly referred to as a Monte 
Carlo method. 

Problems in thermal radiation are particularly well suited to solution by a Monte Carlo tech-
nique, since energy travels in discrete parcels (photons) over (usually) relatively long distances 
along a (usually) straight path before interaction with matter. Thus, solving a thermal radiation 
problem by Monte Carlo implies tracing the history of a statistically meaningful random sam-
ple of photons from their points of emission to their points of absorption. The advantage of the 
Monte Carlo method is that even the most compUcated problem may be solved with relative ease, 
as schematically indicated in Fig. 20-1. For a trivial problem, setting up the appropriate photon 
sampling technique alone may require more effort than finding the analytical solution. As the 
complexity of the problem increases, however, the complexity of formulation and the solution 
effort increase much more rapidly for conventional techniques. For problems beyond a certain 
complexity, the Monte Carlo solution will be preferable. Unfortunately, there is no way to deter-
mine a priori precisely where this crossover point in complexity lies. The disadvantage of Monte 
Carlo methods is that, as statistical methods, they are subject to statistical error (very similar to 
the imavoidable error associated with experimental measurements). 

The name and the systematic development of Monte Carlo methods dates from about 1944 [I], 
although some crude mathematical sampling techniques were used off and on during previous 
centuries. Their first use as a research tool stems from the attempt to model neutron diffusion 
in fission material, for the development of the atomic bomb during World War II. The method 
was first applied to thermal radiation problems in the early 1960s by Fleck [2,3] and Howell and 
Perlmutter [4-6]. 

For a thorough understanding of Monte Carlo methods, a good background in statistical meth-
ods is necessary, which goes beyond the scope of this book. In this chapter the method as applied 
to thermal radiation is outlined, and statistical considerations are presented in an intuitive way 
rather than in a rigorous mathematical fashion. For a more detailed description, the reader may 
want to consult the books by Hammersley and Handscomb [I], Cash well and Everett [7], and 
Schreider [8], or the monographs by Kahn [9], Brovm [10], Halton [II] and Hajji-Sheikh [12]. 
A first monograph dealing specifically with Monte Carlo methods as applied to thermal radiation 
has been given by Howell [13]. Another more recent one by Walters and Buckius [14] emphasizes 
the treatment of scattering. An exhaustive review of the literature up until 1997, that uses some 
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form of radiative Monte Carlo analysis, has been given also by Howell [15]. 

Probability Distributions 

When a political poll is conducted, people are not selected at random from a telephone directory. 
Rather, people are randomly selected from different groups according to probability distributions, 
to ensure that representative numbers of barbers, housewives, doctors, smokers, gun owners, 
bald people, heat transfer engineers, etc. are included in the poll. Similarly, in order to follow 
the history of radiative energy bundles in a statistically meaningful way, the points, directions 
and wavelengths of emission, reflective behavior, etc. must be chosen according to probability 
distributions. 

As an example, consider the total radiative heat flux being emitted from a surface, i.e., the 
total emissive power, 

E= I EAdA= \ e^iEbAdA, (20.1) 
Jo Jo 

Between the wavelengths of A and A + dA the emitted heat flux is Ex dA = exEbA dA, and the 
fraction of energy emitted over this wavelength range is 

P(A)dA = - i ^ = ^dA. (20.2) 
Jo ^-i^'^ ^ 

We may think of all the photons leaving the surface as belonging to a set of N energy bundles 
of equal energy (each consisting of many photons of a single wavelength). Then each bundle 
carries the amount of energy {E/N) with it, and the probability that any particular bundle has a 
wavelength between A and A + dA is given by the probability density function P(A). The fraction 
of energy emitted over all wavelengths between 0 and A is then 

RiA)= P{A)dA= y ^ . (20.3) 
Jo /̂ , E,dA 

It is immediately obvious that R{A) is also the probability that any given energy bundle has a 
wavelength between 0 and A, and it is known as the cumulative distribution function. The proba-
bility that a bundle has a wavelength between 0 and oo is, of course, R{A -> cx)) = 1, a certainty. 
Equation (20.3) implies that if we want to simulate emission from a surface with Â  energy bun-
dles of equal energy, then the fraction R{A) of these bundles must have wavelengths smaller than 
A. 

Now consider a pool of random numbers equally distributed between the values 0 and 1. Since 
they are equally distributed, this implies that a fraction R of these random numbers have values 
less than R itself. Let us now pick a single random number, say RQ, Inverting equation (20.3), 
we find /1(/^)), i.e., the wavelength corresponding to a cumulative distribution function of value 
RQ, and we assign this wavelength to one energy bundle. If we repeat this process many times, 
then the fraction RQ of all energy bundles will have wavelengths below A{RQ), since the fraction 
7^ of all our random numbers will be below this value. Thus, in order to model correctly the 
spectral variation of surface emission, using N bundles of equal energy, their wavelengths may be 
determined by picking N random numbers between 0 and 1, and inverting equation (20.3). 

Random Numbers 
If we throw a ball onto a spinning roulette wheel, the ball will eventually settle on any one of the 
wheel's numbers (between 0 and 36). If we let the roulette wheel decide on another number again 
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and again, we will obtain a set of random numbers between 0 and 36 (or between 0 and 1, if we 
divide each number by 36). Unless the croupier throws in the ball and spins the wheel in a regular 
(nonrandom) fashion,' any number may be chosen each time with equal probability, regardless of 
what numbers have been picked previously. However, if sufficiently many numbers are picked, 
we may expect that roughly half (i.e., 18/37) of all the picked numbers will be between 0 and 17, 
for example. 

During the course of a Monte Carlo simulation, generally somewhere between 10̂  and 10^ 
random numbers need to be drawn, and they need to be drawn very rapidly. Obviously, spinning 
a roulette wheel would be impractical. One solution to this problem is to store an (externally 
determined) set of random numbers. However, such a table would require a prohibitive amount 
of computer storage, unless it were a relatively small table, that would be used repeatedly (thus 
destroying the true randomness of the set). The only practical answer is to generate the random 
numbers within the computer itself. This appears to be a contradiction, since a digital computer 
is the incarnation of logic (nonrandomness). Substantial research has been carried out on how 
to generate sets of sufficiently random numbers using what are called pseudorandom number 
generators, A number of such generators exist that, after making the choice of a starting point, 
generate a new pseudorandom number from the previous one. The randomness of such a set of 
numbers depends on the quality of the generator as well as the choice of the starting point and 
should be tested by different "randomness tests." For a more detailed discussion of pseudorandom 
number generators, the reader is referred to Hammersley and Handscomb [1], Schreider [8], or 
Taussky and Todd [16]. 

Accuracy Considerations 

Since Monte Carlo methods are statistical methods, the results, when plotted against number of 
samples, will generally fluctuate randomly around the correct answer. If a set of truly random 
numbers is used for the sampling, then these fluctuations will decrease as the number of samples 
increases. Let the answer obtained from the Monte Carlo method after tracing N energy bundles 
be S{N\ and the exact solution obtained after sampling infinitely many energy bundles 5(oo). For 
some simple problems it is possible to calculate directly the probability that the obtained answer, 
S{N\ diff'ers by less than a certain amount from the correct answer, S{oo). 

Even if it were possible to directly calculate the confidence level for more complicated situa-
tions, this would not take into account the pseudorandomness of the computer-generated random 
number set. That this effect can be rather substantial is seen from Fig. 20-2, which depicts the 
Monte Carlo evaluation of the view factor between two parallel black plates [17]. Both sets of 
data use the same computer code and the same random number generator (on a UNIVAC 1110). 
If a starting value of 1 is used, the results are still fairly inaccurate after 5000 bundles; if a starting 
value of 12,345 is used (this number gave the fastest-converging results of the ones tested for 
the random number generator used here), good convergence is achieved after only 4000 bundles. 
Obviously, careful investigation of the random number generator can increase convergence and 
accuracy and thus decrease computer time considerably. Randomness tests performed on sets of 
generated numbers showed that a starting value of 12,345 performs well in all tests and indeed 
results in a "better" set of random numbers than the starting value of 1 for the random number 
generator employed by Modest and Poon [17]. 

For radiative heat transfer calculations the most straightforward way of estimating the error 
associated with the sampling result S{JSf) is to break up the result into a number of / subsamples 

' This is, of course, the reason casinos tend to employ a number of croupiers, each of whom works only for a very short 
period each day. 
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FIGURE 20-2 
Convergence of Monte Carlo method 
for different sets of random numbers. 

S(Ni), such that 
y 

Â  = M + Â2 + ... + A// = J ] iV;-, (20.4) 

S(N) = i ( M ^ ( M ) + . . . + NiS(Ni)^ =^YJ ^•^(^•)- (2^-^) 

Normally, each subsample would include identical amounts of bundles, leading to 

Ni^N/I; / = 1 , 2 , . . . , / , (20.6) 

S(N)=-yS(Nil (20.7) 
/=i 

The / subsamples may then be treated as if they were independent experimental measurements of 
the same quantity. We may then calculate the variance or adjusted mean square deviation of the 
mean 

of = 1 
/ ( / - 1 ) 

1=1 

(20.8) 

The central limit theorem states that the mean S{N) of I measurements S(Ni) follows a Gaussian 
distribution, whatever the distribution of the individual measurements. This imphes that we can 
say with 68.3% confidence that the correct answer ^(oo) lies within the limits of S{N) ± Cm, with 
95.5% confidence within S(N) ± lam, or with 99% confidence within S{N) ± 2.58o7„. Details on 
statistical analysis of errors may be found in any standard book on experimentation, for example, 
the one by Barford [18]. 

20.2 NUMERICAL QUADRATURE BY 
MONTE CARLO 

Before discussing how statistical methods can be used to solve complicated radiative transfer 
problems, we will quickly demonstrate that the Monte Carlo method can also be employed to 
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rb 

evaluate integrals numerically (known as numerical quadrature). Consider the integral J^ f{x) dx. 
The most primitive form of numerical quadrature is the trapezoidal rule, in which f{x) is assumed 
constant over a small interval AJC, i.e. [19,20], 

r f{x)dx - 2 / h = (' ~ i H^^' ^ = ^ - (2^-^) 

For large enough values of N equation (20.9) converges to the correct resuk. Note that the 
values of xi are equally distributed across the interval between a and b. If we were to draw A'' 
random locations equally distributed between a and b, we would achieve the same result in a 
statistical sense. Therefore, we can evaluate any integral via the Monte Carlo method as 

J a 

^ b-
f{x)dx ^ Yjf[xi = a + (b'- a)Ri] AJC; AJC = — ^ , (20.10) 

where Rf is a set of random numbers equally distributed between 0 and 1. Equation (20.10) is 
an efficient means of integration if the integrand f{x) is poorly behaved as, e.g., in the evaluation 
of ^-distributions in Chapter 10 (integration over spectral variations of the absorption coefficient 
of molecular gases). Equation (20.10) is also useful if integration is an integral part of a Monte 
Carlo simulation, such as the Backward Monte Carlo scheme described at the end of this chapter. 
Finally, extension to two- and higher-dimensional integrals is obvious and trivial. 

20.3 HEAT TRANSFER RELATIONS FOR 
RADIATIVE EXCHANGE BETWEEN 
SURFACES 
In the absence of a participating medium and assuming a refractive index of unity, the radiative 
heat flux leaving or going into a certain surface, using the Monte Carlo technique, is governed by 
the following basic equation: 

q(r) = e{r)a-T\r) - £ e{r')cTT\r')^^^ dA', (20.11) 

where 
^(r) = local surface heat flux at location r, 
T(r) = surface temperatiu-e at location r, 
6(r) = total hemispherical emittance of the surface at r, 

A = surface area of the enclosure, and 
d^dA'-^dA = generalized radiation exchange factor between 

surface elements dA' and dA, 

In equation (20.11) the first term on the right-hand side describes the emission from the surface, 
and the integrand of the second term is the fraction of energy, originally emitted from the surface 
at r', which eventually gets absorbed at location r. Therefore, the definition for the generalized 
exchange factor must be: 

d^A'-^dA = fraction of the total energy emitted by dA' that is absorbed by 

dA, either directly or after any number and type of reflections. (20.12) 

This definition appears to be the most compatible one for solution by ray-tracing techniques and 
is therefore usually employed for calculations by the Monte Carlo method. Figure 20-3 shows a 
schematic of an arbitrary enclosure with energy bundles emitted at dA' and absorbed at dA. 
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FIGURE 20-3 
Possible energy bundle paths in an arbi-
trary enclosure. 

If the enclosure is not closed, i.e., has openings into space, some artificial closing surfaces 
must be introduced. For example, an opening directed into outer space without irradiation from 
the sun or Earth can be replaced by a black surface at a temperature of 0 K. If the opening is 
irradiated by the sun, it is replaced by a nonreflecting surface with zero emittance for all angles 
but the solar angle, etc. 

The enclosure surface is now divided into J subsurfaces, and equation (20.11) reduces to 

fl= qidAi = eicrT^Ai-Yj^jaTf^j9j^i-q,^,As^,^u \ < i < J. (20.13) 
^'^' y=i 

where 
q^^^ = external energy entering through any opening in the enclosure. 
As = area of the opening irradiated from external sources, 

and the 6/ and Tj are suitable average values for each subsurface, i.e., 

ej(rl^^ = Y r ^^'^'^dA. (20.14) 
Aj JA. 

Although heat flow rates Qi can be calculated directly by the Monte Carlo method, it is of advan-
tage to instead determine the exchange factors: Although the Q's depend on all surface tempera-
tures in the enclosure, the ^-*/'s either do not (gray surfaces) or depend only on the temperature 
of the emitting surface (nongray surfaces), provided that surface reflectances (and absorptances) 
are independent of temperature (as they are to a very good degree of accuracy). 

A large statistical sample of energy bundles Ni is emitted from surface At, each of them carry-
ing the amount of radiative energy 

/s£i=:eiCrT;^Ai/Ni. (20.15) 

If Nil of these bundles become absorbed by surface Aj either after direct travel or after any number 
of reflections, the exchange factor may be calculated from 

^.; = lim ( f ] ^ ( f 1 (20.16) 



20.4 RANDOM NUMBER RELATIONS FOR SURFACE EXCHANGE 651 

MONT 3D is a publicly available Fortran code [21-24], given in Appendix F, that calculates general 
exchange factors for complicated three-dimensional geometries. 

20.4 RANDOM NUMBER RELATIONS FOR 
SURFACE EXCHANGE 

In order to calculate the exchange factor by tracing the history of a large number of energy bun-
dles, we need to know how to pick statistically meaningful energy bundles as explained in Section 
20.1: For each emitted bundle we need to determine a point of emission, a direction of emission, 
and a wavelength of emission. Upon impact of the bundle onto another point of the enclosure 
surface, we need to decide whether the bundle is reflected and, if so, into what direction. 

Points of Emission 
Similar to equation (20.1) we may write for the total emission from a surface Af 

Ej= f ecrT^dA. (20.17) 
JAJ 

Since integration over an area is a double integral, we may rewrite this equation, without loss of 
generality, as 

pX pY pX 

£;= I ( ecrTUydx= E'dx, (20.18) 

where 

E'j{x)= f eo-T^dy, (20.19) 

Thus, we may apply equation (20.3) and find 

1 f" 
Rx = Tr Ejdx. (20.20) 

A/* Jo 

This relationship may be inverted to find the x-location of the emission point as a function of a 
random number Rx'. 

x = x(Rx). (20.21) 

Once the x-location has been determined, equation (20.3) may also be applied to equation (20.19), 
leading to an expression for the ^/-location of emission: 

1 p 
^ ̂ 'W Jo ^J^T7r\ 1 ^^TUy, (20.22) 

and 

y = y(R,j,xl (20.23) 

Note that the choice for the i/-location depends not only on the random number Ry, but also on 
the location of X. 
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dA = rdipdr 

FIGURE 20-4 
Geometry for Example 20.1. 

If the emissive power may be separated in x and y, i.e., if 

E = ecrT"^ = Ex{x)Ey{y), 

then equation (20.20) reduces to 

x(x) dXy 

and equation (20.22) simpHfies to 

(20.24) 

(20.25) 

(20.26) 

that is, choices for x- and (/-locations become independent of one another. In the simplest case of 
an isothermal surface with constant emittance, these relations reduce to 

x = R^X, y = RyY. (20.27) 

Example 20.1. Given a ring surface element on the bottom of a black isothemial cylinder with inner 
radius r, = 10 cm and outer radius r̂  = 20 cm, as indicated in Fig. 20-4, calculate the location of 
emission for a pair of random numbers Rr - 0.5 and R^ - 0.25. 

Solution 
We find 

E= EbdA^Et, rdrdcp. 
J A Jo J/v 

Since this expression is separable in r and ̂ , this leads to 

/?^= r d(p\\ ^ 0 = ^ ' or (/> = 2nR^, 

and 
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Therefore, (p = 27tx 0.25 = n/2 and r = V100 + (400- 100)0.5 = 15.8 cm. While, as expected for a 
random number of 0.25, the emission point angle is 90° away from the <f> = 0 axis, the r-location does 
not fall onto the midpoint. This is because the cylindrical ring has more surface area at larger radii, 
resulting in larger total emission. This implies that more energy bundles must be emitted from the outer 
part of the ring. 

Wavelengths of Emission 

Once an emission location has been chosen, the wavelength of the emitted bundle needs to be 
determined (unless all surfaces in the enclosure are gray; in that case the wavelength of the bundle 
does not enter the calculations, and its determination may be omitted). The process of finding the 
wavelength has already been outlined in Section 20.1, leading to equation (20.3), i.e., 

^^ = - ^ j ^^lEbAdA, (20.28) 

and, after inversion, 

A = A{Kux,y), (20.29) 

We note that the choice of wavelength, in general, depends on the choice for the emission location 
(x, f/), imless the surface is isothermal with constant emittance. If the surface is black or gray, 
equation (20.28) reduces to the simple case of 

^' = ̂ 1 A 

EudX^fiAT), (20.30) 

Directions of Emission 

The spectral emissive power (for a given position and wavelength) is 

r 1 r^^ r'̂ /̂  
EA = e[^IbA cos 6> J a = -EbA I e'^ cos 6 sin 0 dO # . (20.31) 

Jin ' ^ Jo Jo 

As we did for choosing the (two-dimensional) point of emission, we write 

Eh\ r^ c^^'^ 1 r^ r̂ ^̂  '̂ 
/?^ = - ~ l I 6^cos6/sin6>c/6/#= - I I -^cos0sin6dOdi//, (20.32) 

or 
i/r = i/fil^,x,y,A). (20.33) 

We note from equation (20.32) that if/ does not usually depend on emission location, unless the 
emittance changes across the surface. However, i// does depend on the chosen wavelength, unless 
spectral and directional dependence of the emittance are separable. Once the azimuthal angle ip 
is found, the polar angle 9 is determined from 

Re = I e\cose sine del I £̂  cos 6> sin 6> ^6/, (20.34) 
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or 

e = e(Ro,x,y,A,i/f). (20.35) 

Most surfaces tend to be isotropic so that the directional emittance does not depend on azimuthal 

angle ^. In that case €A = 2 f^ e'^ cos 0 sin 0 dO, and equation (20.32) reduces to 

Ril, = ^ . or i// = 2nl^, (20.36) 

and the choice of polar angle becomes independent of azimuthal angle. For a diffuse emitter, 
equation (20.34) simplifies to 

R() = sin^ e, or 6/ = sin"* V ^ . (20.37) 

Absorption and Reflection 

When radiative energy impinges on a surface, the fraction cr̂  will be absorbed, which may de-
pend on the wavelength of irradiation, the direction of the incoming rays, and, perhaps, the local 
temperature. Of many incoming bundles the fraction a'^ will therefore be absorbed while the rest, 
1 - a^, will be reflected. This can clearly be simulated by picking a random number, R^, and 
comparing it with a'/. lfR,y < a\, the bundle is absorbed, while if î ^ > a^ it is reflected. 

The direction of reflection depends on the bidirectional reflection function of the material. The 
fraction of energy reflected into all possible directions is equal to the directional-hemispherical 
spectral reflectance, or 

Jin 

= /7 
Jo Jo 

In pnll 
p'^iA, Oi, (A/, Or, ij/,) COS Or sin Or dOr di//,. (20.38) 

As before, the direction of reflection may then be determined from 

and 

^r = -l^ f f PA(^^ ^/' ^r Or, ^r) COS Or siu 9^ dOr dlj^,, (20.39) 
P,i Jo Jo 

I p^'(/t, Oi, (Ap 6r, t/v) COS Or sin Or dOr 

% = 'J;T2 • (20.40) 
p'^iA, Oi, i/^i. Or, <p,) COS G, sin Or dO,-

Jo 

If the surface is a diffuse reflector, i.e., p','(/̂ ,0,,̂ fr,, 0̂ ,̂ ^̂ ) = P"('^) = P^%OM then equa-
tions (20.39) and (20.40) reduce to 

R^=tr' or </fr = 2nR^., (20.41) 
2n 

Ro, = s i r Or, or Or = sin"' Y%' (20.42) 

which are the same as for diffuse emission. For a purely specular reflector, the reflection direction 
follows from the law of optics as 

ifr^ = tfTj-^ 7T, Or = Oi, (20.43) 

that is, no random numbers are needed.-̂  

^Mathematically, equation (20.43) may also be obtained from equations (20.39) and (20.40) by replacing p^ by an 
appropriate Dirac-delta function. 
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FIGURE 20-5 
Surface description in terms of a position vector. 

20,5 SURFACE DESCRIPTION 

When Monte Carlo simulations are applied to very simple configurations such as flat plates, e.g., 
Toor and Viskanta [25], the surface description, bundle intersection points, intersection angles, 
reflection angles, etc. are relatively obvious and straightforward. If more complicated surfaces are 
considered, such as the second-order polynomial description by Weiner and coworkers [26] or the 
arbitrary-order polynomial description by Modest and Poon [17] and Modest [27], a systematic 
way to describe surfaces is preferable. It appears most logical to describe surfaces in vectorial 
form, as indicated in Fig. 20-5, 

r = / ^ XiiV\, ^2) e/, yimin < l̂ < l̂ lmax, l>lmm(V\) < i>2max( l̂), (20.44) 

that is, r is the vector pointing from the origin to a point on the surface, vi and uz are two surface 
parameters, the Xt are the ix,y,z) coordinates of the surface point, and the e/ are unit vectors 
(i, j , k) into the x, y,z directions, respectively. We may define two unit tangents to the surface at 
any point as 

dr_ 
i2= — 

dV2 

5r 

dv2 
(20.45) 

While it is usually a good idea to choose the surface parameters vi and V2 perpendicular to one 
another (making t] and ti perpendicular to each other), this is not necessary. In either case, one 
can evaluate the unit surface normal as 

n = 
t l X t 2 

ItlXfcf 
(20.46) 

where it has been assumed that vi and t̂  have been ordered such that A is the outward surface 
normal. 

20.6 RAY TRACING 

Points of emission may be found by establishing a relationship such as equation (20.17) for the 
general vectorial surface description given by equation (20.44). The infinitesimal area element on 
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FIGURE 20-6 
Rocket nozzle diffuser geometry for Example 20.2. 

the surface may be described by 

dA^ 
Sr dx_ 

dv\ dv2 
dv\ do2 = |ti X t2| 

dr\ 
\dV2 

dv{dv2. (20.47) 

Thus, if we replace x by ui and yhyi}2, emission points (^1,^2) ^^^ readily found from equa-
tions (20.20) and (20.22). 

Example 20.2. Consider the axisymmetric rocket nozzle diffuser shown in Fig. 20-6. Assuming that 
the diffuser is gray and isothermal, establish the appropriate random number relationships for the deter-
mination of emission points. 

Solution 
The diffuser surface is described by the formula 

z = a(r^ - ^ ) , 0 < z < L, ro<r <n, a = -—, 

where L is the length of the diffuser and ro and n are its radius at z = 0 and L, respectively. In vectorial 
form, we may write 

r = r cos 0i + r sin <̂ j + a(r^ - A^)({, 

where </> is the azimuthal angle in the x-i/-plane, measured from the x-axis. This suggests the choice 
vi = r and vi = (p. The two surface tangents are now readily calculated as 

^ _ cos <̂ i + sin 0j 4-2(3rfe 

v r T 4 ^ 
t2 = -sin<^i + cos0j. 

It is seen that ti • {2 = 0, i.e., the tangents are perpendicular to one another. The surface normal is 
then 

n = ti X t2 = 
1 

V T M ^ V 

i J k 
COS (f> sin (/> 2ar 

l,~sin^ COS0 0 } 

-2ar(cos(l>i + sin<f>j) + k 

and, finally, an infinitesimal surface area is 

dA = I cos (fn + sin 0j + 2arii\\ - r sin <̂ i + r cos <̂ j| dr dcp = Vl + Aa^r"^ r dr d<j>. 
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FIGURE 20-7 
Vector description of emission direction 
and point of impact. 

Since there is no dependence on azimuthal angle <p in either dA or the emissive power, we find immedi-
ately 

0 R^^ —y or (̂  = InR^, 
In 

and for the radial position parameter 

Rr^ 
£ yfTT4^rdr " (1 +4aV)3/2[^ " (1 +4^2^)3/2^(1 +4^2^)3/2-

The above expression is readily solved to give an explicit expression for r = r(R,.). 

Once a point of emission has been found, a wavelength and a direction are calculated from 
equations (20.28), (20.32), and (20.34). As shown in Fig. 20-7, the direction may be specified as 
a unit direction vector with polar angle 6 measured from the surface normal, and azimuthal angle 
i// measured fi'om ti, leading to 

sin^ ^ M i l ( 7 r . , .A . '̂  I 
s = - :— sm(a - ^)ti + sm ̂ 2 + cos ̂ n, 

sm a L -I 

and 
sina = ti X t2 , 

(20.48) 

(20.49) 

where a is the angle between t] and ta. If ti and t2 are perpendicular (a = n/2% equation (20.48) 
reduces to 

s = sin^lcosi^t] + sin(/rt2j + cos^ii. (20.50) 

As also indicated in Fig. 20-7, the intersection point of an energy bundle emitted at location 
Te, traveling into the direction s, with a surface described in vectorial form may be determined as 

r̂  + Ds = r, (20.51) 
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where r is the vector describing the intersection point, and D is the distance traveled by the energy 
bundle. Equation (20.51) may be written in terms of its x, y,z components and solved for D by 
forming the dot products with unit vectors i, j , and fe: 

S i s . j §.k ' ^ * ^ 

Equation (20.52) is a set of three equations in the three unknowns 1̂ 1,̂ 2, and D: First v\ and i>2 are 
calculated, and it is determined whether the intersection occurs within the confines of the surface 
under scrutiny. If so, and if more than one intersection is a possibility (in the presence of convex 
surfaces, protruding comers, etc.), then the path length D is also determined; if more than one 
intersection is found, the correct one is the one after the shortest positive path. 

If the bundle is reflected, and if reflection is nonspecular, a reflection direction is chosen 
from equations (20.39) and (20.40). This direction is then expressed in vector form using equa-
tion (20.48). If the surface is a specular reflector, the direction of reflection is determined from 
equation (20.43), or in vector form as 

s, = Si + 2|s,- • ii|n. (20.53) 

Once the intersection point and the direction of reflection have been determined, a new intersec-
tion may be found from equation (20.52), etc., until the bundle is absorbed. 

Example 20.3. Consider again the geometry of Example 20.2. An energy bundle is emitted from the 
origin (x - y - z = 0) into the direction s = 0.8i + 0.6k. Determine the intersection point on the difFuser 
and the direction of reflection, assuming the diffuser to be a specular reflector. 

Solution 
With n. = 0 and equations (20.48) and (20.52), we find 

rcos<^ _ rsin0 _ a(r^-rj) 
" 0.8 ~ 0 " 06 * 

Obviously, cp = 0,̂  and solving the quadratic equation for r, 

3 r 1 
r - ^ = - - = |rro, orr = 2ro andz = T—(4r̂  - ^ ) = f''o-

" 4 « ^ 2ro V / 

At that location we form the unit vectors as given in Example 20.2, 

ti = -4=(> + 2k)» t2 = J, and n = 4=(-2i + k). 
V5 V5 

Therefore, the direction of reflection is determined from equation (20.53) as 

1-2x0.8 + 0.61 
s, = 0.81 + 0.6k + 2 

as is easily verified from Fig. 20-6. 

V5 
-2i + k , 

V5 

20.7 HEAT TRANSFER RELATIONS FOR 
PARTICIPATING MEDIA 

If the enclosure is filled with an absorbing, emitting, and/or scattering medium, equations (20.11) 
through (20.16) for the evaluation of surface heat fluxes must be augmented by a term to account 

' [n computer calculations care mu.st be taken here and elsewhere to avoid division by zero. 
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for emission from within the medium, and the definition for the generalized radiation exchange 
factor must be altered to allow for absorption and/or scattering. Again assuming a refractive index 
of unity, from equation (9.48) the total emission per unit volume is 4KpCrT'^ and, therefore, 

^(r) = eir)crT\r) ^ f e(r') (rT\r')^^j^ dA' - f 4 / c , ( r ' 0 c r r \ r " ) ^ % y ^ dV. 
J A dA Jv dA 

(20.54) 
where 

KP{Y") = local Planck-mean absorption coefficient of the medium at r", 
d^dV"-^dA = generalized radiation exchange factor between volume elements dV" 

and surface element dA. 
Equation (20.12) still applies to all exchange factors, including d^dv-^dAy with the added stipu-
lation that energy bundles may be attenuated by absorption and/or redirected by scattering. 

A similar equation is needed to describe the net amount of radiative energy deposited (or 
withdrawn) per unit volume of the medium, i.e., the divergence of the radiative heat flux. From 
equations (9.53) and (10.149), it follows that 

V . q = 4/cpcrr^- KAGxdA, (20.55) 
Jo 

where G^ is the spectral incident radiation. The first term in equation (20.55) describes emission 
from within the volume, and the second term gives the absorbed fraction per unit volume of all 
radiation incident on the element. For Monte Carlo calculations this term may be replaced by an 
expression similar to the one in equation (20.54), i.e., 

V . q = AK^CTT' ~ r 5 ( r ' ) c 7 r \ r O ^ % ^ dA' - f 4 / r p ( r " ) ( r r \ r " ) ^ % ^ dV'. (20.56) 
J A dV Jv dV 

For numerical calculations it is again necessary to break up the enclosure into a number J finite 
subsurfaces and K finite subvolumes, transforming equations (20.54) and (20.56) to 

J K 

Qi = eiO-T^Ai - 2 ejcrJj'Aj^^i - fct^.^-./ - YJ ^^^*^^ '̂ ^^"^-' ' '̂ = 1.2,..., J, (20.57) 

f 
Jv, 

J 

V . q^F = 4KpicrT;'Vi ^ ^ ejaTj^Aj^j^i - q,nAs^s~.i 
M 

K 

- Y^ AKpkcrT^n9i-.i. / = 1,2,..., ^, (20.58) 

where the Tk are suitably defined average temperatures within the medium 

^pkcrT,^ = 17 f K,(TTUV. (20.59) 
VkJv, 

Using this formulation, all generalized exchange factors may then be evaluated through equa-
tion (20.16). 

20.8 RANDOM NUMBER RELATIONS FOR 
PARTICIPATING MEDIA 

Besides the random number relations established in the last section we need to find additional ex-
pressions for emission from within the volume, for absorption by the medium, and for scattering. 
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Points of Emission within Medium 

The total emission from a subvolume Vj^ is given by 

Ek= \ 4Kp(TT'^dV. (20.60) 

Using Cartesian coordinates with dV = dxdy dz, equation (20.60) may be rewritten as 

^ ^ = 1 ( l I '^'<pO'TUzdy]dx=: f E[{x)dx. (20.61) 
Jo wo Jo / Jo 

Then, following the development of equations (20.17) through (20.22), points of emission may 
be related to random numbers through 

Rx = -Er\ Kd^= I KpO-TUzdydx \ KpCrTUzdydx, (20.62a) 
Â: J o J o J o J o I Jo J o J o 

Ry=^ I I KpO-T'^dzdy \ | KpcrT'^dzdy, (20.62ft) 
Jo Jo / Jo Jo 

R,= rKpCrT^dzl f KPCTTUZ, (20.62C) 

or 

X = x{RrX y = y(Ry, x), z = z{R,, x, y), (20.63) 

Again, choices for x, y, and z become independent of one another if the emission term is separable, 
e.g., for an isothermal medium with uniform absorption coefficient. 

Wavelengths for Emission from within Medium 

As for surface emission, the choice of emission wavelength, in general, depends on emission lo-
cation (x, y,z\ unless the volume is isothermal with constant absorption coefficient. From equa-
tion (9.48) and the definition of the Planck-mean absorption coefficient it follows immediately 
that 

.̂1 = - ^ r ''^^^^'^^^ (20.64) 
KpcrT"^ Jo 

and, after inversion, 

A = AiRi,x,y,z), (20.65) 

Directions for Emission from within Medium 
Under local thermodynamic equilibrium conditions emission within a participating medium is 
isotropic, i.e., all possible directions are equally likely for the emission of a photon. All pos-
sible directions from a point within the medium are contained within the soHd angle of 4n = 
J ^ J/^ sin OdQdil/, where polar angled and azimuthal angle ^ are measured from arbitrary refer-
ence axes. Thus, since the integrand is separable, 

I^= -^^ ovi// = 2nR^, (20.66a) 
In 

sinOdO = ^(1 - cos6>), (20Mb) n I f ' . 

or 
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e = cos"^ (1 - 2Re). (20.66c) 

If the polar angle is measured from the z-axis and i// from the x-axis, then the unit direction vector 
for emission may be expressed as 

s = sin ̂ (cos i//i + sin ̂ J) + cos ^k. (20.67) 

Absorption within Medium 
When radiative energy travels through a participating medium, the energy is attenuated by ab-
sorption and scattered. Equation (9.7) gives the absorptivity for a photon path of length 4 as 

aA = \-Qxp{^J^'K,ds^, (20.68) 

Therefore, the fraction of energy penetrating through a layer of thickness 4 is 

R, = cxipi^-J^'Kids). (20.69) 

This implies that, if the total radiative energy is divided into bundles of equal energy content, the 
fraction R^ will be transmitted over a distance 4 or farther. Thus, we may relate the distance that 
any one bundle travels before absorption to a random number by inverting equation (20.69). 

This inversion is readily obtained if the absorption coefficient does not vary throughout the 
medium (K,I = const). Under these conditions 

4 = - h i ^ , (20.70) 

and the bundle is allowed to travel a total distance 4 through the medium before being absorbed 
(unless it is absorbed by a surface before traveling this far). 

If the absorption coefficient is not uniform (because of temperature dependence or because of 
a nonisotropic medium), inversion of equation (20.69) is considerably more difficult. Usually, the 
optical path is evaluated by breaking the volume up into K subvolumes with constant absorption 
coefficient. Then 

I Kxds:^ y^hSk. (20.71) 
Jo V 

where the summation is over those subvolumes {k) through which the bundle has traveled, and Sk 
is the geometric distance the bundle travels through these elements. As long as 

I Kxds< I 
Jo Jo 

4 1 

KAds^ln—, (20.72) 

the bundle is not absorbed and is allowed to travel on. 

Scattering within Medium 
Attenuation by scattering obeys the same relationships as for absorption, with the absorption 
coefficient replaced by the scattering coefficient. Thus, 

CTsA ACT 
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FIGURE 20-8 
Local coordinate system for scattering direction. 

is the distance a bundle travels in a medium with uniform scattering coefficient before being 
scattered, or 

I (TsAdsK \ (Tsxds^Xn— (20.74) 
Jo Jo ^ 

for a medium with variable scattering coefficient. 
Once a photon bundle is scattered, it will travel on into a new direction. The probability that 

the scattered bundle will travel within a cone of solid angle dO! around the direction §', after 
originally traveling in the direction s, is 

P{%')dQ: ^(b{%'%')da\ 

where Q> is the scattering phase function. Therefore, we may establish polar and azimuthal angles 
for scattering as 

7?̂ =̂ a)(s-s') sin 6>'d<9'#7 a)(s • r)sin6>'^6>'#', (20.75a) 
Jo Jo / J o Jo 

and 

7̂ , = r <D(s • §') ^inffdffl r (D(§ • s') sin (9' dff, (20,15b) 

For linear anisotropic scattering, from equation (11.98), 

0(s • §') = 1 + ^is . r = 1 + ^1 cos6>', (20.76) 

where it is assumed that the polar angle ff is measured from an axis pointing into the s-direction, 
and the azimuthal angle i//' is measured in a plane nomial to §. Equations (20.75a) and {20J5b\ 
then, reduce for linear anisotropic scattering to 

i?̂ ^ = f-, or^ ' = 27tR^, (20.77a) 
27r 

i?̂ , = 1 (I ^ cos (9̂  + y sin^ ff). (20.776) 

For isotropic scattering (A\ = 0) these relations are identical to those for (by nature isotropic) 
emission, equations (20.66). 

The new direction vector, §', must then be found by introducing a local coordinate system 
at the point of scattering, with s pointing into its z-direction (i.e., from where the polar angle 
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ff is measured), as shown in Fig. 20-8. The local x-direction (from where ^ ' is measured) and 
^/-direction are given by 

et = a x s / | a x s | , e2 = s x e i , (20.78) 

where a is any arbitrary vector. The first of equations (20.78) ensures that the local A:-axis is 
perpendicular to s, and the second makes the coordinate system right-handed. Similar to equa-
tion (20.67), the new direction vector may now be expressed as 

§' = sin 6/'(cos (A'ei + sin ̂ '62) + cos 0%, (20.79) 

If scattering is isotropic the scattering direction does not depend on the original path § (all di-
rections are equally likely). In that case, the choice of a local coordinate is totally arbitrary, and 
equation (20.67) may be used directly. 

£xample 20.4. Consider again the geometry of Example 20.2. The medium within the diffuser is gray 
with absorption and scattering coefficients of zero = 1 and qjro = 2, respectively, and an anisotropy factor 
of A\ - 1 (strong forward scattering). How far will the energy bundle of Example 20.3 travel before 
being absorbed and/or scattered, if random numbers R^ = 0.200 and R^ = 0.082 are drawn? If scattering 
occurs, determine the energy bundle's new direction after the scattering event, for R^ = 0.25 and RQ = 
0.13. 

Solution 
From equations (20.70) and (20.73) 4 = roln(l/0.20) = 1.61ro, and /̂  = (ro/2) x ln(l/0.082) = 1.25ro. 
From Example 20.3 we know that the bundle must travel a distance of D = (2ro) cos 0/0.8 = 2.5ro before 
hitting the diffuser. Since /tr < 4 < /), this implies that the bundle will scatter before hitting the diffuser, 
after which it will travel another distance of 4 - 4- = 0.36ro before being absorbed (over which distance 
it may be scattered again or hit a diffuser wall). The location at which the scattering occurs is, from 
equation (20.51), 

X = .v^+t-s-i = 1.25roX0.8 = l.Oro, i/ = 0, z = 1.25rox0.6 = 0.75ro. 

From equations (20.77) we find ij/' ^Inx 0.25 = njl and cos 6/' = 2 Vl~/fe - 1 = 2 Vl -0.13 - 1 = 
0.8655, or Q' - 30°. Here the polar angle 6' is measured from the direction of s = O.81 + 0.6k and ijj' 
in the plane normal to it. At the scattering point we may introduce a local coordinate system with, say, 
a = j , or 

ei = J xs/Uxs| = 0.6i~0.8k, €2 = sxci = j , 

and, from equation (20.79), 

r = 4(0 + 1 X j) + I V3(0.8i - 0.6fe) = 0.4 V3i + 0.5j - 0.3 \^fe. 

Treatment of Spectral Line Structure Effects 

If the participating medium contains an absorbing/emitting molecular gas, the gas will have a 
number of vibration-rotation bands, which in turn consist of thousands of overlapping spectral 
lines (cf. the discussion on gas properties in Chapter 10). If line overlap is not very pronounced 
(small line overlap parameter yS), the absorption coefficient becomes a strongly gyrating fiinction 
of wavelength (cf. Fig. 10-10), making the use of equation (20.64) (emission wavelength) and 
equation (20.69) (absorption location) impractical: (/) Many digits of accuracy would be required 
in the evaluation of A to ascertain whether emission occurs near a line center (with large AQ) or 
between lines (small /cO, (//) accurate knowledge of the spectral gyration of KX is rarely known. 
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To simplify the analysis one may employ one of the narrow band models described in Chapter 10. 
First, the absorption coefficient is split into two components, 

KA=KpA-\-KcjA. (20.80) 

where Kpx is the (spectrally smooth) absorption coefficient of other participating material (such as 
particles or ions), and KgA is the rapidly varying gas absorption coefficient. Taking a narrow band 
average over the Planck function-weighted absorption coefficient leads to 

I KgAlbAdA= I ( ^ 1 KgAlhAdA'\dA^ I KgAlbAdA, 

where KgA = {S/d)A is the narrow band average of the gas absorption coefficient. The wavelength 
of emission is determined with equation (20.64) from 

RA = I ^ 7 (KpA+l<cjA)lbAdA, (20.81) 

and again, after inversion, 

A = A(RA, X, y, z). (20.82) 

Application of the narrow band model to find the location of absorption within the partici-
pating medium is somewhat more complicated. The random number relations are different for 
photon bundles emitted from a surface (with spectrally smooth emittance 6 )̂, as opposed to bun-
dles emitted from within the medium (with strongly varying absorption coefficient /c )̂. Bundles 
emitted from a wall are equally likely to have wavelengths close to the center of a line or the gap 
between two lines, causing them to travel a certain distance before absorption. Bundles emitted 
from within the medium are likely to have wavelengths for which KA is large [as easily seen by 
looking at equations (9.48) or (20.60) on a spectral basis], making them much more Hkely to be 
absorbed near the point of emission. We will limit our discussion here to the case of a spatially 
constant absorption coefficient, i.e., KA = KA(A), The more general case of a spatially varying (i.e., 
temperature- and/or concentration-dependent) absorption coefficient may be found in the original 
paper of Modest [28]. 

The amount of energy emitted by a surface element dA over a wavelength range dA into a 
pencil of rays dQ. is 

e^iIbAdApdAdCl, 

where dAp = dA\h • s| is the projected area normal to the pencil of rays. Of this, the amount 

EAlbAdApdAdQe-''^ 

penetrates a distance / into the medium. Taking a narrow band average of both expressions leaves 
the first one untouched while the second becomes 

EAlbAdApdAdQ^ f e-''^dA = €AlbAdApdAdai\ -aA), 
oA JsA 

where a^ is the narrow band average of the spectral absorptivity. The ratio of the two expressions 
gives the fraction of energy travehng a distance /. Thus, using one of the narrow band models 
summarized in Table 10.1, we find 

R, = ]-a,^ exp\-KpAl- - ^ 1 , (20.83) 
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with W/d from equation (10.58) (Elsasser model) or equations (10.67) through (10.69) (statis-
tical models), for which r = Kg J andjS is the line overlap parameter. In the high-pressure limit 
(strong line overlap withyS ~> cx)) equation (20.83) reduces to equation (20.69) for all narrow band 
models. Explicit inversion of equation (20.83) is possible only for the Malkmus model (unless 
KpA = 0 ) . 

If emission is from a volume element, we have for a volume t/F, a wavelength range dA, and 
a pencil of rays dQ., the total emitted energy 

KAlbAdVdAdQ, 

of which the amount 
KiIhAdVdAdQ.e-''^ 

is transmitted over a distance of /. Taking the narrow band average of both expressions and 
dividing the second by the first gives the transmitted fraction as 

-_ - - i ^ i ( ± f .-..'..) = - U t = "'*"y> -a, (20.84) 

Again, equation (20.84) reduces to equation (20.69) for j5 ~-» oo. 
All other random number relations, since they do not involve the spectral absorption coeffi-

cient, are xinaffected by spectral hne effects. 

Example 20.5. Consider a photon bundle traveling through a molecular gas. The wavelength of the 
bundle is such that Icgx = 1 cm"' and/? = 0.1. Drawing a random number oiR^ = 0.200, how far will the 
bundle travel before absorption, if it was emitted (a) by a gray wall, {b) from within the gas? Use the 
Goody statistical model. 

Solution 
{a) If the bundle originates from a wall, we have from equation (20.83) 

R, = 0.200 = exp - - - = exp — , = e x p l — = L = | . 

By trial and error (or solution of a quadratic equation), it follows that T = 25.9 and / = T/%I = 25.9 cm. 
{b) For medium emission, equation (20.84) is applicable, and 

o ^ . ^ ^ \ d (W\ d (W\ 1 /?+T/2 
/?, = 0 . 2 0 0 = 3 - - - U — -- = • ^^—^exp 

KgAdiyd) dT{d) JuTm B+T 
V T + ^ fi+r [ ^|U^ 

1 1+5T 

VITTofi + iOr^ 
-r/VWOf 

or T^ 0.48 and/= 0.48cm. 
Therefore, as expected, the bundle travels much farther if emitted from a wall. For comparison, in a 

gray medium the bundle would have traveled 

/ = - h -— = In -r-—— = 1.61 cm 
K R, 1cm-' 0.200 

for both cases. 

Some Monte Carlo results for gas-particulate mixtures with line structure effects are shown 
in Chapter 19, in Figs. 19-3 and 19-7. 
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20,9 OVERALL ENERGY CONSERVATION 

The temperature field within the medium is determined from overall conservation of energy, as 
given by equation (9.66). In the absence of conduction and convection, i.e., if radiative equiUb-
rium prevails, this equation reduces to the simple form of V • q̂  = 0, v^here q« is the radiative heat 
flux. Whether an analytical technique or a Monte Carlo method is used, the solution is simplest 
for a gray medium at radiative equilibrium, followed by the case of radiative equilibrium in a 
nongray medium and, finally, the gray and nongray medium in the presence of conduction and/or 
convection. 

Gray Medium at Radiative Equilibrium 

Radiative equilibrium implies that anywhere within the medium the material absorbs precisely 
as much radiative energy as it emits. Therefore, for every photon bundle absorbed at location r, 
another photon bundle of the same strength must be emitted at the same location. The direction 
of the new photon is determined from equations (20.66). We note that these relations are iden-
tical to those for isotropic scattering, equations (20.77), since emission is always isotropic. The 
wavelength of the newly emitted energy bundle may be determined from equation (20.64) and 
depends on the local temperature. However, if the medium and the walls are gray, then the wave-
length of the bundle is irrelevant (indeed, does not have to be determined). Thus, if absorption 
and scattering coefficients are independent of temperature, knowledge of the temperature field is 
not required to find the solution: Energy bundles are emitted from the bounding walls (according 
to their temperatures) and are followed until they are absorbed by a wall (afl:er perhaps numer-
ous scattering and absorption-reemission events inside the medium). Numerically, the process is 
identical to a purely scattering medium, with the extinction coefficient )S = /c + oj replaced by an 
effective scattering coefficient o^ = p. The temperature field inside the medium is determined by 
keeping track of the total reemitted energy from a control volume Vo 

abs,/ = YjQij = Qcm,i = 4cr^/7;^ Vi. (20.85) 

or 

7? = 
vy=i 

(20.86) 

where the Qjj are the amounts of energy carried by the Ni photon bundles that have been absorbed 
within Vi (after emission from a wall and, possibly, reemission from within the medium). 

This solution is hmited to the case of constant properties, since absorption and scattering 
locations depend on local values of absorption and scattering coefficients. If these properties 
depend on temperature, a temperature field must be guessed to determine them, and an iteration 
becomes necessary. 

Nongray Medium at Radiative Equilibrium 

If the medium is nongray, the wavelength of each reemitted bundle must be determined from 
equation (20.64), requiring knowledge of the temperature field. Therefore, the solution becomes 
an iterative process: First a temperature field is guessed, and employing this guess, the solution 
proceeds similar to the one described above for a gray medium, after which local temperatures 
are recalculated from equation (20.86), etc., until the solution converges. 
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There is another way to obtain a solution. Based on the guess of the temperature field we 
"know" how much energy is emitted from each subvolume. We may therefore separate the emis-
sion and absorption processes: Photon bundles are emitted not only by the walls, but also by the 
medium, and they are then traced until they are absorbed by either wall or medium (i.e., there is no 
reemission in this method). This leads to different values for jĝ bs,/ and Qemj in equation (20.85), 
which may be used to update the temperature field. This method of solution is usually inferior 
since emission depends very strongly on the (unknown) temperature field, while nongray behavior 
is only implicitly influenced by the temperature. 

Coupling with Conduction and/or Convection 

If conduction and/or convection are of importance the radiation problem must be solved simulta-
neously with overall conservation of energy, equation (9.66). Since the energy equation is usually 
solved by conventional numerical methods (although a Monte Carlo solution is, in principle, pos-
sible; see, e.g., Haji-Sheikh [12]), an iteration in the temperature field is necessary: Similar to 
radiative equilibrium in a nongray medium a temperature field is guessed and used to solve the 
radiation problem, leading to volume emission rates, gem,/, and absorption rates, gabs,/» for each 
subvolume. The net radiative source is then 

(V • q,\ = y (am,/ ~ abs , ) , (20.87) 

which is substituted into the solution for equation (9.66) to predict an updated temperature field. 

20,10 EFFICIENCY CONSIDERATIONS 

The accuracy of results for generalized radiation exchange factors, wall heat fluxes, or net radi-
ation sources within the medium, as characterized by the standard deviation, equation (20.8), is 
determined by the statistical scatter of the results. The scatter may be expected to be inversely 
proportional to the number of bundles absorbed by a subsurface or subvolume. This number of 
bundles, on the other hand, is directly proportional to both total number of bundles and size of sub-
surface/subvolume. Thus, in order to achieve good spatial resolution (small element sizes), very 
large numbers of bundles—often several million or even billions—^must be emitted and traced. 
Consequently, even with the availability of today's fast digital computers, it is imperative that the 
Monte Carlo implementation and its ray tracings be as numerically efficient as possible, if many 
hours of CPU time for each computer run are to be avoided. Today's trend toward massively 
parallel computing brings new efficiency challenges with it that—^while beyond the scope of this 
book—have been discussed in some detail by several investigators [15]. 

Inversion of Random Number Relations 
Many of the random number relationships governing emission location, wavelength, direction, 
etc., cannot be inverted explicitly. For example, to determine the wavelength of emission, even for 
a simple black surface, for a given random number R^ requires the solution of the transcendental 
equation (20.28), 

""'^^L EtAdA = f(AT), (20.88) 

In principle, this requires guessing a A, calculating R^, etc. until the correct wavelength is found; 
this would then be repeated for each emitted photon bundle. It would be much more efficient to 
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invert equation (20.88) once and for all before the first energy bundle is traced as 

AT = r\^A)' (20.89) 

This is done by first calculating R,ij corresponding to a (AT)j for a sufficient number of points 
y = 0 , 1 , . . . , J. These data points may then be used to obtain a polynomial description 

^ r = ^ + M^ + Ci?^ + . . . , (20.90) 

as proposed by Howell [13]. With the math libraries available today on most digital computers it 
would, however, be preferable to invert equation (20.89) using a (cubic) spline. 

Even more efficient is the method employed by Modest and Poon [17] and Modest [27], who 
used a cubic spline to determine values of (AT)j for ( / + 1) equally spaced random numbers 

(AT)j=r'(RA = j). 7 = 0,1,2,...,J. (20.91) 

If, for example, a random number R,i = 0.6789 is picked, it is immediately known that (AT) lies 
between (/ir),„ and (AT)m+\, where m is the largest integer less than / x J?̂  (= 67 if J = 100). The 
actual value for (AT) may then be found by (linear) interpolation. 

The quantity to be determined may depend on more than a single random number. For exam-
ple, to fix an emission location in a three-dimensional medium with nonseparable emissive power 
requires the determination of 

X = x(R,l y = y(Ry, x), z = z(R,, jc, y). (20.92) 

That is, first the jc-location is chosen, requiring the interpolation between and storage of J data 
points xj(Rj); next the ^/-location is determined, requiring a double interpolation and storage of 
SiJxK array for yjkiRkyXj); and finally z is found from a triple interpolation from SLJXKXL 

array for ZjkiiRi, Xj, yu). This may lead to excessive computer storage requirements if J, K, L are 
chosen too large: If J = i^ = L = 100, an array with one million numbers needs to be stored 
for the determination of z-locations alone! The problem may be alleviated by choosing a better 
interpolation scheme together with smaller values for J, K, L (for example, a choice of 7 = A' = 
L = 40 reduces storage requirements to 64,000 numbers). 

Energy Partitioning 
In the general Monte Carlo method, a ray of fixed energy content is traced until it is absorbed. In 
the absence of a participating medium, the decision whether the bundle is absorbed or reflected is 
made after every impact on a surface. Thus, on the average it will take 11 a tracings until the bun-
dle is absorbed. Therefore, it takes 1/a tracings to add one statistical sample to the calculation of 
one of the S^^/s. If the configuration has openings, a number of bundles may be reflected a few 
times before they escape into space without adding a statistical sample to any of the ^-,/s. Thus, 
the ordinary Monte Carlo method becomes extremely inefficient for open configurations and/or 
highly reflective surfaces. The former problem may be alleviated by partitioning the energy of 
emitted bundles. This was first applied by Sparrow and coworkers [29,30], who, before deter-
mining a direction of emission, spht the energy of the bundle into two parts: The part leaving the 
enclosure through the opening (equal to the view factor from the emission point to the opening) 
and the rest (which will strike a surface). A direction is then determined, limited to those that 
make the bundle hit an enclosure surface. The procedure is repeated after every reflection. This 
method guarantees that each bundle will contribute to the statistical sample for exchange factor 
evaluation. A somewhat more general and more easily implemented energy partitioning scheme 
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was applied by Modest and Poon [17,27]: Rather than drawing a random number R^ to decide 
whether a bundle is (fully) absorbed or not, they partition the energy of a bundle at each reflection 
into the fraction a, which is absorbed, and the fraction p = 1 - a, which is reflected. The bundle 
is then traced until it either leaves the enclosure or until its energy is depleted (below a certain 
fraction of original energy content). This method adds to the statistical sample of a ^-^j after 
every' tracing and thus leads to vastly faster convergence for highly reflective surfaces. 

Energy partitioning is equally successfully applied to problems in participating media: In op-
tically thick media, bundles emitted in the interior rarely travel far enough (before absorption) 
to hit a bounding surface, although it is usually the surface heat fluxes that are of primary inter-
est. Modest [31] extended the partitioning concept by depleting the energy content of a bundle 
along its path: No random number is drawn to determine the distance traveled until absorption, 
equation (20.70); rather, the energy content is depleted due to gradual absorption. The depleted 
amount is added to the absorption rates of the subvolumes through which the bundle travels. 
Again, the bundle is traced until it leaves the enclosure or until its energy is depleted. An illustra-
tion of this method is included with Example 20.7 for the Backward Monte Carlo method in the 
following section. A similar method is also described by Walters and Buckius [14], who called it 
"absorption suppression," and by Farmer and Howell [32], naming it "pathlength method." Both 
references also discuss several variations to the method. 

If an optically thin medium is externally irradiated, it is the lack of substantial absorption, 
which causes the method to become inefiicient. Energy partitioning can also be used to increase 
the efficiency for such problems, either in the way described in the previous paragraph, or through 
a variation called "forced collisions" by Walters and Buckius [14]. 

Energy partitioning can result in tremendous computer time savings for optically thick and 
thin media. However, the method is limited to media with known (or iterated) temperature field 
(i.e., it cannot be applied to the standard method for radiative equilibrium, where photon bundles 
are absorbed and reemitted at selected locations). 

Other Efficiency Improvements 

There are many other ways to make a particular Monte Carlo simulation computationally more 
efficient. For example. Farmer and Howell [33,34] overcame the standard method's inefficiency 
in optically thick media by using hybrid approaches, employing the diffusion approximation of 
Chapter 14 for optically thick volume elements, and a regular Monte Carlo simulation for the rest. 
Other improvements are often connected to the particular geometry under scrutiny. For instance, 
large amounts of computer time may be wasted because it is not immediately known, which of the 
many subsurfaces the traveling bundle will hit. In general, an intersection between every surface 
and the bundle must be calculated. Only then can it be determined whether this intersection is 
legitimate, i.e., whether it occurs within the bounds of the surface. Often the overall enclosure 
can be broken up into a (relatively small) number of basic surfaces (dictated by geometry), which 
in turn are broken up into a number of smaller, isothermal subsurfaces. Furthemiore, a bundle 
emitted or reflected from some subsurface may not be able to hit some basic surface by any path. 
In other cases, if a possible point of impact on some surface has been determined, it may not be 
necessary to check the remaining surfaces, etc. There are no fixed rules for the computational 
structure of a Monte Carlo code. In these applications the proverbial "dash of ingenuity" can go 
a long way in making a computation efl[icient. 

20.11 BACKWARD MONTE CARLO 

The Monte Carlo scheme, as presented so far, is a "forward" method, i.e., a photon bundle is 
emitted and we then follow its progress until it is absorbed or until it leaves the system. The 
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method can easily simulate problems of great complexity and, for the majority of problems where 
overall knowledge of the radiation field is desired, the method is reasonably efficient. However, 
if only the radiative intensity hitting a small spot and/or over a small range of solid angles is 
required, the method can become terribly inefficient. Consider, for example, a small detector 
(maybe 1 mm x 1 mm in size) with a small field of view (capturing only photons hitting it from 
within a small cone of solid angles) monitoring the radiation from a large furnace filled with an 
absorbing, emitting and scattering medium. In a standard Monte Carlo simulation, we would 
emit many photon bundles within the furnace and would trace the path of each of these photons, 
even though only the tiniest of fractions will hit the detector. It may take many billion bundles 
before a statistically meaningful result is achieved—at the same time calculating the intensity 
field everywhere (and without need): clearly a very wasteful procedure. Obviously, it would be 
much more desirable if one could just trace those photon bundles that eventually hit the detector. 

This idea of a backward tracing solution, sometimes also called reverse Monte Carlo, has 
been applied by several investigators [35-41], all based on the principle of reciprocity described 
by Case [42]. This principle states that, if/^i and In are two difi'erent solutions to the radiative 
transfer equation for a specific medium, 

§-V/,/r,§) = 5,/r,§)-)3,(r)/,;(r,§) + ^ f /,/r,§')0,(r,§',S)rfQ, j=\,2, (20.93) 

subject to the boundary condition 

/,y(r„,s) = 4 , / r , „ s ) , 7 = 1 , 2 , (20.94) 

then these two solutions are related by the following identity: 

r r [4.̂ 2(r,„, §)/.,! (r„„ -§) - /„ai(r„„ s)/,2(r„, -s)] (ii • §) 60.dA 
J A Jns>0 

^ { { [/,2(r,~s)5„(r,s)~^H(r,§)5la(r,-s)]JQ^F, (20.95) 

where A and V denote integration over enclosure surface area and enclosure volume, respectively, 
and A • § > 0 indicates that the integration is over the hemisphere on a point on the surface pointing 
into the medium. 

In the Backward Monte Carlo scheme, the solution to /^i(r,s) [with specified 5,ii(r,s) and 
4>u(i*.H,s)] is found from the solution to a much simpler problem hii^.l). In particular, if we 
desire the solution to hi at location r, (say, a detector at the wall) into direction -s, (pointing out 
of the medium into the surface), we choose In to be the solution to a collimated point source of 
unit strength located also at r/, but pointing into the opposite direction, +§,. Mathematically, this 
can be expressed as 

4va(r..,s) = 0, (20.96a) 

5,]2(r, §) = <̂ (r - r/) 6{% - §/), (20.96fc) 

where the 6 are Dirac-delta functions for volume and solid angles, defined as"* 

X 
<5(r-r,) = | ^ ' ^*^'' (20.97a) 

^ ' (̂  00, r = r,-, 

6(r-ri)dV=\, (20.97 b) 

*FoT a definition of the standard, one-dimensional Dirac-delta function see equation (10.88) in Section 10.7. 
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FIGURE 20-9 
Typical ray path in a backward Monte 
Carlo simulation. 

and similarly for solid angle [see also equation (18.2)]. If the infinitesimal cross-section of the 
source, normal to §/, is dAi, then this results in an lu intensity at r/ of 

hiirh s) = 
dAi ' 

(20.98) 

As the l\2 light beam travels through the absorbing and/or scattering medium, it will be attenuated 
accordingly. 

Sticking equations (20.96) into equation (20.95) yields the desired intensity as 

/,-§/) = { { ^ 

JAJh'%>i) 

JvJin 

4ji(r„,%2(r^..-s)(fi • %)dadA 
I 

(20.99) 

While the lu problem is much simpler to solve than the Iw problem, it remains quite difficult 
if the medium scatters radiation, making a Monte Carlo solution desirable. Therefore, we will 
approximate Ix\ as the statistical average over Â  distinct paths that a photon bundle emitted at r/ 
into direction §/ traverses, as schematically shown in Fig. 20-9, or 

1 ^ 

n-\ 
(20.100) 

where the solution for each hu is found for its distinct statistical path (with absorption and scat-
tering occurrences chosen exactly as in the forward Monte Carlo method). Along such a zig-zag 
path of total length / from r-, to r«;, consisting of several straight segments pointing along a local 
direction s'(r'), hi is nonzero only over an infinitesimal volume along the path, dV = dAiU and 
an infinitesimal solid angle centered around the local direction vector - s = §'(r'). At its final 
destination on the enclosure surface, the beam of cross-section dAi illuminates an area of only 
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dA = J47(-s'(r«')n), so that equation (20.99) simplifies to 

liUrh~%) = 4vn(raM-s'(ra.O) exp| 
- Jo J 

[ r'' 1 
dl\ (20.101) 

• f KA(r')dr] 
Jo J 

J l S,xir\ ~s'(r')) exp I - J Ac,(r")^r 

where Ĵ^ dr indicates integration along the piecewise straight path, starting at r/. It is seen that 
hini^h ~S/) consists of intensity emitted at the wall into the direction of s'(ry,) (i.e., along the path 
toward r,), attenuated by absorption along the path, and by emission along the path due to the 
source ^.n, in the direction of-S'C*') (also along the path toward r/), and attenuated by absorption 
along the path, between the point of emission, r', and r,-. This result is intuitively obvious since 
it is the same as equation (9.29), except that we here have a zig-zag path due to scattering and/or 
wall reflection events. 

If we trace a photon bundle back toward its point of emission, allowing for intermediate 
reflections from the enclosure wall (as indicated in Fig. 20-9), then, at the emission point r̂ ,, 4̂ î = 
^.ihAi^w)' And, if the internal source of radiation is due to isotropic emission, then, comparing 
equations (9.22) and (20.93) we find S^iir\ -§') = Ac^(r')4KrO. Thus, 

linirh-%) = 6^(r„,)4.i(r„,) exp r .̂i(r')̂ /'l 
Jo J 

•JK,(ryUrloxp\-j K,(ndr dl\ (20.102) 

where the subscript " 1 " has been dropped since it is no longer needed. Equation (20.102) may 
be solved via a standard Monte Carlo simulation or using the energy partitioning scheme of the 
previous section. For the standard method scattering lengths l^ are chosen fi-om equation (20.74) 
as well as an absorption length 4 from equation (20.72). The bundle is then traced backward from 
r, unattenuated [i.e., the exponential decay terms in equation (20.102) are dropped], until the total 
path length equals 4 or until emission location r„, is reached (whichever comes first). Thus, 

{\xir')hA{r')dl\ 4</, 
^ « ^i (20.103) 
6Kr„,)Wr„,)+ KA{r')hAir')dl\ 4 >/ . 

Jo 

If energy partitioning is used only scattering lengths are chosen fi-om equation (20.74) and hn is 
found directly from equation (20.102). 

Radiative Fluxes If radiative flux onto a surface at location r, over a finite range of solid 
angles is desired, the absorbed incoming flux needs to be computed as in equation (3.17), using 
the statistical data obtained for /,i„(r/, -S/). This is best done by the method described in Section 
20.2, equation (20.10). For example, for a detector located at r, with opening angle ^̂ ax one 
obtains 

hn (!•/, -S,) = { 

iet= I e\{e,\l/)h{n-e,il/)coses\nededilj 
Jo Jo 

2 Jo Jcoŝ ê ax 
N 

:- n(l - c o s ' Ora,.) ^ <An)lAn(-%nl (20 .104) 
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where the directions §/« need to be picked uniformly from the interval 0 < if/ < 2n, cos^ Omax ^ 
cos^ ̂  < 1. The azimuthal angle i//„ is found from equation (20.36), while 6^ is found from 

Jco^e„^^ l~cos^6/„ sin̂ 6>„ - -\( f^ - a \ /on m o 
Re = — i — = -; r - — = —I , or On = sm y ^ sm6>max)• (20.105) 

r , dt l-COS^^max sm^ ^ax ^ ^ 

If the detector is of finite dimension, points distributed across the surface are chosen like in a 
forward Monte Carlo simulation. 

Collimated Irradiation Backward Monte Carlo is extremely efficient if radiative fluxes onto a 
small surface and/or over a small solid angle range are needed. Conversely, forward Monte Carlo 
is most efficient if the radiation source is confined to a small volxime and/or soUd angle range. 
Both methods become extremely inefficient, or fail, if radiation from a small source intercepted 
by a small detector are needed. For collimated irradiation (and similar problems) backward Monte 
Carlo can be made efficient by separating intensity into a direct (collimated) and a scattered part, 
as outlined in Chapter 18. Thus, comparing equations (20.93) and (18.12) we find, assuming 
volumetric emission to be negligible, 

S,^(r, s) = c r , ( r ) ^ ^ ^ exp I - f \K, + cr,,)dl',I <D(r, ^ , s), (20.106) 
'̂ ^ l Jo J 

where ĉoii is the collimated flux entering the medium at Yu)y traveling a distance of 4 toward r in 
the direction of §0) and 0(r, So, s) indicates the amount of collimated flux arriving at r from %, 
being scattered into the direction of s. Therefore, the diff'use component of the intensity at r, is 
found immediately from equation (20.101) as 

hniti. -§/) = J 5̂ 1 (r', -§') exp - J Kx dA dl\ (20.107) 

with S^\ from equation (20.106). As before, equation (20.107) may be solved using standard 
tracing [picking absorption length 4, and dropping the exponential attenuation term in equa-
tion (20.107)] or energy partitioning [using equation (20.107) as given]. 

20,12 EXAIMPLE PROBLEIMS 

We will conclude this chapter on Monte Carlo methods with a couple of worked example prob-
lems designed to show the structure of a typical Monte Carlo code, and to highlight the salient 
features, as well as strengths and weaknesses, of difi'erent approaches. All problems deal with 
energy reaching a (relatively) small detector, in order to investigate the conditions under which 
backward Monte Carlo can potentially outperform forward Monte Carlo. Problems, in which 
radiative flux or source is to be determined everywhere, have the same structure, but backward 
Monte Carlo can, at best, perform equally well as the standard forward approach. The Fortran90 
computer codes for all these examples have been included in Appendix F. 

Example 20.6. Consider a one-dimensional slab 0 < z < I = lmofa gray, purely isotropically 
scattering medium (o;;, = 1 m"̂  = const), bounded at the top (z = 0) by vacuum and at the bottom (z = L) 
by a cold, black surface. Collimated irradiation of strength Q = 100 W is normally incident on this 
nonreflecting layer, equally distributed over the disk 0 < r < /iJ = 0.1 m, as shown in Fig. 20-10. A 
small detector 2 cm x 2 cm in size, with an acceptance angle of 6'max is located on the black surface at 
X = xo == 02m, y =: 0. Determine the flux incident on the detector for varying acceptance angles, 
comparing forward and backward Monte Carlo implementations. 
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FIGURE 20-10 
Geometry for Example 20.6. 

Solution 

Forward Monte Carlo Emission points across the irradiation disk for Â  bundles are chosen as in Ex-

ample 20.1, 

r^RV^, 4> = 2;r/^, andJC = r c o s 0 , y = r%m(p. 

Emission is always into the s = k or z-direction. Each bundle carries an amount of energy of QJN and 

travels a distance of 

4r = — I n — , 

from equation (20.73), before being scattered into a new direction found from equations (20.77). For 

isentropic scattering the incident direction is irrelevant and one may set the new direction to that given 

for isotropic emission, equations (20.66). The bundle is then traced along as many scattering paths as 

needed, until it leaves the layer (z < 0, or z > L). If the bundle strikes the bottom surface (z = I ) , 

incidence angle (§ • k > cos^ /̂max?) and location (x,y on detector?) are checked and a detector hit is 

recorded, if appropriate. Results are shown in Fig. 20-11. As the detector's acceptance angle increases, 

more photon bundles are captured. Obviously, this results in a larger detector-absorbed flux. However, 

it also increases the fraction of statistically-meaningful samples, decreasing the variance of the results 

or the number of required photon bundles to achieve a given variance. All calculations were carried 

out until the variance fell below 2 % of the calculated flux, and the necessary number of bundles is also 

included in the figure. For the chosen variance about 4 x 1 0 ^ bundles are required for large acceptance 

angles, rising to 512 x 10^ for Oms^x = 10''. Results are difficult to obtain for ftriax < 10°. Similar remarks 

can be made for detector area: as the detector area decreases, the necessary number of bundles increases. 

Modeling a more typical detector 1 mm x 1 mm in size would almost be impossible. 

Backward Monte Carlo In this case no direct radiation hits the detector {XQ > R\ and the scattered 

irradiation is calculated from equations (20.107) and (20.106) with ĉoii = Q/^R^ as 

4(r/, -% f 
Jo 

^ « e , - . 
4n^R^ 

H{R-r{r))dr, 

where / consists of a number of straight-line segments, for which dl' - c/z'/cos^, and H is Heaviside's 

unit step function.^ Therefore, 

4ir/, %) ~ ^^^^^ 2 J J c . - 4;r2/?2 Z J ,V, (20.108) 

where s^j = cos^y is the z-component of the direction vector for the y-th segment, and z\j and zij are 

the z-locations between which the segment lies within the cylindrical column r < R (note that some 

segments may lie totally inside this column, some partially, and some not at all). 

As in forward Monte Carlo a starting point on the detector is chosen from equation (20.27), and 

a direction for the backward trace is picked from equations (20.105) and (20.36). Again, a scattering 

distance is found from equation (20.73), after which the bundle is scattered into a new direction found 

from equations (20.77). However, rather than having fixed energy, the backward-traveling bundles accu-

mulate energy according to equation (20.108) as they travel through regions with a radiative source. The 

total flux hitting the detector is calculated by adding up bundle energies according to equation (20.104). 

F̂or its definition see equation (10.90) in Section 10.7. 
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FIGURE 20-11 
Detector fluxes and required number of photon bundles for Example 20.6. 

Results are included in Fig. 20-11, and are seen to coincide with forward Monte Carlo results to about 
one variance or better (discrepancy being larger at large Omax, since the absolute variance increases). 
However, the number of required bundles remains essentially independent of opening angle at about 
20,000 (and, similarly independent of detector area). Since the tracing of a photon bundle requires es-
sentially the same CPU time for forward and backward tracing, for the problem given here the backward 
Monte Carlo scheme is up to 25,000 times more efficient than forward Monte Carlo. 

Fortran90 codes used for this example are included in Appendix F as RevMCxx and FwdMCxx. 

Example 20.7. Repeat the previous example, for an acceptance angle of 6inax=10°, assuming that the 
medium absorbs as well as scatters radiation, using absorption coefficients of/c^ = 1 m"' and /̂ ^ = 5 m"^. 
Use forward as well as backward Monte Carlo, and also both standard ray tracing as well as energy 
partitioning. 

Solution 
Forward Monte Carlo—^standard ray tracing The solution proceeds as in the previous example, ex-
cept that also an absorption length 4 is chosen, from equation (20.70). If the sum of all scattering paths 
exceeds 4, the bundle is terminated. 
Forward Monte Carlo—energy partitioning The solution proceeds as in the previous example, except 
the energy of each bundle hitting the detector is attenuated by a factor of exp(-/c/), when / is the total 
(scattered) path that the bundle travels through the layer before hitting the detector. 
Backward Monte Carlo—standard ray tracing The solution proceeds as in the previous example, 
except for two changes. First, the local scattering source must be attenuated by absorption of the direct 
beam, and equation (20.108) becomes 

; ^^J •' J 

e-fi^j _ e-P^2j 
(20.109) 

where (o m.dp are scattering albedo and extinction coefficient, as usual. And again, an absorption length 
4 is chosen, and the addition in equation (20.109) is stopped as soon as the total path reaches 4 or the 
bundle leaves the layer (whichever comes first). 
Backward Monte Carlo—energy partitioning Again, the scattering source must be attenuated as in 
equation (20.109), but the exponential attenuation term in equation (20.107) must also be retained. Thus, 

4(r,.-S,)= ^£.-^^<'''-"'//(^-K/'))rf/'. 
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TABLE 20.1 
Comparison between four different Monte Carlo implementations to calculate irradiation 
onto a detector from a collimated source. 

K 

(m~0 
0 
1 
5 

Forward MC— 
Standard 

aet 
9.22x10-'̂  
2.66x10-^ 
2.54x10-^ 

iVxlO-^ 

512 
512 

16,384* 

Forward MC— 
Energy partitioning 

aet 
9.22x10-^ 
2.70x10-^ 
2.93x10-<^ 

iVxlO-^ 

512 
512 
512 

Backward MC— 
Standard 

Cdet 

9.17x10-^ 
2.56x10"^ 
2.77x10-<^ 

iVxlO-̂ ^ 

0.02 
0.08 
5.12 

Backward MC— 
Energy partitioning 

Qlet 

9.17x10-^ 
2.59x10-^ 
2.79x10-^ 

iVxlO-^ 

0.02 
0.02 
0.02 

* Variance of 5% (all other data have variance of 2%) 

where the integrand contributes only where the source is active (r < R), but attenuation of the bundle 
takes place everywhere (/' = total distance along path from r,- to r'). With /' = l\j + (z - zij)/szj, dl' ~ 
dzls^j, and fe, = /iy+fey-2i/)/Sr/, where l\j and kj are total path lengths of the bundle until the beginning 
and end of segment y, respectively, this becomes 

/«(r/,-s,) ^y.-. r '^'Y 4 4nW Szi 

(TsQ 
c.-'^^ij 

P + Kls,j 

The rest of the simulation remains as in the previous example. Results are summarized in Table 20.1. As 
expected, if standard ray tracing is employed, the number of required bundles grows astronomically if 
the absorption coefficient becomes large, both for forward and backward Monte Carlo. While backward 
Monte Carlo retains its advantage (indeed, the forward Monte Carlo simulation for /c;̂  = 5 m"̂  could 
only be carried put to a variance of 5%), the relative growth of required bundles appears to be worse for 
backward Monte Carlo. If energy partitioning is employed, the number of bundles remains unaffected 
by the absorption coefficient for both, forward and backward Monte Carlo. All four Fortran90 codes 
used for this example have also been included in Appendix F. 

It was demonstrated in the last two examples that in media with large optical thickness based 
on absorption coefficient, energy partitioning is vastly more efficient than the standard method. 
And in problems to find irradiation onto small surfaces and/or small solid angles, backward Monte 
Carlo strongly outperforms forward Monte Carlo. As seen in the last example, employing back-
ward Monte Carlo with energy partitioning may reduce CPU time by a factor of 1,000,000 or 
more! 
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Problems 

Because of the nature of the Monte Carlo technique, most of the following problems require the 
development of a small computer code. However, all problem solutions can be outlined by giving 
relevant relations, equations, and a detailed flow chart. 

rb 

20.1 Prepare a little Monte Carlo code that integrates /(z) = J^ /(z, x) dx. Apply your code to a few simple 
integrals, plus 

si(jc) = - g--'̂ ^̂ '' cos(z sin x) dx = Si(jc) - - . 
Jo 2 

Note: Si(l) = 0.94608. 

20.2 In a Monte Carlo simulation involving the plate of Problem 3.7 but of finite width w, a photon bundle 
is to be emitted from the plate with a wavelength of/I = 2;im. Find the emission point and direction 
of this photon bundle in terms of random numbers. 

20.3 Consider two infinitely long parallel plates of width w spaced a distance h apart (see Configuration 
32 in Appendix D). 

(a) Calculate Fi_2 via Monte Carlo for the case that the top plate is horizontally displaced by a dis-
tance I . Use L = h = w. 
(b) Calculate F^_2 via Monte Carlo for the case that both plates are specular (with identical re-
flectances pj = p2 = 0.5), but not horizontally displaced. Use L = 0;h = w. 

Prepare a figure similar to Fig. 20-2, also including analytical results for comparison. 

20.4 Consider two concentric parallel disks of radius R, spaced a distance H apart. Both plates are isother-
mal (at 7] and Ti, respectively), are gray diff*use emitters with emittance 6, and are gray reflectors 
with diffiise reflectance component p'̂  and purely specular component p*. Write a computer code that 
calculates the generalized exchange factor ^_»2 and, taking advantage of the fact that ^_>2 = ^->i» 
calculate the total heat loss from each plate. Compare with the analytical solution treating each sur-
face as a single node. 

20.5 Repeat Problem 20.4, but calculate heat fluxes directly, i.e., without first calculating exchange factors. 

20.6 Determine the view factor for Configuration 39 of Appendbc D^forh - w = /. Compare with exact 
results. 

20.7 Reconsider Problem 5.28: (a) find the solution by writing a small Monte Carlo program, and (h) 
augment this program to allow for nongray, temperature-dependent omittances. 

20.8 Repeat Problem 5.30 for 7] = 72 = 1000K, ei = ^ = 0.5. Use the Monte Carlo method, employing 
the energy partitioning of Sparrow and coworkers [29,30]. 

20.9 Repeat Problem 5.31; Compare with the exact solutions for several values of e. 
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20.10 Repeat Problem 6.1, using the Monte Carlo method. Compare with the solution from Chapter 6 for a 
few values of D/L and €, and 7] = lOOOK, Ti = 2000 K. How can the problem be done by emitting 
bundles from only one surface? 

20.11 Repeat Problem 6.8 using the Monte Carlo method. 

20.12 Repeat Problem 6.21 using the Monte Carlo method. 

20.13 Repeat Example 7.3 using the Monte Carlo method. 

20.14 Repeat Example 7.4 using the Monte Carlo method. 

20.15 Repeat Problem 7.15 using the Monte Carlo method. 

20.16 Consider radiative equilibrium in a plane-parallel medium between two isothermal, diffusely emitting 
and reflecting gray plates (71 = 300 K, 6j = 0.5, T2 = 2000 K, €2 = 0.8) spaced L = 1 m apart. The 
medium has constant absorption and scattering coefficients {K - 0.01 cm~^ cr, = 0.04 cm" ̂ ), and 
scattering is linear-anisotropic with Ai = 0.5. Calculate the radiative heat flux and the temperature 
distribution within the medium by the Monte Carlo method. Compare with results from the P\ -
approximation. 

20.17 Consider an isothermal plane-parallel slab {T = lOOOK) between two cold, gray, diffuse surfaces 
(6 = 0.5). The medium absorbs and emits but does not scatter. Prepare a standard Monte Carlo 
solution to obtain the radiative heat loss fi*om the medium for optical thickness KL - 0.2, 1, 5, 10. 
Compare with the exact solution. 

20.18 Repeat Problem 20.17 using energy partitioning. Compare the efficiency of the two methods. 

20.19 A molecular gas is confined between two parallel, black plates, spaced 1 m apart, that are kept isother-
mal at 7] = 1200 K and T) = 800 K, respectively. The (hypothetical) gas has a single vibration-
rotation band in the infrared, with an average absorption coefficient of 

Kyrf = {^] = - e-2"'̂ ^>'/̂  7/0 = 3000 cm-\ a> = 200 cm-' 
\d /r} CO 

and a line overlap parameter offi (see the discussion of narrow band and wide band models in Chapter 
10). Assuming convection and conduction to be negligible, determine the radiative heat flux between 
the two plates, using the Monte Carlo method. Carry out the analysis for variable values of (a/a>) and 
/?, and plot nondimensional radiative heat flux vs. (S/cf)oL with^S as a parameter. 

20.20 Consider a sphere of very hot molecular gas of radius 50 cm. The gas has a single vibration-
rotation band at 770 = 3000 cm'^ is suspended magnetically in a vacuum within a large, cold con-
tainer, and is initially at a uniform temperature Tg - 3000 K. For this gas, p^aiT) = 500 cm"^, oj -
100 V7'/100Kcm-^ fi ^ I. This implies that the absorption coefficient may be determined from 

(O 

and the band absorptance from 
A(s) = OJA* = oj[E\ (KQS) + \n(Kos) + y^]. 

Find the total heat loss from the sphere and its temperature distribution by the Monte Carlo method 
(including / > 0). 

20.21 Consider a sphere of very hot dissociated gas of radius 5 cm. The gas may be approximated as a gray, 
isotropically scattering medium with A: = 0.1 cm'^ a; = 0.2 cm"^ The gas is suspended magnetically 
in a vacuum within a large, cold container and is initially at a uniform temperature Tg = 10,000 K. 
Using the Monte Carlo method and neglecting conduction and convection, specify the total heat loss 
per unit time from the entire sphere at / = 0. Outline the solution for times / > 0. 

20.22 Consider an absorbing-scattering slab irradiated by a short-pulsed laser, as described in Example 
18.3. Prepare a transient Monte Carlo code to predict the flux exiting the slab as a function of time 
into either direction (transmissivity and reflectivity). 



CHAPTER 

21 
RADIATION 

COMBINED WITH 
CONDUCTION AND 

CONVECTION 

21.1 INTRODUCTION 

In our analyses of radiative transfer in participating media we have, up to this point, always 
assumed that there was no interaction with other modes of heat transfer; i.e., we have hmited 
ourselves to cases of radiative equilibrium and cases of specified temperature fields. In prac-
tical systems, of course, it is nearly always the case that radiation occurs in conjunction with 
conduction and/or convection, and two or three heat transfer modes must be accounted for si-
multaneously. In such cases overall conservation of energy, equation (9.66), needs to be solved, 
which always leads to a nonlinear integro-differential equation. 

Many important applications of interactions between radiation and other modes of heat trans-
fer have been reported in the literature. Discussion of all of these could easily, by itself, fill a book 
as voluminous as this one. We will therefore Umit ourselves here to the discussion of a few very 
basic cases (/) to show the basic trends of how the different modes of heat transfer interact with 
one another, and (//) to outline some of the numerical schemes that have been used to solve such 
problems. We will begin with two sections that deal with combined radiation and conduction 
in participating media, the latter one including change-of-phase effects. Combined radiation and 
convection is treated in several subsequent sections, the first three dealing with simple external 
and intemal flows, as well as natural convection. Separate sections have been devoted to more 
advanced topics, such as radiation in chemically reacting flows, numerical interfacing between 
convection, chemical reactions and radiation, and turbulence-radiation interactions. 

We will limit our theoretical developments in this chapter to a simple plane-parallel geometry 
with a gray medium, since our aim is to investigate only the general trends of the interaction 
among the different modes of heat transfer. At the end of each section a short description of more 
advanced problems is given, as well as a list of references. 

680 
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21.2 COMBINED RADIATION AND 
CONDUCTION 

Throughout the remainder of this chapter we will deal with the interaction of radiation with con-
duction and/or convection within an absorbing, emitting, and scattering medium. We start in 
this section by discussing the interaction between radiation and conduction in a stationary, radia-
tively participating medium. Since we are primarily interested in general trends and in evaluation 
methods, we will limit ourselves here to the relatively simple example of steady-state heat trans-
fer through a one-dimensional, absorbing-emitting (but not scattering) gray medium, confined 
between two parallel, isothermal, gray, diffusely emitting and reflecting plates. 

The energy equation for simultaneous conduction and radiation in a participating medium is, 
from equation (9.66), 

p c . ^ = V . ( ^ V r ) + e ' " ~ V . q , . (21.1) 

For a one-dimensional, planar medium at steady state and without internal heat generation, this 
reduces to equation (9.67), or 

^(*5-?«) = 0, (21.2) 

subject to the boundary conditions 

z = 0: 7(0) =Ti, (21.3a) 

z = L: T(L)=T2. (21.3b) 

The radiative heat flux, or its divergence 

r*cci 

K,i47iIh,-G,)dT], (21.4) 
Jo dz 

may be obtained by any of the methods discussed in the preceding chapters. 
For simplicity, we will assume that all properties are constant (i.e., thermal conductivity k, 

absorption coefficient A:, and refractive index n) and gray. Note that the assumption of a semi-
transparent medium implies that the absorptive index (also denoted by the letter k)—^although 
directly related to the absorption coefficient—is negligible* in the evaluation of the blackbody 
intensity, i.e., 4 = n^crT^ jn. Introducing the nondimensional variables and parameters 

^ - £ o^L vr/ - ^̂  n~—^—' 

Ti ^^ kK 
n = KL, Oi^ = —, N = 

reduces equations (21.2) through (21.4) to 

1 d^. 
(21.5) 

cfie 
dr'^ 
d^R 

~dT 

1 d^. 
AN dr' 

= Mo'-g), (21.6) 

6(0) = 1, e{n) = e,. (21.7) 

See the discussion on the value of ^ in Section 3.5. 
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Here r̂  is the optical thickness of the medium, and Â  is known as the conduction-to-radiation 
parameter. For optically thick slabs (r̂  » 1) Â  gives a good estimate of the relative importance 
of conductive and radiative heat fluxes: From equations (14.18) and (14.19), 

Qc -kdTldz k 3 kK 
Tt » 1 : ^ -

q, -k.dT/dz k, 4 An'^crT^' 

which gives the ratio of heat fluxes in terms of a local temperature. The situation is a little more 
complicated for optically thin situations (r̂  <^ 1), for which the temperature field of the entire 
enclosure must be considered. For example, for an optically thin slab bounded by two black walls 
at 7] and Ti, respectively, from equation (14.7), 

T, « 1 : q,^ nMTx^-T^) = An^crTl{Tx-T2\ 

qc = -k^^k(T,-^T2)/L, 
oz 

qc k/L 1 kK 

q, An^o-T^y n An^crTi,' 

If, in an optically thin slab, emission fi-om within the slab (rather than from its boundaries) domi-
nates the radiative heat flux, then q^ becomes proportional to K [cf equation (9.48)], and 

q^ IN 
Tf <^ 1 (emission dominated): — = ^ - r 

<1R W 

As representative examples for combined radiation and conduction in a slab, we will discuss 
here solutions for the radiative heat flux using the exact integral formulation (as presented in 
Chapter 13) and the diff'erential or Pi-approximation (described in Sections 14.4 and 15.4). Sim-
ilarly, equation (21.2) may be solved by a variety of numerical techniques. Since the equation is 
nonlinear (because of the T^-dependence for the radiative heat flux), analytical solutions are not 
possible, and numerical schemes require an iterative solution. For illustrative purposes we will 
limit ourselves here to a finite-diff'erence solution of equations (21.2) and (21.3). 

Exact Formulation 

The exact formulation for incident radiation G and radiative heat flux qji for a one-dimensional 
slab with specified temperature distribution has been given by equations (13.54) and (13.55). For 
a nonscattering medium the radiative source term reduces to S(T) = kir) = n^crT^{T)ln [as 
given by equation (13.56)], and the radiative heat flux, as given by equation (13.55), becomes, in 
nondimensional form, 

^ .̂(T) = 2 | ^ £ 3 ( T ) -Mzij^-r) + J^ e\r')E2(T-T')dr' - j ^ ' ' 0\T')E2(T'-T)dr'^, 

(21.8) 

where we have introduced the nondimensional radiosities^ = Ji/n^crT*. Equation (21.8) may be 
integrated by parts, using the recursion relations of Appendix E, leading to 

'i'.iT) = 2 ((/i-l)E,(T) - (f2-et)Mn-r) 

-J^ ^y)£3(T-T')rfT'-J^ j-^(T')E,ir'-T)dr'Y (21.9) 
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and, using Leibnitz' rule [1], as given by equation (3.107), 

^(r')E2{T-T')d7'- y eL.^^f)E2{r'-r)dr'Y (21. 

dr 

10) 

Equation (21.10) must be solved simultaneously with equation (21.5) and its boundary conditions 
(21.7). For nonblack surfaces two additional relations are required for the determination of the 
radiosities^ and^ . These may be obtained by applying equation (21.9) (evaluation of the radia-
tive heat flux in terms of radiosities and medium temperature) at the two boundaries, eUminating 
the radiative heat flux through equation (13.44) (relating heat flux to radiosity and surface tem-
perature). For the illustrative purposes of our present discussion, we will limit ourselves to black 
surfaces, i .e. ,^ = 1 a n d ^ = 6^, and 

dr 
^ ( T ' ) £ 2 ( T - T ' ) ^ T ' - J^ _(T ' )£2(T ' - r ) r fT ' | . (21.11) 

For this simple case, substitution of equation (21.11) into (21.5) gives a single nonlinear integro-
diff'erential equation for the unknown temperature, 9. Once the temperature field has been deter-
mined, the total heat flux follows as 

dT 
q = -k-r- -^qji = const, 

dz 

or, in nondimensional form, 

^ = — ^ = -4N^ + ^ , = const. (21.12) 
w ĉrT]̂  dr 

Example 21.1. An absorbing-emitting medium is contained between two large, parallel, isothemial, 
black plates at temperatures 7] and T2 = 0.5 7i, respectively. Determine the steady-state temperature 
distribution within the medium and the total heat flux between the two plates, if heat is transferred by 
conduction and radiation. Discuss the influence of the conduction-to-radiation parameter, N, and of the 
optical thickness of the layer, TJ,. 

Solution 
The numerical solution to the governing equation may be found in a number of ways. We will em-
ploy here J + 1 equally spaced nodes r = 0, Ar, 2Ar,..., J AT = T}, with nodal temperatures ft (/ = 
0,1,2,..., J) and simple finite-differencing for the conduction term, 

5 ^ - K^ ^^(^^)^ 

with a truncation error of order Ar .̂ The divergence of the radiative heat flux, equation (21.11), will 
be calculated by approximating the emissive power, O^.by a. spline function, followed by analytical 
evaluation of the piecewise integrals. In order to obtain the same truncation error as for the conduction 
term, ^(Ar^), the prediction of dO^jdr' must be accurate to ^(Ar) [since the piecewise integration 
decreases the truncation error by ^(Ar)], Thus, for the emissive power a linear spline is sufficient, or 

7 ; < T < T / + 1 , / = o , i , 2 , . . . , y - 1 . 
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Substituting this into equation (21.11) leads to 

2 '^ 
= X; Z (̂ '̂ " ̂ -0 f̂ ^ '̂̂ '"-̂ "'̂ ^̂  ~ ̂ ' (I' + l -ylAr)]. 

7-1 

Equating both sides of equation (21.5), we find 

^,_,-2ft + ^ , , i - - ^^ (^ / -^ / , ) [ ^3 ( | /WIAT)-^3 ( | /+ l -y1AT^^ / = 1 , 2 , . . . , / - 1 , 
'^M 

IfN is relatively large (Â  > 0.1), heat transfer is dominated by conduction, and the solution proceeds 
as follows: 

1. A temperature profile is guessed (e.g., the linear profile for pure conduction), and the {d^RldT)i are 
calculated based on these temperatures. 

2. A new temperature profile is determined by inverting the simple tridiagonal matrix for 6. 

3. The temperature profile is iterated on, using underrelaxation as necessary (as discussed in the previous 
example). 

If TV is small, radiation dominates, and the process should be reversed: 

1. A temperature profile is guessed, the conduction contribution is calculated, and an emissive power 
field is determined by inverting the full matrix for the B^ on the right-hand side. 

2. A new temperature profile is deduced from the emissive powers, etc. 

Once the temperature profile is known, the total heat flux follows from equations (21.9) and (21.12) 

^' " - ^ ^̂ •̂ ' - '̂-'̂  - ^ O ; (^' - <,) I E,{r,-r')dT' 

J 

ZK*^'-^-.) r E,(T'-n)dT' 

= ~ W,, - e,.,) - ^ Ii;{o; - 1̂,) [£4(t;-r,) - £4(t;-T;.,)] 

l . /=l 

- Z (^' ^ ^-i) N T , - 7 ; ) - E,{Tj.s -TJ.)]} , 

/ = 1 , 2 , . , . , / - 1 . 

This value for the nondimensional heat flux should be the same for all nodes. 
Representative results are shown in Figs. 21-1 and 21-2. Figure 21-1 shows the nondimensional 

temperature variation within the slab for an intermediate optical thickness of r̂ , = 1, calculated by two 
different methods: By the integral formulation of the present example, and by the P\ -approximation. For 
A'̂  = 0 there is no conduction, and the temperature profile is discontinuous at the walls, as first indicated 
in Fig. 13-3. For very small values of Â  the temperature profile remains similar except near the walls, 
where the medium temperature must rapidly approach the surface temperatures. As A'̂  increases, the 
influence of conduction increases, and the temperature profile rapidly becomes linear. For optically thin 
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FIGURE 21-1 
Nondimensional temperature distribution for combined radiation and conduction across a gray slab of optical thickness 
T£ = 1, bounded by black plates with a temperature ratio of OL = Ti/Ti = 0,5. 

situations (not shown) the effect is even more pronounced: Larger temperature jumps at the wall for 
Â  = 0 and an already near-linear temperature profile for A/̂  = 0.01. This behavior may be explained by 
noting that—for small n—little emission and absorption takes place inside the medium; radiative heat 
flux travels directly from surface to surface. 

Representative nondimensional heat fluxes are shown in Fig. 21-2 and are compared with approx-
imate methods, which will be discussed a little later. Since the optical thickness of a slab acts as a 
radiative barrier between two surfaces at diff'erent temperatures, the net heat flux increases with de-
creasing Ti. That qjircrT^ increases with increasing N may be interpreted in two opposite ways: If the 
increase of N is due to an increase in thermal conductivity k, then the conductive and total heat fluxes 
increase. However, if the increase in N is due to a decrease in Tu the radiative and total heat fluxes 
decrease due to the decreasing temperature levels (since qlrrcrT^ increases less rapidly than N). 

Simple combined conduction-radiation problems such as this were first treated by Viskanta 
and Grosh [2,3] and Lick [4]. More recent investigations for nonscattering media have looked at 
laser flash diffusivity measurements of semitransparent materials [5], and several nongray prob-
lems such as heat transfer through aerogels [6], plastics [7] and combustion gases [8]. Several 
Other one-dimensional investigations have also used exact radiation formulations in the presence 
of isotropic [9-11] and even anisotropic scattering [12], all using gray and constant radiation 
properties. Two-dimensional problems have been considered by Wu and Ou [13], who looked at 
a gray rectangular medium with isotropic scattering, and by Tuntomo and Tien [14], who applied 
Maxwell's equations to small metallic particles irradiated by a laser. A comprehensive review of 
combined conduction-radiation heat transfer investigations has been given by Siegel [15]. 

Pi -Approximation 
The governing equations for the Pi-approximation and their boundary conditions have been given 
by equations (14.43) through (14.45) for the one-dimensional slab, and by equations (15.34), 
(15.36), and (15.46) for general geometries. For a one-dimensional, gray, nonscattering slab 
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FIGURE 21-2 
Nondimensional total heat flux for combined radiation and conduction across a gray slab, bounded by black plates with a 
temperature ratio ofOt^Tz/Ti^ 0.5. 

between two gray-diffuse surfaces, the relations may be sBmmarized as 

dT 
dG 
—- = -Zq, dr 

T = 0 : 2^ = 4J, - G = 

T = \ : -2q = 4/2 - G = 

2 - e , 
e2 

(47r/M - G), 

•(4;r42 - G), 
2-e2^ 

or, in nondimensional form (as given at the beginning of this section), 

dg 
dr ~ ~A^'' 

T = 0 : ^ , = 2 a - ^ ) = 
2e, 

r = T, : 
2 - 6 2 

(21.13) 

(21.14) 

(21.15a) 

(21.15fe) 

(21.16) 

(21.17) 

(21.18a) 

(21.18fc) 

The radiative heat flux, %, may be eliminated from equations (21.16) through (21.18), leading to 

dr^ 
+ 3ie^-g) = 0. (21.19) 

T = 0: 

T = T,: 

dT 2 2 - 6i 

dg 3 62 

dr 22-€2 
(e^-g) = 0. 

(21.20a) 

(21.20fe) 
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This second-order differential equation for the incident radiation is connected to the overall energy 
equation by combining equations (21.5) and (21.6), or 

(21.21) 

with its boundary condition (21.7). A solution is obtained by guessing a temperature field, fol-
lowed by the determination of the incident radiation field from equations (21.19) and (21.20). 
This, in txim, is used to find an updated temperature field from equations (21.21) and (21.7). 
Using suitable underrelaxation (generally necessary because of the nonlinearity of the problem), 
an iteration is performed until converged temperature and incident radiation fields have been ob-
tained. At that point the net heat flux may be calculated fi-om equation (21.12) after evaluation of 
the radiative heat flux from equation (21.17), or 

^ . = - T 
4dg 

3dr' 
(21.22) 

Example 21.2. Repeat the previous example, employing the Pi -approximation. 

Solution 
We will use a simple finite-difference method for the solution of overall energy as well as the Pr 
approximation. As before, we will break up the optical thickness r̂  into J + 1 equally spaced nodes: 
/ = 0 , 1 , . . . , / with Ti = /AT and AT = n/N, Thus, equation (21.21) becomes 

AT^ 
ei,i-26, + 0i,y = ip,= —(0t-gd. / = 1 , 2 , . . . , J ^ 1 , 

6>o = l, 6/̂  = ft. 

Similarly, equation (21.19) transforms to 

,̂_, - (2 + 3Ar)^/ 4- gi^i = -3Ar^et^ i = 1,2,..., J - 1. 

Two more relations are needed at the two walls. The two boundary conditions for g are of the third kind, 
i.e., they contain both the dependent variable and its normal derivative. In order to retain the overall 
truncation error of (^(Ar^) for all relations, and to retain the tridiagonal nature of the finite-difference 
equations, it is best to use the method of artificial nodes [16]. In this method hypothetical nodes outside 
the medium (i.e., inside the walls) are introduced on each side, as indicated in the sketch of Fig. 21-3, 
and equations (21.19) and (21.20) are finite-differenced at the walls as if the boundary nodes were well 
inside the medium. Thus, with 

[dri ^ 
9\ ~g-i 

2AT ' 

g^i - (2 + 3AT^) ^ + ^, = -3AT^ 

-g-\ •3AT^ + $fi = - 3 AT. 
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Adding, 

- [2 + 3Ar(l + AT)] g^ + 2^, = -3AT(1 + AT). 

Similarly, at the other boundary, 

.̂v-i - (2 + 3Ar̂ )̂ ,v + .̂v.. = -3AT2(9/, 

-g^^x +3ATg^,-hgi,^^ = 3AT̂ î , 

and, after subtracting, 

2 ,̂,_, - - [2 + 3AT(1 +AT)]^ , = ~3AT(1 + A T ) ^ ^ 

Therefore, we have two simultaneous tridiagonal systems for the unknown 6>, and g,. These systems are 
readily solved by guessing a distribution for the (p^ (say, </?, = 0) and inverting the tridiagonal matrix for 
ft. With this the right-hand side for the gi can be calculated, and the tridiagonal matrix for gt can be 
inverted. At this point new values for tp^ may be determined, etc. Once the iteration has converged, the 
net heat flux is obtained from 

2N 2 

Some sample results are included in Figs. 21-1 and 21-2 for comparison with the exact resuhs. It is 
observed that the accuracy of the temperature profile is as expected from the differential approximation 
(cf Chapters 14 and 15). Also as expected, the accuracy improves with increasing Â , i.e., when con-
duction dominates more and more over radiation. Similar observations hold true for the evaluation of 
net heat fluxes. 

Wang and Tien [17] apparently were the first ones to employ the Pi- or differential approxi-
mation for combined radiation and conduction. 

Additive Solutions 

Since the evaluation of simultaneous heat transfer by conduction and radiation is rather cumber-
some, it is tempting to treat each mode of energy transfer separately (as if the other one weren't 
there), followed by adding the two resulting heat fluxes. This simple method gives the correct 
heat flux for the two limiting situations (when only one mode of heat transfer is present); the 
question is, how accurate the method is for intermediate situations. 

The energy flux by pure steady-state conduction through a one-dimensional slab of thickness 
L is given by 

<ic = k ^ ^ , (21.23) 

while the radiative heat flux for a gray, nonscattering medium at radiative equilibrium, confined 
between two isothermal black plates is, fi-om Example 14.5, 

n^(r(T^ - r,4) 

where we have used the result obtained from the difi'erential approximation, in order to make a 
closed-form expression possible. Adding these two heat fluxes yields the approximate net heat 
flux, which, in nondimensional form, may be written as 

4. = ^ 1 ^ . 1 ^ ( 1 - , a . ^ , (21.25) 
n^o-T* T, ' 1 + Ti 
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which is also included in Fig. 21-2. It is observed that the additive solution is surprisingly accu-
rate. Einstein [18] and Cess [19] have shown that the method is within 10% of exact results for 
black plates, although somewhat larger errors are observed for strongly reflecting surfaces. Zeng 
and coworkers [20] have applied the method to somewhat nongray materials, and Howell [21] 
has demonstrated the relative accuracy of the method for concentric cylinders. Since the method 
has no physical foundation, it is impossible to predict its accuracy for general geometries. In 
addition, the method cannot be used to predict the temperature field, since pure conduction and 
pure radiation each predict their own—conflicting—profiles. 

Other Work 

Since the early 1960s numerous articles on combined conduction-radiation problems have ap-
peared in the literature. Most of the early papers dealt with very simple one-dimensional prob-
lems [2--4,17,22-27], A number of investigations dealt with the eff'ects of scattering in a one-
dimensional slab [28-51]; others considered spectral/nongray eft'ects in varying degrees of so-
phistication [44,46,47,52-65]. The eff'ects of external irradiation on the combined-mode heat 
transfer in a one-dimensional slab have been discussed in various investigations [5,57,62,66-73] 
and the influence of transient conduction in others [5,34,41,50,51,62,70-86]. Others consid-
ered variable property eff'ects (thermal conductivity and/or radiative properties) [42,43,49], some 
studied ultrafast efi'ects (hyperbolic conduction) [51,73], and others again apphed inverse analysis 
to infer properties from experimental measurements [12,48,87]. Various numerical schemes for 
the solution of the governing nonlinear integro-diff'erential equation have been employed, such 
as collocation with ^-spline trial functions [88], collocation with Chebyshev polynomials [38], 
Galerkin methods [33,34] and finite-element methods [34]. In addition to the "exact" integral 
expressions, a number of different approximate methods were used to evaluate the radiative heat 
flux, such as the diffusion method [45,63,65,70,89], the two-flux method [29,44,47,72,77,90,91], 
the exponential kernel approximation [4, 50,64,72], the P,v-approximation or variations of it 
[13, 17,35,48,49,74], the discrete ordinates method [41-43,46,51,65,87,92-96], the zonal 
method [60], the Monte Carlo method [37,97-99], and others. The few available experimental 
measurements of conduction-radiation interaction demonstrate the validity of theoretical models 
for glass [95,100,101], aerogel [6,102], glass particles [38], fiberglass [36], porous media [103], 
packed spheres [46] and gases [104], 

While the majority of investigations have dealt with the interaction in a one-dimensional slab, 
other geometries have been considered increasingly, such as one-dimensional spheres [21,105-
110], one-dimensional cylinders [91, 99, 111-116], and rectangular and other two- and three-
dimensional configurations [13,37,63,87,92-96,117-125]. 

21.3 IMELTING AND SOLIDIFICATION 
WITH INTERNAL RADIATION 

Melting and solidification of materials is of importance in many applications and has been studied 
for over a century. Until the 1950s attention had been focused exclusively on melting and solidi-
fication of opaque materials, i.e., situations where the influence of internal radiative heat transfer 
may be neglected. Early investigations into the effects of radiation have assumed that, as in the 
case of opaque bodies, there is a distinct interface between liquid and solid zones [126-136], 
even though meteorologists had already realized that intemal melting may occur within ice (e.g. 
[137,138]). Only recently has it been postulated by Chan and coworkers [139] that there exists a 
two-phase zone between the pure liquid and pure solid zones, as shown schematically in Fig. 21-
4. The existence of such a two-phase layer in the presence of an intemal radiation field may be 
explained as follows. Consider the melting of a semi-infinite solid, which is initially isothermal 
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FIGURE 21-4 
Melting zones within a semi-infinite body: (a) Opaque medium, 
(h) semitransparent medium. 

at its melting temperature !,„. A constant radiative heat flux is supplied to the face of the solid, 
as indicated in Fig. 21-4. If the material is opaque, the incident heat flux is absorbed by a thin 
surface layer at jc = 0, and heat transfer inside the medium is by conduction alone. Melting then 
proceeds with a distinct interface as indicated in Fig. 21-4a, and as described in many papers and 
textbooks, e.g., [140]. If the material is semitransparent the external radiation penetrates deep into 
the solid, and some of the energy is absorbed internally, say, in the strip dx. This absorbed energy 
cannot be conducted away (the solid is isothemial at 7^), nor can it raise the sensible heat without 
first melting the solid within the layer. Since the amount of energy absorbed over a short period 
of time cannot be sufficient to melt all of the material within the layer dx instantaneously, only 
gradual—^and, therefore, partial—smelting can be expected. As the amount of absorbed energy de-
creases for increasing distance away from the surface, the melt fraction will decrease along with 
it. For the more general case, if there is solid at temperatures below the melting point, absorbed 
radiative energy will be used first to raise the sensible heat of the material, resulting in a purely 
solid zone. Similar conclusions about the existence of a two-phase zone or "mushy zone" can 
be reached by replacing the external heat flux by a hot surface (with its surface emission), or by 
considering solidification rather than melting. 

For the illustrative purposes of the present section, we will limit our consideration to a semi-
infinite body, which is originally liquid and isothermal at temperature Too (Too > T^, the melting 
temperature of the medium). For times r > 0 the temperature of the face at jc = 0 is changed to, 
and kept at, a temperature 7̂ ,, which is lower than the melting/solidification temperature 7^. This 
results in a three-layer system with a qualitative temperature distribution as shown in Fig. 21-5. To 
keep the analysis simple, we will further assume that liquid and solid have identical and constant 
properties (Iq = ks = k, KJ = KS = /c, etc.), that the medium does not scatter, and that the face 
is black {e^j =1 ) . Consideration of variable properties, diff'erent boundary conditions, diff'erent 
geometry, and/or melting instead of freezing is straightforward (but very tedious) and will not be 
discussed here. In the following pages we will set up the relevant energy equations governing the 
three zones, and the boundary conditions that they require, following the development of Chan 
and coworkers [139]. 
Pure Solid Region. If, at / = 0, the temperature of the face is lowered instantaneously to Tu; < T^, 
this requires the instantaneous formation of an (infinitesimally thin) layer of pure solid, which 
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FIGURE 21-5 
Solidification of a semitransparent liquid at 
Too, subjected to a cold boundary 4 (Tu, < 
Tm < Tcol 

will grow with time. The governing equation for the temperature within the solid zone follows 
from equation (9.66) as 

dt dyp- dx' 
(21.26) 

/ = 0 : 

x = 0 : 

jc = Xi(0: 

T{x,^)=To., 

r(o,/) = r„„ 
T{Xu{) = T„>. 

which—^assuming for now the location of the solid-mushy zone interface X\{i) to be known— 
requires an initial condition and two boundary conditions, that is, 

(21.27a) 

(21.27ft) 

(21.27c) 

We defer, for the moment, the evaluation of the radiative heat flux since this is done in the same 
way for all three zones. 
Two-Phase Region (Mushy Zone). In the presence of a two-phase region, at least a part of 
the solidification takes place over a finite volume (rather than only at a distinct interface). Since 
during soUdification the medium releases heat in the amount of L J/kg (where L is the heat of 
fusion), this gives rise to a volumetric heat source in the amount of 

r'=I<'=MC = Â 
df 
dt' 

(21.28) 

where w^" and V^ are the mass and volume of solid formed per unit time and volume, respec-
tively, p, is the density of the pure solid, and fs is the local solid firaction. Thus, with this heat 
source the energy eqtiation (9.66) becomes 

dT a^T 
(21.29) 

where we have omitted the subscript s from p^ in the heat source term, since we assume that 
Ps=Pi'=P = const. Since everywhere within the two-phase zone liquid and solid coexist and are 
assumed to be in local thermodynamic equilibrium, this implies that the temperature in the mushy 
zone is uniformly at the melting point, and there can be no sensible heat change (dT/dt = 0) and 
no conduction {d^T/dx^ = 0). Thus, the energy equation simply becomes a relationship for the 
determination of the solid fraction, or 

dfs ^ 1 dqji 

dt pL dx' 
(21.30) 
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Energy released 

FIGURE 2J-6 
Energy balance at the moving inter-
face between solid and mushy zones. 

subject to the initial condition 

/ = 0 : /.(jc,0) = 0. (21.31) 

Pure Liquid Region. The energy equation for the pure liquid region is identical to the one for the 
solid, but with different boundary conditions since the zone extends from x = Xi{i) to JC -* oo: 

dT , d^T dq, 
pc-:r = k 

dt dx^ 
1 

dx' 
(21.32) 

t = 0 

X = ^2(0 

T(x,0)=T^, 

T{X2,t)=T^, 

noo,t)=Zo. 

(21.33a) 

(21.336) 

(21.33c) 

Radiative Heat Flux. The radiative heat flux within a semitransparent, semi-infinite medium 
bounded by a black wall, as well as its divergence, are readily found from equations (13.55) 
through (13.57): 

* ( T - ) 

r>T poo I 

Eb,Mr)^J E,(T')E2(TW)dr^j Eh(r')E2ir'-T)dr'l (21.34) 

^ ( r ) = 4£,(T)^2U,„,£2(T) +J^"^6(r ' )^i( |T-Tl)^T' (21.35) 

where r = Kxis the usual optical coordinate, and we assume here that the absorption coefficient 
is constant and the same for both liquid and solid. Note that q^(r) and dq^ldT are continuous 
everywhere, including interfaces^ (which is not true for the divergence of the conductive heat 
flux, as we will see from the interface conditions below). 
Interface Conditions. Finally, we need two conditions for the determination of the location of the 
two interfaces between solid and mushy zones, X\{i), and between mushy zone and pure liquid, 
Xiit), These are obtained by performing energy balances over infinitesimal volumes adjacent to 

^This is also true for variable/difFerent absorption coefficients, for which equations (21.34) and (21.35) continue to 
hold with T = ^^ K(x)dx. 



21.3 M ELTING AND SOLIDIFICATION WITH INTERNAL RADIATION 6 9 3 

the interface, as depicted in Fig. 21-6. Consider a volume of thickness dX] at the solid-mushy 
zone interface, dX\ being the thickness that becomes purely solid over a time period dt. An energy 
balance gives: 

energy conducted in at Xi (t) + energy radiated in at X\ (t) + energy released during dt 

= energy conducted out atXi(^+c//) + energy radiated out atXi(/+(ir), 

or 

k — 
dx 

dt + q,(X,)dt^pL(l-f,)dX,=-k^ 
\Xi-o ox 

dt^q,(Xx-bdXi)dt, (21.36) 
\X\+dXx+0 

where the subscripts ±0 imply locations on the left of the interface (-0), i.e., in the solid, and on 
the right of the interface (+0), i.e., in the mushy zone. The heat release term contains the factor 
(l-fi) because the fraction fi is already soUd. Noting that T = Tm= const inside the mushy zone, 
it follows that dT/dx\x\^dXi+o = -̂ The radiative heat flux, on the other hand, is continuous and 
cancels out from the interface condition once dt and dX\ are shrunk to zero, and equation (21.36) 
becomes simply 

x = X,(t): - k ^ 
\Xi-0 

+ p I ( l ^ / , ) ^ = 0 , (21.37) 

subject to 

t=0: ;^i(0) = 0. (21.38) 

Note that there does not appear to be any requirement of/. -> 1 at the interface (smooth transition 
from mushy zone to pure solid). 

Similar to equation (21.36) we find for the mushy zone-liquid interface 

k — 
dx 

dt + qj,{X2) dt + pLfs dXi =-k-^ 
IA2-0 ' ox 

dt + q,iX2+dX2)dt, (21.39) 
U2WX2+0 

where (1 - / ) is replaced by fs since the fraction f^ solidifies from pure liquid. Upon shrinking 
dt and dX2, the q^ cancel again, and the conduction term within the mushy zone vanishes, or 

dX2 dT 
^"-^•^ = ̂ ^ Tx (21.40) 

lA-.+O 

Now, in order for freezing to occur, we must have dX2ldt > 0 and dT/dx > 0. Since the solid 
fraction must be nonnegative, this implies that the left-hand side of equation (21.40) should be 
positive and the right-hand side should be negative. This apparent contradiction can be overcome 
only if both sides of equation (21.40) are identically equal to zero, or, 

X = X2it): fs(X2. t) = 0, ^(X2, t) = 0. (21.41) 

This implies that there is no distinct interface between mushy zone and liquid: Temperature, heat 
flux, and solid fraction are continuous across this "interface." Mathematically, one distinguishes 
between mushy zone and pure liquid, since in the mushy zone fs is the unknown variable {T -Tm 
is known), and in the liquid zone the temperature is unknown ( / = 0 is known). The location of 
interface X2 is found implicitly by evaluating fs{x, t) and determining the location where fs = 0. 

In summary, in order to predict the solidification of a semitransparent solid, it is necessary 
to simultaneously solve equations (21.26) and (21.27) (solid), equations (21.30) and (21.31) 
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FIGURE 21-7 
Solidification of a semi-infinite, semitransparent medium 
initially isothermal at melting temperature: Development 
of solid and mushy zones; û, = Tu,/Tf„ - 0.9, Â  = 
kKJArP-o-T^ = 0.75, Ste = LjcTm = 500, t* = 2Kn^cr(T^-

(mushy zone), equations (21.32) and (21.33) (liquid), together with the interface conditions, equa-
tions (21.37) and (21.41). Note that—for an opaque medium—^the radiative source within the 
medium vanishes {q^ = 0) and, from equations (21.30) and (21.31), fs{x, t) = 0; that is, the mushy 
zone shrinks to a point, collapsing the two interfaces as expected for pure conduction. This sys-
tem of equations is nonlinear, even in the absence of radiation, making exact analytical solutions 
impossible to find. Chan and coworkers [139] have presented approximate results for a few sim-
ple situations. For example, Fig. 21-7 shows the development of the solid and mushy zones for 
the case of a liquid that is initially uniform at melting temperature. 

Example 21.3. Consider a large (i.e., semi-infinite) block of clear ice exposed to solar radiation on 
one of its faces. The ice is initially at a uniform 0°C, i.e., at its melting temperature. Heat transfer firom 
the surfaces of the ice (except the solar irradiation) may be neglected, as may the radiative emission 
from within the ice. Determine the development of the mushy zone for small times. Indicate how the 
movement of the liquid-mushy zone interface may be calculated. 

Solution 
Since the side walls are insulated, the problem is one-dimensional; and since the block is "very large," we 
may assume that it is essentially a semi-infinite body with solar irradiation on its (otherwise insulated) 
left face at x = 0. Since, in this example, we consider the melting of a solid, the order of zones is 
reversed, i.e., we have pure liquid for 0 < jc < Zi, the mushy zone for JSG < x < X2, and pure solid for 
X > X2. In the present example X2 -^ 00, since the ice is everywhere at the melting point. Also, since 
the face temperature is not increased abruptly, there is no instantaneous formation of a pure liquid layer 
and Xi = 0 for some time r > 0. The solar irradiation is not absorbed by the surface but penetrates into 
the ice, causing a local radiative heat flux—if emission fi*om and scattering by the ice is neglected—of 

/̂f(^) = ŝoi er''\ 

where ŝoi is the strength of solar irradiation penetrating into the ice (after losing some of its strength 
due to reflection at the interface at x = 0) (see Chapter 18). 

The purely liquid zone is essentially described by equations (21.26) and (21.27): 

dT 

t = to: 

x = : 0 : 

x = Xiit): 

r(x,/b) = 7;, 
dT 
^ ( . . 0 = 0. 
T(Xut)=T„, 
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where to is the time at which a purely Hquid zone starts to exist, and the boundary condition at x = 0 has 
been replaced to reflect the lack of heat transfer at the surface. 

The heat generation term of equation (21.28) becomes a sink, and, while the expression is correct 
as is, it appears more logical to work with a liquid fraction, fi = 1 - /„ in the case of melting. Thus, 
equation (21.30) becomes 

dt pL dx pL 

/ = 0: .//•(0) = 0. 

Finally, the interface equation at jc = Xi (r) must be rewritten as 
dXi , dT 

-'TX 
= pl(l-~yf)-

l;̂ i-o dt 

t = to: ^ 1 = 0 , 

where fs has been replaced by fi, L by -L (since melting requires heat rather than releasing it). Since 
dTjdx = 0 at jc = 0, no liquid layer can grow until ̂  = 1 at j = 0. After this has taken place (at time 
/ = U)) the temperature may rise at x = 0, and dTjdx becomes negative at x ^ Xx - 0; therefore, fi{Xx) 
must diminish again, and dXi/dt > 0. 

For times t <to, the equation for the mushy zone is readily solved, leading to 

Mxj) = M ^ e - ^ 0 = X,(0 < X < a,. 
pL 

From this relationship it follows that a purely liquid zone starts at 

k > 

that is, when // = 1 at jc = 0. For times larger than /b, the relation for the liquid fraction, /(jc, /), within 
the mushy zone continues to hold, but only for x> X\ > 0. The temperature profile within the liquid 
zone and the location of its interface must be determined by simultaneously solving the conduction and 
interface equations (with known values oifl). 

Since the original postulation by Chan and coworkers [139], the notion of a mushy zone has 
found widespread acceptance among other researchers [86,141-143]. 

21.4 COIMBINED RADIATION AND 
CONVECTION IN BOUNDARY LAYERS 

In this section we will briefly discuss how at high temperatures the presence of thermal radiation 
afi'ects the temperature distribution in a thermal boundary layer and, therefore, the heat transfer 
rate to or from a wall. Again, since we are mainly interested in the basic nature of interaction 
between convective and radiative heat transfer, we will limit ourselves to a single simple case, 
laminar flow over a flat plate. 

Consider steady, laminar flow of a viscous, compressible, absorbing/emitting (but not scat-
tering) gray fluid over an isothermal gray-difi'use plate, as illustrated in Fig. 21-8. Making the 
standard boundary layer assumptions [144], conservation of mass, momentum and energy follow 
as 

—{pu)+—{pv) = 0, (21.42) 

du du\ d ( du\ dp 
«^+''Z: = ^ U ^ -37- (21.43) 

dx dy 

du\_d_( M 
'dx ' "dyj dy \ dy) dx' 

( dT dT\ d (,dT\ dq, (du\^ ,,,,,, 

'H"Tx^%]=dyhj-i'idy]' ^̂̂ -̂̂  
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FIGURE 21-8 
Laminar flow of an absorbing/emitting fluid over an isothermal gray-diffiise plate. 

subject to the boundary conditions 

x = 0 : w(0, y) = u^, T(0, f/) = 2^; 

ij = 0: w(jc, 0) = v{x, 0) = 0, r(x, 0) = 7^; 

£/ -» 00 : u(x, oo) = Woo, T(x, oo) = Tc^, 

(21.45a) 

(2lA5b) 

(21.45c) 

Equations (21.43) and (21.44) incorporate the standard boundary layer assumptions of du/dy » 
du/dx and dT/dy » dT/dx (momentum and heat transfer rates across the boundary layer are 
much larger than along the plate, which is dominated by convection), as well as the simplified 
dissipation function {dujdyf-. Similarly, one may drop the x-wise radiation term in favor of the ra-
diative heat flux across the boundary layer. This is readily justified by using the diffusion approx-
imation to get an order-of-magnitude estimate for the radiative heat flux: From equation (14.21), 
q̂  zz -k^VT, and—since dTjdy » dTjdx—^radiation along the plate may be neglected as com-
pared to radiation across the boundary layer. Therefore, assuming that the radiative heat flux is 
one-dimensional, q^ may be approximated from equation (13.55) (with r = J^ Kdy and T/, -^ oo) 

as 
r*T poo 

q,ix, y) = 2Ux)E^(r) + 2 J Eh{x, r'JEjir-T') dr'-lj E,,(x, T')E2iT' - r ) dr', (21.46) 

and 

-^(x,y)=^= 4E,ix, r) - 2y„£2(r) • 
K oy or f 

Jo 

Ei,(x,T')Ei(\r~r'\)dr\ (21.47) 

Alternatively, the radiative heat flux may be evaluated from any of the approximate methods 
discussed in Chapter 14. 

It should be remembered that photons carry momentum, thus causing radiation pressure and 
radiation stress (cf. Section 1.8), and that a control volume stores radiative energy [cf. equa-
tion (9.21) and Section 9.8]. However, these effects are generally negligible except at extremely 
high temperatures (> 50,000 K at 1 atm pressure) [145,146] and will not be included here. 

To improve the clarity of development, we will make the additional assumptions of constant 
fluid properties (p, Cp, ju, k, K = const), slow flow (negligible dissipation term), a black plate 
[£„, = 1, or Jy, = Eh{Tu,) = Efjui], and constant free stream values (Woo, ̂  = const). Then equa-
tions (21.42) through (21.44) and (21.47) reduce to 

du ^^ _ /̂  
dx dy 

du du _ d^u 

dx dy dy^' 

(21.48) 

(21.49) 

^Equations (21.46) and (21.47) are approximate since they assume that the local value of Eh is independent of x. 
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dT dT d'T 1 % 
u^- + y-r- = a—J - ^ , (21.50) 

ox oy oy^ pCp oy 

^ = 2K[2Ek{x.T) - EhaMr) -J £^ (^ ,T ' )^ I ( |T - T'I) J r ' ] , (21.51) 

subject to boundary conditions (21.45). Here v = ji/p is the kinematic viscosity, and a = k/pcp is 
the thermal diffusivity. Introducing the stream function t// as 

w = ^ , ^ = ~ : ^ ' (21.52) 
oy ox 

eliminates the continuity equation and transforms the momentum and energy equations to 

dy dxdy dx dy^ dy^' 

dilj^dT___dij^dT_ _ d^T 1 dq^ 
dy dx dx dy dy^ pCp dy « ^ - — ^ - (21-54) 

Making the standard"* coordinate transformation from x and y to the nondimensional £ and 77, 
where 

^= , ^ = " " y^ (21.55) 

and introducing new nondimensional dependent variables 

/ = 7 - A l 7 2 ' ^ = | - ' ^^ = - ^ 4 (21.56) 

reduces momentum and energy equations to 

icfG I d0_df ae \( € fd% 

In this equation Pr = v/a = fiCp/k is the Prandtl number of the fluid, and Â  is the conduction-to-
radiation parameter previously introduced as 

Sometimes, a convection-to-radiation parameter, or Boltzmann number, is also introduced, which 
is defined as 

where Re^ = Uooxlv is the local Reynolds number. Very similar to the conduction-to-radiation 
parameter N, the Boltzmann number gives a qualitative measure of the relative magnitudes of 
convective and radiative heat fluxes. 

* Except for the nondimensionalization factor for .̂ 
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FIGURE 21-9 
Similarity profiles for nondimensional temperature profiles across an optically thick laminar boundary over a flat plate; Pr 
= 1, (a) da, = Ta,IT^. = 0.5, (h) «̂, = 2. 

Equation (21.57) contains no ^-derivative since rj turns out to be a similarity variable; i.e., no 
term in the equation (except the f-derivative) contains ^, and the boundary conditions for / do not 
depend on ^, collapsing to 

0 (21.61) 

Thus, equation (21.57) is an ordinary differential equation for the unknown / , which is a function 
of the similarity variable t] alone. Equation (21.57) and its solution was first given by Blasius 
and is well documented in fluid mechanics texts, such as [147]. The energy equation (21.58) is a 
partial differential equation for the unknown 6, subject to the boundary conditions 

77 = 0 : e 
loo 

oo : 0= 1, (21.62a) 

(21.626) 

Since the boundary conditions at jc = 0 correspond to both ^ = 0 and 77 -> oo, equation (21.58) 
can also reduce to a similarity solution, but only if % oc ^"^Z .̂ This is not the case if % is 
evaluated from equation (21.51) or most approximate methods discussed in Chapter 14. However, 
if the thermal boundary layer is optically very thick, so that the diffusion approximation becomes 
applicable, one finds from equation (14.21) 

% = -
4 de^ __ 4 g(9̂  

TK~d^ '^ ' '3(A^Pr^)i/2 Qjj' 
(21.63) 

This expression is substituted into equation (21.58), resulting in the ordinary differential equation 

1 (fe^ 1 (fe l^M_ 
(21.64) 

since then 6̂  is a function of the similarity variable rj only. 
The interaction of radiation and convection in an optically thick laminar boundary layer of a 

gray gas was first investigated by Viskanta and Grosh [148] and others [149-152]. Figure 21-9 
shows the similarity profile for the nondimensional temperature, as obtained using the diffusion 
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FIGURE 21-10 
Comparison of conductive, radiative, 
and total heat fluxes for a laminar 
boundary layer over a flat plate: opti-
cally thin solution from [19], optically 
thick solution from [148], and exact 
solution from [153]; Â  = 0.1, Pr = 
1.0, û. = 0.1. 

approximation [148], for a number of different values for the conduction-to-radiation parameter 
A'̂ . For N = 10 the temperature profile was found to be within 2% of the pure convection case 
(which numerically corresponds to N -^ oo). When radiation is present, the thermal boundary 
layer was always found to thicken, which may be explained by the fact that radiation provides 
an additional means to diffuse energy. Even for strong radiation (large Zo) the thickening of the 
thermal boundary layer may be limited if the fluid is optically thick (large /c). However, if the 
absorption coefficient is small (optically thin fluid), the thickening of the thermal boundary may 
become so large as to invalidate the basic boundary assumptions (i.e., the neglect of conduction 
and radiation in the x-direction). 

Figure 21-10 shows nondimensional radiative, conductive, and total surface heat fluxes along 
the plate for a representative case as evaluated by three different methods. The radiative heat flux 
is evaluated according to the definition in equation (21.56), and the conductive heat flux is defined 
as 

% = -k 
dT 

and 
1/7=0 

(21.65) 

(21.66) 

The "exact" results are a numerical solution of equation (21.58) with the radiation term evaluated 
from equation (21.51), as obtained by Zamuraev [153] (and reported by Viskanta [154]). In the 
optically thick solution % is evaluated from equation (21.63) as 

% = -
do' 

3(A^Pr^)J/2 drj 
(21.67) 

1/7=0 

and displays a simple ^"^^'^ dependence. The optically thin solution has been taken from Cess 
[19,155], who postulated a two-region temperature field consisting of a very thin conventional 
thermal boundary layer (in which radiation is neglected in favor of conduction) and an outer re-
gion with slowly changing temperature (in which conduction is neglected). As seen from Fig. 21-
10, the diffusion approximation predicts the wall heat flux accurately over the entire length of the 
plate, while the optically thin approximation fails a short distance away from the leading edge 
(apparently since downstream the boundary layer grows too thick to neglect radiation and/or the 
outer layer becomes too nonisothermal to neglect conduction). Other early optically thin models 
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have been reported by Smith and Hassan [156] and Tabaczynski and Kennedy [157]; Pai and 
Tsao [158] used the exponential kernel approach, and Oliver and McFadden [159] solved the "ex-
act" relations, equation (21.51), by the method of successive approximations, stopping after three 
iterations. Dissipation effects [155,160-162] as well as hypersonic conditions [161,163-165] 
have been considered by a number of investigators. The influences of scattering [166, 167], 
nongray radiation properties [168-170], extemal irradiation [171,172], turbulent boundary lay-
ers [173-175], as well as laminar flow across cylinders [170] and spheres [176] have also been 
addressed. 

CONVECTION 

The efî ects of radiation are often even more important when combined with free convection rather 
than forced convection. The radiation efi'ects on a vertical free-convection boundary layer have 
been modeled by Cess [177] for the optically thin case and by Arpaci [178] for the optically 
thin and thick cases, while Cheng and 6zi§ik [179] and Desrayaud and Lauriat [180] looked at 
isotropic scattering eff'ects, and Krishnaprakas et al [181] considered linear anisotropic scatter-
ing. Hossain et al. [182] used the dilfusion approximation to deal with an optically thick gas 
next to a porous vertical plate with suction. Webb and Viskanta [183] investigated the effects of 
extemal irradiation, verifying their model with experiment [184], and a vertical square duct was 
studied by Yan and Li [185,186]. Careful experimental work by Lacona and Taine [187] verified 
standard (no-radiation) prediction models, and showed that radiation can strongly modify free 
convection temperature profiles. They used holographic interferometry and laser deflection tech-
niques to measure temperatures in nitrogen (suppression of radiation) and pure carbon dioxide 
(strong radiation effects). 

Thermal stability of horizontal layers with radiation has also found some attention [188-191] 
as has combined radiation and free convection within enclosed, particularly square cavities [192-
197] and parallel vertical plates [198,199]. In addition, horizontal [200] and vertical annuli [201] 
and cubical cavities [202] have been studied. The interaction between fi-ee convection and radi-
ation in liquids was studied by Derby and coworkers [203], investigating a cylindrical container 
with molten glass, and by Tsukuda and colleagues [204], who considered internal radiation during 
Czochralski crystal growth. 

All of the above studies have been limited to the simple case of constant, gray radiation 
properties, with the exceptions of Mesyngier and Farouk [197], who considered a H2O-CO2 mix-
ture in a square enclosure, using the discrete ordinates method and the weighted-sum-of-gray-
gases approach, and of Bdeoui and coworkers [205], who studied water vapor radiation effects on 
Rayleigh-Benard convection, using an exact formulation together with the ADF method. 

21.6 COMBINED RADIATION AND 
CONVECTION IN INTERNAL FLOW 

Forced convective heat transfer in circular and noncircular ducts, for laminar and turbulent flow, 
has been thoroughly studied for situations in which radiative heat transfer may be neglected. The 
case of a transparent medium with radiating boundaries has been briefly discussed in Section 8.3. 
In this section we will examine the interaction of radiation and convection for a radiatively partic-
ipating medium flowing through a duct. In the spirit of the previous sections we will again limit 
our theoretical development to one particularly simple case, namely hydrodynamically developed 
laminar flow of an incompressible, constant-property fluid through a parallel-plate channel. This 
is commonly referred to as Poiseuilleflow, This will be followed by a brief discussion of trends 
in more involved situations together with a review of the state-of-the-art. 
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FIGURE 21-11 
Thermally developing Poiseuille flow of a gray, absorbing 
and emitting fluid between gray-diffuse plates. 

Poiseuille Flow 
We will assume that the fluid is gray, absorbing, and emitting (but not scattering), and that the 
plates are gray and diffuse, a distance L apart, and isothermal, as indicated in Fig, 21-11. The 
fully developed velocity distribution for Poiseuille flow follows readily from equations (21.48) 
and (21.49), setting u = u{y), as 

w = 6 w ; , , | ( l - | ) , v = 0, (21.68) 

where u,n is the mean velocity across the duct. Thus, the energy equation (21.50) reduces to 

dx dy^ pCp dy 
(21.69) 

if again we limit ourselves to the case in which conduction and radiation in the flow direction 
(along jc) are neghgible as compared to their transverse values (along y). This is generally a good 
assumption for channel locations that are a few plate spacings L removed from the inlet [206]. 
Equation (21.69) is subject to the boundary conditions 

(21.70a) 

(21.706) 

JC = 0 : T = Ti, 

y = 0,L: T==Tu,,, 

and the radiative heat flux may be obtained from equation (13.55) as^ 

q,(x, y) = lUx) [E^{T) - E^ir.^r)] + 2 C £,(jc, T')^2(r-r')dr' 
Jo 

-2^ ' Ei,{x.V)E2{T'-r)dT'. 

The radiative heat flux could, of course, instead be evaluated by any of the approximate methods 
discussed in Chapter 14. 

Introducing similar nondimensional variables and parameters as in the previous section, 

0=—. H', = ^ % 7 , (21.72a) 

(21.71) 

X xlUfnLv y 

7}. = KL, N = 

X lUrnLv 

I \ 
kK 

(21.726) 

(21.72c) 

^ Again using an approximate, i.e., one-dimensional, solution by neglecting the jc-wise variation of emissive power in 
the evaluation ofq^. 
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transfonns equations (21.68) through (21.71) to 

f = 0 : e=Ti/T,, = Oi, 7 = 0 , 1 : ^ = 1 , 

£3(r)~i^3(T.-r)+ re\^,T')E2(r-T')dT' - C e\^.r')E2{T'-r)dr' % 

(21.73) 

(21.74) 

(21.75) 

where, for simplicity, we have limited ourselves to black channel walls. 
Equation (21.73) and its boundary conditions must be solved simultaneously with equa-

tion (21.75), making it a nonlinear integro-differential system. Equation (21.73) is a parabolic 
differential equation allowing a straightforward numerical solution technique, marching forward 
from f = 0. While, in principle, an explicit numerical solution is possible if small enough steps in 
^ are taken, in practice implicit methods are employed. Because of the nonlinearity, this requires 
guessing the temperature field for the next f-location (as a function of 77), followed by an iterative 
procedure until convergence criteria are met. This scheme is then repeated for all downstream 
locations. The Poiseuille flow problem described here was first solved by Kurosaki [207] and, 
a little later, with results reported for higher temperatures (smaller N), by Echigo and cowork-
ers [208]. Figure 21-12 shows the axial development of the local Nusselt number for the case of 
Oi = 0.5 (cold fluid, hot wall), with the Nusselt number defined as 

Nu,(f) = qwi-

k[T^^UOV 
(21.76) 

where q^^ = qc-^^R is total heat flux per unit area at the wall, by radiation and conduction. In terms 
of nondimensional quantities, the local Nusselt number becomes 

Nu,(^) = 
l-Omi^) dr] 4N ' 

(21.77) 
1/7=0 

It is apparent from Fig. 21-12 that—due to the nonlinear radiative contribution—no fully de-
veloped temperature profile, and consequently no asymptotic Nusselt number, develops. Rather, 
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for the heated wall case (2^ > 7?), the Nusselt number goes through a minimum at a certain down-
stream location, behind which it tends to increase again. The location of the maximum moves 
toward the inlet with increasing importance of radiation. This phenomenon may be explained as 
follows: Downstream from the inlet the convective heat flux always decreases more rapidly than 
the temperature diff'erence, 7̂ , - 7^(^), causing a steady decrease in the convective contribution to 
the Nusselt number; the fractional radiative heat flux, on the other hand, increases monotonically 
with jc, leading to the observed behavior. 

Laminar and Turbulent Channel Flow 
Qualitatively, the Nusselt number development for other channel flows with heated walls is 
the same as for Poiseuille flow (regardless of geometry, turbulent flow, presence of scattering, 
nongrayness, etc.). The heat transfer behavior is somewhat diff'erent if a hot fluid enters a cold-
walled duct (Tii, < 7/). This is shown in Fig. 21-13 for turbulent tube flow of a gas seeded with 
small particles, from Azad and Modest [209]. The Nusselt number always decreases monotoni-
cally, somewhat similar to the pure convection case, and eventually appears to reach an asymptotic 
value. However, as seen fi-om Fig. 21-14, in the presence of thermal radiation this "fully devel-
oped" case is never reached until the bulk temperature is essentially equal to the wall temperature 
(note that, for pure convection, the bulk temperature has changed only by ^ 20% of maximum 
when fully developed conditions have been reached). Therefore, it may be concluded that no 
thermally fully developed conditions can exist for forced convection in duct flow combined with 
appreciable thermal radiation (i.e., radiative heat fluxes too large to be approximated by a lin-
ear expression in temperature). This fact was not realized by a number of early investigations 
on the subject, which employed "thermally developed" conditions to obtain relatively simple re-
sults [210-217]. Figures 21-13 and 21-14 also demonstrate how temperature level and optical 
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Influence of optical thickness and conduction-radiation parameter on bulk temperature development for gas-particulate 
flow through a tube—cooled wall. 

thickness influence the variation of Nusselt number and bulk temperature. Reducing N/Xji (which 
does not depend on absorption coefficient and, for a given medium and tube radius, impHes raising 
temperatures) for a constant optical thickness results in increased heat transfer rates due entirely 
to an increase in radiative heat flux. The radiative heat flux goes through a maximum at an in-
termediate optical thickness, % ^ 1 (for constant Nlr^). This is readily explained by examining 
the optical limits. In the optically thin limit the medium does not emit or absorb any radiation, 
resulting in purely convective heat transfer. On the other hand, in the optically thick limit any 
emitted radiation is promptly absorbed again in the immediate vicinity of the emission point, 
again reducing radiative heat flux to zero. 

A simple one-dimensional temperature profile does exist in the case of Couetteflow (two 
infinite parallel plates moving at diff'erent velocities), since the entire problem becomes one-
dimensional. The analysis for this case reduces to the same equations arrived at in the previous 
section for combined conduction and radiation, which have been solved numerically by Goulard 
and Goulard [218] and Viskanta and Grosh [219]. 

As indicated earlier, the Poiseuille flow problem was originally investigated by Kurosaki 
[207], using the exact integral relations for the radiative heat flux. The problem had been ad-
dressed a little earlier by Timofeyev and coworkers [220], using the two-flux method. The case 
of slug flow between parallel plates, with rigorous modeling of the radiative heat flux, has been 
treated by Lii and 6zi§ik [221]. The influence of scattering on Poiseuille flow has been discussed 
by a number of investigators [222-225]. Yener and coworkers [226,227] examined the same 
problem for turbulent flow conditions, while Echigo and Hasegawa [228] addressed a laminar, 
scattering gas-particulate mixture. All of these publications neglected axial radiation. Two-
dimensional radiation for Poiseuille flow has been studied by Einstein [18] (nonscattering fluid) 
and Kassemi and Chung [229] (isotropically scattering fluid), using the zonal method, and by 
Kim and Lee [230] (anisotropically scattering fluid), using the discrete ordinates method. Other 
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investigations on turbulent tube flows with gray media, also using the discrete ordinates method, 
include those of Kim and Back [231,232] (two-dimensional radiation without scattering) and Kr-
ishnaprakas and coworkers [233] (one-dimensional radiation with linear-anisotropic scattering). 

Combined convection and radiation in thermally developing tube flow appears to have been 
investigated first by Einstein [234], deSoto [206], and Echigo and coworkers [235], considering 
two-dimensional (axial and radial) radiation, while Bergero and colleagues [236] considered de-
veloping flow and three-dimensional, gray radiation in a laminar rectangular duct, using the finite 
volume method (for radiation). 

The effects of nongray molecular gas radiation on laminar tube and channel flows, employ-
ing the exponential wide band model, have been studied by a number of investigators [237-240]. 
Similar calculations for turbulent flows have also been carried out using fiilly developed flow and 
simple algebraic expressions for the eddy diffusivity for heat [217,238,241-243], while Smith 
and coworkers [244] used the two-dimensional zonal method and weighted-sum-of-gray-gases 
approach. More accurate analyses, using the statistical narrow band model for radiation calcula-
tions, have been carried out by the group around Soufiani and Taine for laminar [169,245] and 
turbulent [246,247] tube and channel flows, the latter using the k-e turbulence model. The gen-
eral trends are similar to flows of gray media, i.e., strong radiation efl'ects are evidenced by the 
much faster development of the temperature profiles (resulting in larger Nusselt numbers), regard-
less of whether the gas is heated or cooled. However, comparison with wide band model results 
showed that the latter can produce significant errors in predicting temperature fields and radiative 
fluxes. Comparison with experiment [245], on the other hand, showed excellent agreement with 
temperature fields predicted from the narrow band model. 

Gas-particulate suspension flows were first addressed by Echigo and colleagues [248,249] 
for laminar and turbulent flow of nonscattering media, respectively. Anisotropic scattering in tube 
suspension flows has been treated by Modest and coworkers for gray [209,250] and nongray [243] 
carrier gases. Nongray eff'ects in suspension flows have also been studied by Al-Turki and Smith 
[251], using the zonal method, while two-dimensional, gray particle radiation was considered 
by Park and Kim [252], using the Pi approximation. Radiation efl'ects in Uquid glass jets were 
investigated by Yin and Jaluria [253,254] and by Song et al [255], both using a two-dimensional 
stepwise gray approach together with the zonal [253,254] or discrete ordinates method [255]. 
Finally, there have been several attempts at modeling radiation interactions with flow through 
porous media [256,257] and packed beds [258-260]. A general overview of the literature has 
been given by Viskanta [261] 

21.7 COIMBINED RADIATION AND 
COIVIBUSTION 

Thermal radiation from gases and particulates is an important, and often the dominant heat trans-
fer mechanism during the burning of fiiel. Therefore, inclusion of an adequate radiation model is 
essential to the success of a mathematical model of the combustion process, particularly in large 
systems (with larger optical thickness). The description of the burning process is an extremely 
difficult task even in the absence of radiation: "complete" chemical reaction mechanisms can 
involve hundreds of chemical species and thousands of elementary reactions [262], modeled by 
a nonlinear, stifl" set of simultaneous difl'erential equations. Furthermore, the combustion pro-
cess is generally accompanied by multidimensional (perhaps two-phase) convection involving all 
species, as well as by turbulent mixing. A comprehensive review of the pertinent literature up to 
1986 has been given by Viskanta and Mengiig [263]. Here we will briefly discuss the particulariy 
simple case of a laminar free convection diffusion flame, using a simple fuel (methane, CH4), a 
simple global reaction mechanism. 
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CH4 + 2O2 •-> CO2 + 2H2O (21.78) 

(neglecting multistep chemistry and intermediate species generation), and a simple reaction rate 
model (assuming an infinitely fast reaction wherever methane and oxygen come into contact). 
Such analyses were carried out in early work by NegreUi and coworkers [264] for the lower 
stagnation region of a horizontal cylinder, and by Liu and colleagues [265] for a vertical flat plate 
burner. 

Results for combustion-radiation interaction in a simple, laminar diffusion flame are very 
characteristic for all reacting flows and can, qualitatively, be applied to fairly general combustion 
systems. For such a flame equations (21.42) through (21.45) are changed to 

T-(pw)+T-(p^) = 0, (21.79) 
ox ay 

( du du\ d I du\ , , 

I dT dT\ d (,dT\ dq, .,„ 

subject to the boundary conditions where, for free convection, the pressure term in the momentum 
equation has been replaced in favor of a buoyancy term, and the dissipation function has been 
dropped. The energy equation now has a heat source term (due to the release of chemical energy), 
and diff'usion equations must be added for the mass fractions Yi of all species. It is common 
practice to further simplify the problem by assuming a single mass difiiisivity, D, for all species 
and to only consider fuel (methane, F), oxidizer (oxygen, O) and products (H2O and CO2, P) as 
independent "species." The system of equations is closed with the ideal gas law, or pT = const 
(assuming constant pressure), while the sources g^h ^^^ ^\' ^ ê calculated from the reaction 
kinetics. Finally, the boundary conditions are replaced by 

jc = 0 : M(0,i/) = 0, r(0,J/) = Tc, YF=YP = 0, YQ = Yoc.\ (21.83a) 

i/ = 0 : w(x,0) = 0,i;(-v,0) = ŷ ., T{x,0) = T^,, Yf =l,Yp=Yo = 0; (21.83Z>) 

£/ ~» 00 : u(x, 00) = 0, T(x, 00) = Too, Yf = Yp = 0, YQ = YQOO. (21.83c) 

For the radiation term, both Negrelli [264] and Liu [265] used an exact ID-solution of the RTE 
together with the wide band model to simulate the nongray radiation from the absorbing/emitting 
combustion gases (CH4, CO2 and H2O). The above set of equations was solved by, both, Negrelli 
and coworkers [264] and Liu and colleagues [265] in a semianalytical way and compared with 
experiment. Both teams found rather good agreement between theory and experiment, especially 
in Ught of the rather primitive models. Figure 21-15 shows an example of the resuUs of Negrelli 
et al [264], who performed their calculations also for the cases of a transparent gas (no radiation) 
and a gray gas (using a Planck-mean absorption coefiicient based on local partial pressures). 
Comparison with the no-radiation solution makes it evident that radiation lowers the temperatures 
in the high-temperature region of the boundary layer (by more than 100°C), and raises them 
in the cooler region near the outer edge of the boundary layer. Obviously, radiation's "action 
at a distance" allows energy to travel directly from the hot zone to the colder parts. It is also 
observed that radiation increases the thermal boundary layer thickness, for the same reasons. On 
the other hand, using a gray gas approximation severely overpredicts the eff'ect of radiation on 
flame temperature and heat loss from the flame. The nongray gas emits and absorbs radiation 
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FIGURE 21-15 
Experimental and theoretical temperature profiles 
for a laminar methane diffusion flame; from [264]. 

across spectral lines that may be optically very thick, i.e., the emitted energy is reabsorbed in the 
immediate vicinity of the emission point; little emission occurs over vast parts of the spectrum 
("spectral windows" with near-zero absorption coefficient). The gray approximation replaces the 
nongray absorption coefficient by a single, intermediate value, which predicts the correct overall 
emission, but (for large enough flames) strongly underpredicts reabsorption of this emission. 

More recent investigations of laminar, methane diffusion flames have used more sophisticated 
reaction kinetics together with the CHEMKIN software [266,267], and employing the statistical 
narrow band model for radiation [268,269]. The influence of soot radiation on laminar diffu-
sion flames has been studied for ethylene [270] and acetylene flames [271]. Both investigations 
used simple one-step kinetics and assumed the absorption coefficient to be gray (justifiably, since 
radiation is dominated by the near-gray soot), but used diff'erent soot nucleation, growth, coagu-
lation and oxidation models as well as diff'erent RTE solvers. Kaplan and coworkers [270] also 
assessed the importance of radiation by comparing with calculations, in which radiation was ig-
nored. Figure 21-16 is an example of their work, which clearly indicates that ignoring radiation, 
with its overprediction of temperature levels, leads to grossly overpredicted soot levels. Similar 
conclusions about the importance of radiative heat transfer can be drawn with respect to high-
temperature production of trace pollutants, such as NO^ [272,273]. 

Today, the literature on the interaction of radiative heat transfer in combustion applications 
is growing at a rapid pace, including investigations on turbulent jet difi'usion flames [274-280], 
flame spread along vertical plates [281-284], droplet [285] and packed bed [286] combustion, 
and simulations of entire furnaces [287-293]. The results from all these studies are consistent 
with the qualitative behavior described in this section. 

21.8 INTERFACING BETWEEN 
TURBULENT FLOW FIELDS AND 
RADIATION 
The past few years have seen tremendous advances in the modeling of turbulent flows, chemi-
cal reactions, as well as in the field of multidimensional, nongray radiation, each requiring their 
own sophisticated and time-consuming algorithms to produce accurate results. Forced convection 
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FIGURE 21-16 
Experimental and theoretical soot level profiles for a 
laminar acetylene diffusion flame; from [270]. 

problems tend to be parabolic in nature (i.e., downstream conditions are irrelevant), but have enor-
mous gradients near surfaces (as well as near combustion fronts), necessitating a very fine grid 
system in their vicinity. Radiation problems, on the other hand, tend to be elliptic (i.e., the entire 
volume needs to be considered simultaneously), and are further complicated by directional and 
spectral dependence of the radiative intensity. Combining high-level models for turbulence and 
radiation requires great care to avoid instabilities, lack of convergence and/or exorbitant computer 
memory and CPU requirements. The overall algorithm generally consists of the following steps: 

1. A first estimate for the local radiative heat source Q'^' = -V • q« is made. 

2. The flow field is calculated, including velocity, temperature (or enthalpy), and species con-
centrations (if chemical reactions are present). This may include several iterations for com-
plicated flow fields that are not strictly parabolic. 

3. The absorption coefficient is calculated from the flow field as a function of pressure, tem-
perature and species concentrations. 

4. For the given temperature and absorption coefficient field the RTE is solved to obtain 
the radiative source term. Simple or sophisticated RTE solvers may be employed (Pj-
approximation, difl'erent levels of the discrete ordinates or finite volume methods, etc.), and 
primitive or advanced spectral models may be used (gray gas, wide band models, narrow 
band models, ^-distributions, etc.). It is also possible to start out with relatively crude RTE 
solutions, moving toward more accurate models as the overall solution progresses. 

5. The radiative source is updated and the calculation returns to step 2 above until some overall 
convergence criteria are met. 

Most combined convection-radiation calculations to date have used a common spatial grid 
for, both, the flow field and the thermal radiation calculations. This tends to be rather inefficient 
in turbulent flows since the flow field solver requires many mesh points near interfaces, while the 
RTE solver does not. RTE solvers, on the other hand, tend to require limits on the optical thickness 
of its computational cells, which may also be incompatible with the flow field solver. Having two 
separate meshes, however, has its own drawbacks. First, interpolation back and forth between the 
two meshes may be computationally expensive as well as inaccurate, commonly accumulating 
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FIGURE 21-17 
Combustor temperature distribution in the absence of radiation, and the three radiation meshes; from [294], 

errors that lead to instability. Also, defining a second mesh requires additional work to define its 
topology, as well as additional computer memory. 

An efficient solution to these problems is to establish a radiation grid whose cells are com-
binations of several flow field cells, similar to the multigrid algorithm ofl:en used in numerical 
analysis (provided no flow field cell violates optical thickness restrictions of the RTE solver). 
This was investigated in detail by Badinand and Fransson [294] looking at the plume flow of hot 
combustion gases behind a jet engine. During the iteration variables relevant to radiation (pres-
sure, temperature, species concentrations) must be transferred from the CFD grid to the radiation 
grid, while updated values of the radiation source must be transferred from the radiation grid to 
the CFD grid. Badinand and Fransson used the simplest possible passing scheme, i.e., volumetric 
averages from all included CFD cells to the radiation cell, and placing the radiative source eval-
uated for a radiation cell into each of its included CFD cells. A slightly more involved passing 
scheme has been described by Omori and coworkers [293]. Figure 21-17 shows a set of meshes 
used by Badinand and Fransson [294] for an axisymmetric premixed combustor, and the resulting 
temperature field if radiation effects are neglected. Turbulence was modeled with the k-e model, 
while for combustion the simple eddy dissipation model with one-step kinetics was used. Only 
the fine mesh was used for the flow field calculations (32,625 cells), while the fine, coarse (2,727 
cells) and very coarse (625 cells) meshes were used for the radiation calculations. These were 
carried out using a gray gas with a spatially varying Planck-mean absorption coefficient and the 
finite volume method of Section 16.6 with 8 x 8 directions. Figure 21-18 shows the strong ef-
fects of radiation on temperature levels inside the combustor: Hot combustion gases lose a lot of 
energy due to radiative emission, lowering local temperature levels by up to 150K. Much of this 
emission travels to the walls, and some is absorbed by colder parts, raising the cold fuel-air jet 
temperature by 50 K. It is also seen fi-om Fig. 21-18 that the choice of radiation mesh has virtually 
no eff'ect on the results: As compared to the fine mesh, the temperature diff'erences shown in the 
figure have errors of less than ±0.2% for the coarse mesh, and less than ±0.4% for the very coarse 
mesh. However, radiation computations are speeded up by a factor of 20 using the coarse mesh, 
and by a factor of 100 for the very coarse mesh. 

A somewhat more sophisticated approach was taken by Howell and coworkers [295] with 
what they term adaptive-mesh refinement (AMR). In effect, they use a multigrid algorithm for 
each flow field solution, and a similar but separate multigrid scheme for their discrete ordinates 
RTE solver. They achieved a respectable maximum CPU savings of a factor of 4, but considerably 
less than Badinand and Fransson because the RTE is, at its highest level, solved for the finest CFD 
grid. 
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FIGURE 21-18 
Combustor temperature differences due to radiation using the fine mesh (flood and soUd line), the coarse mesh (dashed 
line), and the very coarse mesh (dotted line); from [294]. 

21.9 INTERACTION OF RADIATION WITH 
TURBULENCE 
During the development of the equation of transfer in Chapter 9, v̂ e noted that heat transfer due to 
thermal radiation is essentially instantaneous, depending on the temporal temperature distribution 
as well as the temporal concentration field of the absorbing, emitting, and/or scattering medium. 
During turbulent flow the temperature field and, for mixtures, the concentration fields undergo 
rapid and irregular local oscillations (but slow compared with the response time of thermal radi-
ation). The governing equations, such as equations (21.42) through (21.44) or equations (21.79) 
through (21.82), are then rewritten in terms of time-averaged quantities (denoted by an overbar), 
e.g., 

p(x,y)=Y, f P(x,yj)dt, (21.84) 

where 6t is the (small) time interval used for averaging. Commonly, the so-called Favre averaging 
(or mass-weighted averaging), denoted by a tilde, is also employed for compressible flows, that 

(/> = p<f>lp, (21.85) 

where (p is the quantity to be averaged. For 2D forced convection with chemical reactions this 
leads to 

ox oy 
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(21.86) 

(21.87) 

(21.88) 

(21.89) 

where temperature has been replaced in favor of enthalpy h - JcpdT. In these relations v,, a„ 
and D, are turbulent viscosity and heat and mass difFusivity, respectively. The source terms, 2^ , , 
Q'R' '"i"'' which are strongly nonlinear functions of the s composition variables 4>(<(>i = Yi,' = 
l,...,s- l;(f>s = h), must be determined in time-averaged form. Turbulence modeling is a field 
of great complexity and research interest, which has seen dramatic progress during recent years. 
Reynolds-averaged Navier-Stokes (RANS)-based turbulence models are the most popular today, 
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in particular the ubiquitous k-e model [296], and a number of more accurate models are also 
available. Another level of difficulty arises if the interaction between turbulence and a nonlinear 
source term is to be considered. The interaction between turbulence and chemistry has received 
considerable attention, resulting in flamelet models [297-299] and PDF (probability density func-
tion) methods [300]. While very relevant for the modeling of turbulence-radiation interactions, 
these models go much beyond the scope of this book, and the reader is referred to the relevant 
literature [301-305]. 

To account for the interaction betv^een turbulence and radiation, the time-averaged radiative 
source must be evaluated, or 

eR' = - V . q ^ = - r ^ j 4 ; r 4 , - f lMdr^ = - f L ^ ^ , - - f K,h,d^drj, (21.90) 
J L JAn J Jo [ J4;r J 
0 

Thus, tv^o turbulence moments or correlations are required: the correlations between absorption 
coefficient and Planck function, /C;;//,;;, and between absorption coefficient and radiative intensity, 
Kjjlbij. In some early work Kabashnikov and coworkers [306-308] have suggested that, if the mean 
free path of radiation is much larger than the turbulence eddy length scale It, then the local radia-
tive intensity is only weakly correlated with the local absorption coefficient, i.e., AC;;4;; ̂  Ic^Ij^ This 
expression, valid if Kr^lt ^ 1, and commonly known as the {optically) thin eddy approximation, 

simphfies the evaluation of Q^ considerably, since the remaining correlations /^ and Krjihri can 
be constructed from single-point statistics of the composition variables. Note that, in order to 
invoke this approximation, one must have Krjh <̂  1 for all wavenumbers. While this condition is 
generally violated by combustion gases for very small parts of the spectrum (see, e.g.. Fig. 10-8), 
and also for extremely sooty flames, it is justifiable in the vast majority of applications. To date 
all predictions of TRI (turbulence-radiation interactions) have employed the optically-thin eddy 
approximation. 

Very similar to the time-averaged chemical source term, evaluation of the remaining correla-
tions, ̂  and Krjhri, requires equations or models for the correlations between any two composition 
variables, for a total ofs^ moments [309]; a task clearly not feasible with traditional RANS-based 
models. 

Because of these difficulties radiation and turbulence have traditionally been treated as inde-
pendent phenomena, i.e., the influence of turbulent fluctuations on the composition variables (that 
determine the local values of radiative properties, blackbody intensity and, therefore, the local ra-
diative intensity) have been neglected. If effects of radiation are considered at all, the calculations 
are generally based on mean (time-averaged) composition variables. Experimental data, obtained 
by the groups around Faeth and Gore [310-321] have indicated that, depending on fuel and other 
conditions, radiative emission from a flame may be as much as 50 to 300% higher than would be 
expected based on mean values of temperature and absorption coefficient. Cox [322] has shown 
that emission from a hot medium increases dramatically due to turbulence, simply by expanding 
the emissive power into a Taylor series. JFor example, for a simple, gray medium with constant 
absorption coefficient, the TRI reduce to /c4 = /c4 = KEbIn, where 

Eb(x,yj) = - \ n^crT\x,yj)dt. (21.91) 

If one writes temperature and its fluctuations in terms of a Favre average, 

Tix, y, t) = f(x, y, t) + T\x, y, t\ r = 0, (21.92) 
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then Ebix, y, t) can be approximated by a truncated Taylor series as 

Et{T) - EbiT) + r ^ + U r f ^ + . . . , {21.93a) 

and 
.-^. 1 d^Ei 

^ dT 

(p)2 

T' 
(21.93ft) 

Equation (21.93 ft) shows that the so-called temperature self-correlation (time-averaged emissive 
power) is always positive, resulting in enhanced emission due to turbulence-radiation interac-
tions. In the present case (gray, constant-property medium) temperature fluctuations of ± 30% 
would increase emission by more than 50%! 

In most early works on turbulence-radiation interactions the radiation calculations were not 
coupled with the flow field model; rather, the fluctuation fields were assumed [246,247,323-
328]. It was generally concluded that TRI are of importance only in the presence of chemical 
reactions (combustion of fuel), and there were some suggestions of temperature fluctuations to 
dominate turbulence radiation interactions. While it is now widely recognized that turbulent 
fluctuations aff'ect the radiative transfer rates through a medium, the reverse is also true, i.e., 
radiation has an eff*ect on temperature fluctuations in a turbulent flow. This was first recognized 
by Townsend [329], and has been further studied in the atmospheric sciences [330,331] and for 
high-temperature gases [332]. 

The first study modehng TRI from basic principles was done by Mazumder and Modest 
[333,334], who considered a methane-air difllision flame and a nonreacting combustion gas 
mixture, respectively. Using a Monte Carlo solution to the velocity-composition PDF approach 
invoking the thin-eddy approximation and using the box model of Section 19.4 for radiation, they 
were able to evaluate turbulence-radiation interactions without further approximation. Studying 
nonreacting flows [334], it was confirmed that, indeed, TRI are never of great importance in non-
reacting flows, never changing radiative sources and fluxes by more than 10%. On the other hand, 
in the methane-air flame heat loss rate increases due to TRI of up to 75% beyond the temperature 
self-correlation were observed [333]. 

A systematic analysis of turbulence-radiation interactions in two-dimensional, axisymmetric, 
nonluminous jet diff'usion flames was recently carried out by Li and Modest [335-338]. They em-
ployed a hybrid approach, using a commercial finite volimie code (Fluent [339]) together with the 
composition PDF method [300], and also invoked the thin-eddy approximation. The philosophy 
of the Probability Density Function (PDF) approach is to consider the thermo-fluid variables (u, 
h, Y, etc.) as random variables and consider the transport of their PDFs rather than their moments. 
The composition PDF is the simplest form of the PDF methods since it carries information for the 
composition variables only, i.e., ̂  contains the 5-1 mass fi-actions Y and the enthalpy h. The great 

advantage of PDF methods is that the mean for any quantity, say a source Q"\ can be evaluated 
directly from the PDF, provided g ' " is a function of local composition variables 4> o t̂y- This 
leads to 

= / f(f)Q"'mdf, (21.94) 

where ifr represents the sample space for the composition variables ̂  (for example, 0 < i//^. < oo is 
the range of values that the last composition variable, ^^ = h, can attain); f(tfr) is the probability 
density of the compound event of ^ = ^ (i.e., 0i = ^ j , (^ = ^2' • • •»0.s - ^s)^ ^^ ^^at 

f(i/f) diff = probability(^ < ^ < ^ + # ) . (21.95) 
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The transport equation for the composition PDF for radiating reactive flow has been developed 
by Li and Modest [335] based on the extensive work of Pope [300]. This resulted in a partial 
differential equation in ^ + 4 independent variables (time, space, and composition variable space), 
which—^because of its high dimensionality—^must be solved through stochastic particle tracing 
[300,340,341]. The composition PDF carries no information on the velocity field and, therefore, 
must be combined with another solver to provide the solutions to the mean momentum equations 
as well as a turbulence model (such as k-e). 

Employing such a model Li and Modest systematically investigated the effects of TRI on 
nonluminous jet diffusion flames, using the FSK method of Section 19.8 for the evaluation of 
thermal radiation from the combustion gases (CO2, H2O, and CH4). Flames were characterized 
through nondimensional parameters, namely Reynolds number Re (describing jet velocity, flame 
size, turbulence level), optical thickness \ (flame size), Damkohler number Da (flow time scale 
vs. chemical reaction time scale) and Froude number Fr (buoyancy effects), and their impact on 
turbulence-radiation interactions was assessed. It was found that TRI affect the flame in two 
ways: (1) emission from and self-absorption by the flame are both strongly, and about equally, 
increased, and (2) the additional net heat loss causes the flame to cool (and this, in turn, can 
substantially lower emission as well as chemical reaction rates to the point of flame extinction). 
Not surprisingly, the strength of TRI is most strongly sensitive to the flame's optical thickness. 
Optically thin flames lose relatively little heat by radiation; TRI cause this loss to increase by a 
substantial 50%, but decreasing flame temperature only by a small amount (maybe 20°C). This 
additional heat loss causes optically thick flames to cool down substantially (by 100°C and more), 
resulting in a sharp drop in emissive power, and overall heat loss rates are only increased by a 
few percent. Figure 21-19 shows the centerline temperature profile for a typical flame for several 
optical thicknesses. Similar trends were observed when variations in the other parameters were 
studied. 

To isolate the importance of the various turbulence interactions that combine for the total TRI 
effect, Li and Modest [337] looked at "frozen" composition variable fields for several flames (us-
ing the converged temperature and species mass fraction fields for the flame with fully considered 
TRI). They determined the various radiative contributions to flame emission and self-absorption 
under a number of different scenarios: 

1. No TRI: K;, = Krj((f>); K,Ib, = KrjimniT); 

2. Absorption coefficient self-correlation: i^; Krjlhrj = l^jIhijiT); 

3. Planck function self-correlation: /^ = Krf(<f>); Kj^hrj - Kj^dpih^', 

4. Full TRI: ^ ; ^ . 
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TABLE 21.1 

Comparison of turbulence-radiation interactions for a series of flames with varying optical 
thickness (based on Planck-mean absorption coefficient and flame length); from [336]. 

Flame 

0.237 

0.474 

0.948 

TRI 
Scenario 

K,(<P);K,imu(T) 

KrjlKrjIbr^iT) 

Kyj(^)\Krj(^)hn 

^rj'i f^ij^hj] 

K,mK,{m,(T) 

Kij'.lcijIbriiT) 

Kni(py, KjjiipVhij 

^Tjt ^jj^br} 

Krj(^);Krji^)IhniT) 

Ic^f.YrflhrjiT) 

Krj(^);Krf(p)Ibri 

^ip ^q^hrj 

(kW) 

0.597 

0.657 

0.641 

0.928 

3.42 

3.73 

3.69 

5.33 

12.7 

13.8 

14.2 

20.9 

Sab 
(kW) 

0.0815 

0.0983 

0.0861 

0.130 

0.904 

1.05 

0.960 

1.41 

5.13 

5.75 

5.62 

8.26 

Gnet 
(kW) 

0.516 

0.558 

0.555 

0.798 

2.51 

2.68 

2.73 

3.92 

7.63 

8.03 

8.63 

12.7 

Their results for the same three flames shown in Fig. 21 -19 are summarized in Table 21.1. It is 
apparent that, on a percentage basis, the increase in radiative heat losses due to TRI is essentially 
independent of optical thickness: for all three flames, both, emission and self-absorption are 
consistently increased by about 60%. How êver, in optically thin flames this translates into a net 
additional loss of 50%, since temperature levels (in an "unfrozen" field) decrease by only 20°C 
or so. In optically thick flames TRI bring dovî n temperature levels by more than 100°C, and 
the net heat loss is hardly increased at all. The different underlying TRI mechanisms display 
similarly consistent trends: if only the absorption coefficient self-correlation is considered (using 
K^ rather than KJ0)), both emission and absorption are increased by about 10%, regardless of 
optical thickness (absorption increasing a bit more than emission); if only the Planck function self-
correlation is considered, emission and absorption increase by roughly 35% for a gray medium 
(not shown). However, if the nongrayness of the combustion gases is accounted for, this increase 
is less than 10%, again regardless of optical thickness (absorption lagging behind emission, since 
it is a response to the raised emission level). The reason is that the gas radiates only over the 
fairly narrow absorption-emission bands, across which the nonlinearity of the Planck function 
is much less severe. Even for a gray medium, for which the Planck function self-correlation is 
the most important driving force of the TRI, it by no means dominates the interaction. Finally, 
since adding eff'ects of scenarios 2 and 3 does not nearly account for the entire TRI, the strongest 
correlation appears to be the one between absorption coefficient and Planck function fluctuations. 

Li and Modest [335-337] did not study the effects of soot on TRI. While Gore and Faeth [313] 
have suggested that TRI effects should be strong in a luminous flame, this was not borne out in 
the preliminary PDF model of Mazumder [309], who found TRIs to be totally negligible when 
he added a fairly primitive soot model to his bluff burner flame. Apparently, this will require 
considerable further research. 
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Problems 

21.1 A vat of molten glass is heated from belov̂ ^ by a gray, diffuse surface with T = 1800 K and e - 0.8. 
The glass layer is 1 m thick, and its top is exposed to free convection and radiation with an ambient 
space at lOOOK (heat transfer coefficient for free convection = 5 W/m^ K). Neglecting convection 
within the melt, estimate the temperature distribution within the glass, using radiative properties of 
glass as given in Figs. 1-17 and 3-16. What is the total heat loss from the bottom surface? 

21.2 Estimate the total heat flux for Problem 21.1, as well as the glass-air interface temperature, by using 
the additive solution method. 

21.3 A glass sphere (D = 4 cm) initially at uniform temperature 7J = 300 K is placed into a furnace, 
whose walls and inert gas are at a uniform Tg = T^ ^ 1500K. Assuming the glass to be gray and 
nonscattering {K = 1 cm~ ,̂ n = 1.5, k= 1.5 W/m K) and a sphere/furnace gas heat transfer coefficient 
of 10 W/m^ K, determine the sphere's temperature distribution as a function of time. 

21.4 A 1 cm thick quartz window (assumed gray with K = 1 cm~̂  and n = 1.5) forms the barrier between 
a furnace and the ambient, resulting in face temperatures of 7] = 800 K and Tj = 400 K. Estimate the 
conductive, radiative, and total heat fluxes passing through the window (/c = 1.5 W/m K). 

21.5 Repeat Problem 5.33 for the case in which a gray, isotropically-scattering, stationary gas (K -
2 cm~ ,̂ k = 0.04 W/mK) is filling the 1 cm thick gap between surface and shield. 

21.6 A sheet of ice 20 cm thick is lying on top of black soil. Initially, ice and soil are at -~10°C when 
the sun begins to shine, hitting the top of the ice with a strength of 800 W/m^ (normal to the rays), 
at an ofl'-normal angle of 30°. Assume the ground to be insulated, ice and water to have constant 
and equal properties (k, p, Cp\ a gray absorption coefficient (for solar light) ofK^l cm"', and a 
gray reflectance of 0.02. Neglecting emission from and scattering by the ice, as well as convection 
losses/gains at the surface, determine the transient temperature distribution within the ice/water until 
the time when all ice has melted. 

21.7 Consider a gray medium separating an axle from its bearing. The gap is so narrow that the movement 
between axle and bearing may be approximated by Couette flow (two infinite parallel plates, one 
stationary, and the other moving at constant velocity U). The movement is so rapid that viscous 
dissipation must be considered [<E> = (du/dyf, where u = u(y) is the velocity at a distance y from the 
lower, stationary plate]. The medium is gray and nonscattering with a constant absorption coefficient, 
and both surfaces are isothermal (at difl'erent temperatures) and gray-difl'use. Set up the necessary 
equations and boundary conditions to calculate the net heat transfer rates on the two surfaces. 

21.8 Consider a solar water heater as shown in the adjacent sketch. 
A 5 mm thick layer of water is flowing down a black, insulated ^^/^ " ̂ y^y ? 
plate as shown while exposed to sunshine. The water is seeded ^ ,^^^ ^y^ y '̂̂ "̂  ~ ^' 
with a fine powder that gives it a gray absorption coefficient of 
;c = 5 cm"'. The top of the water layer loses heat by free convec-
tion (h = 10 W/m^ K) to the ambient at Tâ b = 300 K. At the top 
of the collector (jc = 0) the water enters at a uniform temperature 
of To = 300 K. The velocity profile may be considered fully de- Insulation 
veloped everywhere. Determine the cumulative collected solar 
energy as a function of x 
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21.9 Consider a gas-particulate mixture flowing through an isothermal tube (ew = 1, 7̂ , = 400 K). The 
gas is radiatively nonparticipating and has constant velocity u across the tube cross-section such that 
Pe = Re Pr = uD/a = 30,000. The particles are very small, gray, and uniformly distributed such 
that KpR = 5 (no scattering) and (wc),)particies/('w<̂ /7)gas = 2. The particles are so small that they are 
essentially at the same temperature as the gas surrounding them. Using the diffusion approximation 
for the radiative heat transfer, set up the relevant equations and boundary conditions for the calculation 
of local bulk temperature and local total heat flux. Obtain a numerical solution (after neglecting axial 
conduction and radiation), and compare with Figs. 21-13 and 21-14. 



CHAPTER 

22 
INVERSE RADIATIVE 
HEAT TRANSFER 

22.1 INTRODUCTION 

Up to this point we have concerned ourselves with radiative heat transfer problems, where the 
necessary geometry, temperatures and radiative properties are known, enabUng us to calculate the 
radiative intensity and radiative heat fluxes in such enclosures. Such cases are sometimes called 
"standard" or "direct" heat transfer problems. However, there are many important engineering 
applications where knowledge of one or more input parameters is desired that cause a certain 
radiative intensity field. For example, it may be desired to control the temperatures of heating 
elements in a furnace, in order to achieve a specified temperature distribution or radiative heat 
load on an object being heated. Or the aim may be to deduce difficult to measure parameters 
(such as radiative properties, temperature fields inside a fumace, etc.) based on measurements of 
radiative intensity or radiative flux. Such calculations are known as inverse heat transfer analyses. 

One of the difficulties associated with inverse heat transfer analyses is the fact that they tend 
to be ill-posed (unlike direct heat transfer problems, which are nearly always well-posed). The 
conditions for a problem to be well-posed were first postulated by Hadamard [1] as 

• the solution to the problem must exist, 
• the solution must be unique, and 
• the solution must be stable (i.e., small changes of problem parameters cause only small 

changes in the solution). 

Only in rare instances can the solution to an inverse problem be shown to be unique. For 
example, while a given parameter field will produce, say, a unique radiative flux at a given location 
(direct problem), the measured radiative flux at a certain location, on the other hand, can be caused 
by various parameter fields governing the system (inverse problem). Moreover, inverse problems 
tend to be very sensitive to disturbances in the parameter field, such as random errors attached 
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to experimental data. This generally necessitates special solution techniques to satisfy stability 
requirements. 

While rudimentary attempts at inverse heat transfer solutions have been around for many 
years, formal methods to convert unstable inverse problems into approximate, well-posed prob-
lems through different types of regularization or stabilization techniques are only 30 to 40 years 
old, notably Tikhonov's regularization procedure [2], and Beck's function estimation technique 
[3]. The earliest works on inverse heat transfer problems date back to about 1960 [4-8], all on 
inverse heat conduction. The first investigations on inverse radiative heat transfer appeared in 
the early 1990s, mostly by 6zi§ik and coworkers [9-16]. Interestingly, all of these papers con-
cerned themselves with radiative transfer within participating media. Few treatments dealing with 
inverse surface radiation have appeared in the Hterature [17-20]. Very recently, a number of in-
vestigations have started to appear that deal with combined conduction and radiation inverse heat 
transfer [21-24], while only little attention has been given to the combined convection-radiation 
inverse problem [25]. 

In this chapter a very brief outline is given of the nature of inverse radiation problems, two 
of the more basic and popular solution methods are explained, and a few illustrative examples 
are presented. The reader interested in conducting serious research in this field should consult 
the various books on inverse heat transfer [26-31] and solution methods for ill-posed problems 
[2,3,32-36]. 

22.2 SOLUTION IMETHODS 

The solution to an inverse problem is usually found by minimizing an objective function, S, using 
a stabilization technique in the minimization procedure. We will here briefly discuss the popular 
Levenberg-Marquardt and Conjugate Gradient techniques. Others can be found in the books cited 
above, as well as in the various research papers in the field. 

Suppose the radiative intensity or radiative flux, etc., is known for a number of directions, 
and/or wavelengths. These measured data values (for deducing parameters inside or on the surface 
of the radiative enclosure) or desired values (for control of parameters) will be denoted by the 
data vector y (with elements Y\, F2,..., F/). These data need to be compared with corresponding 
values estimated from a direct analysis, based on an optimized set of the unknown parameters to 
be determined, denoted by the vector i (with elements /i, /2 , . . . , //). 

If J different parameters are chosen for the inverse problem, these values form a parameter 
vector p (with elements pi, /?2, • • •, PJ), and the estimated solutions Ii are a function of this vector. 
For example, if it is desired to estimate the Planck function (or temperature) distribution within a 
participating medium, one may postulate the Planck function field to be approximated by 

J 

where the Jj are known trial functions (polynomials, splines, etc.), and the best values for the pj 
are to be found. 

If all the data points have statistically equal error values, or if all desired values have equal 
importance, then the objective function to be minimized is the ordinary least squares norm'} 

};)2 = ( i - y ) . ( l - y ) = | i - y p . (22.2) 

'We will follow here again the matrix notation introduced in Chapter 17, i.e., vectors are written as bold lowercase 
letters, two-dimensional tensors as bold uppercase letters, and dot products imply summation over the closest indices 
on both sides of the dot. See also footnotes on p. 543. 
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If the data points are very close together then the summation in equation (22.2) may be replaced 
by an integral. 

In many applications the statistical uncertainty of data points, or their variance, oi, may be 
known and may be different for individual data points. In that case it is preferable to define the 
objective function as a weighted least squares norm 

^=i;(^f=('-y)-^<'-y>' (22.3) 

where W is a diagonal weighting matrix. 

W=: 

' \lo^ 

0 

0 
Mai 

0 

0 
0 

1/of J 

(22.4) 

In control applications, where y is the desired effect, rather than a vector of measured data, the fac-
tors 1/oj function as importance factors attached to individual control values Yi, Equation (22.3) 
reduces to equation (22.2) if W is equal to the unity tensor 8 (i.e., all diagonal elements W^ = 1). 

Minimization of the objective function in terms of the parameter vector p requires that the 
derivatives of 5 with respect to each of the parameters pj be zero, i.e. 

dS_ 
dpi dpi dpj 

= 0, or V^5(p) = 0, (22.5) 

where the ^iS'(p) represents the gradient of 5(p) with respect to the vector of parameters. Carrying 
out the differentiation of equation (22.3) with respect to p leads to 

or, in matrix notation, 

^ - = 2 > — - 5 - ; ^ = 0, 7 = 1 , 2 , . 
dpj j ^ of dpj 

V„5(p) = 2 ( i - y ) - W - X = 0, 

,J, (22.6) 

(22.7) 

where X is known as the sensitivity matrix with elements 

V,i = 

( oil 
dpi 

dh_ 
dpi 

dlj_ 
I dpi 

dli_ 

dpi 

dh 
dpi 

dh_ 
dpi 

^ 
dpj 
dh 
dpj 

dli_ 

dpj 

(22.8) 

for J unknown parameters and / measured (or defined) data points. If the sensitivity matrix is 
independent of p the problem is called linear. For example, if the general equation of transfer 
(9.22) is to be solved with the temperature field given by equation (22.1) (and there are no other 
unknown parameters), differentiation of the intensity field with respect to any parameter/?, makes 
dl/dpj independent of all parameters p. For such case 

i = X p (22.9) 
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and equation (22.7) is readily solved as 

p = (X^ • W • Xr^X^ • W • y, (22.10) 

If the problem is nonlinear, i.e., the sensitivity coefficients Xjj are functions of p, then the problem 
must be linearized and solved iteratively. This is usually done by expanding i(p) into a truncated 
Taylor series around the current solution p^ at iteration k, or 

i(p)-i(p^) + X ^ ' . ( p ^ p ^ (22.11) 

where i(p^) and X^ are the values for estimated intensity and the sensitivity matrix after the k-th 
iteration. Sticking this into equation (22.7) leads to an iterative procedure with updated parameter 
vector as 

p̂ +̂  = p^ + (X^^ . W • X '̂)-*X^^ • W • (y - i*), (22.12) 

which is known as the Gauss method. 
The Hnear solution, equation (22.10), and the linearized iterative procedure, equation (22.12), 

both require the matrix X^ • W • X to be nonsingular, i.e., its determinant may not be zero, or 
|X^ • W • X| ^ 0. If the value of this determinant is close to zero the problem is called ill-
conditioned and, unfortunately, inverse heat transfer problems tend to be very ill-conditioned. 
Therefore, it is usually necessary to apply stabilizing iteration methods even to the solution of 
linear inverse problems, such as the Levenberg-Marquardt and conjugate gradient methods dis-
cussed below. 

22.3 THE LEVENBERG-MARQUARDT 
METHOD 

The Levenberg-Marquardt method was originally devised for nonlinear parameter estimation 
problems, but has also proved useful for the solution of ill-conditioned linear problems [3,32, 
37,38]. In this method the problem of inverting a near-singular matrix is avoided by increasing 
the value of each diagonal term in the matrix, changing equation (22.12) to 

p^^^ = p^ + (X^^ . W • X* + / a ^ ) - * • X^^ • W • (y - i^), (22.13) 

where ju^ is a positive scalar called the damping parameter, and ft^ is a diagonal matrix (i.e., 
all off-diagonal terms are zero). Levenberg suggested several choices for the diagonal matrix 
H*, among them O* = S (each diagonal term is increased by a fixed amount ju^) and Qj. = 
(^X'^k . jY . j^k>^,, (each diagonal term is increased by a fixed percentage). Large values for ju^ 
dampen out oscillations in the ill-conditioned system, but also change the solution. Thus, after 
starting the iteration with a relatively large value of//^, its value is gradually decreased as the 
iteration approaches convergence. 

Different versions of the Levenberg-Marquardt method have been incorporated into various 
numerical libraries, such as the Numerical Recipes [39] and the IMSL routines [40]. 

22.4 THE CONJUGATE GRADIENT 
IMETHOD 

The Conjugate Gradient Method is another simple and powerful iterative technique to solve linear 
and nonlinear minimization problems. The method is explained in detail in a number of books, 
such as [28,31,41-43]. In this method during each iteration a step of appropriate size is taken 
along a direction of descent, determined as a linear combination between the negative gradient 
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of 5 and the direction of descent from the previous iteration. Thus, after the A:-th iteration a new 
solution vector is found from 

p ^ - ^ ^ = p ^ - ^ d \ (22.14) 

where )0̂  is the search step size, and d̂  is the direction of descent. This direction gives the method 
its name, since it is a conjugate of the gradient direction and the previous direction of descent, or 

d̂  = V;;5(p) + / d ^ - \ (22.15) 

with y^ being the conjugation coefficient and VpS(p) evaluated from equation (22.7). 
The search step size yŜ  is taken as the value that minimizes the objective function at the 

next iteration, 5(p '̂̂ ^): using equations (22.3) and (22.14) together with the Taylor expansion, 
equation (22.11), leads to 

S(P^^') = (i(p' -^d') ~ y) • W . (i(p* -p^d') - y) 

^ (i(P^) - y - P^^^ • d '̂) • W . (i(p*) - y - / X ^ • d^). (22.16) 

Differentiating with respect toyS ,̂ setting dS^'^^ jdp^ = 0, and solving ^0X0" results in 

or, in expanded notation, 

. „ _ (X^-d*)-W-(i^-y) 
P "(X*-d*)-W-(X* •<!*)• ^ ^ 

Z - Z(4f)' 

Several different expressions are in use for the conjugation coefficient y*. We mention here only 
the simple Fletcher-Reeves expression 

/ = , ' , , , ^ = 1 , 2 , . . . , (22.18a) 

= 0, A: = 0. (22.186) 

In expanded notation |Vp5*| becomes, from equation (22.7), 

•f ( I ik _Y- '^ 

22.5 INVERSE SURFACE RADIATION 

Although direct as well as inverse radiation problems involving a participating medium are con-
siderably more involved, very few investigations to date have concerned themselves with inverse 
surface radiation problems, apparently due to the limited amount of meaningful applications. 
Harutunian et al [44], Franca et al [45], Jones [17] and Ertiirk et al [19,20,46] recognized 
the potential of inverse radiation analysis for control: they investigated the needed energy input 
into a heating element, in order to achieve a prespecified result at a design surface. That inverse 
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FIGURE 22-1 
** Geometry for Example 22.1. 

analysis can also be used to deduce surface reflectances was demonstrated by Wu and Wu [18]. 
We will limit our discussion here to a simple, illustrative example involving gray, diffusely re-
flecting surfaces, although extension to more complicated geometries and to nondifi'use surfaces 
is straightforward. 

Example 22.1. Consider two long parallel plates of width w as shown in Fig. 22-1. Both plates have 
a gray, diffuse emittance of e; they are separated by a distance h and are placed in a large, cold envi-
ronment. The bottom plate is insulated, and it is desired to keep this plate at an isothermal temperature 
T* across its width through radiative heating from the top plate. Determine the necessary temperature 
distribution 72(JC2) to achieve this result. 

Solution 
Direct Solution. From equation (5.27) we find that J](x\) = (rT^^(xi) for an insulated surface. Thus, 
from equation (5.24), with dFtn-cn = 0, we obtain 

crT^ixi) = I Ji(x2)dFd\-di. 
Jo 

J2(X2) ̂  €a'T2\x2)-^{\-€) I (TT^ dF, 
Jo 

The necessary view factors have already been obtained in Example 5.9. Also, using similar nondimen-
sionalization as in that example, i.e., W = w/h, f = x/h, (p(x) - [T{x)/T*Y,J^(^2) = ^2(x2)/o'T*^, these 
equations become 

0.(^i)= r M2)fi^i-^2)d€i^^ 
Jo 

Jo 

The desired result is 0i(fi) = 1 = const, for which the necessary ^2(^2) needs to be found. We will 
approximate the top plate's temperature by an A -̂th order polynomial, or 

N 

«f2) = 2 j^f2 

with optimum values of the parameters a„ to be determined (and, for illustrative purposes, without taking 
advantage of the obvious symmetry across x = w/2). We will solve the direct problem by using a simple 
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Newton-Cotes quadrature as outlined in Example 5.10. Thus, 

J 

<Pu^wYj''jfjfip /=1,2, . . . ,J , 
7=1 

N J 

/j^eY,an§;^{\-€)wY,Ck<t>xJjk. 7 = 1,2,...,/, 

or 

/ = ̂  crnyin + YJ ^*^I*' / = 1,2,..., J, (22.20) 

J 

J 

Zik = (1 - e)W^Ck YJ Cjfijfkj-
./=i 

Inverse Problem. If we consider each of the quadrature points to be a design point where we want to 
achieve Tx = T* (or 0j =1), the objective function becomes, assuming constant weights (ai- 1), 

s=h-i| ' = £(^,,-i)i 

The sensitivity matrix is obtained by differentiating equation (22.20) with respect to a„, or 

J 

which is solved by successive approximation. We note that the sensitivity matrix is independent of a„. 
Thus, the problem is linear and the <̂ |, are calculated from 

(l>U-=^Yj^nXin. (22.21) 
0=0 

Levenberg-Marquardt Method If the Levenberg-Marquardt technique is used, updated values for 
p are found from equation (22.13), which requires the solution of Â  + 1 simultaneous, linear equations. 
The iteration starts with a relatively large value for ju ,̂ such as//^ = 0.001. The value for j / is decreased 
if the latest objective function, 5*, has decreased (step has succeeded), or it is increased if S* has grown 
(step failed), until convergence has been achieved. Here we have used the Numerical Recipes' routine 
mrqmin which requires the arrays ^ , )y = 1, CT; = 1 as input as well as a subroutine that evaluates \{(pxi) 
and its derivative with respect to p(^«) as a function of ^. Each call to mrqmin carries out one iteration, 
updating the solution vector p and recalculating the objective function S, 

Conjugate Gradient Method In order to use the conjugate gradient method the / ' andyS* '̂ coeffi-
cients need to be calculated from equations (22.17) through (22.19), i.e., 

I V f = 2fE(^f,-l)^»l , (22.22) 
/,=:0 V/=:l ) 

^^' = Z ( < - D Z ^ - ' ^ / Z E W ' . ^ * ) ' - (22.23) 
/=:1 rt=0 ' /=! /J=0 

The calculation proceeds as follows: 

1. Since the problem is linear, the sensitivity matrix is precalculated once and for all. 
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FIGURE 22-2 
Predicted top surface temperatures and recovery of desired bottom surface temperatures for Example 22.1. 

2. An initial guess is made for the parameter vector (such as a„ = 0, all «), and the iteration counter is 
set to A: = 0. 

3. The direct solution 0* is found from equation (22.21), and the objective function S^ is calculated; if 
it meets certain stopping criteria, the iteration is terminated. 

4. The gradient of iS* is found from equation (22.22); y* is calculated by division with the previous value 
of V̂ "̂ (for the first iteration, the "old" value is set to a very large number to force ŷ  = 0). A new 
search direction d* is set from equation (22.15). 

5. The search step size is determined from equation (22.23), and the parameter vector is updated with 
equation (22.14). The calculation returns then to 3 above (alternatively, the step sizeyS*, or the change 
in the parameter vector can also be used as stopping criteria). 

Sample results are shown in Fig. 22-2 for various M;//i-ratios, using a fourth-order polynomial for 
72 (A/̂  = 4), and a 40-point quadrature along the plates. If the gap between the plates is not too narrow 
(wjh < 2) the design point of <̂, = 1 = const is satisfied extremely well. For larger values oiwjh unde-
sirable oscillations in <̂ | become very noticeable, which is typical for ill-conditioned inverse problems. 
A smoother, but less accurate solution can be obtained by aborting the iteration after partial conver-
gence. Increasing the order of the polynomial approximating < ,̂ on the other hand, does not improve 
the smoothness of the solution. 

22.6 INVERSE RADIATION IN 
PARTICIPATING MEDIA 

Most research on inverse radiation to date has been concerned with the retrieval of the tempera-
ture distribution within a participating medium, some also deducing various radiative properties, 
such as surface reflectances, scattering albedos and phase functions. Much of the work dealt with 
pure radiation in mostly gray, constant-property, one-dimensional media [9-16,47-56]. Only the 
most recent investigations have dealt with multidimensional geometries [23,24,57-62], and in-
teractions between conduction and radiation have also received growing attention [21-24,63,64]; 
finally, a first paper on inverse radiation combined with convection has recently appeared in the 
literature [25]. Most of these investigations have concentrated on developing an inverse method 
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using artificial data. Only a few experiments have been combined with inverse analysis to measure 
particle distributions and scattering properties of pulverized coal [65,66], and to infer temperature 
and concentration distributions in axisymmetric flames [67-73]. Most of these determined spatial 
averages [67] or used Abel's transformation [68-72] (reconstruction from spatial scans). How-
ever, very recently it has been shown that these profiles can also be determined from a single trans-
mission measurement through FTIR spectrometry (reconstruction from spectral scan) [72-74]. 

We will here illustrate the method again by presenting two very simple examples. Extension 
to more complicated geometries and/or radiative property fields affects only the direct-solution 
part of the problem, which has been discussed extensively in previous chapters. 

£xample 22.2. Consider a one-dimensional, absorbing-emitting (but not scattering) slab of width L, 
bounded by two cold, black walls. The temperature distribution within the slab is unknown, and is to 
be estimated by measuring exit intensities on both bounding walls for various angles. The absorption 
coefficient of the medium at the detector wavelength, K, is known and constant. 

Solution 
Direct Problem. The direct solution for this simple problem is immediately found from equation (13.20) 
as 

"J W)^'''-

Jo 1^ r 
Jo with /i = /2 = 0 (cold walls) and S = k (no scattering). Letting TL - KL,^ - x/L, and evaluating only 

the necessary intensities exiting from the faces at ^ = 0, I, leads to 

f^ Jo 

/(l,/i) = ^ f 4(f)̂ -̂ ^^ -̂̂ /̂̂  d^. A/ > 0. 
f^ Jo 

Inverse Problem. We will again assume that the unknown Planck function field //,(f) can be approxi-
mated by an Â -th order polynomial, or 

A--

rt=:0 

Substituting this into the direct solution for exiting intensity gives 

m^) = - J^ onfn ( - 1 , /i < 0, (22.24a) 

N / V 

/(l,Ai) =e-/-/A^2a„/„p , fi>0, (22.246) 
w=0 ^^' 

UT)^r f ee'^d^ = e^--fn.i(r), 
Jo T 

Since the temperature (or Planck function) is to be found by measuring 1(0, fi) and /(I,//) for a set of/ 
exit angles - I < /̂ , < +1, and assuming constant weights, the objective function becomes 

where the ^ are evaluated from equation (22.24a) or (22.246), depending on whether ji,- is negative or 
positive, and the Yj are the corresponding experimental data. 
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FIGURE 22-3 
Predicted Planck function distribution for Example 22.2. 

The sensitivity matrix is readily found by differentiating equations (22.24a) and (2224b) with re-
spect to Ony leading to 

Afrt -- { 

M < 0, 

A/, > 0, 

and 

^= 2J ̂ "^'"' 

since the problem is linear. In order to use the conjugate gradient method, we again have to evaluate the 
conjugation coefficient 7* and step sizey6?*̂ \̂ this time from 

Ivf = EfE(^->^)4. 

The solution procedure is exactly the same as in Example 22.1. Figure 22-3 shows the simulation results 
for a Planck function field of 

4(^)= 1 + 3 ^ 2 ^ 4 ^ 

for various optical thicknesses, mid using 20 equally-spaced measurement directions. For errorless mea-
surements Yi, the exact result is recovered for all optical thicknesses. Figure 22-3 shows the estimated 
Planck fiinction field for measurements that have been given a random Gaussian error, with a relative 
variance of 3%. It is seen that the Planck fiinction field recovery is rather poor for optically thin slabs, 
getting more and more accurate as the optical thickness increases (up to a point: at very large r̂  the 
exiting intensities become independent of the internal temperature field and, thus, the temperature field 
cannot be recovered). 

We conclude our discussion on inverse radiative heat transfer by considering a simple, non-
linear example. 
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FIGURE 22-4 
Predicted absorption coefficient and Planck function distribution for Example 22.2. 

Example 22.3. Repeat Example 22.2 for the case that the absorption coefficient is also unknown and, 
thus, must be estimated, as well. 

Solution 
The solution is identical to the previous example, only now the parameter vector p has one additional 
member, /c, or equivalently, T .̂ The sensitivity matrix is identical to the one of Example 22.2, except that 
it has one additional row^ namely 

^,.v+i = 

t:'^ Wn ill I U / /i, U / j 

M < 0 , 

M- > 0. 

The problem is now nonlinear, since all Â>, contain die unknown parameter r ,̂ and A!;̂ A,>I also contains 
the Qn. This causes no problem in the conjugate gradient method, except that the sensitivity matrix now 
has to be evaluated anew after each iteration (i.e., in the calculation procedure of Example 22.1 steps 1 
and 2 are interchanged, and the iteration always repeats from step 2). 

Results are shown in Fig. 22-4. Again, the exact relations are recovered for undisturbed measure-
ments, and the cases shown are for measurements with a random Gaussian error with 3% relative vari-
ance. Results are very similar to Example 22.2, perhaps just a little worse, and recovery of the absorption 
coefficient is well within the variance of the data. 
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Problems 

22.1 Repeat Example 22.1, but determine the necessary heat flux distribution, qiixi), along the plate. 

22.2 A large isothermal surface on a space crafl; (exposed to vac- q^^^ 
uum, temperature 7̂ ;, diflfuse-gray emissivity 6«,) is irradi-
ated by the sun. In order to regulate the heat gain/loss from 
the surface, a thin copper shield (emissivity €c and initially 
at temperature 2^) is placed between surface and sun as ° ' ^ X ^ 
shown in the figure. 

s ^ ^ 

(a) Determine the relationship between 2̂ , incidence angle ip and time t (it is sufficient to leave the 
answer in implicit form). 

{b) Give the steady-state temperature for 7J. (i.e., for / -> oo). 

(c) It is desired to obtain as quickly as possible and to maintain a certain heat flux qu, - const at 
the surface by rotating the spacecraft toward or away from the sun. Determine the optimum 
incidence angle (as a function of time) by inverse analysis. 

22.3 Consider a one-dimensional, absorbing-emitting (but not scattering) slab of width L, bounded by two 
cold, black walls. The temperature distribution within the slab is unknown, and is to be estimated by 
measuring spectral exit heat fluxes on both bounding walls for various wavenumbers in a range over 
which the absorption coefficient of the medium, K, is known, is linear proportional to wavenumber 
and is spatially constant. Use the P]-approximation. 

22.4 Repeat Problem 22.3 for a medium that also scatters radiation isentropically, with a gray scattering 
coefficient. 

22.5 Repeat Problem 22.3 for the case of an unknown absorption coefficient (except for the fact that it is 
linearly proportional to wavenumber). 
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TABLE A.1 

Physical constants. 

Speed of light in vacuum 
First Planck function constant 
Second Planck function constant 
Wien's constant 
Electron charge 
Planck's constant 
Modified Planck's constant 
Boltzmann's constant 
Electron rest mass 
Neutron rest mass 
Proton rest mass 
Avogadro's number 
Solar constant (at mean RSE) 
Radius of Earth (mean) 
Radius of solar disk 
Earth-sun distance (mean) 
Universal gas constant 
Effective surface T of sun 
Molar volume of ideal gas 

(at 273.15K, 101.325 kPa) 
Electrical pemiittivity of vacuum 
Magnetic permeability of vacuum 
Stefan-Boltzmann constant 

Co 
Cx 
Ci 
Q 
e 
h 

n 
k 
me 
rrin 
rrip 

NA 

^sol 

-^Earth 

^ u n 

RSE 

K 
^sun 

%no\ 

€0 

A) 
<7 

= 2.9979x10^ m/s 
= 3.7418x10-^ Wm^ = Inhcl 
= l4,3SBixmK = hco/k 
= 2897.8 A/mK 
= 1.6022xlO-''C 
= 6.6261 X10-''* J s 
= 1.0546x10-3^ Js = A/2;r 
= 1.3807x10-^'J/K 
= 9.1094x10-3'kg 
= 1.6749x10-" kg 
= 1.6726x10-" kg 
= 6.0221 X 10̂ 3 molecules/mol 
= 1367W/m2 
= 6.371xl0*m 
= 6.955xl0«m 
= 1.4960x10" m 
= 8.3145J/molK 
= 5777K 
= 22.4140 ^/mol 
= 22.4140 mVkmol 
= 8.8542xl0-'2C^/Nm^ 
= 4;rxlO-''NsVC^ 
= 5.6704xlO-*'W/m2K'' 
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744 A CONSTANTS AND CONVERSION FACTORS 

TABLE A.2 

Conversion factors. 
Acceleration 
Area 
DifFusivity 
Energy 

Force 
Heat transfer rate 
Heat fliix 
Heat generation rate 
Heat transfer coefficient 
Intensity 
Kinematic viscosity 
Latent heat 
Length 

Mass 
Mass density 
Mass flow rate 
Power 
Pressure and stress 

Specific heat 
Temperature 

Temperature difference 
Thermal conductivity 
Thermal resistance 
Velocity and speed 

Viscosity (dynamic) 
Volume 

Volume flow rate 

TABLE A,3 

Im/s^ 
Im^ 
Im^/s 
IJ 
l e V = 1.6022x10-
IN 
IW 
IW/m^ 
IW/m^ 
IW/m'K 
1 W/m^ sr 
1 m^/s 
IJ/kg 
Im 
1 km 
ikg 
1 kg/m^ 
Ikg/s 
IW 
1 Pa = 1 N/ 
1.0133x10 
IJ/kgK 
r(K) 

IK 
IW/mK 
IK/W 
1 m/s 

lNs/m^ = 
Im^ 

ImVs 

m' 
^N/m^ 

Ikg/sm 

Conversion factors for spectral variables. 

Wavelength to energy 
to frequency 
to wavenumber 

Energy to frequency 
to wavelength 
to wavenumber 

Wavenumber to energy 
to frequency 
to wavelength 

Frequency to energy 
to wavelength 
to wavenumber 

afim = a X 
afixn = aX 
a fan 

aeV 
aeV 
aeV 

a cm"' 
a cm"' 
a cm"' 

a Hz 
a Hz 
a Hz 

10' nm 

lOU 

= 4.2520xl0^fl/h^ 
= 1550.0in2 = 10.764 ft2 
= 3.875 X10* ft^/h 
= 9.4787 xlO-*Btu 

" J = 1.5187x10-22 Btu 
= 0.22481 lb/ 
= 3.4123Btu/h 
= 0.3171 Btu/hft2 
= 0.09665 Btu/h ft' 
= 0.17612Btu/hft2°F 
= 0.3171 Btu/hft^sr 
= 3.875x10" ft2/h 
= 4.2995x10"" Btu/lb„ 
= 39.370in = 3.2808 ft 
= 0.62137 mi 
= 2.2046 lb,„ 
= 0.062428 lb„,/ft' 
= 7936.6 lb«/h 
= 3.4123 Btu/h 
= 1.4504x10"" lb//in2 
= 1 standard atmosphere 
= 2.3886xlO""Btu/lb„°F 
= (5/9)r(°R) = (5/9)(rCF) + 459.67) 
= rCC) + 273.15 
= r C = (9/5)°R = (9/5)°F 
= 0.57782 Btu/h ft °F 
= 0.52750 °Fh/Btu 
= 3.2808 ft/s 
= 2.2364 mph 
= 2419.1 lb„,/fth 
= 6.1023x10" in' 
= 35.314 ft' 
= 1.2713x10'ft'/h 
= 2.1189x10'ft'/min 

= 1.240/aeV 
= 2.9979xlO'"/aHz 
= 10"/acm"' 

= 2.418xlO'"aHz 
= 1.240/a;im 
= 8.066xl0'acm"' 

= 1.240x10"" a eV 
= 2.9979xl0'"aHz 
= 10^"/a;um 

= 4.136xlO"''aeV 
= 2.9979x10'"/a^m 
= 3.336x10"" flcm"' 



APPENDIX 

B 
TABLES FOR 

RADIATIVE 
PROPERTIES OF 

OPAQUE SURFACES 

In this appendix, tables of total normal emittances, as well as a number of total normal solar 
absorptances, are given. The data have been collected from several surveys [1-8] that, in turn, 
have assembled their data from a multitude of references dating back all the v̂ ay into the 1920s. 
As seen from the tables, there can sometimes be considerable differences in total emittance for 
ostensibly the same material, as reported by different researchers. While these discrepancies 
are partially due to varying accuracy, the primary reason is, as outlined in Chapter 3, the fact 
that surface layers, surface roughness, oxidation, etc., strongly affect the emittance of materials. 
Therefore, it should be realized that the total normal emittance or absorptance of a given surface 
may, in actuality, differ considerably from these reported values. 

In estimating the total hemispherical emittance from total normal data, one should keep in 
mind that: 

1. Materials with high emittance tend to behave like dielectrics, resulting in a hemispherical 
emittance that is 3% to 5% smaller than the normal one (cf Fig. 3-19). 

2. Materials with low emittance tend to behave like metals, resulting in hemispherical emit-
tances that may be up to 25% larger than normal ones (cf Fig. 3-9). 
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746 B TABLES FOR RADIATIVE PROPERTIES OF OPAQUE SURFACES 

TABLE B.1 

Total emittance and solar absorptance of selected surfaces (compiled by Edwards etal, [1]). 

Alumina, flame-sprayed 
Aluminum foil, as received 

Bright dipped 
Aluminum, vacuum-deposited on mylar 
Aluminum alloy 6061, as received 
Aluminum alloy 75S-T6, weathered 

20,000 h on a DC6 aircraft 
Aluminum, hard-anodized, 6061-T6 
Aluminum, soft-anodized, Reflectal alloy 
Aluminum, 7075-T6, sandblasted with 

60 mesh silicon carbide grit 
Aluminized silicone resin paint 

Dow Coming XP-310 

Beryllium 

Beryllium, anodized 

Black paint. Parson's optical black 
Black silicone, high-heat 

National Lead Co. 46H47 
Black epoxy paint, Cat-a-lac 

Finch Paint and Chem. Co. 463-1-8 
Black enamel paint, Rinshed-Mason 

Heated lOOOh at 375"C in air 

Chromium plate 
Heated 50 h at 600X 

Copper, electroplated 
Black-oxidized in Ebonol C 

Glass, second surface mirror 
Aluminized 
Silvered 

Gold, coated on stainless steel 
Heated in air at 540°C 
Coated on 3M tape Y9814 

Graphite, crushed on sodium silicate 

Inconel X, oxidized 4h at lOOOX 
Oxidized 10 h at 700°C 

Magnesium-thorium alloy 

Magnesium, Dow 7 coating 

Temperature 
['C] 

-25 
20 
20 
20 
20 

65 
-25 
-25 

20 
95 

425 

150 
370 
600 
150 
370 
600 

-25 

-25 to 750 

-25 
95 

425 

95 
400 

35 

20 
35 

-25 
-25 

95 
400 

20 

-25 

-25 
95 

425 

95 
260 
370 

Total 
normal 

emittance 

0̂ 80 
0.04 
0.025 
0.025 
0.03 

0.16 
0.84 
0.79 

0.30 
0.20 
0.22 

0.18 
0.21 
0.30 
0.90 
0.88 
0.82 

0.95 

0.93 

0.89 
0.81 
0.80 

0.12 
0.15 
0.15 

0.03 
0.16 

0.83 
0.83 

0.09 
0.14 
0.025 

0.91 

0.71 
0.81 
0.79 

0.07 
0.06 
0.36 

Extraterrestrial 
solar 

absorptance 

028 

0.10 
0.10 
0.37 

0.54 
0.92 
0.23 

0.55 
0.27 

0.77 

0.975 

0.94 

0.95 

0.78 

0.47 
0.91 

0.13 
0.13 

0.21 

0.96 

0.90 
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TABLE B.1 

Total emittance and solar absorptance of selected surfaces (cont'd). 

Mylar film, aluminized on second surface 
0.0625 mm thick 
0.025 mm thick 
0.075 mm thick 

Nickel, electroplated 
Nickel, electro-oxidized on copper 

110-30 
125-30 

Platinum-coated stainless steel 

Annealed in air 300 h at 375"C 

Silica, Coming Glass 7940M 
sintered, powdered, fused silica 

Silica, second surface mirror, aluminized 
Silvered 

no coverglass 

Silver, plated on nickel on stainless steel 

Heated 300 h at 375°C 

Silver Chromatone paint 

Stainless steel 
Type 312, heated 300 h at 260°C 

Type 301 with Armco black oxide 
Type 410, heated to 700°C in air 
Type 303, sandblasted heavily with 

80 mesh aluminum oxide grit 

Titanium, 75A 

75 A, oxidized 300 h at 450°C 

C-1 lOM, oxidized 100 h at 425°C in air 
C-1 lOM, oxidized 300 h at 450°C in air 
Evaporated 80-100//m, oxidized 3 h at 400°C 
Anodized 

White acrylic resin paint 
Sherwin-WiUiams M49WC8-CA-10144 

White epoxy paint, Cat-a-lac Finch 
Paint and Chemical Co. 483-1-8 

White potassium zirconium silicate coating 

Zinc, blackened by electrochemical treatment 

Temperature 

rc] 

20 
20 
20 

20 

35 
35 

95 
400 

95 
425 

35 
20 
20 

35 

95 
400 

95 
425 

20 

95 
425 
-25 

35 

95 

95 
425 

35 
425 

35 
35 
35 

-25 

95 
200 

-25 

20 

35 

Total 
normal 

emittance 

0.37 
0.63 
0.81 

0.03 

0.05 
0.11 

0.13 
0.15 
0.11 
0.13 

0.84 
0.83 
0.83 

0.32 

0.06 
0.08 
0.11 
0.13 

0.24 

0.27 
0.32 
0.75 
0.13 

0.42 

0.10 
0.19 
0.21 
0.25 
0.16 
0.20 
0.14 
0.73 

0.92 
0.87 

0.88 

0.89 

0.12 

Extraterrestrial 
solar 

absorptance 

0.17 
0.17 
0.24 

0.22 

0.85 
0.85 

0.08 
0.14 
0.07 

0.94 

0.20 

0.89 
0.76 

0.68 

0.80 

0.52 
0.77 
0.75 
0.51 

0.25 

0.13 

0.89 
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TABLE B.2 

Total normal emittance of various surfaces. 
Temperature'' 

rc] 
Total normal 
emittance'' 

A. Metals and their oxides 
Aluminum 

Highly polished plate, 98.3% pure 
Commercial sheet 
Rough polish 
Rough plate 
Oxidized at 600X 
Heavily oxidized 
Aluminum oxide 

Al-surfaced roofing 
Aluminum alloys* 

Alloy75ST:A,Bi,C 
Alloy 75 ST: A^ 
Alloy 75 ST: B,̂ ^ 
Alloy 75 ST: Ĉ* 
Alloy24ST:A,Bi,C 
Alloy 24 ST: A'" 
Alloy 24 ST: Bi^ 
Alloy 24 ST: e-

Calorized surfaces, heated at 600°C 
Copper 
Steel 

Antimony, polished 

Beryllium, polished 

Bismuth, bright 

Brass 
Highly polished 

73.2% Cu, 26.7% Zn 
62.4% Cu, 36.8% Zn, 0.4% Pb, 0.3% Al 
82.9% Cu, 17.0% Zn 

Polished 

Rolled plate, natural surface 
Rolled plate, rubbed with coarse emery 
Dull plate 
Oxidized by heating at 600" C 

Chromium, polished 

Copper 
Carefully polished electrolytic copper 
Polished 

Commercial emeried, polished, pits remaining 
Commercial, scraped shiny, not mirror-like 
Plate heated long time, with tiiick oxide layer 
Plate heated at 600X 
Cuprous oxide 
Molten copper 

225-575 
100 
100 
40 

200-600 
95-500 

275-500 
500-825 

40 

25 
230-480 
230-425 
230-500 

25 
230-485 
230-505 
230-460 

200-600 
200-600 

35-260 

1000-1200 

75 

245-355 
255-375 

275 
100 

40-315 
22 
22 

50-350 
200-600 

40-1100 

80 
115 
100 
19 
22 
25 

200-600 
800-1100 
1075-1275 

0.039-0.057 
0.09 
0.18 

0.055-0.07 
0.11-0.19 
0.20-0.31 
0.63-0.42 
0.42-0.26 

0.216 

0.11,0.10,0.08 
0.22-0.16 
0.20-0.18 
0.22-0.15 

0.09 
0.17-0.15 
0.20-0.16 
0.16-0.13 

0.18-1.19 
0.52-0.57 

0.28-0.31 

0.37 

0.34 

0.028-0.031 
0.033-0.037 

0.030 
0.06 
0.10 
0.06 
0.20 
0.22 

0.61-0.59 

0.08-0.36 

0.018 
0.023 
0.052 
0.030 
0.072 
0.78 
0.57 

0.66-0.54 
0.16-0.13 
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TABLE B.2 
Total normal emittance of various surfaces (cont'd). 

Dow metal:* 
A;Bi;C 
A '̂ 
Bi^ 
C^ 

Germanium, polished 

Gold, pure, highly polished 

Hafiiium, polished 

Inconel:* 
Types X and B: surface A, B2, C 
Type X: surface A'' 
Type X: surface B2' 
Type X: surface Ĉ ' 
Type B: surface A*̂̂  
Type B: surface B2'̂^ 
Type B: surface C*̂  

Iron and steel (not including stainless) 

Electrolytic iron, highly polished 
Steel, polished 
Iron, polished 
Iron, roughly polished 
Iron, freshly emeried 
Cast iron, polished 
Cast iron, newly turned 
Cast iron, turned and heated 
Wrought iron, highly polished 
Polished steel casting 
Ground sheet steel 
Smooth sheet iron 
Mild steel*: A, B2,C 
Mild steel*: Â^ 
Mild steel*: B2'' 
Mild steel*: Ĉ ' 

Oxidized surfaces 
Iron plate, pickled, then rusted red 
Iron plate, completely rusted 
Iron, dark gray surface 
Rolled sheet steel 
Oxidized iron 
Cast iron, oxidized at 600°C 
Steel, oxidized at 600°C 
Smooth, oxidized electrolytic iron 
Iron oxide 
Rough ingot iron 
Sheet steel, strong, rough oxide layer 

Dense, shiny oxide layer 

Temperature" 

m 
25 

230-400 
230-425 
230-405 

800 

225-^25 

1400 

25 
230-880 
230-855 
230-900 
230-880 
230-950 

230-1000 

175-225 
100 

425-1025 
100 
20 
200 
22 

880-990 
40-250 

770-1035 
935-1100 
900-1040 

25 
230-1065 
230-1050 
230-1065 

20 
20 
100 
21 
100 

200-600 
200-600 
125-525 

500-1200 
925-1115 

25 
25 

Total normal 
emittance" 

0.15,0.15,0.12 
0.24-0.20 

0.16 
0.21-0.18 

0.55 

0.018-0.035 

0.45 

0.19-0.21 
0.55-0.78 
0.60-0.75 
0.62-0.73 
0.35-0.55 
0.32-0.51 
0.35-0.40 

0.052-0.064 
0.066 

0.14-0.38 
017 
0.24 
0.21 
0.44 

0.60-0.70 
0.28 

0.52-0.56 
0.55-0.61 
0.55-0.60 

012,015,010 
0.20-0.32 
0.34-0.35 
0.27-0.31 

0.61 
0.69 
0.31 
0.66 
0.74 

0.64-0.78 
0.79 

0.78-0.82 
0.85-0.89 
0.87-0.95 

0.80 
0.82 
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TABLE B.2 

Total normal emittance of various surfaces (cont'd). 

Cast plate, smooth 
Cast plate, rough 
Cast iron, rough, strongly oxidized 
Wrought iron, dull oxidized 
Steel plate, rough 

Molten surfaces 
Cast iron 
Mild steel 
Steel, several different kinds with 0.25-

1.2% C (slightly oxidized surface) 
Steel 

Pure iron 
Armco iron 

Lead 
Pure (99.96%), unoxidized 
Gray oxidized 
Oxidized at 150X 

Magnesium oxide 

Magnesium, polished 

Mercury 

Molybdenum 
Filament 
Massive, polished 
Polished 

Monel metal'* 
Oxidized at 600"C 
K Monel 5700: A, B2, C 
K Monel 5700: A^ 
K Monel 5700: 82^ 
K Monel 5700: C 

Nickel 
Electroplated, polished 
Technically pure (98.9% Ni, + Mn), polished 
Polished 
Electroplated, not polished 
Wire 
Plate, oxidized by heating at 600°C 
Nickel oxide 

Nickel alloys 
Chromnickel 
Copper-nickel, polished 
Nichrome wire, bright 

Temperature'' 

rc] 
23 
23 

40-250 
20-360 
40-370 

1300-1400 
1600-1800 

1560-1710 
1500-1650 
1520-1650 
1515-1770 
1520-1690 

125-225 
25 
200 

275-825 
900-1705 

35-260 

0-100 

725-2595 
100 

35-260 
540-1370 

2750 

200-600 
25 

230-875 
230-955 
230-975 

23 
22S-375 

100 
20 

185-1005 
200-600 
650-1255 

50-1035 
100 

50-1000 

Total normal 
emittance" 

080 
0.82 
0.95 
0.94 

0.94-0.97 

0.29 
0.28 

0.27-0.39 
0.42-0.53 
0.43-0.40 
0.42-0.45 
0.40-0.41 

0.057-0.075 
0.28 
0.63 

0.55-0.20 
0.20 

0.07-0.13 

0.09-0.12 

0.096-0.202 
0.071 

0.05-0.08 
0.10-0.18 

0.29 

0.41-0.46 
0.23,0.17,0.14 

0.46-0.65 
0.54-0.77 
0.35-0.53 

0.045 
0.07-0.087 

0.072 
0.11 

0.096-0.186 
0.37-0.48 
0.59-0.86 

0.64-0.76 
0.059 

0.65-0.79 
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TABLE B.2 
Total normal emittance of various surfaces (cont'd). 

Nichrome wire, oxidized 
Nickel-silver, polished 
Nickelin (18-32% Ni; 55-68% Cu; 20% Zn), 

gray oxidized 
Type ACI-HW (60% Ni; 12% Cr), smooth, black, 
firm adhesive oxide coat from service 

Platinum 
Pure, polished plate 
Strip 
Filament 
Wire 

Silver 
Polished, pure 
Polished 

Stainless steel* 
Polished 
TypeSOl: A,B2,C 
TypeSOl: Â -
Type 301: B2' 
Type 301: e 
Type316: A,B2,C 
Type 316: Â  
Type 316: B2' 
Type 316: C 
Type347: A,B2,C 
Type 347: Â ' 
Type 347: Bj^ 
Type 347: O 
Type 304: (8% Cr; 18% Ni) 

Light silvery, rough, brown after heating 
After 42 h heating at 525°C 

Type 310 (25% Cr; 20% Ni), brown, 
splotched, oxidized fi*om furnace service 

Allegheny metal no. 4, polished 
Allegheny alloy no. 66, polished 

Tantalum filament 

Thorium oxide 

Tin 
Bright tinned iron 
Bright 
Commercial tin-plated sheet iron 

Tungsten 
Filament, aged 
Filament 
PoUshed coat 

Yttrium 

Temperature'̂  

rc] 
50-500 

100 

20 

270-560 

225-625 
925-1625 
27-1225 
225-1375 

225-625 
40-370 

100 

100 
25 

230-950 
230-940 
230-900 

25 
230-870 
230-1050 
230-1050 

25 
230-900 
230-875 
230-900 

215-490 
215-525 

215-525 
100 
100 

1340-3000 

275-500 
500-825 

25 
50 
100 

27-3300 
3300 
100 

1400 

Total normal 
emittance" 
0.95-0.98 

0.135 

0.262 

0.89-0.82 

0.054-0.104 
0.12-0.17 

0.036-0.192 
0.073-O.182 

0.020-0.032 
0.022-0.031 

0.052 

0.074 
0.21,0.27,0.16 

0.57-0.55 
0.54-0.63 
0.51-0.70 

0.28,0.28,0.17 
0.57-0.66 
0.52-0.50 
0.26-0.31 

0.39,0.35,0.17 
0.52-0.65 
0.51-0.65 
0.49-0.64 

0.44-0.36 
0.62-0.73 

0.90-0.97 
0.13 
0.11 

0.19-0.31 

0.58-0.36 
0.36-0.21 

0.043,0.064 
0.06 

0.07,0.08 

0.032-0.35 
0.39 
0.066 

0.35 
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TABLE B.2 

Total normal emittance of various surfaces (cont'd). 

Zinc 
Commercial 99.1% pure, polished 
Oxidized by heating at 400X 
Galvanized sheet iron, fairly bright 
Galvanized sheet iron, gray oxidized 
Zinc, galvanized sheet 

B. Refractories, building materials, paints, 

Temperature'' 

rc] 

225-325 
400 
27 
25 
100 

and miscellaneous 
Alumina (99.5-85% AI2O3; 0-12% SiOz; 0-1% Fe203) 
Effect of mean grain size 
10//m 
50/im 
lOO^m 

Alumina on Inconel 

1010-1565 

540-1100 

Total normal 
emittance" 

0.045-0.053 
0.11 
0.23 
0.28 
0.21 

0.30-0.18 
0.39-O.28 
0.50-0.40 

0.65-0.45 

Alumina-silica (showing effect of Fe) 
80-58% AI2O3; 16-38% SiOo; 0.4% FejOj 
36-26% AI2O3; 50-60% SiOo; 1.7% FesOs 
61% AI2O3; 35% Si02; 2.9% Fe203 

Asbestos 
Board 
Paper 

Brick 
Red, rough, but no gross irregularities 
Grog brick, glazed 
Building 
Fireclay 
White refractory 

Carbon 
Filament 
Rough plate 

Graphitized 

Candle soot 
Lampblack-waterglass coating 

Thin layer on iron plate 
Thick coat 

Lampblack, 0.075 mm or thicker 
Lampblack, rough deposit 
Lampblack, other blacks 
Graphite, pressed, filed surface 

Carborundum (87% SiC; density 2.3 g/cm'^) 

Concrete tiles 
Concrete, rough 

Enamel, white fused, on iron 

Glass 
Smooth 
Pyrex, lead, and soda 

1010-1565 

23 
35-370 

20 
1100 
1000 
1000 
1100 

1040-1405 
100-320 
320-500 
100-320 
320-500 
95-270 
100-275 

20 
20 

40-370 
100-500 
50-1000 
250-510 

1010-1400 

1000 
38 

20 

20 
260-540 

0.61-0.43 
0.73-0.62 
0.78-0.68 

0.96 
0.93-0.94 

0.93 
0.75 
0.45 
0.75 
0.29 

0.526 
0.77 

0.77-0.72 
0.76-0.75 
0.75-0.71 

0.952 
0.96-0.95 

0.927 
0.967 
0.945 

0.84-0.78 
0.96 
0,98 

0.92-0.81 

0.63 
0.94 

0.90 

0.94 
0.95-0.85 
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TABLE B.2 

Total normal emittance of various surfaces (cont'd). 

Gypsum, 5 mm thick on smooth or 
blackened plate 

Ice 
Smooth 
Rough crystals 

Magnesite refractory brick 

Marble, light gray, polished 

Paints, lacquers, varnishes 
White enamel varnish on rough iron plate 
Black shiny lacquer, sprayed on iron 
Black shiny shellac on tinned iron sheet 
Black matte shellac 
Black or white lacquer 
Flat black lacquer 
Oil paints, 16 different, all colors 
Aluminum paints and lacquers 

10% Al, 22% lacquer body, on rough or 
smooth surface 

Other Al paints, varying age and Al content 
Al lacquer, varnish binder, on rough plate 
Al paint, after heating at 325°C 

Lacquer coatings, 0.025-0.37 nmi thick on 
aluminum alloys 

Clear siHcone vehicle coatings, 0.025-0.375 mm 
On mild steel 
On stainless steels, 316, 301, 347 
On Dow metal 
On Al alloys 24 ST, 75 ST 

Aluminum paint with silicone vehicle, 
two coats on Inconel 

Paper 
White 
Thin, pasted on tinned or blackened plate 
Roofing 

Plaster, rough lime 

Porcelain, glazed 

Quartz 
Rough, fused 
Glass, 1.98 mm thick 
Glass, 6.88 mm thick 
Opaque 

Rubber 
Hard, glossy plate 
Soft, gray, rough (reclaimed) 

Sandstone 

Silica (98% Si02; Fe-free), grain size 10/xm 
10-600 fim 

Temperature" 

rc] 

20 

0 
0 

1000 

20 

72 
25 
20 

75-145 
35-95 
35-95 

100 

100 
100 
20 

150-315 

35-150 

260 
260 
260 
260 

260 

35 
20 
20 

10-88 

20 

20 
280-840 
280-840 
280-840 

23 
25 

35-260 

1010-1565 
1010-1565 

Total normal 
emittance" 

0.903 

0.966 
0.985 

0.38 

0.93 

0.906 
0.875 
0.821 
0.91 

0.80-0.95 
0.96-0.98 
0.92-0.96 

0.52 
0.27-0.67 

0.39 
0.35 

0.87-0.97 

0.66 
0.68,0.75,0.75 

0.74 
0.77,0.82 

0.29 

0.95 
0.92,0.94 

0.91 

0.91 

0.92 

0.93 
0.90-0.41 
0.93-0.47 
0.92-0.68 

0.94 
0.86 

0.83-0.90 

0.42-0.33 
0.62-0.46 



754 B TABLES FOR RADIATIVE PROPERTIES OF OPAQUE SURFACES 

TABLE B.2 

Total normal emittance of various surfaces (cont'd). 

Temperature" Total normal 
emittance" 

Silicon carbide 

Slate 

Soot, candle 

Water 

Wood, sawdust 
Oak, planed 
Beech 

Zirconium silicate 

150-650 

35 

90-260 

0-100 

35 
20 
70 

240-500 
500-830 

0.83-0.96 

0.67-0.80 

0.95 

0.95-0.963 

0.75 
0.90 
0.94 

0.92-0.80 
0.80-0.52 

" Temperatures and emittances in pairs separated by dashes correspond; use linear interpolation. 

'' Surface treatment: A, cleaned with toluene, then methanol; Bi, cleaned with soap and water, toluene, 
then methanol; B2, cleaned with abrasive soap and water, toluene, and methanol; C, polished, then 
cleaned with soap and water. 

"̂  Results after repeated heating and cooling. 

TABLE BJ 

Spectral, normal emittance of metals at room temperature [9]. 

Metal 
Aluminum 
Antimony 
Bismuth 
Cadmium 
Chromium 
Cobalt 
Copper 
Gold 
Iridium 
Iron 
Lead 
Magnesium 
Molybdenum 
Nickel 
Niobium 
Palladium 
Platinum 
Rhodium 
Silver 
Tantalum 
Tellurium 
Tin 
Titanium 
Tungsten 
Vanadium 
Zinc 

0.5 
-
-

0.75 
-

0.45 
-

0.36 
0.45 

-
0.49 

-
0.28 

-
-
-

0.42 
0.40 
0.24 
0.03 
0.62 

-
-
-
-

0.43-0.59 
-

0.6 
-

0.47 
0.76 

-
0.44 

-
0.080 
0.080 

-
0.48 

-
0.27 

-
-

0.55 
0.37 
0.36 
0.21 
0.03 
0.55 
0.51 

-
-

0.44-0.49 
0.42-0.57 
0.42-0.58 

Wavelength, //m 

To 
0.08-0.27 
0.45 
0.72 
0.30 
0.43 
0.32 
0.030 
0.020 
0.22 
0.41 

-
0.26 
0.42 
0.27 
0.29 
0.28 
0.24 
0.16 
0.03 
0.22 
0.50 
0.46 
0.37-0.49 
0.40 
0.36-0.50 
0.50-0.61 

3.0 
0.03-0.12 
0.35 
0.26 
0.07 
0.30 
0.23 
0.026 
0.015 
0.09 

-
-

0.20 
0.19 
0.12 
0.14 
0.12 
0.11 
0.08 
0.02 
0.08 
0.47 
0.32 
0.25-0.33 
0.07 
0.10-0.17 
0.08 

^ 
0.03-0.08 
0.31 
0.12 
0.04 
0.19 
0.15 
0.024 
0.015 
0.06 

-
0.08 
0.14 
0.16 
0.06 
0.06 
0.10 
0.06 
0.07 
0.02 
0.07 
0.43 
0.24 
0.10-O.18 
0.05 
0.07-0.11 
0.05 

10.0 
0.02-0.04 
0.28 
0.08 
0.02 
0.08 
0.04 
0.021 
0.015 
0.04 

-
0.06 
0.07 
0.15 
0.04 
0.04 
0.03 
0.05 
0.05 
0.02 
0.06 
0.22 
0.14 
0.05-0.12 
0.03 
0.06-0.09 
0.03 
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TABLE B.4 

Total, normal emittance of metais for elevated temperatures [9]. 

Metal 
Aluminum 
Beryllium 
Bismuth 
Chromium 
Cobalt 
Copper 
Germanium 
Gold 
Hafiiium 
Iron 
Lead 
Magnesium 
Mercury 
Molybdenum 
Nickel 
Niobium 
Palladium 
Platinum 
Rhenium 
Rhodium 
Silver 
Tantalum 
Tin 
Titanium 
Tungsten 
or-Uranium 
y-Uranium 
Zinc 
Zirconium 

Alloys 
Brass 
Cast iron, cleaned 
Nichrome 
Steel, polished 

cleaned 

100 
0.038 

-
0.06 
0.08 
0.15-0.24 

-
-

0.02 
-

0.07 
0.63 
0.12^ 
0.12 
0.08 

-
-
-
-
-
-

0.02-0.03 
0.04 
0.07 
0.11 

-
-
-

0.07 
-

0.059 
0.21 

-
0.13-0.21 
0.21-0.38 

"~500 
0.064 

-
-

0.11-0.14 
0.34-0.46 
0.02 
0.54 
0.02 

-
0.14 

-
-
-

0.13 
0.09-0.15 

-
0.06 
0.086 

-
0.035 
0.02-0.03 
0.06 

-
-

0.05 
0.33'' 

-
-
-

-
-

0.95 
0.18-0.26 
0.25-0.42 

Temperature 

1000 
-

0.55 
-
-
-
-
-
-
-

0.24 
-
-
-

0.19 
0.14-0.22 
0.12 
0.12 
0.14 
0.22 
0.07 

-
0.11 

-
-

0.11 
-

0.29-0.40^ 
-

0.22 

-
-

0.98 
0.55-0.80 
0.50-0.77 

^rc] 
1200 

-
0.87 

-
-
-

0.12'" 
-
-

0.30 
-
-
-
-

0.22 
-

0.14 
0.15 
0.16 
0.25 
0.08 

-
0.13 

-
-

0.14 
-
-
-

0.25 

-
-
-
-

-

1400 
-
-
-
-
-
-
-
-

0.31 
-
-
-
-

0.24 
-

0.16 
-
-

0.27 
0.09 

-
0.15 

-
-

0.17 
-
-
-

0.27 

-
-
-
-

-

1600 
-
-
-
-
-
-
-
-

0.32 
-
-
-
-

0.27 
-

0.18 
-
-

0.29 
-
-

0.18 
-
-

0.19 
-
-
-
-

-
0.29'" 

-
-

-

2000 
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-

0.21 
-
-
-
-
-

0.23 
-
-

0.23 
-
-
-
-

-
-
-
-

-

^Total, hemispherical emittance '"Value for molten state 
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APPENDIX 

C 
BLACKBODY 
EMISSIVE POWER 
TABLE 

nAT 
r^mK] 

1000 
1100 
1200 
1300 
1400 
1500 
1600 
1700 
1800 
1900 
2000 
2100 
2200 
2300 
2400 
2500 
2600 
2700 
2800 
2900 
3000 
3100 
3200 
3300 
3400 
3500 
3600 
3700 
3800 
3900 
4000 

Tj/nT 
[cm-'/K] 

10.0000 
9.0909 
8.3333 
7.6923 
7.1429 
6.6667 
6.2500 
5.8824 
5.5556 
5.2632 
5.0000 
4.7619 
4.5455 
4.3478 
4.1667 
4.0000 
3.8462 
3.7037 
3.5714 
3.4483 
3.3333 
3.2258 
3.1250 
3.0303 
2.9412 
2.8571 
2.7778 
2.7027 
2.6316 
2.5641 
2.5000 

EbA/n^P 
[W/m /̂̂ mK^] 

0.02110x10"" 
0.04846 
0.09329 
0.15724 
0.23932 
0.33631 
0.44359 
0.55603 
0.66872 
0.77736 
0.87858 
0.96994 
1.04990 
1.11768 
1.17314 
1.21659 
1.24868 
1.27029 
1.28242 
1.28612 
1.28245 
1.27242 
1.25702 
1.23711 
1.21352 
1.18695 
1.15806 
1.12739 
1.09544 
1.06261 
1.02927 

EbJnP 
[W/m^cm-'K^] 

0.00211 xlO-« 
0.00586 
0.01343 
0.02657 
0.04691 
0.07567 
0.11356 
0.16069 
0.21666 
0.28063 
0.35143 
0.42774 
0.50815 
0.59125 
0.67573 
0.76037 
0.84411 
0.92604 
1.00542 
1.08162 
1.15420 
1.22280 
1.28719 
1.34722 
1.40283 
1.45402 
1.50084 
1.54340 
1.58181 
1.61623 
1.64683 

AnAT) 

0.00032 
0.00091 
0.00213 
0.00432 
0.00779 
0.01285 
0.01972 
0.02853 
0.03934 
0.05210 
0.06672 
0.08305 
0.10088 
0.12002 
0.14025 
0.16135 
0.18311 
0.20535 
0.22788 
0.25055 
0.27322 
0.29576 
0.31809 
0.34009 
0.36172 
0.38290 
0.40359 
0.42375 
0.44336 
0.46240 
0.48085 
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760 C BLACKBODY EMISSIVE POWER TABLE 

nAT 
[pmK] 
4100 
4200 
4300 
4400 

4500 
4600 
4700 
4800 
4900 

5000 
5100 
5200 
5300 
5400 

5500 
5600 
5700 
5800 
5900 

6000 
6200 
6400 
6600 
6800 

7000 
7200 
7400 
7600 
7800 
8000 
8200 
8400 
8600 
8800 

9000 
9200 
9400 
9600 
9800 

10,000 
10,200 
10,400 
10,600 
10,800 

11,000 
11,200 
11,400 
11,600 
11,800 

12,000 

V/nT 
[cm-'/K] 

2.4390 
2.3810 
2.3256 
2.2727 
2.2222 
2.1739 
2.1277 
2.0833 
2.0408 

2.0000 
1.9608 
1.9231 
1.8868 
1.8519 

1.8182 
1.7857 
1.7544 
1.7241 
1.6949 

1.6667 
1.6129 
1.5625 
1.5152 
1.4706 

1.4286 
1.3889 
1.3514 
1.3158 
1.2821 
1.2500 
1.2195 
1.1905 
1.1628 
1.1364 

1.1111 
1.0870 
1.0638 
1.0417 
1.0204 

1.0000 
0.9804 
0.9615 
0.9434 
0.9259 

0.9091 
0.8929 
0.8772 
0.8621 
0.8475 

0.8333 

EbA/n^T' 
[W/m^jumK^] 

0.99571 xlO-'i 
0.96220 
0.92892 
0.89607 

0.86376 
0.83212 
0.80124 
0.77117 
0.74197 

0.71366 
0.68628 
0.65983 
0.63432 
0.60974 

0.58608 
0.56332 
0.54146 
0.52046 
0.50030 

0.48096 
0.44464 
0.41128 
0.38066 
0.35256 

0.32679 
0.30315 
0.28146 
0.26155 
0.24326 
0.22646 
0.21101 
0.19679 
0.18370 
0.17164 

0.16051 
0.15024 
0.14075 
0.13197 
0.12384 

0.11632 
0.10934 
0.10287 
0.09685 
0.09126 
0.08606 
0.08121 
0.07670 
0.07249 
0.06856 

0.06488 

EbJnP 
[W/m^cm-^K^] 

1.67380 xl0-» 
1.69731 
1.71758 
1.73478 
1.74912 
1.76078 
1.76994 
1.77678 
1.78146 

1.78416 
1.78502 
1.78419 
1.78181 
1.77800 

1.77288 
1.76658 
1.75919 
1.75081 
1.74154 

1.73147 
1.70921 
1.68460 
1.65814 
1.63024 

1.60127 
1.57152 
1.54126 
1.51069 
1.48000 

1.44933 
1.41882 
1.38857 
1.35866 
1.32916 

1.30013 
1.27161 
1.24363 
1.21622 
1.18941 

1.16319 
1.13759 
1.11260 
1.08822 
1.06446 

1.04130 
1.01874 
0.99677 
0.97538 
0.95456 

0.93430 

finAT) 

0.49872 
0.51599 
0.53267 
0.54877 

0.56429 
0.57925 
0.59366 
0.60753 
0.62088 

0.63372 
0.64606 
0.65794 
0.66935 
0.68033 

0.69087 
0.70101 
0.71076 
0.72012 
0.72913 

0.73778 
0.75410 
0.76920 
0.78316 
0.79609 

0.80807 
0.81918 
0.82949 
0.83906 
0.84796 
0.85625 
0.86396 
0.87115 
0.87786 
0.88413 

0.88999 
0.89547 
0.90060 
0.90541 
0.90992 

0.91415 
0.91813 
0.92188 
0.92540 
0.92872 

0.93184 
0.93479 
0.93758 
0.94021 
0.94270 

0.94505 
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nAT 
CumK] 
12,200 
12,400 
12,600 
12,800 

13,000 
13,200 
13,400 
13,600 
13,800 

14,000 
14,200 
14,400 
14,600 
14,800 

15,000 
16,000 
17,000 
18,000 
19,000 

20,000 
21,000 
22,000 
23,000 
24,000 

25,000 
26,000 
27,000 
28,000 
29,000 

30,000 
31,000 
32,000 
33,000 
34,000 
35,000 
36,000 
37,000 
38,000 
39,000 

40,000 
41,000 
42,000 
43,000 
44,000 
45,000 
46,000 
47,000 
48,000 
49,000 

50,000 

Jl/nT 
[cm-'/K] 

0.8197 
0.8065 
0.7937 
0.7813 
0.7692 
0.7576 
0.7463 
0.7353 
0.7246 

0.7143 
0.7042 
0.6944 
0.6849 
0.6757 

0.6667 
0.6250 
0.5882 
0.5556 
0.5263 

0.5000 
0.4762 
0.4545 
0.4348 
0.4167 

0.4000 
0.3846 
0.3704 
0.3571 
0.3448 

0.3333 
0.3226 
0.3125 
0.3030 
0.2941 

0.2857 
0.2778 
0.2703 
0.2632 
0.2564 

0.2500 
0.2439 
0.2381 
0.2326 
0.2273 

0.2222 
0.2174 
0.2128 
0.2083 
0.2041 

0.2000 

EM/n^P 
[W/mVmK^] 
0.06145x10-" 
0.05823 
0.05522 
0.05240 

0.04976 
0.04728 
0.04494 
0.04275 
0.04069 

0.03875 
0.03693 
0.03520 
0.03358 
0.03205 

0.03060 
0.02447 
0.01979 
0.01617 
0.01334 

0.01110 
0.00931 
0.00786 
0.00669 
0.00572 

0.00492 
0.00426 
0.00370 
0.00324 
0.00284 

0.00250 
0.00221 
0.00196 
0.00175 
0.00156 

0.00140 
0.00126 
0.00113 
0.00103 
0.00093 
0.00084 
0.00077 
0.00070 
0.00064 
0.00059 
0.00054 
0.00049 
0.00046 
0.00042 
0.00039 

0.00036 

EbJnP 
[W/m^cm-'K^] 

0.91458x10-^ 
0.89540 
0.87674 
0.85858 
0.84092 
0.82374 
0.80702 
0.79076 
0.77493 

0.75954 
0.74456 
0.72998 
0.71579 
0.70198 

0.68853 
0.62643 
0.57194 
0.52396 
0.48155 

0.44393 
0.41043 
0.38049 
0.35364 
0.32948 

0.30767 
0.28792 
0.26999 
0.25366 
0.23875 

0.22510 
0.21258 
0.20106 
0.19045 
0.18065 

0.17158 
0.16317 
0.15536 
0.14810 
0.14132 

0.13501 
0.12910 
0.12357 
0.11839 
0.11352 

0.10895 
0.10464 
0.10059 
0.09677 
0.09315 

0.08974 

finAT) 

0.94728 
0.94939 
0.95139 
0.95329 

0.95509 
0.95680 
0.95843 
0.95998 
0.96145 

0.96285 
0.96418 
0.96546 
0.96667 
0.96783 

0.96893 
0.97377 
0.97765 
0.98081 
0.98340 

0.98555 
0.98735 
0.98886 
0.99014 
0.99123 

0.99217 
0.99297 
0.99367 
0.99429 
0.99482 

0.99529 
0.99571 
0.99607 
0.99640 
0.99669 

0.99695 
0.99719 
0.99740 
0.99759 
0.99776 
0.99792 
0.99806 
0.99819 
0.99831 
0.99842 

0.99851 
0.99861 
0.99869 
0.99877 
0.99884 

0.99890 



APPENDIX 

D 
VIEW FACTOR 

CATALOGUE 

In this appendix a small number of view factor relations and figures are presented. A much 
larger collection fi*om a variety of references has been compiled by Howell [1], from which the 
present list has been extracted. A new edition of this collection can be accessed on the Internet 
via http://www.me.utexas.edu/~howell/index.html. View factors for all configurations 
given in this appendix, as well as those between two arbitrarily orientated rectangular plates 
lying in perpendicular planes, as given by equations (4.40) and (4.41), can be calculated with the 
stand-alone program viewfactors (prompting for user input) or irom within another program 
through calls to Fortran fimction view, both given in Appendix F. A nimiber of commercial and 
noncommercial computer programs are available for the evaluation of more complicated view 
factors [2-7]. A list of papers and monographs that either deal with evaluation methods for view 
factors, or present results for specified configurations (ordered by date of publication) is also 
given. No attempt at completeness has been made. 
Note: In all expressions in which inverse trigonometric functions appear, the principal value is to 
be taken; i.e., for any argument ^, 

~ < sin-^ ^ ^ +f; 0 ^ cos-^ ̂ <n; ~< tan"* ̂  < +^. 
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D VIEW FACTOR CATALOGUE 763 

Differential strip element of any length z to infinitely 
long strip of differential width on parallel line; plane 
containing element does not intercept strip 

clRn 
cos 0^0 

Differential planar element to differential coaxial 
ring parallel to the element 

dF, 
IR 

d\-d2 (l+/?2): 
dR 

Differential planar element on and normal to ring 
axis to inside of differential ring 

dF^n-di = 

X=x/r 

IX 
( ^ + 1)2 

dX 

Element on surface of right-circular cylinder to 
coaxial differential ring on cylinder base, vi < r\ 

X = l + Z ' + i ? 2 

2Z(X-2R^)RdR 
dF, 

(A^-4/?2)3/2 



764 D VIEW FACTOR CATALOGUE 

Parallel differential strip elements in intersecting 
planes 

Ysin^^dY 
dK d\-di 2(l + y 2 _ 2 7 c o s # ^ / 2 

Strip of finite length b and of differential width, to 
differential strip of same length on parallel generat-
ing line 

, r. 1 ^ COS d) , 

Differential ring element to ring element on coaxial 
disk 

dFj. 
[(Z2+/?2 + l)2_4^2]3/2 

Ring element on base to circumferential ring ele-
ment on interior of right-circular cylinder 

dF,,. 
_ 2X(X^'-R^ + \)dX 
~ [ ( ^ + / ? 2 + 1)2 ^47^2] 3/2 

Two ring elements on the interior of right-circular 
cylinder 

X:=:xl2r 

XiDO- + 3) 
dFd\-di - 1{XP- + 1>V2 

dX, 



D VIEW FACTOR CATALOGUE 765 

Differential planar element to finite parallel rect-
angle; normal to element passes through comer of 
rectangle 

A = a/c, B = bic 

J _ | .4 _, i? B ,, A 
2^ I VI+.42 

tan 
Vi+v42 V I + F 

tan 
Vl+J?2j 

Differential planar element to rectangle in plane 90° 
to plane of element 

_1_ 
In 

X^alb. Y^db 

Y 1 

^ V ^ + 72 
tan 

Differential planar element to circular disk in plane 
parallel to element; normal to element passes 
through center of disk 

H = h/r 

Fd\-i 
1 

//2 + I 

Differential planar element to circular disk in plane 
parallel to element 

H = hi a, R = r/a 

Fd\-i = 1 - Z-IR" 
VZ2 - 4î 2 

Differential planar element to circular disk; planes 
containing element and disk intersect at 90°; l>r 

H = hlU R = r// 

Z= \+H^+R^ 

^d\-2 ' 
H 
2 VZ2-4J?2 

--1 

Differential planar element to right-circular cylinder 
of finite length and radius; normal to element passes 
through one end of cylinder and is perpendicular to 
cylinder axis 

L = //r, H = h/r 

Y:=(\'-Hf+L^ 

1 , L X~2H 
- tan . + + . t an" \ l , ^ . /^ - t an ' 

7 (^+1 ) 



766 D VIEW FACTOR CATALOGUE 

Differential planar element to sphere; normal to cen-
ter of element passes through center of sphere 

"'-'-& 

Differential planar element to sphere; tangent to el-
ement passes through center of sphere 

Fji_2 = tan 
1 y/lP-l 

vs^n / / 2 

Differential planar element to sphere; element plane 
does not intersect sphere 

0 < cos"' -

=©' cos^ 

Differential planar element to sphere 

L = //r, H = h/r 

H 
H>\: F^i-2 = 

{V- + //2) ''>\3/2 

-\<H<\: F,n 
H -H 

3/2 

V(L^-f//^-l)(l-//2) 

LiLUlP~l 

sm 
VFPTU^ n 

V- i} 
20 Differential element on longitudinal strip inside 

cylinder to inside cylinder surface 

1 + / / -

Z = z/2r, H = hllr 

Z2 + i (//^Z)2 + l 

VZ2 + 1 ^{H-Zf-\-\ 



D VIEW FACTOR CATALOGUE 767 

Differential element on longitudinal strip on inside 
of right-circular cylinder to base of cylinder 

fj\~i -
Z^-¥2 

2V^T4 2 

Differential element on surface of right-circular 
cylinder to disk on base of cylinder, ra < n (see 
Configuration 13) 

Z = z/ri, R-riJrx 

Infinite differential strip to parallel infinite plane of 
finite width; plane and plane containing strip inter-
sect at arbitrary angle 0 

Pd\-\ d\-l 
1 QOS(j>-X 

2 2 V l + A ^ - 2 Z c o s 0 

24 
/ to 

Differential strip element of any length to an in-
finitely long strip of finite width; cross-section of 
A2 is arbitrary (but does not vary perpendicular to 
the paper); plane of ̂ ^1 does not intersect A2 

Fu\-2 = ^ ( s in^ - s in^ i ) 

25 

(M, 

Differential strip element of any length to infinitely 
long parallel cylinder; r < a 

A = air, B = h/r 

A 
Fd\-7 -

A'-+B^ 



768 D VIEW FACTOR CATALOGUE 

Differential strip element to rectangle in plane par-
allel to strip; strip is opposite one edge of rectangle 

;i_2 = -L (VlTy^tan-^ - . ^ ~ tan-^X + - ^ = tan 
Vi+y2 vr+F vi+^j 

Differential strip element to rectangle in plane 90° 
to plane of strip 

X:=^alb, Y = c/b 

Fd\-i = 
1 ,1 Y Y^X^-^Y^-^]) Y 

Differential strip element to exterior of right-
circular cylinder of finite length; strip and cylinder 
are parallel and of equal length; plane containing 
strip does not intersect cylinder 

Fdv 52+J^i^ n cos 
_i B yjA^ + 4^2 

IH sm A^S^TJG 2// VS2+J^ 
A_ 

4H 

29 

^ , 

A, 

Differential strip element of any length on exterior 
of cylinder to plane of infinite length and width 

fdl-2 = ^(1 +COS0) 

Differential ring element on surface of disk to coax-
ial sphere 

R\ - rja, Ri - rila 

Fd\-2 = 
Rl 

(i+ij?) 
3/2 
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Differential ring element on interior of right-circular 
cylinder to circular disk at end of cylinder 

Fd\-2 = 
Jî  + i 

VFTT 
— X 

32 

111 

Two infinitely long, directly opposed parallel plates 
of the same finite width 

H^hlw 

33 

LL 

Two infinitely long plates of unequal widths h and 
w, having one common edge, and at an angle of 90'' 
to each other 

Fi_2 = ^ ( H - / / - V l + i ^ ) 

34 Two infinitely long plates of equal finite width a', 
having one common edge, forming a wedge-like 
groove with opening angle a 

F\_2 - F'>-\ = 1 ~ sin --

Infinitely long parallel cylinders of the same diame-
ter 

X = 1 + 

^1-2 
1 / . -I 1 

Ir 

+ V A ^ - I - ^ 

Two infinite parallel cylinders of different radius 

C = l + i R + 5 

Fi-: 1-2 
2n 

L + ̂ JO-(R+ly - ^Ja-'(R-\f 

+(/?--l)C0S' 
R--1 

c •(R+\)cos-
R+\] 
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37 

I t I, ,1 

Exterior of infinitely long cylinder to unsymmetri-
cally placed, infinitely long parallel rectangle; r <a 

Bi=bi/a, B2=^h2/a 

Fi-2 = ^ ( t an -^5 i - t an -^52) 

Identical, parallel, directly opposed rectangles 

F,_ 1-2 nXY 
In 

( i+x^Xi+y-) 1/2 

i + ^ + y 2 

+yVl+^ tan -^ 

4-xVl + y2tan-^ 

Y 

V T T ^ 

VUT2 

J^tan-^X-ytan"' Y 

Two finite rectangles of same length, having one 
common edge, and at an angle of 90° to each other 

/ / = h/i W = wll 

nW 
Wim-^ -^ + //tan-' -^ - V//^ + m tan"' ^ 

W H yfWTW 

1 j ( l + ^^)(l+//^) 
•*'4 1 l + fr2+//2 

W\\-\-W^+lf) 
{\+m)(w^-+ip) 

H\\+H^ + W^) 
( l+/ /2)( / /2 + ^ ) 1 ) 

Disk to parallel coaxial disk of unequal radius 

^1 = ri/a, i?2 = ^2/0 

1 +J?| 
X=l + 

1 

/?? 

F , . = - X -
' - - ! ) 

Outer surface of cylinder to annular disk at end of 
cylinder 

^ = L̂  + /?' - 1 

B 1 
COS 

2 1 V iR̂  
^ , - i - 4 c o s - ' - - — s m - « | 
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42 

A^-^ 

Inside surface of right-circular cylinder to itself 

H = hl2r 

Fi-i = 1 + / / - V1+//2 

43 

.r^j^ 
Base of right-circular cylinder to inside surface of 
cylinder 

H = hllr 

F i _ 2 = 2 / / [ V l + / / 2 ^ / / j 

Interior of finite-length, right-circular coaxial cylin-
der to itself 

F.. = l--^-
1 ^IWTW-H \ 2 ,2V^23T 

- + - - tan" 
n\R 4R H 

2^ —H—''"' —JFTW^) '"'' ~^^ 

Interior of outer right-circular cylinder of finite 
length to exterior of inner right-circular coaxial 
cylinder 

R = r2/ru H^hlrx 

^ 1/ H'^R'-l 

^'-' - RV- m 
If .ti'-R^^X 

2H ^"^' 
H^-R^ + \ H^-R^ + \ 

RilP+R^-l) 2H ' ! ) ) 



772 D VIEW FACTOR CATALOGUE 

Interior of outer right-circular cylinder of finite 
length to annular end enclosing space between 
coaxial cylinders 

H^hlr2 R = n/r2 

y = 
l-R^^W-

F,. . = i { ^ ( t a n - ' f - t a n - f ) . f [ s i n - ' ( 2 / J ^ - l ) - s i r , - ^ ] . ^ g . s i n - ^ ) 

V(l+i?2+^)2^4/^2 ,^ 

m 
Sphere to rectangle, r <d 

D,^d/lu D2^dlh 

Fi_2 = •— tan ' - /—T r z-TT 

Sphere to coaxial disk 

Fi-2 = 

R^rja 

1 
Vl+i?2 

Sphere to interior surface of coaxial right-circular 
cylinder; sphere within ends of cylinder 

Fx-2 

R=:r/a 

1 

yf\T¥ 
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Sphere to coaxial cone 

1 
for 0) > sin 

5 + 1 

F,_2 = 1~-
l+5+/?C0t6J 

^](\+S+RcoXa)f^^R^ 

51 
^ hH j_ 

Infinite plane to row of cylinders 

©00000° Fi_2 = — cos ^ — + 1 (?f 
^ ^ ^ - ' 
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APPENDIX 

E 
EXPONENTIAL 
INTEGRAL 
FUNCTIONS 

The exponential integral functions ^^(JC) and their derivatives occur frequently in radiative heat 
transfer calculations; therefore, a summary of their properties as well as a brief tabulation are 
given here. More detailed discussions of their properties may be found in the books by Chan-
drasekhar [1] and Kourganoff [2], or in mathematical handbooks such as [3]. Detailed tabulations 
are given in [3], and formulae for their numerical evaluation are listed in [3,4]. 

The exponential integral of order n is defined as 

e-"-, n = 0,1,2, . . . , (E.l) 

or, setting jLz = 1 / / , 

E„{x)= f e"'^^fi'-^dfi, « = 0,1,2, . . . . (E.2) 
Jo 

Differentiating equation (E.l), a first recurrence relationship is found as 

dE 
-^(x) = -^„-i(x), A7 = 1,2,..., (E.3) 

where 

J-400 —X 

e-"dt=—. (E.4) 
1 X 
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A second recurrence is found by integrating equation (E.3), or 

poo 

I E„(x)dx = En+\(x), « = 0,1,2, . . . . (E.5) 

An algebraic recurrence between consecutive orders may be obtained by integrating equation (E. 1) 
by parts, or 

En^\(x)= -[e ""-xE^ix)], n= 1,2,3,.. . . 

The integral of equation (E.l) may be solved in a general series expansion as [3] 

n-l i-xT 
'̂̂ W=H7^(^«^^^^)^E-Tr-^— '̂ «= 1,2,3,. («- l ) ! - ^ mlin-l-m) 

W=:0 

where 

and 

« = 1, 

<A« 
n-\ 

~r.+ V - , «>2, 
^ m 

7E = J ( 1 - ^ - 0 7 = 0 . 5 7 7 2 1 6 . . . 

is known as Euler's constant. Substituting values for «, one obtains 

E\(x) = -(yp + Inx) + x -
x̂  x" x^ 
2!2 "̂  3!3 ~ 4!4 "̂  " 

2 3 4 

E2(x) = l + x ( y , - l + l n x ) - — + — - — +• 

£i(x) = --X + 
x^l 3 , \ ;c3 ^4 
- ^ - r . - H - - l n x J + - - - + - . . . . 

A function related to E\, which often occurs in radiation calculations is 

' * ' =/.('-'•")!=X"('-'•""') Ein(. d^ 

X X 
= E[{x) + \nx + y^ = X --— + ——-+.... 

2!2 3!3 

(E.6) 

(E.7a) 

(EJb) 

(E.7c) 

(E.8) 

(E.9) 

(E.IO) 

(E.ll) 

For vanishing values of A: it follows from equation (E.7), or directly integrating equation (E. 1), 

f+00, « = 1, 
E„(0) = 1 

n-\ 
, n>2. 

Ein(0) = 0 

For large values oix, the asymptotic expansion for the exponential integrals is given by [3] 

e 

(E.l 2a) 

(E.l 26) 

E„{x) = 
n n(n+\) n(n+\)(n+2) 

1 + , ^̂  -T + • , « = 0,],2 (E.l 3) 



E EXPONENTIAL INTEGRAL FUNCTIONS 781 

To estimate the relative magnitude of different orders of exponential integrals, the following in-
equalities are sometimes handy [3]: 

1 

n 
1 

En{x) < En+\(x) < En{x\ « = 1, 2 , 3, . . . , 

JC + /2 
<e'E,{x)< 

1 

x + n— 1 
n= 1,2,3 

(E.14) 

(E.15) 
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TABLE E.l 

Values of exponential integral functions. 

X 

0.00 
0.01 
0.02 
0.03 
0.04 
0.05 
0.06 
0.07 
0.08 
0.09 
0.10 
0.15 
0.20 
0.25 
0.30 
0.35 
0.40 
0.45 
0.50 
0.60 
0.70 
0.80 
0.90 
1.00 
1.10 
1.20 
1.30 
1.40 
1.50 
1.60 
1.70 
1.80 
1.90 
2.00 
2.50 
3.00 
4.00 
5.00 

Ein 

0.000000 
0.009975 
0.019900 
0.029776 
0.039603 
0.049382 
0.059112 
0.068794 
0.078428 
0.088015 
0.097554 
0.144557 
0.190428 
0.235204 
0.278920 
0.321609 
0.363305 
0.404039 
0.443842 
0.520769 
0.594310 
0.664669 
0.732039 
0.796600 
0.858517 
0.917946 
0.975031 
1.029907 
1.082700 
1.133528 
1.182499 
1.229716 
1.275274 
1.319263 
1.518421 
1.688876 
1.967289 
2.187802 

El 

00 

4.037929 
3.354707 
2.959118 
2.681263 
2.467898 
2.295307 
2.150838 
2.026941 
1.918744 
1.822924 
1.464461 
1.222650 
1.044283 
0.905677 
0.794215 
0.702380 
0.625331 
0.559773 
0.454379 
0.373769 
0.310597 
0.260184 
0.219384 
0.185991 
0.158408 
0.135451 
0.116219 
0.100020 
0.086308 
0.074655 
0.064713 
0.056204 
0.048901 
0.024915 
0.013048 
0.003779 
0.001148 

El 

1.000000 
0.949671 
0.913105 
0.881672 
0.853539 
0.827835 
0.804046 
0.781835 
0.760961 
0.741244 
0.722545 
0.641039 
0.574201 
0.517730 
0.469115 
0.426713 
0.389368 
0.356229 
0.326644 
0.276184 
0.234947 
0.200852 
0.172404 
0.148496 
0.128281 
0.111104 
0.096446 
0.083890 
0.073101 
0.063803 
0.055771 
0.048815 
0.042780 
0.037534 
0.019798 
0.010642 
0.003198 
0.000996 

^3 

0.500000 
0.490277 
0.480968 
0.471998 
0.463324 
0.454919 
0.446761 
0.438833 
0.431120 
0.423610 
0.416291 
0.382276 
0.351945 
0.324684 
0.300042 
0.277669 
0.257286 
0.238663 
0.221604 
0.191551 
0.166061 
0.144324 
0.125703 
0.109692 
0.095881 
0.083935 
0.073576 
0.064576 
0.056739 
0.049906 
0.043937 
0.038716 
0.034143 
0.030133 
0.016295 
0.008931 
0.002761 
0.000878 

E4 

0.333333 
0.328382 
0.323526 
0.318762 
0.314085 
0.309494 
0.304986 
0.300559 
0.296209 
0.291935 
0.287736 
0.267789 
0.249447 
0.232543 
0.216935 
0.202501 
0.189135 
0.176743 
0.165243 
0.144627 
0.126781 
0.111290 
0.097812 
0.086062 
0.075801 
0.066824 
0.058961 
0.052064 
0.046007 
0.040682 
0.035997 
0.031870 
0.028232 
0.025023 
0.013782 
0.007665 
0.002423 
0.000783 
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F 
COMPUTER CODES 

This appendix contains a listing and brief description of a number of computer programs that 
may be helpful to the reader of this book, and that can be downloaded from its dedicated web site 
located at www.academicpressbooks.com. Some of the codes are very basic and are entirely 
intended to aid the reader with the solution to the problems given at the end of the more basic 
chapters. Some of the codes were bom out of research, but are basic enough to aid a graduate 
student with more complicated assignments or a semester project. And a few programs are so 
sophisticated in nature that they will be useful only to the practicing engineer conducting his or 
her own research. Finally, it is anticipated that the web site will be kept up-to-date and augmented 
once in a while. Thus, there may be a few additional programs not described in this appendix. 

It is a fact that most engineers have done, and still do, their programming in Fortran, and the 
author of this book is no exception. It is also true that computer scientists and most commercial 
programmers do their work in C++; more importantly, the younger generation of engineers at 
many universities across the U.S. are now also leaming C++. Since all the programs in this 
listing were written by the author, either for research purposes or for the creation of this book, 
they all started their life in Fortran (older programs as Fortran??, and the later ones as Fortran90). 
However, as a gesture toward the C++ community, the most basic codes have all been converted 
to C++, as indicated below by the program suffix . cpp. If desired, all other programs are easily 
converted with freeware translators such as f2c (resulting in somewhat clumsy, but functional 
codes). Finally, self-contained programs that have been precompiled for Microsoft Windows 
have the suffix .exe. 

The programs are listed in order by chapter in which they first appear. More detailed descrip-
tions, sometimes with an example, can be found on the web site. Third-party codes that are also 
provided at the web site are listed at the end. 

?82 
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Chapter 1 

bbfn.f, bbfn.cpp: 

planck.f, 
planck.cpp, 
planck.exe: 

Function bbfn(x) calculates the fractional blackbody emissive power, 
as defined by equation (1.23), where the argument is x=nAT with units 
of/zmK. 

planck is a small stand-alone program that prompts the user for in-
put (temperature and wavelength or wavenumber), then calculates the 
spectral blackbody emissive powers Eh^/T^,Ehrf/T^ and the fractional 
blackbody emissive power / ( / i r ) . 

Chapters 2 and 3 

fresnel.f, 
fresnel.cpp: 

Subroutine f resnel calculates Fresnel reflectivities from equa-
tion (2.112) for a given complex index of refi-action and incidence angle. 

Chapter 3 

emdiel.f90, 
emdiel.cpp: 

emmet.£90, 
emmet.cpp: 

callemdiel.£90, 
callemdiel.cpp, 
callemdiel.exe: 

callemmet.£90, 
callemmet.cpp, 
callemmet.exe: 

dirre£lec. £, 
dirreflec.cpp, 
dirre£lec.exe: 
totem.£90, 
totem.cpp: 

Function emdiel calculates the unpolarized, spectral, hemispherical 
emissivity of an optical surface of a dielectric material from equa-
tion (3.82). 

Function emmet calculates the unpolarized, spectral, hemispherical 
emissivity of an optical surface of a metallic material from equa-
tion (3.77). 

Program cal lemdiel is a stand-alone front end for function emdiel, 
prompting for input (refractive index n) and returning the unpolarized, 
spectral, hemispherical as well as normal emissivities. 

Program callemmet is a stand-alone front end for function emmet, 
prompting for input (complex index of refraction n, k) and returning the 
unpolarized, spectral, hemispherical as well as normal emissivities. 

Program d i r r e£ l ec is a stand-alone front end for subroutine £resnel, 
returning perpendicular polarized, parallel polarized, and unpolarized 
reflectances. 
Program totem is a routine to evaluate the total, directional or hemi-
spherical emittance or absorptance of an opaque material, based on an 
array of spectral data. 

Chapter 4 and Appendix D 

view. £90, 
view.cpp: 

parlplates.£90, 
parlplates.cpp: 

perpplates.£90, 
perpplates.cpp: 

view£actors.£90, 
view£actors.cpp, 
view£actors.exe: 

A function to evaluate any of the 51 view factors given in Appendix D. 

A function to evaluate the view factor between two displaced parallel 
plates, as given by equation (4.41). 

A function to evaluate the view factor between two displaced perpendic-
ular plates, as given by equation (4.40). 

A stand-alone front end to functions view, p a r l p l a t e s and 
perppla tes . The user is prompted to input configuration number and 
arguments; the program then returns the requested view factor. 
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Chapter 5 

graydiff.f9Q, 
graydiff.cpp: 

graydiffxch.f90, 
graydiffxch.cpp: 

Subroutine graydiff provides the solution to equation (5.38) for an en-
closure consisting ofN gray-diffuse surfaces. For each surface the area, 
emittance, external irradiation and either heat flux or temperature must 
be specified, hi addition, the upper triangle of the view factor matrix 
must be provided (Fi-y; / = l,N; j = i,N). For closed configurations, 
the diagonal view factors F,_/ are not required, since they can be calcu-
lated from the summation rule. The remaining view factors are calcu-
lated from reciprocity. On output, the program provides all view factors, 
and temperatures and radiative heat fluxes for all surfaces. 

Program graydiffxch is a front end for subroutine graydiff, gener-
ating the necessary input parameters for a three-dimensional variation 
to Example 5.4, primarily view factors calculated by calls to function 
view. This program may be used as a starting point for more involved 
radiative exchange problems. 

Chapter 6 

graydifspec.f90, 
graydifspec.cpp: 

grspecxch.f90, 
grspecxch.cpp: 

Subroutine graydifspec provides the solution to equation (6.23) for 
an enclosure consisting of Â  diffusely emitting surfaces with diffuse and 
specular reflectance components. For each surface the area, emittance, 
specular reflectance, external irradiation and either heat flux or temper-
ature must be specified. In addition, the upper triangle of the specular 
view factor matrix must be provided (F/ .; / = \,N\J = /, N), Otherwise 
same as graydiff. 

Program grspecxch is a front end for subroutine graydifspec, similar 
to graydif fxch. 

Chapter 7 

semigray.f9<SI, 
semigray.cpp: 

semigrxch.f90, 
semigrxch.cpp: 

bandapp.f90, 
bandapp.cpp: 

Subroutine semigray provides the solution to equations (7.5) for an 
enclosure consisting of N diffusely emitting surfaces with diffuse and 
specular reflectance components, considering two spectral ranges (one 
for external irradiation, one for emission). For each surface the area, 
emittance and specular reflectance (two values each), external irradiation 
and either heat flux or temperature must be specified. Otherwise same 
as graydiff. 
Program semigrxch is a front end for subroutine semigray providing 
the necessary input for Example 7.1. This program may be used as a 
starting point for more involved radiative exchange problems. 

Subroutine bandapp provides the solution to equations (7.6) for an en-
closure consisting of Â  diffusely emitting surfaces with diffuse and spec-
ular reflectance components, considering M spectral bands. For each 
surface the area, emittance, specular reflectance and external irradiation 
(one value for each spectral band), and either heat flux or temperature 
must be specified. Otherwise same as graydiff. 
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bandinxch.f9Q, 
bandmxch.cpp: 

Program bandmxch is a front end for subroutine bandapp providing the 
necessary input for Example 7.2. This program may be used as a starting 
point for more involved radiative exchange problems. 

Chapter 10 

voigt . f : 

nbkdis t . f90: 

wbmxxx.f , 
wbmxxxcl.f, 
wbmxxxcl.Gxe: 

emwbm.f, 
ftwbm.f, 
wangwbm.f: 

wbmodels.f, 
wbmodels.exe: 

wbmkvsg.f: 

to temiss . f : 

to tabsor . f : 

Leckner.f, 
Leckner.exe: 

Subroutine voigt calculates the spectral absorption coefficient for a 
Voigt-shaped Une based on the fast algorithm by Humlicek [1], as a 
function of line intensity, and Lorentz and Doppler line widths. 

Program nbkdist is a Fortran90 code to calculate narrow band k-
distributions for a number of temperatures and a number of wavenumber 
ranges, for a gas mixture containing CO2, H2O, CH4 and soot. The spec-
tral absorption coefficient is either calculated directly from the HITRAN 
or HITEMP databases, or is supplied by the user. 

Subroutines wbmxxx, where xxx stands for the different gases h2Q, 
co2, ch4, CO, no and so2, calculate for a given temperature the ratios 
'¥*(T)/'¥*iTo) [from equations (10.111) and (10.114)] and 0(r)/(D(ro) 
[from equation (10.115)], i.e., the functions shown in Figs. 10-18 
through 10-20. The stand-alone programs wbmxxxcl .£ are front ends 
for the wbmxxx.f, prompting the user for input, printing the ratios 
T*(r)/4^*(7o) and 0(r)/<D(7o) to the screen for all bands listed in Ta-
ble 10.3. 

Fortran functions to calculate the nondimensional total band absorptance 
A* from the Edwards and Menard model. Table 10.2 (emwbm), the Felske 
and Tien model, equation (10.124) (f twbm), and the Wang model, equa-
tion (10.126) (wangwbm). 

Stand-alone front end for the functions emwbm, f twbm and wangwbm; the 
nondimensional total band absorptance A* is printed to the screen, as 
calculated from three band models (Edwards and Menard, Felske and 
Tien, and Wang models). 

Fortran subroutine wbmkvsg calculates the K* VS. g* distribution of equa-
tion (10.137). 

Fortran subroutine totemiss calculates the total emissivity of an 
isothermal gas mixture, using Leckner's model, equations (10.144) 
through (10.148). 

Fortran subroutine to tabsor calculates the total absorptivity of an 
isothermal gas mixture, using Leckner's model, equations (10.144) 
through (10.148). 

Stand-alone front end for totemiss and totabsor , with total emissiv-
ities and absorptivities printed to the screen. 

Chapter 11 

coalash.f90: This file contains subroutine coalash (plus a front end for screen input 
and output) to determine nondimensionalized spectral absorption and 
extinction coefficients K* andyS*, as listed in Table 11.3, from the Buckius 
and Hwang [2] and the Mengiig and Viskanta [3] models, as functions 
of complex index of refraction m = n-ik and size parameter x. 
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mmmie.f: Program mmmie calculates Mie coefficients (scattering coefficients a„ 
and h„, efficiencies gsca» QQXI and gabs* asymmetry factor g, see Section 
11.2 for definitions), and relates them to particle cloud properties (ex-
tinction coefficient yS, absorption coefficient /c, scattering coefficient as, 
cloud asymmetry factor g, scattering phase function O for specified scat-
tering angles, and phase function expansion coefficients A„, as defined 
in Section 11.3). 

Chapter 15 

Plsor.f90, 
Plsor.cpp: 

Pl-2D.f90, 
Pl-2D.cpp: 

Subroutine Plsor provides the solution to equation (15.37) with its 
boundary condition (15.48) for a two-dimensional (rectangular or axi-
symmetric cylinder) enclosure with reflecting walls and an absorbing, 
emitting, linear-anisotropically scattering medium. For each surface the 
emittance and blackbody intensities must be specified; for the medium 
spatial distributions of radiation properties and blackbody intensities 
must be input. Calculated are internal incident radiation (G) and wall 
flux (q) fields. Can be used for gray problems or on a spectral basis. 

Program PI-2D is a front end for subroutine Plsor, setting up the prob-
lem for a gray medium with spatially constant radiative properties; may 
be used as a starting point for more involved applications. 

Chapter 18 

transPN.f90: Program transPN calculates energy from a pulsed coUimated laser 
source transmitted through an absorbing, isotropically scattering slab ̂ ^ 
a function of time, using the Pi and P\p methods. 

as 

Chapter 19 

f skd is t . f90 : 

fskdco2.£90, 
fskdh2o.f9(SI, 
fskdco2zm.f90: 

mgfskdco2.£90, 
mg£skdh2o.£90: 

Program £skdist is a Fortran90 code to calculate full-spectrum k-
distributions for a number of Planck function temperatures and a sin-
gle gas property state (temperature, partial and total pressures), for 
a gas mixture containing CO2, H2O, CH4 and soot; weight functions 
a(T, Tref, g) are calculated, as well. The spectral absorption coefficient is 
either calculated directly from the HITRAN or HITEMP databases, or is 
supplied by the user. 

These subroutines determine single values of the cumulative k-
distribution for CO2 and H2O, respectively. The first two use the cor-
relations of Denison and Webb [4, 5], the last one the correlation by 
Zhang and Modest [6]. 

Subroutines to determine sets of cumulative /:-distributions for CO2 and 
H2O, respectively, using the multigroup approach of Zhang and Modest 
[7,8]. 
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Chapter 20 

MCintegral.£90: 

mocacyl.f, 
rnarray.f: 

FwdMCcs.f90, 
FwdMCckal.£90, 
FwdMCcka2.£90: 

FwdMCps.£90: 

RevMCcs.£90, 
RevMCckal.£90, 
RevMCcka2.£90: 

RevMCps.£90: 

rb 

MCintegra l is a little program that evaluates the integral J^ f(x) dx for 
any specified function by the Monte Carlo method. 
Program mocacyl is a Monte Carlo routine for a nongray, nonisother-
mal, isotropically scattering medium confined inside a two-dimensional, 
axisymmetric cylindrical enclosure bounded by nongray, diff'usely emit-
ting and reflecting walls. Temperature and radiative properties are as-
sumed known everywhere inside the enclosure and along the walls. Re-
quires use of program r n a r r a y to set up random number relationships 
(locations and wavenumbers of emission vs, random numbers). Calcu-
lates internal radiative heat sources V • ̂ ^ as well as local radiative fluxes 
to the walls q^. 

Program FwdMCcs is a standard forward Monte Carlo code for a narrow 
coUimated beam penetrating through a nonabsorbing, isotropically scat-
tering slab, calculating the flux onto a small, directionally-selective de-
tector, as given in Example 20.6. FwdMCckl and FwdMCck2 are forward 
Monte Carlo code for the same problem, but also allow for absorption in 
the medium; FwdMCckl uses standard ray tracing, while FwdMCck2 uses 
energy partitioning; see Example 20.7. 

Program FwdMCps is a standard forward Monte Carlo code for a ra-
diative energy emitted by a point source penetrating through a nonab-
sorbing, isotropically scattering slab, calculating the flux onto a small, 
directionally-selective detector. 

These programs are backward Monte Carlo implementations of the 
equivalent FwdMCcs, FwdMCckal, and FwdMCcka2, as also discussed in 
Examples 20.6 and 20.7. 

The backward Monte Carlo equivalent of FwdMCps. 

Third-Party Codes 

M0NT3D 

VIEW3D 

RADCAL 

EM2C 

This code, developed at Colorado State University by Bums et al. 
[9-13], calculates radiative exchange factors for complicated, three-
dimensional geometries by the Monte Carlo method, as given by equa-
tions (20.12) and (20.16). Diff'use and specular view factors may be 
calculated as special cases. 

This code, developed at National Institute of Standards and Technology 
(NIST) by Walton [14], calculates radiative view factors with obstruc-
tions by adaptive integration. 

This code, developed at NIST by Grosshandler [15,16] is a narrow band 
database for combustion gas properties, using tabulated values and the-
oretical approximations. 

This package contains a number of Fortran codes, developed at the Ecole 
Centrale de Paris by Soufiani and Taine [17], calculating statistical nar-
row band properties as well as narrow band A:-distributions for CO2 and 
H2O, using the HITRAN92 database together with some proprietary 
French high-temperature extensions. 
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FVM2D This Fortran?? code, developed at the University of Minnesota and 
Nanyang Technological University by Chai and colleagues [18-20], cal-
culates radiative transfer in participating media using the finite-volume 
method of Chapter 16 for a two-dimensional, rectangular enclosure with 
reflecting walls and an absorbing, emitting, anisotropically scattering 
medium. For each surface the emittance and blackbody intensities must 
be specified; for the medium spatial distributions of radiation properties 
and blackbody intensities must be input. Calculated are internal incident 
radiation (G) and wall flux (q) fields. Can be used for gray problems or 
on a spectral basis. 
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Abel's transformation, 737 
Absorbing medium, 50 
Absorptance, 2 J, 65-^8 

solar, 105,746 
spectral, directional, 66 
spectral, hemispherical, 66, 72 
total, directional, 67,68 
total, hemispherical, 68 

Absorption, 2,23 
gray, diffuse, 131 
in a participating medium, 265-266 
induced, 290 
multiphoton, 567 
negative, 290, 291 
saturable, 567 

Absorption band, 58, 59, 85, 88 
Absorption coefficient, xxi, 23,36,86 

band-integrated, xx 
correlated, 320,625 
effective, 291, 589,590 
for a particle cloud, 369, 370 
for coal particles, 395 
for Rayleigh scattering, 374 
line-integrated, xix, 298 
linear, 265,291 
mass, 265, 292 
mean, 344-346 
modified Planck-mean, 345 
narrow band average, 308, 309 
Planck-mean, 344, 369, 395, 397, 404, 590 
pressure, 265, 292 
Rosseland-mean, 346, 369, 395, 397,404, 590 
scaled, 321, 625 
spectral, 308 

of air, 25 
of clear ice, 416,417 
of clear water, 416,417 
ofhalides, 415 
of ionic crystals, 414 
of lithium fluoride, 417,418 
of silicon, 415 
of window glass, 24, 25,416 

true, 291 
Absorption cross-section, 363 

Absorption Distribution Function model, 616 
Absorption edge, 414,418 
Absorption efficiency factor, 364 

for absorbing spheres, 367 
for specularly-reflecting spheres, 379 

Absorption suppression, 669 
Absorptive index, xviii, 7,35, 86, 88, 267 
Absorptivity, xx, see also Absorptance 

ofa gas layer, 23 
ofa thick slab, 98 
of an isothermal medium, 611 
of carbon dioxide, 24 
spectral 

ofa participating medium, 266, 605 
total 

ofa gas, 339,607 
ofa gas-particulate suspension, 607 
ofa participating medium, 605 
of an isothermal medium, 608 

Acetylene, 707, 708 
Acrylic paint, 96 
ADF method, 616,637, 700 
Aerogel, 685 
Air mass, 6 
Albedo, scattering, xxi, 270 
Alumina, 96, 115 
Aluminum, 77,95,115,368 
Ammonia, 346 
Amorphous solid, 90,416 
Amplitude function, 364, 365,373 

for diffraction, 377 
Angle 

azimuthal, xxi, 12 
Brewster's, 48 
critical, 49 
divergence, 391 
of incidence, 44,48,72 
of refraction, 44 
opening, 107 
phase, 33, 55,418 
polar, xxi, 11,15 
polarizing, 48 
scattering, xxi, 365 
solid, xxi, 11-13 
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zenith, 6 
Angle factor, see View factor, 133 
Angular frequency, xxi, 3 
Anomalous diffraction, 376 
Anomalous skin effect, 80, 84 
Apparent emittance, 175, 180, 215, 220 
Ash particle, 395 
Asymmetric top, 293 
Asymmetry factor, 366, 385, 388 

for a particle cloud, 369, 370 
for coal particles, 395 

Attenuation 
by absorption, 265-266 
by scattering, 266 

Attenuation vector, 33 
Azimuth, 38 
Azimuthal angle, xxi, 12 

Babinet's principle, 377 
Band 

absorption, 85, 88 
electron energy, 57 
fundamental, 295 
molecular vibration, 416 
overtone, 295 
Reststrahlen, 85, 88, 89,414,416 
symmetric, 325 
vibration-rotation, 289, 292,296 
with a head, 296,325 

Band absorptance, xvii, 314,324, 326, 594, 608 
for nonisothermal gas, 334 
slab, 609 

Band absorptance correlation, 334 
Band approximation, 237,238, 246, 247 
Band center, 296 
Band gap, 57, 58,414 
Band intensity, 325 
Band model 

narrow band, 307-317 
wide band, 324-339 

Band origin, 296 
Band overlap, 339 
Band strength parameter, xx, 326, 331, 332, 340 
Band width, 593 

effective, xvii, 324 
parameter, 326 

Band wing, 604 
bandapp, 238,249, 784 
bandmxch, 238, 249, 785 
Bandpass filter, 85 
bbfn, 11,783 
Beam channeling, 225 
Beam splitter, 113 
Beer's law, 23 
Bidirectional reflection function, 199,239, 242 

for magnesium oxide, 70, 93 
spectral, 69, 92 
total, 72 

Black chrome, 105 
Black nickel, 105 
Black surface, 5 
Black-walled enclosure, 5,163 

Blackbody 
manufacture of, 180 
reference, 419 

Blackbody cavity, 175 
Blackbody cavity source, 110 
Blackbody emissive power, xviii, 7,15,759-761 

fraction of, xviii, 11, 759-761 
total, 10 

Blackbody intensity, xviii, 14,15,291 
Bleaching, 567 
Boltzmann number, xvii, 697 
Boltzmann's constant, xviii, 7 
Boltzmann's distribution law, 290 
Boltzmann, Ludwig Erhard, 10 
Bound electron transition, 77 
Boundary layer, 695-700 
Box model, 324, 592-603 
Brass, oxidized, 199 
Bremsstrahlung, 289 
Brewster's angle, 48,418 
Brewster, Sir David, 48 
Broadening 

collision, 297,298 
Doppler, 297-299 
line, 289, 297 
Lorentz, 298 
natural line, 297 
Voigt, 300 

Bundle, energy, 646 

cal lemdiel , 783 
callemmet,783 
Candela, 19 
Carbon 

foam, 394 
particle, 397 

Carbon dioxide, 303, 305, 326, 328, 331, 332, 336, 
341, 342, 351, 612, 613, 615, 616, 621, 
623,627 

Planck-mean absorption coefficient, 345 
total emissivity, 342, 344 

Carbon monoxide, 326, 329, 331, 333, 340, 347 
Case's normal-mode expansion technique, 444 
Causal relationship, 418 
Cavity 

conical, 215 
cylindrical, 174,180,215 
hemispherical, 185 
spherical, 215 

Cell 
cold-window, 348 
hot-window, 347 
nozzle seal, 348, 349 

Central limit theorem, 648 
Cesium, 78 
Char, 394 
Charge density, xxi, 31 
Chemical reaction, 708, 710 
CHEMKIN, 707 
Chopper, 113,347 
Chrome-oxide coating, 105 
Coal particle properties, 395-398 
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coalash, 785 
Coating, 54, 100-101 

antireflective, 54 
chrome-oxide, 105 
for glass, 105 
nickel-oxide, 105 
reflectivity, 100 
surface, 96 

Cobalt, 78 
Cold medium approximation, 272 
Collimated irradiation, 67, 220,225, 565-580 
Collision broadening, 297,298 
Color center, 414 
Colors of the sky, 373 
Combustion, 705-707 
Complex index of refraction, xix, 34, 73, 75, 362 

of ash, 395 
of coal, 395 
of metals, 78 
of semiconductors, 78 
of various soots, 400 

Composition variable, 710, 712 
Computer codes, 782-788 
Computing, parallel, 667 
Conduction, 1, 2,434,667 
Conduction-to-radiation parameter, xix, 253, 682, 697, 

701 
Conductivity 

dc-, 77, 80 
electrical, xxi, 31,35, 57, 77, 78, 80 
radiative, 453 
thermal, xviii, 2 

Configuration factor, see View factor, 133 
Conjugate gradient method, 730, 732-733, 735, 738, 

739 
Conjugation coeflicient, 733, 738 
Conservation of energy, 2 

overall, 281-282 
radiative, 278, 427 

Contour integration, 137 
Convection, 1, 2,434, 667 

free, 700 
in boundary layers, 695-700 
in internal flow, 700-709 
interfacing with radiation, 707 

Convection-to-radiation parameter, xvii, 697 
Copper, 77, 78, 95 
Correlated ^-distribution, 307 

global, 307,626 
narrow band, 320 
wide band, 307, 336-339 

Correlation length, xxi, 93 
Cosine law, 15 
Couette flow, 704 
Critical angle, 49 
Cross-section 

for absorption, 363 
for extinction, 363 
for scattering, 363 

Crossed-strings method, 137, 149, 150,165 
Crossover wavelength, 84 
Crystal lattice, 58, 85 

Cumulative distribution, 319, 336,619, 628 
Curtis-Godson approximation, 316 
Cutoff wavelength, 104 
Cylinders, concentric 

at radiative equiUbrium, 443,453, 460,479 
discrete ordinates method, 511-513 
without participating medium, 202,206,217,543 

Cylindrical fiber 
absorption and scattering by, 383 

Cylindrical medium, 440-444 
discrete ordinates method, 511-513 

Damping parameter, 732 
Darkening, 567 
Dc-conductivity, 77, 80 
Degeneracy, xviii, 291, 293, 330 
Degrees of fi-eedom, of a molecule, 292 
Deissler's jump boundary conditions, 454 
Delta-Eddington approximation, 386 
Density, xxi 

charge, xxi, 31 
optical, 48 
partial, of absorbing gas, 301 

Density path length, 301 
Detectivity, xviii, 112, 113 
Detector, 111-112,420 

fiber-optic, 394 
photon or quantum, 112 
pyroelectric, 347 
thermal, 111 

Diamond difi'erencing, 514 
Diamond scheme, 516 
Dielectric film, 56 
Dielectric fiinction, xxi, 57-59, 75, 76 
Dielectric layer, 95 
Dielectric medium, 35,45, 56, 75 
Diff'erential approximation, 458, 467,472-479, 685 

improved, 489-492 
modified, 483-489 

Diffraction, 26 
by a particle, 362 
from large spheres, 377 

Difl'raction peak, 372 
Difl'raction theory, 92 
Diffuse emission, 15,131 
Diffuse emitter, 62 
Diffuse irradiation, 71, 72 
Diffuse reflectance, 70 
Diffuse reflector, 71 
Diffuse view factor, see View factor, 133 
Diffusion approximation, 283, 451-456, 698 
Diffusion flame 

laminar, 705,707, 708 
nonluminous jet, 712 

Dipole element, 303 
Dipole moment, 294, 416 
Dirac-delta fiinction, xx, 318, 384, 386, 565 
Direction 

of incidence, 72 
of propagation, 266 
specular, 70, 240,275 

Direction cosine, xix, xxi, 137, 138, 426,460 
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Direction vector, xix, 11, 35,137, 425, 661 
dirreflee, 783 
Discrete dipole approximation, 402 
Discrete ordinates method, 283, 284,458, 498-538 

modified, 529 
Discrete transfer method, 284, 521, 528, 529 
Dispersion, 57,400 

anomalous, 59 
normal, 59 

Dispersion exponent, 399 
Dispersion theory, 73-76 
Dissipation function, xxi, 281 
Distribution function 

cumulative, 646 
Gaussian, 372 
particle, xix, 369, 395, 397 

Divergence angle, 391 
Dopant, 414 
Doppler broadening, 297-299 
Doppler effect, 299, 391 
Doppler shift, 299 
Drude theory, 76-79 

Eddington approximation, 283 
Eddy dissipation model, 709 
Efficacy, luminous, 19 
Efficiency factor, 363 

absorption, 364 
for absorbing spheres, 367 
for specularly-reflecting spheres, 379 

extinction, 364 
for dielectric spheres, 367 
for long cylinders, 384 
for water droplets, 372 

Rayleigh scattering, 373 
scattering, 364 

for absorbing spheres, 367 
for long cylinders, 384 
for specularly-reflecting spheres, 378 

Efficiency, luminous, 19 
Eigenfrequency, 295 
Einstein coeflicients, xvii, 290-292, 302 
Electric field, xviii, 31 
Electrical conductivity, xxi, 31, 35, 57, 77, 78, 80 
Electrical conductor, 35, 58, 59, 76 
Electrical network analogy, 175-179, 216, 217 
Electrical permittivity, xx, 31, 57 
Electrical resistivity, 77 
Electromagnetic energy, 36 
Electromagnetic wave, 1-3, 31 
Electromagnetic wave spectrum, 3,4 
Electromagnetic wave theory, 3, 30-60, 73-76 
Electron 

bound, 58, 59 
free, 31,58, 59, 76,414 

Electron energy, 58, 59 
Electron volt, 4 
Electronic transition, 88, 414,416 
Ellipsometric parameter, 38,40 
Ellipsometric technique, 418,419 
Ellipticity, 38 
Elsasser model, 308-310 

EM2C database, 315, 351, 787 
emdiel, 89, 783 
emdielr, 89 
Emission, 1 

blackbody, 7 
diffuse, 15,62,64, 131 
from a gas volume, 339 
from a volume element, 267 
from any isothermal volume, 277 
gray, diffuse, 131 
induced, 290,291 
luminous, 394 
spontaneous, 290,292 
stimulated, 304 

Emission measurement, 113-116 
Emissive power, xviii, 6-11 

apparent, 220 
blackbody, xviii, 7,15,759-761 
blackbody spectrum, 8,9 
directional, 15 
ett'ective, 169 
maximum, 9 
spectral, 6, 63 
spectral, directional, 62 
total, 6,10 
weighted, 559 

Emissivity, xx, see also Emittance 
narrow band, 308 
of a nonhomogeneous layer, 320 
of an isothermal medium, 267, 611 
spectral 

of a participating medium, 605 
of an isothermal layer, 267, 584 

spectral, directional 
of nonconductors, 89 

spectral, hemispherical, 81 
of nickel, 82 
of nonconductors, 88 

spectrally averaged, 309 
total 

ofa gas, 339-344 
of an isothermal layer, 588 
of carbon dioxide, 342, 344 
of water vapor, 341, 343 

total, directional, 83 
Emittance, 21, 62-65 

apparent, 175,180, 215,220 
hemispherical, 22 
infrared, 105 
of selected materials, 22 
spectral, 308 
spectral, directional, 62,68 
spectral, hemispherical, 62, 63 

of tungsten, 84 
spectral, normal 

of aluminum, 95 
of zirconium carbide, 91 

total, directional, 62, 64, 68 
of several metals, 63 
of several nonmetals, 63 

total, hemispherical, 64, 68 
ofa metal, 83-84 
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total, normal, 79, 80 
of polished metals, 80 
tables, 746 

Emitted energy, 14 
emmet, 82, 783 
emwbm, 785 
Enclosure, 132 

black-walled, 5, 163,604 
closed, 132, 167 
idealized, 131, 132,162,205,216 
isothermal, 205 
long, 149 
open, 167, 207 

Energy 
electromagnetic, 36 
internal, XX, 22, 281, 289 
of a photon, 3 
solar, 2 

Energy bundle, 646 
path, 650 

Energy conservation equation, 281 
Energy density, radiation, 275 
Energy level 

electronic, 22 
molecular, 289, 295 
rotational, 22, 289, 292, 293 
vibrational, 22, 85,289, 292, 295 

Energy partitioning, 668 
Enthalpy, 708, 710 
Environment, large, isothermal, 173 
Epoxy coating, 96,105 
Equation of transfer, 263-276, 301,424 

boundary conditions, 274 
integral formulation, 279-281 
solution methods, 282 

Equilibrium radiation, 290 
Error, statistical, 645 
Ethylene, 707 
Euler's constant, xx, 314, 780 
Exchange area 

direct, xviii, xix, 540, 545-546, 551-552 
determination of, 561 

total, xviii, xx, 540-544, 547-551, 553-555 
Exchange factor, xviii, 539, 540, 649, 650, 659 
Exponential integral, xviii, 314,429, 779-781 
Exponential kernel approximation, see Kernel approxi-

mation 
Exponential scheme, 516 
Extinction, 267, 363 
Extinction coefficient, xx, 26, 267, 390 

for a particle cloud, 369, 370 
for coal particles, 395 
modified, 516 
Planck-mean, 369,395, 397,404 
Rosseland-mean, 369, 395, 397,404 

Extinction efficiency factor, 364 
for dielectric spheres, 367 
for long cylinders, 384 
for water droplets, 372 

Extinction paradox, 377 

False scattering, 517 

Favre averaging, 710 
Fiberglass, 394 
Fibers, scattering by, 384, 394 
Fictitious gas technique, 323, 616, 637 
Film 

dielectric, 56 
metallic, 217 
nonmetallic, 105 
porous, 101 
slightly absorbing, 56 
thick, 56 
thin, 54,418 

Filter, bandpass, 85 
Filter, optical, 110 
Fin efficiency, 253,254 
Fin radiator, 251 
Finite volume method, 284, 523-529 
Flux 

heat, xix, 2 
luminous, xix, 20 
momentum, 18 

Flux method, 529 
Fly ash properties, 395-398 
Foam insulation, 394 
Forced collisions, 669 
Fourier'slaw, 2, 27, 281 
Fractal aggregate, 402 
Fractal prefactor, xviii, 402 
Fractal surface, 93 
Fredholm integral equation, 179, 180,430 
Free electron, 31, 76,414 
Freezing, 689-695 
Frequency, xxi, 3 

angular, xxi, 3 
of radiation, 2 
plasma, 58,77 
resonance, 58 

fresnel, 47, 52, 88, 783 
Fresnel's relation, 47, 52, 73, 75, 80, 86, 88 
Fresnel, Augustin-Jean, 47 
FSCK method, 627 
FSK method, 616-637 
f skdco2, 622, 624,636 
fskdco2zm,623 
fskdh2o, 622, 636 
fskdist,62l,624,786 
f skdxxx, 786 
FSSK method, 629 
FTIR spectrometer. Ml, 347 
f twbm, 334,785 
Full-Spectrum Ar-distribution, 617-637 
Function estimation, 730 
Fundamental band, 295 
Furnace, 420 

high-temperature, 348, 349 
sealed-chamber, 419 

FVM2D, 788 
FwdMCxx, 675, 787 

Galerkin method, 444 
Gamma distribution, 369 
Gamma rays, 96 
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Gas 
emission from, 339 
mixture, 315 
sum of gray gases, 558, 611-616 
total absorptivity, 339 
total emissivity, 339 

Gas layer 
isothermal, 267,302 
nonisothermal, 316 

Gas~particulate mixture, 607 
Gauss method, 732 
Gauss' theorem, 42,43 
Gaussian distribution function, 372 
Geometric optics, 26, 54,93, 94, 97, 363, 377 
Geometric path length, 301 
Glass, 88 

multiple panes, 101 
single pane, 97 
soda-lime, 98 

Global model, 307, 616 
Globar light source, 109,392 
Godson approximation, 310 
Gold, 78 
Goody model, 311, 665 
Graphite 

pyrolytic, 614 
Gray medium, 278, 283 
Gray source, 68 
Gray surface, 64 
Gray, diffuse surface, 64,162,168,274 
graydiff, 175,784 
graydiffspecular, 206 
graydiffxch, 175, 193,196, 784 
graydifspec, 206, 231,784 
Greenhouse effect, 2,98 
Grid system, 708 
Groove 

right-angled, 166,173 
V-corrugated, 107, 213,214, 226,241 

grspecxch, 231,784 

Hagen-Rubens relation, 78, 79 
Half-width, line, 298,299 
Halide,418 
Harmonic oscillator, 58, 75, 295, 296, 303 
Heat conduction, 281 
Heat flux, xix, 2 

at a surface, 203 
average, 164 
directional, 15 
outgoing, 204 
prescribed, 255 
radiative, 13, 16-17, 66,276-277 
reflected, 70 

Heat flux vector, 281 
Heat of fusion, 691 
Heat rate, xix, 2 
Heat rejector, radiative, 104, 105 
Heat source, 281, 282 
Heat transfer coefficient, xviii, 2 

convective, 177, 255 
radiative, 254 

Heaviside's unit step function, xviii, 318, 575, 593,674 
Helmholtz equation, 475 
Hemisphere, 11 
Hemispherical cavity, 185 
Hemispherical volume, 584 
Henyey-Greenstein phase function, 385, 386 
HITEMP database, 339, 345, 613, 616, 619, 622, 623, 

627,628, 632,633, 635, 636 
HITRAN database, 304, 305, 315, 345, 351, 616, 617, 

621,636 
Hohlraum, 110,115 
Hole,cylindrical, 174,180 
Hot band, 304 
Hot line, 304, 305, 323, 345 
Hottel,Hoyte Clark, 149 

Ice, 416 
Ill-conditioned problem, 732 
Ill-posed problem, 729, 730 
Illumination, 20,221 
Image, 200, 209 
Improved differential approximation, 489-492 
In-scattering, 268 
Incidence angle, 44, 72 
Incidence direction, 72 
Incident radiation, xviii, 273, 276 

for a plane-parallel medium, 427 
Index of refraction, complex, see Complex index of re-

fraction 
Infrared emittance, 105 
Infrared radiation, 4,289,414 
Inside sphere method, 137 
Insulation, foam, 394 
Insulator, 58 
Integral equation 

for outgoing intensity, 240 
for radiosity, 169,204 
for specular reflections, 223 
Fredholm, 179,180 

Integrating sphere, 390,394 
Intensity, xviii, 13-15 

blackbody, xviii, 14, 15, 291 
in vacuum, 239,264-265 
outgoing, 240 
reflected, 70, 240 
weighted, 612 

Interaction 
radiation and combustion, 705-707 
radiation and conduction, 251-254, 681-689 
radiation and convection, 254-258, 695-705 
radiation and melting/freezing, 689-695 
radiation and turbulence, 710-714 

Interface 
moving, 692 
optically smooth, 44, 73 
plane, 42,43 

Interface condition, 43, 50, 692 
Interface reflectivity, 47,48, 50, 52 
Interfacing, convection with radiation, 707 
Interference structure, 373 
Interference, wave, 54, 56, 100,101 
Internal energy, xx, 22,281, 289 
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Invariance, principle of, 444 
Inverse Bremsstrahlung, 289 
Inverse heat transfer, 729 
Inverse radiation, 729-739 
Ionic crystal, 414 
Iron, 78 
Irradiation, xviii, 132, 163, 169 

collimated, 67,220,225, 565-580 
diffuse, 67, 71, 72 
diffuse and gray, 68 
directional, 65 
external, 163, 164,204 
gray, 67 
laser, 234,565, 566 
polarized, 88,199 
solar, 6, 566 
spectral, directional, 65 
spectral, hemispherical, 71 
total, 68 

Isotropic medium, 31 
Isotropic scattering, 269, 273, 283,366, 386 
Isotropic surface, 63 

Jeans, Sir James Hopwood, 7 
Jet engine, 709 
Jump boundary condition, 455 

distribution, xviii, 307,336-339 
cumulative, xviii, 319, 336,619, 628 
for mixtures, 632 
global, 307,617-637 
narrow band, 317-324 
Planck function weighted, 618, 626 
wide band, 307 

Kernel, 179,461 
Kernel approximation, 180, 183, 284,461-463 
Kirchhoff approximation, 93 
Kirchhoff's law, 5, 14, 15, 75, 241 

for absorptance, 66 
for bidirectional reflection, 70 

Kirchhoff, Gustav Robert, 5 
Kramers-Kronig relation, 418, 419 
Kronecker's delta, xx, 167, 205 

Ladenburg-Reiche function, 302 
Lambert, 19,62 
Lambert's law, 15, 62 
Lambert, Johann Heinrich, 15 
Laplace's equation, 475 
Laser, 685 

pulsed, 574-576 
Laser irradiation, 234, 565, 566 
Laser light source, 109 
Latex particles, 391, 394 
Lattice defect, 80, 84-86,105,414 
Lattice vibration, 58, 89 
Lattice, crystal, 58, 85 
Law of reciprocity 

for bidirectional reflection function, 69 
for diagonally opposed pairs, 148 
for direct exchange areas, 540, 546 
for specular view factors, 200 

for total exchange areas, 541, 547 
for view factors, 133, 135 

Layer 
dielectric, 95 
of alumina, 96 
of silica, 96 
opaque, 86 
oxide, 95,96 
surface, 80, 85, 95 
thick dielectric, 100 
thin, 95 

LBL, see Line-by-line calculations 
Least squares norm, 730,731 
Leckner, 343, 785 
Legendre polynomials, xix, 365,425 

associated, 425,466,472 
orthogonality of, 468 
polyadic, 467 

Leibnitz'rule, 106, 184 
Lens, 113 
Levenberg-Marquardt method, 730, 732, 735 
Light, 3, 19 

polarized, 418 
Light guide, 227 
Light source, 108, 347 

blackbody cavity, 110 
globar, 109,392 
laser, 109 
Nemst glower, 109 

Lighting, 18,221 
Line 

absorption-emission, 22 
collision-broadened, 298 
Doppler-broadened, 298 
hot, 323 
isolated, 297 
Lorentz, 298 
no overlap, 310 
rotational, 289 
spectral, 289,292, 297 
strong, 310, 312 
Voigt-broadened, 298 
weak, 310, 311 

Line broadening, 289, 297 
Line half-width, xvii, 298, 299 
Line intensity, 291, 302 
Line overlap parameter, xx, 309,331-333 
Line shape, 297 
Line spacing, xvii, 308, 309 
Line strength, xix, 291,297, 298 
Line strength parameter, xx, 302, 303,309 
Line structure effects, 665 
Line width, equivalent, xx, 302, 310,311 

nonhomogeneous path, 316 
Line-by-line calculation, 305 
Line-by-line calculations, 582,613-615,620,624,625 

632, 633, 636 
Linear-anisotropic phase function, 386 
Linear-anisotropic scattering, 283, 386 
Liquid 

high-temperature, 419 
semitransparent, 416 
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Lithium, 78 
Lithium fluoride, 418 
Lorentz broadening, 298 
Lorentz model, 76,414 

single oscillator, 85 
Lorentz, Hendrik Anton, 58 
Lorenz-Mie scattering, see Mie scattering 
Lumen, 19,221 
Luminance, xix, 18-20 
Luminous efficacy, xix, 19 
Luminous efficiency, xxi, 19 
Luminous emission, 394 
Luminous flux, xix, 20 
Lux, 19 

Magnesium oxide, 85,90,92, 93, 119 
bidirectional reflection function, 70 

Magnetic field, xviii, 31 
Magnetic permeability, xxi, 31, 37,46 
Malkmus model, 311, 313,319, 320,616 
Manganese sulfide, 55 
Mark's boundary condition, 469 
Marshak's boundary condition, 470, 486 
Mass fractal dimension, xviii, 402 
Maxwell's equations, 31,363 
Maxwell, James Clerk, 31 
MCintegral, 787 
Mean beam length, xix, 583-588, 595 

definition, 583-585 
for an isothermal gas layer, 584 
for optically thin media, 585-586 
geometric, 585 
spectrally averaged, 586-588 

Mean free path 
for a photon, 2,266 
for absorption, 266 
for collision, 2 
for scattering, 266 

Mean square deviation of the mean, 648 
Measurement 

absolute, 391 
emission, 113-116 
gas properties, 346-352 
multiple-scattering, 392 
reflection, 116-121 
relative, 391 
scattering, 391 
semitransparent media, 418-420 
transmission, 347 

Medium 
absorbing, 50 
cold, 272 
conducting, 73 
cylindrical, see Cylindrical medium 
dielectric, 45, 56, 75 
gray, 278, 283 
isotropic, 31 
nonabsorbing, 37 
nongray, 283, 558-561, 581-637 
nonhomogeneous, 316, 320 
nonmagnetic, 35-37, 57 
nonparticipating, 131 

nonscattering, 271 
opaque, 61,75 
optically thick, 431 
participating, 264 
plane-parallel, see Plane-parallel medium 
scattering, 273 
semitransparent, 86,96,264,413-420, 689-^95 
spherical, see Spherical medium 
transparent, 430 

Melting, 689-695 
Mesh, numerical, 708 
Methane, 326,329, 331, 333,347, 705, 707 
mgfskdxxx, 786 
Mie scattering, 26,363,434 

equivalent-sphere, 402 
Mie scattering coefficient, 365 
Milne-Eddington approximation, 458-460 
Minimization, 732 
Mirror, 14,70,112,120,198 

platinum, 420 
spherical, 420 

Mixture, gas-particulate, 607 
mmmie, 368,370, 786 
mocacyl, 787 
Modified ditterential approximation, 483-489 
Mole fraction, xx 
Moment method, 283,458-460,465 
Momentum, of photons, 18 
Monochromatic radiation, 6 
Monochromator, 110,347,420 
MONT3D,651,787 
Monte Carlo method, 137,284,644-679 

results for a V-groove, 226,241 
results for a gas slab, 592, 604 

Multigrid algorithm, 709 
Multiphoton absorption, 567 
Mushy zone, 690, 691 

Narrow band model, 305, 307-317, 664 
Narrow band parameter, 308 
Natural line broadening, 297 
nbkdist , 320, 785 
Nephelometer, 391 
Nemst glower, 109 
Net radiation method, 169,242-247 
Neutron transport theory, 465,498 
Nickel, 78 
Nickel-oxide coating, 105 
Nitric oxide, 329, 347 
Nitrous oxide, 326, 346 
Nonconductor, of electricity, 58 
Nongray medium, 283, 558-561,581-637 
Nongray surface, 234 
Number density, 370 

molecular, 292,298 
Numerical quadrature, 180, 182,499 
Nusselt number, xix, 702 

Objective function, 730, 731,733, 735-737 
Obstruction, visual, 150, 209 
Ott'-specular peak, 92 
Opaque, 5 
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Opaque medium, 61,75 
Opaque surface, 5, J1, 20-22,62 
Opening angle, 107 
Optical constants, 57-60 
Optical coordinate, xxi, 270 
Optical density, 48 
Optical depth, 424 
Optical filter, n o 
Optical path length, xx, 301 
Optical thickness, xxi, 424 

for absorption, 266 
for extinction, 267 
for scattering, 266 
narrowband, 310 
of a spectral line, 302 

Optically thick approximation, 451-456 
Optically thin approximation, 283,450-451 
Optics 

collection, 420 
geometric, 26, 54,97, 363, 377 
thin film, 54 

Oscillator 
double, 85 
harmonic, 58, 75, 295,296, 303 
isolated, 76 
single, 85 

Out-scattering, 266 
Overlap 

band, 339 
line, 308 

Overlap parameter, 591 
Overtone band, 295 
Oxide film, 95-96 

P1-2D,786 
Pi -approximation, 467,472-479 

for box model, 598-603 
semigray, 589 
transient, 575 
with collimated irradiation, 571-574 
with conduction, 685 

Pi/3-approximation, 575 
Plsor,476,786 
P3-approximation, 467,479-483 
Palladium, 78 
Parallel computing, 667 
Parallel plates, 176,180,201,206,217,223 
Parameter vector, 730, 731,736, 739 
parlplates, 149,161,783 
Particle 

ash, 395 
coal, 395 
large, 377 
soot, 373 
spherical, 361 

Particle distribution fiinction, 369, 395,397 
Particle size parameter, see Size parameter 
Particle suspension, 391,392, 607,703 
Partition function, 303 
Path length 

density, 301 
geometric, xix, 301 

optical, XX, 301 
pressure, 301 

Pathlength method, 669 
PDF method, 711,712 
Peak 

backward-scattering, 372, 383, 385, 387 
difi'raction, 372 
forward-scattering, 368, 372,376 
ofl'-specular, 92 
specular, 70 

Pellet-reflection technique, 401 
Pencil of rays, 16 
Permeability, magnetic, xxi, 31,37,46 
Permittivity 

complex, XX, 32,43 
electrical, XX, 31, 57 
relative, 57 

perpplates, 149,161,783 
Phase angle, 33, 55,418 

of polarization, xx, 39 
Phase fiinction, xxi, 268,364, 365 

approximate, 385-390 
for a particle cloud, 369, 370 
for absorbing particles, 371 
for dielectric particles, 371 
for diffraction, 377 
for diffusely reflecting spheres, 383 
for large spheres, 380 
for Rayleigh scattering, 374,375 
for Rayleigh-Gans scattering, 376 
for single sphere, 368 
for specularly-reflecting spheres, 379 
Henyey-Greenstein, 385, 386 
isotropic, 386 
linear-anisotropic, 386 

Phase velocity, 33, 35,375 
Phenomenological coefficient, 31, 35, 57 
Phonon, 58 
Photoacoustic, 390 
Photolysis, 567 
Photometer, scattering, 391 
Photon, 1-4 
Photon detector, 112 
Photon energy, 4 
Photon gas, 473 
Photon momentum, 18 
Photon pressure, 18 
Photon-phonon interaction, 84 
planck, 11, 783 
Planck function, xviii, 15 
Planck number, 253 
Planck's constant, xviii, 4 

modified, 294 
Planck's law, 7,10,291 
Planck, Max, 7 
Planck-mean absorption coefficient, 344-347, 590 

for coal particles, 395,397 
for particles, 369 
for soot, 404 
modified, 345 

Planck-mean extinction coefficient 
for coal particles, 395,397 
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for particles, 369 
for soot, 404 

Planck-mean temperature, 630 
Plane 

of equal amplitude, 33,43 
of equal phase, 33,43 
of incidence, 45, 92 

Plane wave, 32,38,43 
Plane-parallel medium 

approximate methods, 449-464 
at radiative equilibrium, 428-434,488,595-599 
discrete ordinates method, 502-507 
exact formulation, 424-428 
isothermal, nongray gas, 588,609-611 
isothermal, nonscattering, 483, 550 
optically thick, 451-456 
optically thin, 450-451 
specified temperature field, 434-436 

Plasma frequency, 58, 77 
Platinum, 78, 80, 81, 234 
PjV-approximation, 465-492 
Point collocation method, 445 
Poiseuille flow, 701 
Polar angle, xxi, 11,15 
Polarization, 37-42, 568 

circular, 38,40 
degree of, 41 
elliptical, 38 
linear, 38,40 
parallel, 39, 73,103 
perpendicular, 39, 73,103 
plane, 38 
state of, 37, 199 

Polarization ellipse, xvii, xx, 37 
Polarization phase angle, xx, 39 
Polarized light, 418 
Polarizer, 391 
Polarizing angle, 48 
Pollutants, 707 
Porous film, 101 
Position vector, 137,141 
Potassium, 78 
Poynting vector, xix, 36-38, 364 
Poynting, John Henry, 36 
Prandtl number, xix, 697 
Pressure, xix 

correction chart, 341 
correction factor, 342 
effective, 299, 330,342 
partial, 299 
partial, of absorbing gas, 301, 341 
photon, 18 
radiation, xix, 17-18,281 
solar, 18 

Pressure path length, 301 
Principle of invariance, 444 
Probability, 712 
Probability density function, 711 
Probability distribution, 646 
Profilometer, 92 
Property, radiative, see Radiative properties 
Pseudorandom number, 647 

Pyroelectric detector, 111 
Pyrometer, 29 

Quadrature, numerical, 180,182,499 
Quantum detector, 112 
Quantum mechanics, 3 
Quantum number 

rotational, xviii, 294 
vibrational, xx, 295, 330 

Quartz, 8,115,416 

RADCAL database, 314,787 
Radiation 

transient, 574-576 
background, 420 
external, 220 
from isolated lines, 301 
midinfrared, 4 
monochromatic, 6 
sky, 220 
ultraviolet, 4,77,96,100 
visible, 3,4, 18-20 

Radiation energy density, xx, 275 
Radiation pressure, xix, 17-18,281 
Radiation shield, 217-219 
Radiation-turbulence interaction, 710-714 
Radiative combination, 289 
Radiative conductivity, 453 
Radiative equation of transfer, see Equation of transfer 
Radiative equilibrium, 282 

between concentric cylinders, 443,479 
between concentric spheres, 437-440 
in a gray medium, 666 
in a nongray gas slab, 591,595-599, 602 
in a nongray medium, 608,666 
in a nonscattering slab, 428-433 
in a scattering slab, 433-434,504-505,526-527 

Radiative heat flux, 13,16-17, 66,276-277 
divergence of, 277-279 
for a cylindrical medium, 442 
for a plane-parallel medium, 427 
for a spherical medium, 438 

Radiative heat transfer, 1 
Radiative intensity, see Intensity, 13-15 
Radiative properties, 3, 27 

definitions for surfaces, 62-72 
directional, 22 
hemispherical, 22 
of coal particles, 395-398 
offly ash, 395-398 
of gases, 22-24, 288-360 
of materials, 3 
of metals, 76-84 
of nonconductors, 84-90 
of particles, 24-26, 361-412 
of selective absorbers, 105 
of semitransparent media, 24,413-420 
of semitransparent sheets, 96-103 
of soot, 398-405 
ofwindow glass, 96 
spectral, 22 
summary for surfaces, 73, 74 
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temperature dependence, 79-80, 83-84, 89-90, 
555 

total, 22 
Radiative resistance, xix, 176, J 77, 216 
Radiative source, xix, 271, 424 

for anisotropic scattering, 426 
for isotropic scattering, 425 
for linear-anisotropic scattering, 426 
modified, 516 
time-averaged, 711 

Radiative transfer equation (RTE), see Equation of trans-
fer 

Radiative transport theory, 26-27 
Radiosity, xviii, 168, 201, 204 

artificial, 542 
for a semitransparent wall, 220 
spectral, 168 
volume zone, 552 

Radiosity equation, 169, 171, 179, 204 
Raman effect, 362 
Random number, xix, 645,647 
Random number generators, 647 
Random number relation 

for absorption, 661,664 
for absorption and reflection, 654 
for direction of emission, 653, 660 
for point of emission, 651, 660 
for scattering, 661 
for wavelength of emission, 653, 660, 664 
inversion, 667 

Rayefl^ect,517,528 
Ray tracing, 97, 101, 201,655-658 
Rayleigh scattering, 26, 366,373-375,402,566 
Rayleigh, John William Strutt, Lord, 7 
Rayleigh-Debye-Gans scattering, 402 
Rayleigh-Gans scattering, 366,375-376 
Rayleigh-Jcans distribution, 10 
Reaction mechanism, 705 
Reactive flow, 713 
Reciprocity, see Law of reciprocity 
Reflectance, 21,69-72 

bidirectional, 69 
components of, 199 
dilfuse, 70 
of silicon carbide, 89 
spectral, directional 

of platinum, 81 
spectral, directional-hemispherical, 70 
spectral, hemispherical, 72 
spectral, hemispherical-directional, 71 
spectral, normal 

of magnesium oxide, 91 
of silicon, 86, 87 

total, directional-hemispherical, 72 
total, hemispherical, 72 
total, hemispherical-directional, 72 
total, normal, 79 

Reflection, 26,42-57, 362 
by a slab, 53-57 
from large spheres, 377 
gray, difl̂ use, 131 
irregular, 225 

specular, 44, 70, 198 
Reflection coefficient, xix, 46,48, 51, 418 

for a slab, 54 
Reflection function 

bidirectional, 199, 239,242 
spectral, 69 
total, 72 

Reflection measurement, 116-121 
Reflection technique, 418 
Reflectivity, xxi, see also Reflectance, 47 

coating, 100 
for polarized light, 81 
interface, 47,48, 50, 52 
ofa dielectric slab, 56 
ofa slab, 55, 394 
ofa thick slab, 56,97 
ofa thin film, 56 
of aluminum, 52 
spectral, directional, 80 
spectral, directional, polarized 

of glass, 88 
spectral, normal, 85, 86 

of aluminum, 77 
of an In203 film on glass, 101 
of copper, 77 
of magnesium oxide, 86 
of metals, 76 
of silicon carbide, 85 
of silver, 77, 79 

Reflectometer 
heated cavity, 117 
integrating mirror, 120 
integrating sphere, 119 

Reflector 
diffuse, 71 
perfect, 71 
specular, 70, 73 

Refraction, 26, 362 
in large spheres, 377 

Refraction angle, 44 
Refractive index, xix, 3, 35 

for semitransparent materials, 86, 87 
of air, 3 
of vacuum, 3 
varying, 567 

Regularization, 730 
Relaxation parameter, 257 
Relaxation time, 77, 78 
Resistance, radiative, xix, 176,177,216 
Resistivity, electrical, 77 
Resonance frequency, 58 
Reststrahlenband, 85, 88, 89, 414,416 
RevMCxx, 675, 787 
Reynolds number, xix, 697 
Rigid rotator, 293, 296, 303 
Ripple, 373 
rnarray, 787 
Rosseland approximation, 453 
Rosseland-mean absorption coefficient, 346,590 

for coal particles, 395,397 
for particles, 369 
for soot, 404 
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Rosseland-mean extinction coefficient 
for coal particles» 395,397 
for particles, 369 
for soot, 404 

Rotational energy level, 289, 292,293 
Rotational quantum number, xviii, 294 
Rotator, rigid, 293, 296,303 
Roughness 

root-mean-square, xxi, 90, 92 
surface, 70, 90-94 

RTE (Radiative transfer equation), see Equation of trans-
fer 

Sapphire, 115 
Saturable absorption, 567 
Scaled Ar-distribution 

global, 626 
narrowband, 321 

Scaling approximation, 321, 615 
Scaling function, xx, 321, 625 
Scattering, 26,283 

attenuation by, 266 
augmentation by, 268-269 
by fibers, 384,394 
by nonspherical particles, 401 
dependent, 362 
elastic, 362 
false, 517 
independent, 362 
inelastic or Raman, 362 
isotropic, 269,273, 283,366, 386 
linear-anisotropic, 283, 386 
multiple, 391 
Rayleigh, 366, 373-375, 566 
Rayleigh-Gans, 366, 375-376 
single, 391 

Scattering albedo, xxi, 270 
Scattering angle, xxi, 365 
Scattering coefficient, xxi, 26, 266 

for a particle cloud, 368, 370 
Scattering cross-section, 363 
Scattering efficiency factor, 364 

for absorbing spheres, 367 
for long cylinders, 384 
for specularly-reflecting spheres, 378 

Scattering measurement, 391 
Scattering peak, 368, 372,376, 383, 385,387 
Scattering phase function, see Phase function 
Scattering photometer, 391 
Scattering regimes, 363 
Schrodinger's wave equation, 293,295 
Schuster-Schwarzschild approximation, 283,456-458, 

505, 529 
Search direction, 733, 736 
Search step size, 733, 736, 738 
Selection rule, 294, 295 
Selective surface, 104,208, 233 
Self-broadening coefficient, xvii, 299 
Self-correlation 

absorption coefficient, 713, 714 
Planck function, 713, 714 
temperature, 712 

Semiconductor, 58 
semi gray, 237,249, 784 
Semigray approximation, 235,237, 246, 589-592 
semigrxch, 237, 249,784 
Semitransparent, 5 
Semitransparent liquid, 416 
Semitransparent medium, 86,413-420,689-695 
Semitransparent sheet, 75, 219-223 
Semitransparent surface, 219-223 
Semitransparent wall, 204,275 
Semitransparent window, 219-223 
Sensitivity matrix, 731, 732, 735, 739 
Shading, partial, 209 
Shadowing, 92 
Shape factor, see View factor, 133 
Sheet, semitransparent, 75, 219-223 
Shield, radiation, 217-219 
Signal velocity, 35, 574 
Silica, 96 
Silicon, 86,115 

absorption coefficient, 415 
phosphorus-doped, 414 

Silicon carbide, 85, 89,90,96 
Silver, 77, 78 
Single scattering albedo, see Scattering albedo 
Six-flux method, 283,458,529 
Size parameter, xx, 26, 362 
Sky radiation, 220 
Skylight, 220 
Slab, see Plane-parallel medium 

reflection by, 53-57 
transmission through, 53-57 

Slab absorptivity, xvii, 98 
Slab band absorptance, 609 
Slab reflectivity, xix, 97, 98 

spectral, normal 
for several glass panes, 99 
of soda-lime glass, 99 

Slab transmissivity, xx, 98 
spectral, normal 

for several glass panes, 99 
of soda-lime glass, 99 

Slag, 420 
SLW method, 615, 620, 623,624, 629 
5,v-Approximation, 498-530 
Snell's law, 44 

generalized, 51,75 
Soda-lime glass, 98 
Sodium, 78 
Solar absorptance, 105 
Solar cell, 112 
Solar collector, 104 
Solar constant, 17 
Solar energy, 2 
Solar irradiation, 6, 566 
Solar pressure, 18 
Solar sail, 18 
Solar temperature, 8, 11, 17,20 
Solar transmittance, 105 
Solid 

amorphous, 90, 416 
high-temperature, 419 
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semitransparent, 414 
Solid angle, xxi, 11-13 

infinitesimal, 12 
overhang, 528 
total, 11, 12 

Solidification, 689-695 
Soot, 373, 394,613 

aggregates, 402 
cylindrical, 402 
size distribution, 404 

Soot properties, 398-405 
Soot radiation, 707 
Source, radiative, see Radiative source 
Space radiator, 251 
Special surfaces, 103-107 
Species concentration, 708 
Spectral line, 289, 292,297 

strength, 302 
Spectral models, 304 
Spectral range, 235 
Spectral variable, xx, 7, 263,294 
Spectral window, 24, 559, 593,597,612 
Spectrometer, 111, 390,392,418 
Spectrum 

electromagnetic wave, 3,4 
of the sun, 6 
vibration-rotation band, 296 

Specular direction, 70, 240,275 
Specular peak, 70 
Specular reflection, 44,70,198 

paths, 200 
peak, 198 

Specular reflector, 70,73 
Specular view factor, xviii, 133, 200-203, 234 
Specularity index, 401 
Speed of light, xvii, 3,265 

in vacuum, 3, 34 
Sphere 

integrating, 390, 394 
large, diffusely-reflecting, 381 
large, opaque, 377 
large, specularly-reflecting, 378 
near-dielectric, 375 

Spheres, concentric 
at radiative equiUbrium, 439 
discrete ordinates method, 507-511 
without participating medium, 166,172,173,202, 

206,217 
Spherical harmonics, xx, 460, 466 
Spherical harmonics method, 283, 284,465-492 
Spherical medium, 436-440 

discrete ordinates method, 507-511 
isothermal, 272,276, 279 
isothermal, nongray gas, 588 

Spherical top, 293 
Spline, 445 
Stabilization, 730 
Stanton number, xix, 256 
Stark number, xix 
Statistical error, 645 
Statistical model, 308, 310-313 

general, 326 

rough surface, 94 
Statistical sampling, 645 
Statistical uncertainty, 731 
Stefan number, xx, 694 
Stefan, Josef, 10 
Stefan-Boltzmann constant, xxi, 10 
Step scheme, 516 
Stepwise-gray model, 592-^03 
Steradian, 12 
Stimulated emission, 304 
Stokes' parameter, xviii, 39-42 

for polarization, xix, xx 
Stokes' theorem, 42,43, 141 
Successive approximation, method of, 180 
Sulfur dioxide, 327, 329,347 
Summation relation 

for specular view factors, 202,205 
for view factors, 136 

Sun, see Solar 
Surface 

artificial, 132, 166 
black, 5 
concave, 136 
convex, 136,150,173 
curved, 200, 215,224 
cylindrical, 189 
directionally nonideal, 238-246 
flat, 136 
fractal, 93 
gray, 64 
gray, diff̂ use, 64, 162,168, 274 
grooved, 108 
ideal, 104,131 
isotropic, 63 
nongray, 234 
nonideal, 233-249,275 
opaque, 5, 11,20-22,62 
optically smooth, 44, 70, 79,198 
polished, 79 
rough, 225 
selective, 104,208,233 
semitransparent, 219-223 
solar collector, 104 
specularly reflecting, 199,274 
V-grooved, 107, 213,214, 226,241 
vector description, 655 

Surface coating, 96 
Surface damage, 95-96 
Surface integration, 137 
Surface layer, 80, 85,95 
Surface modification, 96 
Surface normal, xix, 12,133,137,141 
Surface preparation, 76 
Surface radiosity, 168 
Surface roughness, 70,90-94 
Suspension, particle, 391,392, 607,703 
Symmetric top, 293 
Symmetry number, 304 

Tables: 
apparent emittance for cylindrical cavities, 181 
blackbody emissive powers, 759 
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coefficients forfuJl-spectrum distributions, 622, 
623 

comparison of different Monte Cario implemen-
tations, 676 

comparison of turbulence-radiation interactions, 
714 

conversion factors, 744 
discrete ordinates (one-dimensional), 503 
discrete ordinates (three-dimensional), 501 
Drude parameters for metals, 78 
exponential integrals, 781 
mean beam lengths, 587 
narrow band correlations, 312 
optical properties of coal and ash, 395 
physical constants, 743 
radiative equilibrium 

between concentric cylinders, 443 
between concentric spheres, 439 
in a plane-parallel medium, 432 

radiative heat flux 
from an isothermal cylinder, 442 

radiative properties of coal particles, 397 
spectral, normal emittances of metals, 756,757 
Stokes' parameters for polarization, 41 
total emissivity correlation for CO^, 344 
total emissivity correlation for H2O, 343 
total, normal emittances, 746, 748 
total, normal emittances of metals, 755 
total, normal solar absorptances, 746 
view factor catalogue, 762 
weighted-sum-of-gray-gases coefficients, 613 
wide band model correlation, 327 
wide band model parameters, 328, 329 

Temperature 
bulk, 255 
Planck-mean, 630 
solar, 8,11,17,20 

Temperature dependence 
of radiative properties, 84, 89 

Temperature discontinuity, 430 
Temperature measurement 

of gases, 347 
Thermal conductivity, xviii, 2 
Thermal detector, 111 
Thermal radiation, 1, 2,4,27 
Thermal runaway, 347 
Thermopile, 111 
Thick film, 56 
Thin eddy approximation, 711 
Thin film, 54,418 

reflectivity, 56 
Thin film optics, 54 
Thin layer, 95 
Titanium dioxide, 96,394 
totabsor , 343, 785 
totem, 783 
totemiss, 343, 344, 588,636, 785 
Transient radiation, 574-576 
Transition 

bound electron, 77 
bound-bound, 23,289 
bound-free, 23, 289 

electronic, 88,414,416 
forbidden, 296 
free-bound, 23 
free-free, 23,289 
interband, 58 
vibrational, 85 

Translucent, 5,157 
Transmission, 42-57 

through a slab, 53-57 
Transmission coefficient, xx, 46 

for a slab, 54 
Transmission measurement, 347 
Transmission method, 418,419 
Transmissivity, xxi, see also Transmittance, 47, 86 

narrowband, 317 
of a dielectric slab, 56 
of a fictitious gas, 323 
ofa gas layer, 23 
of a material layer, 26 
ofa nonhomogeneous layer, 316, 320 
ofa slab, 55,394 
ofa thick slab, 56,98 
of an li^03 film on glass, 101 
of multiple glass sheets, 103 
ofwindow glass, 98 

Transmittance, 21 
solar, 105 

Transparent, 5 
Transparent medium, 430 
transPN, 576, 786 
TRI, see Turbulence-radiation interaction 
Trial function, 730 
Turbulence 

interaction with radiation, 710-714 
Turbulence model, 709, 710 
Turbulence moment, 711 
Turbulence-radiation interaction, 710-714 
Turbulent diffusivity, 710 
Two-flux approximation, 283,458, 529 

Ultraviolet radiation, 4, 77,96, 100,289,416 
Uncertainty, statistical, 731 
Unit sphere method, 137 
Unit tensor, 142,473,543 
Unit vector, 137 

for direction, xix, 11, 35,425, 657 
surface normal, xix, 12,655 
surface tangent, 655 

Unity tensor, 731 

V-groove, 107, 213, 214,226, 241 
Vacuum, 131 
Van Royen, Willebord van Snel, 44 
Variance, 648,731 
Variational calculus, 180 
Velocity, xx, 281 

mean, 255 
phase, 33, 35, 375 
signal, 35, 574 

Vibration ellipse, 37 
Vibration, lattice, 58, 89 
Vibration-rotation band, 23,289, 292,296 
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Spectrum, 296 
Vibrational energy level, 85,289, 292,295 
Vibrational quantum number, 295,330 
Vibrational transition, 85 
view, 136, 149,161,762,783 
View factor, xviii, 132 

by area integration, 137 
by contour integration, 141 
by crossed-strings method, 149, 150 
by inside-sphere method, 154 
by unit sphere method, 156 
catalogue, 762-773 
definition of, 132 
diffuse, 133 
evaluation methods, 136 
specular, xviii, 133, 200-203,234 

View factor algebra, 137,145 
VIEW3D, 787 
viewfactors, 136,161,762, 783 
Visible radiation, 3,4, 18-20, 417 
voigt, 300, 785 
Voigt broadening, 300 
Voigt profile, 300 
Volume fi-action, 370,374 

of particles, 362 

Window, 96,419 
semitransparent, 219-223 
spectral, 559,593, 597,612 

Window glass 
absorption coefficient, 416 

WSGG, see Weighted sum of gray 

YIX method, 530 

Zenith angle, 6 
Zinc selenide, 348 
Zirconium carbide, 90 
Zonal method, 284, 539-564 

Wall, semitransparent, 204, 275 
wangwbm, 334, 785 
Water, 416 
Water droplets, 385-387 
Water vapor, 326, 328, 331, 336, 341, 342, 612, 613, 

615,616,621,622,627,635 
Planck-mean absorption coefficient, 345 
total emissivity, 341, 343 

Wave 
homogeneous, 33 
inhomogeneous, 33 
plane, 32,38,43 

Wave equation, Schrodinger's, 293 
Wave interference, 54, 56, 100,101, 105 
Wave vector, xx, 32 

for transmission, 50 
Wavefront, 43 
Wavelength, xxi, 3 

crossover, 84 
cutoff, 104 

Wavenumber, xxi, 3, 33 
reordered, 619 

wbmkvsg, 337,785 
wbmodels,334, 785 
wbmxxx, 331, 785 
Weight factor (for WSGG), 611, 613,615 
Weight function (for FSK), 620, 626, 629, 631, 632, 

634 
Weighted sum of gray gases, 558, 611-616,700 
Wide band model, 307, 324-339 

exponential, 325 
for isothermal media, 608-611 

Wien's displacement law, 9 
Wien's distribution, 10, 291 
Wien's law, 10 
Wien, Wilhelm, 7 


